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Exercise Sheet 12

Each exercise gives two points for a total of eight points on this sheet.

1. Let M be a manifold, g a Riemannian metric and h ∈ Γ(Sym2 T ∗M). Define gt = g+ th.
Show that the scalar curvature Rgt satisfies

∂t|t=0Rgt = −g(Ricg, h) + divg∇g∗h+ ∆g(trg h).

Hint. Apply exercise 4 on sheet 11.

2. Let M be an oriented compact surface, g a Riemannian metric and h ∈ Γ(Sym2 T ∗M).
Show that

∂t

∫
M
Rgt volgt = 0.

Hint. Use the divergence theorem and exercise 3 (b) on sheet 6.

3. (Gauß–Bonnet)

(a)Let M be a manifold. Show that for any two metrics Riemannian metrics g0, g1 on M

gt = tg0 + (1− t)g1

defines a Riemannian metric on M .

(b)Let M be an oriented compact surface. Show that for any two Riemannian metrics
g0, g1 on M ∫

M
Rg0 volg0 =

∫
M
Rg1 volg1 .

(c)Let (M0, g0) and (M1, g1) be two oriented, compact Riemannian surfaces. Show that∫
M0

Rg0 volg0 =

∫
M1

Rg1 volg1 .

Hint. Consider a diffeomorphism ϕ : M0 → M1 and consider the metrics g0 and ϕ∗g1
on M0.

4. Show that if M is diffeomorphic to S2, then for any metric g on M∫
M
Kg volg = 4π

and if M is diffeomorphic to the torus T 2, then∫
M
Kg volg = 0.


