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Exercise Sheet 1

Each exercise gives two points for a total of eight points on this sheet.

1. (a)Let M be a manifold and let g be an Einstein metric on M , i.e.

Ricg = λg.

Show that
g(t) = (1− 2λt)g

is a solution of the Ricci flow. Determine the interval on which this solution is well
defined.

(b)Let M be a manifold, g a Riemannian metric on M , and X ∈ Γ(TM) is a vector field.
Suppose

Ricg = λg − 1

2
LXg.

A metric satisfying this equation is known as a Ricci soliton. Let φt : M → M be the
family of diffeomorphisms satisfying

dφt(x)

dt
=

1

1− 2λt
X(φt(x)).

Show that
g(t) = (1− 2λt)φ∗t g

is a solution of the Ricci flow.

2.
Let (M, g) be a two-dimensional Riemannian manifold. Denote by Rmg the associated cur-
vature tensor, by Ricg the Ricci tensor and by Rg the scalar curvature. Show that

(a)Rmg(X,Y, Z,W ) = 1
2Rg (g(X,W )g(Y, Z)− g(X,Z)g(Y,W ))

(b)Ricg(X,Y ) = 1
2Rgg(X,Y )

Hint: It is sufficient to check the identities on an orthonormal basis e1, e2 of TxM .

3.
Let (M, g) be a three-dimensional Riemannian manifold. Show that the Ricci tensor Ricg
determines the curvature tensor Rmg.
Hint: At any point x, the Ricci tensor is a symmetric bilinear form Ricg(x) : TxM ×
TxM → R. Use the principal axis theorem to obtain a basis e1, e2, e3 of TxM , such that
Ricg(x)(ei, ej) = λiδij , where λ1, λ2, λ3 ∈ R. Then proceed similarly as in the previous
exercise.



4.
A function u : [0,∞)× Rn → R solves the heat equation with initial condition φ : Rn → R,
if {

∂tu(t, x) = ∆u(t, x) for all (t, x) ∈ R≥0 × Rn

u(0, x) = φ(x) for x ∈ Rn

On Rn the heat kernel is given by

k : R≥0 × Rn × Rn → R

kt(x, y) =
1

(4πt)n/2
exp(−|x− y|2/(4t)).

(a)Show that the function (t, x) 7→ kt(x, y) solves the heat equation for any y ∈ Rn on
R>0 × Rn.

(b)Given φ ∈ L1(Rn), consider

u(x, t) =

∫
Rn

kt(x, y)φ(y)dy

for x ∈ Rn and t ∈ R>0.
It can be shown that

lim
t↘0

u(x, t) = φ(x).

In this sense, u solves the heat equation with initial condition φ.
Show that u is infinitely differentiable the space variable for any t > 0.


