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EXERCISE SHEET 4

Each exercise gives two points for a total of eight points on this sheet.

1. Let M be a compact manifold. Let g be a Riemannian metric. A diffeomorphism f : M — M
is called an isometry of (M, g), if f*g = g, or more explicitly

9f) (df (z)v, df (v)w) = gz (v,w) for all z € M,v,w € T, M.
Suppose that f is an isometry. Denote by (g:)tc[0,7,n.,) the maximal solution of the Ricci
flow with initial condition g. Show that f is an isometry of g; for every ¢ € [0, Tiax)-
Hint: Use the uniqueness of solutions and the diffeomorphism equivariance f* Ricy = Ricf«g

of the Ricci tensor.

2. (Parabolic rescaling) Show that if (g¢)ic[0,Ta,) 18 @ solution of the Ricci flow, then

G =A""gn
is a solution of the Ricci flow on [0, A" 1 Tipax)-
3. (Cigar soliton)

(a)Show that the metric

2 2
Jeig = [T 22+ 42 (da: —i—dy)

on R? is a Ricci soliton (cf. exercise 1, sheet 1) with respect to the vector field
V= —21‘8% — 23/8%'

(b)Show that (R, g.;,) is complete.
Hint: Check that Cauchy sequences in (R?, g.;4) are Cauchy sequences in R2.

2u¢

4. (Liouville energy) Suppose that M is a surface and suppose that g; = e*"*g is a solution

of the Ricci flow. The Liouville energy of u is
1 2
Er(u) = 5 lgradgul; + 2K guvol, .
M

Using the fact

2ut
volg, = e”"* voly,

show that
—EL (ug) / K , volg, .



