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ABSTRACT. Let a € C be an exponential period. This is the first part
of a pair of papers where we show that the real and imaginary part of
a are up to signs volumes of sets definable in the o-minimal structure
generated by Q, the real exponential function and sin|j ;). This is a
weaker analogue of the precise characterisation of ordinary periods as
numbers whose real and imaginary part are up to signs volumes of Q-
semi-algebraic sets. Furthermore, we define a notion of naive exponential
periods and compare it to the existing notions using cohomological
methods. This points to a relation between the theory of periods and
o-minimal structures.

INTRODUCTION

Exponential periods are, roughly speaking, complex numbers of the form

(1) /Je_fw

where w is an algebraic differential form, f an algebraic function and o a
domain of integration of algebraic nature. They have a conceptual interpre-
tation as entries of the period matrix between twisted de Rham cohomology
and rapid decay homology; more on this later.

This paper is the first of two parts on exponential periods and o-minimality.
The aim of these papers is to give several definitions that make (/1)) precise,
and to compare these different definitions. Together, the papers prove the
following main result.

Theorem 0.1 ([CH20L [Theorem 13.4]). Let k C C be a subfield such that k

is algebraic over kg = kNR. The following subsets of C agree:

(1) naive exponential periods over k;

(2) cohomological exponential periods of triples (X,Y, f) where X is a
smooth variety over k, Y C X is a simple normal crossings divisor
and f € O(X) is a regular function;

(8) periods of effective exponential motives over k.

Additionally, for every such number its real and imaginary part are up to
signs volumes of compact subsets of R™ definable over kg in the o-minimal
structure Rgin exp-

The most interesting case from the number theoretic point of view is
k = Q, or equivalently, Q or Q NR.
Let us now explain the notions appearing in this theorem.
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0.1. Naive exponential periods. We propose the following very explicit
definition as one way of making precise.

Definition 0.2. Let £ C C be a subfield such that k is algebraic over £ N R.
A naive exponential period over k is a complex number of the form

/e_fw
G

where G C C" is a pseudo-oriented (not necessarily compact) closed (kN R)-
semi-algebraic subset, w is a rational algebraic differential form on A} that
is regular on G and f is a rational function on A} such that f is regular and
proper on G and, moreover, f(G) is contained in a strip

Srs ={z€C|R(z) >r|3(2)| < s}

A pseudo-orientation on G is the choice of an orientation on a (kN R)-
semi-algebraic open subset whose complement has positive codimension (and
hence measure 0), see [Definition 3.14}

We check that these integrals converge absolutely. In the case f = 0, we
recover the notion of an (ordinary) naive period as introduced by Friedrich in
[Eri04], see [HMS17, Definition 12.1.1]. The definition of a naive exponential
period is not identical to the definition given by Kontsevich-Zagier in [KZ01

§4.3]. See [Section 5.4] for more details about the difference.

0.2. On o-minimality. In his “Esquisse d’'un Programme”, Grothendieck
set forth the need for, and the principles of, some form of “tame” topology.
O-minimality provides a good theory of “tame” subsets of R"™, avoiding
Cantor sets, fractals, the graph of a space-filling curve and sin(1/z). In
recent years, o-minimality has seen spectacular applications in algebraic
geometry, most notably as an important tool in the proof of the André—Oort
conjecture for A, by Tsimerman following work of many people, see the
survey [KUYTS].

The ‘0’ in “o-minimality” stands for “order”. The concept was first intro-
duced by in work of Van den Dries in [vdD84] and Pillay—Steinhorn [PS84]
at about the same time that Grothendieck was writing his “Esquisse d’un
Programme”. We recall the definition and some basic properties of o-minimal
structures in Section 2

By work of Wilkie [Wil96], Van den Dries and Miller [vdDM94], the
structure of subsets of R™ defined using +, -, <, the elements of £k N R, the
real exponential function exp, and the restriction of the analytic function
sin to the bounded interval [0, 1] is an example of an o-minimal structure.
We denote it by Rgin exp, k-

Theorem 0.3 (See Theorem [5.12). Let o be a naive exponential period over
k. Then its real and imaginary part are up to signs volumes of compact
subsets of R" definable in Rgin exp,k -

This generalises a result for ordinary periods: their real and imaginary part
are volumes of compact semi-algebraic sets, see [HMS17, Proposition 12.1.6]
together with [VSI5]. There is a significant difference though: in the case
of ordinary periods, we also have the converse implication. The volume
of a compact Q-semi-algebraic set is by definition a naive period. This is
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no longer clear or even expected in the exponential setting. The definable
subsets appearing in the theorem are of a special shape. For example, we do
not need to iterate the functions exp and sin|g ;. The number e is definable
in the o-minimal structure and hence also appears as a volume. We do not
expect it to be an exponential period.

Question 0.4. Is there a natural way to charaterise definable sets whose
volumes are naive exponential periods?

0.3. Exponential periods and cohomology. The origins of the theory
of exponential periods lie in a version of Hodge theory for vector bundles
with irregular connections. To our knowledge such a theory was first con-
sidered by Deligne, see [DMROT7, p. 17]. A systematic study of the period
isomorphism was started by Bloch and Esnault in [BE0O], and fully devel-
oped by Hien [Hie07]. He establishes a period isomorphism between de
Rham cohomology of the connection and a suitable homology theory. The
special and central case of exponential connections is treated by Hien and
Roucairol [HRO8]. If X is a smooth variety over a field k C C, f € O(X) a
regular function, they consider the twisted de Rham complex Q’} with differ-
ential w — dw — df Aw. Its hypercohomology is twisted de Rham cohomology.
They define rapid decay homology of X" (see Section taking the role of
singular cohomology in the classical case and a period pairing

H(X,Q) x Hz (X, f) = C

inducing a perfect pairing after extending scalars to C. The numbers in the
image of the pairing are the exponential periods. Their study in their own
right was proposed by Kontsevich and Zagier in [KZ01].

As in the classical case, the theory can be extended to singular varieties
and also relative cohomology. A full-fledged theory of exponential motives
is being developed by Fresdn—Jossen in [EJ20]. Their books also contains
a very accessible account of the constructions and the proof of the period
isomorphism. They also give many examples of interesting numbers that
appear as exponential periods.

We prove:

Theorem 0.5 (Propositions and of [CH20]). A complex number «
1$ a naive exponential period over k if and only if there is a smooth variety
X over k, a simple normal crossings divisor Y, and f € O(X) such that «
is in the image of the period pairing

H:Ld(Xa Y7 Q) x HgR(Xa Y7 f) - C.

Again this generalises the result for ordinary periods, see [HMSI17, Theo-
rem 12.2.1]. Actually, the theorem also holds for general X and Y or even
all periods of effective exponential Nori motives, see [CH20, .
The general proof is quite technical. In the present paper, we include the
arguments in the curve case, see It is more accessible, yet already
contains the main ideas.

0.4. Method of proof. The strategy is very similar to the case of ordinary
periods. Algebraic varieties admit triangulations by semi-algebraic simplices.
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This allows us to represent homology classes by semi-algebraic sets. In the
simplest case the period pairing on cohomology has the shape

(o,w)»—>/e_fw,
g

suggesting the relation to naive periods. Conversely, the Zariski closure of a
semi-algebraic set G is an algebraic variety X, and the Zariski closure of its
boundary is a closed subvariety Y C X.

The main new tool compared to the classical case is the real oriented blow-
up of a smooth analytic variety at some divisor. In the simplest case of P!
and the divisor oo, it is the compactification of C by a circle at infinity. The
points correspond to the directions of half rays. Its use is of long standing
in the theory of irregular connections. Hien and Roucairol and also the
exposition of Fresan—Jossen use it to establish the period isomorphism in
the exponential case. Indeed, rapid decay homology of X can be computed
as the homology of a certain partial compactification B°(X?", f) of X"
relative to its boundary, see [Proposition 6.5, For details on B°(X?", f) see
[Definition 6.3| and [Section 8.2l It is still semi-algebraic, more precisely, a
semi-algebraic manifold with corners.

However, this is not yet enough to bound the imaginary part of f(G),
something that is crucial in showing that |, G e fw is the volume of a definable
set in the o-minimal structure Rexp sin,x. Recall that the complex exponential
is not definable, only the real exponential and sin (or cos) restricted to
bounded intervals. We introduce a smaller semi-algebraic subset Bf(X, f)
of B°(X, f). The actual key step in the proof of our main theorem is
the comparison between the homology of B#(X, f) and B°(X, f) in [CH20),
[Proposition 11.4]. In the simplest case, they agree because a half-circle is
contractible to a single point.

There are two reasons for the considerable length of the present paper and
its companion: on the one hand, we aim for readers without a background
in o-minimality and/or in the classical theory of periods and have chosen to
reproduce definitions from the literature and to give detailed arguments and
references. We have also added a section on the case of curves that is not
needed for the proof of the main theorems, but should be more accessible
and still uses all of the main ideas.

On the other hand, we ran into many technical problems. The first two
are addressed in the present paper, the last in [CH20].

e For example, we do not know if the real oriented blow-up of a smooth
variety can be embedded into R™ preserving both the semi-algebraic
and differentiable structure. Instead we introduce the notion of a
semi-algebraic (or more general: definable) manifold, at the price of
having to extend results well-known for semi-algebraic subsets of R"
to the manifold setting.

e The standard triangulation results in semi-algebraic geometry or for
sets definable in an o-minimal structure only give facewise differentia-
bility of the simplices. This is not strong enough for a straightforward
application of the Theorem of Stokes—something that we need for
a well-defined period pairing depending only on homology classes.
Our way out is by a result of Ohmoto—Shiota [OS17] who prove
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the existence of C''-parametrisations with applications to periods in
mind. We can then use a subtle version of Stokes’s theorem proved
by Whitney in [Whi57] for “regular” differentials on C''-manifolds.

e Finally, the period isomorphism has a simple description only in
the case of a smooth affine variety. The general case is handled by
hypercovers. This involves some checking of strict compatibilities
between our real oriented blow-ups and their subspaces and a check
that the abstract period pairing is still realised by integration.

0.5. Structure of the papers. The following diagram explains the global
structure of the two papers, and how the different theorems contribute to
the main comparison result.

Vol
Mheorem 512
Corollary 5.20
[P « ’ [Pans|
[CH20], [Proposition & [CH20], [Proposition 12.1

o triv N m o triv N PSmAff

[CH20], [Proposition 13\ [CH20, [Proposition 13.3]
Pmot

proves part of the central triangle in the case of curves. In this
special case the main ideas of the proof are present, but several delicate
problems are avoided.

Proposﬂnon 3.4

Proposition 8.3

0.6. Outlook. Our comparison results point to a deeper relation between
periods and o-minimal theory. While the case of ordinary periods—with their
incarnations as entries of periods matrices or as volumes of semi-algebraic
sets—might be seen as a coincidence, this second instance suggests that
this is not the case. Bakker, Brunebarbe, Klingler and Tsimerman have
been pursuing a project of making a systematic use of tame geometry in
Hodge theory and apply it successfully to questions related to the Hodge
conjecture. A central tool was their GAGA theory merging complex spaces
with o-minimal geometry. We hope that the period isomorphism can also be
extended to the o-minimal setting, providing a new point of view on period
numbers.
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1. NOTATION

1.1. Fields of definition. If z is a complex number, we write R(z) and
$(z) for its real and imaginary part. Let & C C be a subfield. We denote
by ko the intersection k N R, by k the algebraic closure of k in C, and by
k the real closure of ky in R. Note that k is not automatically algebraic
over ko. (For example, let a,b € R such that trdegy(Q(a,b)) = 2, and
consider k = Q(a + bi). Then ky = Q.) The following conditions on k are
equivalent:

ko C kis alg. <= ko C kisalg. < kCkisalg. < [l;::l;:]:Z

If k satisfies these conditions, so does every intermediate extension k C L C C
with k& C L algebraic.

1.2. Categories of varieties. Let kK C C be a subfield. By variety we mean
a quasi-projective reduced separated scheme of finite type over k. By X?"
we denote the associated analytic space on X (C).

1.3. Good compactifications. We say that a (X,Y) is a log-pair if X is
smooth of pure dimension d, and Y a simple normal crossings divisor. A
good compactification of (X, Y) is the choice of an open immersion X C X
such that X is smooth projective, X is dense in X and Y + X, is a simple
normal crossings divisor where Y is the closure of Y in X and X, = X \ X.
If, in addition, we have a structure morphism f : X — A!, we say that X
is a good compactification relative to f if f extends to f : X — P'. Let
f: X — A' be a morphism. Consider the graph of f in X x A! and take its
Zariski closure X” inside X’ x P!, where X' is a projective variety containing
X as a Zariski open and dense subset. We may consider X as a Zariski open
and dense subset of X”. The projection X” — P! is a morphism that extends
f. By applying Hironaka’s Theorem we see that a good compactification
relative to f exists.

1.4. Some semi-algebraic sets. Let k be as in Section [I.1} Let X be a
smooth variety, X a good compactification, Xoo = X \ X. We denote by
Bg(X) the oriented real blow-up of X" in X201 for details see Definition
It is a kg-semi-algebraic C'*°-manifold with corners, see Proposition

In the case X = A, X = P!, we write P! = Bp (Al) This is a manifold
with boundary: the compactlﬁcatlon of C = R? by a circle at infinity, one for
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each half ray. For s € C\.{0}, we write soco for the point of OP! corresponding
to the half ray s[0,00). We say R(soo) > 0 if R(s) > 0. We put

B° =P\ {s00 € OP' | R(s00) < 0} = C U {so00 | R(s) > 0},
0B° = B° \ C = {soo | R(s) > 0},

Bf = P! \ {s00 € P! | s00 # 1oo} = C U {10},
OB* = B\ C = {loo}.

If G C R™ is kp-semi-algebraic, we will also denote by OG the complement
G ~ G™ where G™ is the interior of G inside X (R) where X is the Zariski-
closure of G in AZO. If G is of dimension d, then OG is of dimension at most
d—1.

This agrees with the notation above. Note that we do not assume that G
is closed.

1.5. C'-homology. In this paper, we denote by A,, the standard simplex
as normalised in [War83]|:

A, = {(xl,...,xn) | z; > 0 and le < 1} C R".
(]
It is open in the ambient space. We denote by A,, its closure in R”. We
fix the standard orientation. We define the face maps k*: A,_1 — A, as in
[War83|, (2) p.142]. Moreover, for any topological space X and subspace Y,
we let H,(X,Y; R) denote n-th singular homology with coefficients in the
ring R.

A manifold with corners is a second countable Hausdorff topological space
for which every point has a neighborhood that is homeomorphic to an open
subset of R" x RY,,. Say p > 1. We will assume that each manifold with
corners is equipped with a set of charts which need not be maximal; later on
this set will be finite. A map defined on a subset A of R” with values in R™
is called CP if it extends to a CP map on an open neighborhood of A in R"
with values in R™. A CP-manifold with corners is a manifold with corners
such that all transition maps betweens charts are C?. A map between two
CP-manifolds with corners is called CP if it is CP on all charts.

Definition 1.1. A C'-simplexr on X is a continuous map
o: A, -+ X
such that for any chart ¢ : U — V C R" x R, with U open in X the
composition ¢ o o|s-1(7) : o0 1 (U) — V extends to a C'-map on an open
neighbourhood of 0= 1(U) in R" with target R*™™.
Let S, (X) be the space of formal Q-linear combinations of C''-simplices

of dimension n. For A C X closed, we denote S,,(A) C S,(X) the subspace
spanned by simplices with image in A.

The restriction of o to a face is again C!, hence the usual boundary
operator 0 turns S.(X) into a complex. The barycentric subdivision of a
C'-simplex is again C'.

Remark 1.2. If w is an n-form of class C', then o*w = gdt; A--- A dt,, for
a CY-function g on A,,. Hence the Lebesgue integral converges (absolutely).
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Theorem 1.3. Let X be a C'-manifold with corners. Then the complex
S.(X) of Ct-chains computes singular homology of X and S.(X)/S.(0X)
computes singular homology of X relative to its boundary 0.X.

Proof. 1t is equivalent to prove the result in cohomology instead. The argu-
ment for the C°°-case and smooth manifolds is given in [War83, Section 5.31].
It works without changes in the C''-case, even for a manifold with corners.
The boundary X is not a C'-manifold itself, but only a closed subset in
a C'-manifold with corners. The constructions of loc. cit. still apply. E.g.
the partition of unity needed on p. 193 is constructed on X, not on 0.X. On
p. 194/196, U is not an open ball (the manifold case) or the intersection of
an open ball with RY{) x R™? (the case of a manifold with corners) but the
boundary of the latter. If ¢ is a simplex with values in the boundary, then
so does hy,(o) of Equation (21). O

Theorem 1.4 ([Whi57, Chapter III, §§16-17]). Let X be a C_Q—mamfold with
corners. Let w be an n-form of class C' on X and let o : A1 — X be a

C'-simplex. Then
/dw—/ w
o do

Proof. We first recall the notion of regular differential form in Euclidean
space introduced by Cartan [Whi57, Section 16]. (Warning: this notion
is unrelated to the usual concept of regularity in algebraic geometry.) A
continuous r-form w on an open subset U C R" is regular if there exists a
continuous and necessarily unique (r + 1)-form «’ (then called dw) such that
for every oriented linear (r + 1)-simplex A C U we have

[ = e

Let w and ¢ be as in the hypothesis. After passing to a barycentric
subdivision we may assume that o takes values in the domain of a chart
U—V cR x RY,, with U C X open. Working in this chart, o extends to
a C'-map on a open neighbourhood  C R"*2 of A, with target RF™,
We may identify w with a C'-form on an open subset R C R™ containing
the image of 2.

Note that Whitney’s notion of smooth means C! in modern terms, see
loc. cit. p. 15. Thus w is regular on R and w’ is the usual dw by Stokes’s
Theorem for linear simplices, see [Whi57, Theorem 14A].

By [Whi57, Theorem 16B], the pull-back of a regular form under a C'-
map is again regular and commutes with d. So o*w is regular on 2 with
do*w = 0*dw. By definition of regularity, we have | Ay, 0dw = I5 Ans

when considering A, ;1 as a linear simplex in R"*2 with the usual orlentatlon
So the formula of the Theorem holds. O

2. O-MINIMAL STRUCTURES

For the purposes of our paper it is helpful to think of o-minimal geometry
as a generalisation of semi-algebraic geometry. The canonical reference for o-
minimality is [vdD98]. Within the encyclopedia of mathematics, o-minimality
is firmly rooted in the field of mathematical logic and more particularly model
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theory. In this section we briefly survey the essentials in a fashion that is
geared towards geometers with no background in model theory. The reader
is warned in advance that some of the definitions presented below are severe
mutations of more general concepts in model theory.

Definition 2.1 (§2.1 of [vdD9§|). A structure on a non-empty set R is a
sequence S = (Sm)mezs, such that for each m >0

(1) S, is a boolean subalgebra of the power set P(R™): that is, @ €
Sm, and S, is closed under complements and binary unions and
intersections;

(2) if A€ S, then R x A and A x R belong to Sp,41;

(3) {(x1,...,xm) E R |21 =2} € Sp;

(4) if A € Sy, then m(A) € Sy, where 7: R™Tt — R™ is the projec-
tion onto the first m coordinates.

We are actually only going to need the case R = R, but in this section we
will present the definitions in the general setting.

Definition 2.2. Let £ C R be a subfield. An example of a structure that is
relevant to the topic of this paper is the structure of k-semi-algebraic sets
over R consisting of those subsets of R that are of the form

{z eR™| fi(z)=...= fr(®) =0and g1(z) > 0,...,g(z) > 0}
for some polynomials f;,g; € k[X1,..., Xn].

It is a non-trivial fact that the collection of semi-algebraic sets satisfies
the final condition in [Definition 2.1 This result is known as the Tarski—
Seidenberg theorem. The structure does not change when we replace k by
an algebraic subextension in R, hence we may assume k to be real closed.

A structure can often be “generated” by a smaller collection of sets. This
leads to the following concept (one that is more faithful to the model-theoretic
point of view). We follow the terminology of [vdD98].

Definition 2.3 (Def 5.2 of [vdD98]). A model theoretic structure R =
(R, (Si)ier, (fj)jes) consists of a set R, called its underlying set, relations
S; ¢ R™9 (i € I,m(i) € Np), and functions f;: R*Y) — R (j € J,n(j) €
No). If n(j) = 0, we call f; a constant and identify it with its unique value.

If R = (R, (Si)ier, (fj)jer) is a model theoretic structure, and C' C R a sub-
set, then we denote the model theoretic structure (R, (S;)icr, (fj)jet, (¢)eec)
by R¢. The elements of C' are called parameters.

Definition 2.4 (§5.3 of [vdD98]). (1) Let R = (R, (Si)ier, (fj)jes) be
a model theoretic structure. We denote with Def(R) the smallest
structure on R that contains the S;, for ¢ € I, and the graphs of the
functions f; (for j € J).

(2) A subset A C R™ is called definable in R if A € Def(R)y. A
function f: R™ — R™ is definable in R if its graph I'(f) = {(z,y) |
y= f(z)} C R™ x R"™ = R™™ is definable in R. A point z € R™ is
definable in R if the singleton {x} C R™ is definable in R.

(3) Let C' C R be a subset. A subset/function/point is definable in R
with parameters from C or definable over C' in R or C-definable in
R if it is definable in R¢.
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The following Proposition serves two purposes: it makes the relation of the
previous definitions with logic apparent, and it is a useful result for showing
that certain sets are definable.

Proposition 2.5. If R = (R, (S:)ier, (f})jer) is a model theoretic structure,
and C C R a subset, then a subset A C R™ is definable in R with parameters
from C if and only if there exists a formula ¢[z1,...,Tm,Y1,...,Yn] in “the
first-order language of R” and elements c1,...,cy, € C' such that

A={(a1,...,am) € R™ | dlar,...,am,c1,..., ]}
Proof. See [vdD98| Exercise 1, Chapter 1.5]. O
Example 2.6. (1) From now on, we will denote by R,j, the model the-

oretic structure (R, <,0,1,+,-) and (consistent with
for every subfield k¥ C R we denote by R, the model theoretic
structure obtained from R,j, by adding elements in k as constants.
This is justified by the fact that the structure Def(R,i, %) consists
precisely of the k-semi-algebraic sets introduced in In-
deed, they are defined by first-order formulas in the language of Ry,
with parameters from k.

(2) Let A C R™ be a k-semi-algebraic set. Using |Proposition 2.5| it
becomes straightforward to show that the topological closure A C R™
is semi-algebraic. Indeed

A={zeR"|VeeR,IyecAe>0—|z—y|<e},

which is clearly a first-order formula.

Remark 2.7. For our purposes it is essential to keep track of parameters.
For example, 7 is R-definable in R, but not Q-definable in R,;,. When
dealing with definable sets we usually explicitly mention the scope of our
parameters.

Definition 2.8. We say that a model theoretic structure R ezpands (R, <,0,1,+,-)
if its underlying set is R, and if it contains the relation <, the constants 0, 1,
and the functions +, - with their usual interpretations.

Now we are finally ready for the central notion.

Definition 2.9 (See §3.2 and §5.7 of [vdD98]). A model theoretic structure
R expanding (R, <, 0,1, +, ) is o-minimal if the R-definable subsets of R are
exactly the finite unions of points and (possibly unbounded) open intervals
in R.

Remark 2.10. Note that in this definition, Van den Dries considers R-
definable subsets of R in R. In particular, it is not required that every
interval is definable in R without introducing additional parameters.

Example 2.11. Since the R-semi-algebraic subsets of the real line are exactly
finite unions of points and (possibly unbounded) open intervals, we see that
R,jg is an o-minimal structure.

Note that N and Z are not definable subsets in any o-minimal structure,
because of the finiteness condition in the definition. In particular, the
functions sin: R — R and exp: C — C (after identifying C with R?) cannot
be definable in any o-minimal structure.
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Definition 2.12. The model theoretic structure (R, <,0,1,+, -, exp) will be
denoted by Rexp. Here exp: R — R is the real exponential function (and not
the complex one, this is important!).

Definition 2.13. Let F,, be the collection of restricted analytic functions,
that is, functions f: R™ — R that are zero outside [0,1]™ and such that
fl (0,1 can be extended to a real analytic function on an open neighbourhood
of [0, 1]™.

We denote by R,, the model theoretic structure (R, <,0,1,+, -, Fan) and
by Ran exp the model theoretic structure (R, <,0,1,+, -, Fan, exp). Finally, we
denote by Ry exp the model theoretic structure (R, <, 0,1, +, -, sin|jg 1], exp).
For every subfield k C R, we denote Rgjy exp,x the model theoretic structure
where we adjoin all elements in k as parameters.

This is one of the protagonists in this paper.

Remark 2.14. The model theoretic structure R, exp Will be of most interest
to us. Note that if the interval I C R is definable with parameters in C,
then the functions sin|; and cos|; are definable in Ry oxp With parameters
in C. Indeed, one may use the identity sin?(6) + cos?(f) = 1 to define
cos(f) for 6 € [0,1]. After that, cos(f) can be arbitrarily extended using
cos(—0) = cos(#) and cos(20) = 2cos?() — 1. This allows one to define 7:
it is twice the smallest positive zero of cos. Finally, one can define sin on
arbitrary bounded definable intervals by translating cos by /2.

Theorem 2.15. The model theoretic structures Rexp, Ran, Ranexp, and
Rgin,exp are o-minimal.

Proof. For Ry, the result was proven by Van den Dries in [vdD86]. Wilkie
proved that Reyp is o-minimal in [Wil96]. Building on Wilkie’s result (that
was already announced in 1991), Van den Dries and Miller [vdDM94] showed
that Rap exp is o-minimal. Finally, Rgi, exp is 0-minimal because its definable
sets are definable in the o-minimal structure Ray exp and it expands Ry 0

Remark 2.16. A fundamental fact about o-minimal structures is that each
definable set is a finite disjoint union of basic building blocks called cells. If
the set is defined over a subfield £ C R, then so are the cells. This follows
from the Cell Decomposition Theorem [vdD98, Theorem 2.11, Chapter 3],
see also [vdD98|, Chapter 3, Section 2.19, Exc. 4]. Using this theorem one
can introduce a good notion of dimension of definable sets that behaves
as one expects intuitively. For example, if X is a nonempty definable set,
then dim(X \ X) < dim(X). See [vdD98, Chapter 4] for details and other
properties of the dimension.

Remark 2.17. For the reader well versed in o-minimality we remark that
for the remainder of this text, our o-minimal structures will always expand
(R,<,0,1,+,-). In particular, a definable subset of R" is connected if and
only if it is definably connected. Moreover, the word compact retains its
meaning from point set topology.

3. DEFINABLE MANIFOLDS

Fix an arbitrary o-minimal structure S expanding (R, <,0,1,+,-). and
a subfield £ C R. In the remainder of this section, all definable sets are
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understood to be definable in & with parameters from &k unless otherwise
specified.

Definition 3.1. Let 0 < p < oo.

(1) A definable CP-manifold with corners M is a CP-manifold with corners
together with the choice of a finite atlas (¢; : U; — V; C R™ x Rg@)iel
such that the V; are open in R™ x Rg% and definable and the transition

maps ¢;; = ¢; o c;Si_l are definable and of class CP on their domain.
Its boundary 0M is the union of the preimages of the boundaries of
R™ x RTJ C R™*™ under the ¢;.

(2) A subset G C M is called definable if ¢;(G N U;) is definable in R™
for all i. We say G is an affine definable set if M = R", i.e., if it is a
definable set in the sense of Definition [2.4] and Proposition [2.5

(3) A subset N of a definable CP-manifold with corners M is called a
submanifold if there is a CP-manifold M and a CP-immersion M — N
that is a homeomorphism where N carries the subspace topology. l.e.
our submanifolds are embedded and have no corners.

(4) Let (M, ¢;), (N,v;) be definable CP-manifolds with corners. A map
of definable CP-manifolds with corners is called a definable CP map
if all ;0 fo gb;l are definable and C? on their domain.

Remark 3.2. The definition of definable manifold includes the choice of
a finite atlas. The finiteness condition is important, as, for example, we
do not want manifolds with infinitely many connected components. So
we cannot work with a maximal atlas. However, we could work with an
equivalence class of finite atlases. Alternatively, one may rephrase the
definition in the language of locally ringed sites, using the Grothendieck
topology of definable open subsets and finite covers. The definition of a
definable manifold is inspired by and related to the semialgebraic spaces of
Delfs and Knebusch [DK8I] and the complex analytic definable spaces of
Bakker—Brunebarbe-Tsimerman [BBT18]. See Chapter 10 §1 [vdD98] for an
introduction to general definable spaces.

Remark 3.3. Robson (see [Rob83]) showed that all semi-algebraic spaces
(the C%-case of the above definition) are actually affine. However, it is not
clear to us if this extends to the CP-setting. The above notion is general
enough for our needs.

Example 3.4. Let A C R" be the closed simplex spanned by vy, . .., v, € k™.
Then A is a definable CP-manifold with corners for all p > 0. As this example
shows, the boundary of a manifold with corners does not have an induced
structure of CP-manifold for p # 0. We are particularly interested in the case
p = 1 because every affine definable set G has a triangulation such that the
maps A — G are maps of definable C''-manifolds in the above sense. See
[OS17] and |[CP18], and also [Proposition 7.4} where we quote this result.

Another well-known example are cells. We refer to Chapter 3 of [vdD98]
for the definition and basic properties of C%-cells. Chapter 7.3 [vdD9§]
introduces CP-cells and proves the decomposition theorem for p = 1, the
general case is similar.
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Example 3.5. Let C' C R™ be a definable CP-cell of dimension d. It is
easy to see that there is a of coordinates {z;,,...,x;,} on R" inducing a
definable homeomorphism ¢ = (z;,,...,7;,) : C — ¢(C) C R%. We give C
the structure of an affine definable CP-manifold using the chart ¢. Then the
inclusion C' — R" is a definable CP-map of definable CP-manifolds. In other
words, cells are definable CP-submanifolds of R".

Definition 3.6. Fix an integer p > 1, let d > 0 be an integer, and let M be
a definable CP-manifold with corners with G C M a definable subset. We
define Reg,(G) to be the set of x € G that admit an open neighbourhood U
in M such that G NU is a submanifold of M of dimension d.

Remark 3.7. The set Regy(G) is open in G, it is empty if dim G < d. If
dim(G) = d, it is the maximal subset of G that is a submanifold of M having
connected components of dimension d. If G and H are disjoint definable
subsets of M, then in general there is no inclusion between the two sets

Reg,;(G U H) and Reg,(G) URegy(H).

The following lemma adapts to our situation the fact that the p-regular
points of given dimension of a definable set constitute a definable set.

Lemma 3.8. Let M,G, and Regy(G) be as in definition[3.6. Then Regy(G)
is a definable subset of M and dim G \ Reg,(G) < d if dim G = d.

Proof. Assuming the first claim we begin by proving the last claim by
contradiction. Suppose H = G \ Reg,(G) has dimension dim G = d. There
is a chart of M on which V' N H becomes a definable set of dimension d.
So we may assume H C G C R" x RY,,. We fix a CP-cell decomposition
of G partitioning H and G ~. H. One cell in H must have top dimension
dim H = dim G and this cell has a point not contained in the closure of any
other cell. This point lies in Reg,(G), which is a contradiction.

To show that Regy(G) is definable it suffices to work in a single chart. So
without loss of generality G is a definable subset of R" x R, of dimension d.
We use the classical theory of differential manifolds to characterize submani-
folds locally as graphs of functions. I.e., Reg,(G) is the set of points of G
that have an open neighbourhood in M in which G is the graph of a CP map
defined on an open subset of a projection of R”™ to d different coordinates.
The argument laid out in [vdDM96, B.9] applies directly to our slightly more
general situation, and implies the definability of Regy(G). O

Lemma 3.9. Let G C R" be a definable subset of dimension d. Let w: R™ —
R? denote the projection to the first d coordinates. There are pairwise disjoint
definable open subsets Go,G1,...,Gn of Regy(G) with dimG ~\ (GoU---U
GnN) < d such that all fibres of 7|a, have positive dimension and such that
m|g,: Gi = w(G;) is a chart for alli e {1,...,N}.

Proof. Without loss of generality G = Reg,(G). Let G’ be the set of points
of G that are isolated in their fibre of 7|g. It is definable, see Corollary 1.6,
Chapter 4 [vdD9§]. Each fibre of 7|gs is discrete and thus finite with
uniformly bounded cardinality, see Corollary 3.7, Chapter 3 [vdD98]. Let N
be largest cardinality of a fibre.

By definable choice, Proposition 1.2(i) Chapter 6 [vdD98|, applied to the
graph of 7| there is a definable section ¢ : 7(G') — G’ of 7|, i.e. oy is
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the identity. The image 11(7(G")) is a definable set. It lies in G’ but possibly
missing some branches. The set of missing points G| = G’ \ ¢1(7(G’)) is
also definable. Now W\Grl certainly still has finite fibres, but the maximal
fibre count dropped to N — 1. We repeat this step and find a section
o: m(G}) — G and again the fibre count of 7 on G = G| \ Pa(7w(G)))
drops by one.

After N steps, all fibres are exhausted. We obtain definable maps
¥1,...,¥n defined on subsets of 7(G’') whose images cover G’ and are
pairwise disjoint.

But the v; may fail to be continuous. By the Cell Decomposition Theorem,
[vdD98, Chapter 3, Theorem 2.11] applied to the domain of each 1;, we get,
after adjusting N and renaming, finitely many continuous definable maps
¥ : C; — G’ on cells C; ¢ RY with U; %i(Cs) = G’ and with 7 o 9; the
identity for all 1 <7 < N. Observe that the ¢;(C;) remain pairwise distinct.

Suppose dim C; = d, then C; is open in R%. As G is a manifold, invariance
of domain implies that ¥;(C;) is open in G and 9; : C; — ¥;(C;) is a
homeomorphism. Thus [y, ;) @ ¥i(C;) — C; is a chart. We can safely
ignore cells C; with dim C; < d; the union H = J,.4i, Ci<d 1;(C;) is definable
of dimension at most d — 1. Fix a cell decomposition of G . G’ and let G be
the union of all d-dimensional cells; then Gy is open, and possibly empty, in
the submanifold G. We add the remaining cells to H. We retain dim H < d
and the lemma follows from G = Go U U,.qim c,—q ¥(Ci) U H. O

Lemma 3.10. Let p > 1 and (M, ¢;), (N,1;) be definable CP-manifolds
with corners. The the bundles T M, T*M and their exterior powers have a
natural structure of a definable CP~'-manifold with corners. Moreover, a
definable CP-map f: M — N induces definable CP~'-maps df : TM — TN
and d*f: T*N — T*M.

Proof. We only have to verify definability. This holds because the derivative
of a definable differentiable function is definable. Indeed, in the 1-dimensional
case the graph I'(f’) of the derivative is given by the formula

{(:c,y) M—y‘<€}. O

' —x
Many properties of affine definable sets extend immediately to the non-
affine case. This is in particular the case for the notion of dimension and
the stratification by submanifolds. We want to use these facts in order to
integrate differential forms.

Definition 3.11. Let p > 1. Let (M, ¢;) be a definable CP-manifold with
corners and G C M a definable subset. A differential form w of degree d on
G is a continuous section

Ve > 0,30 > 0,V |2’ — 2| <6 —

w: G — NT*M.
It is called definable, if it is definable as a map in the sense of [Definition 3.1 .

In the affine case, we can give an explicit description: Let x1,...,x, be
the standard coordinates on R™. For I = {iy,...,iq} C {1,...,n} a subset
with 11 < i9 < --- < ig we write as usual

dxy = d$i1A"'A dxid.
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A differential form on G can be written uniquely as
w= Z ardxy
I

with a; : G — R continuous. It is definable if and only if the a; are definable.

Remark 3.12. Note that we do not put differentiability conditions or require
that w extends to a neighbourhood of G.

Lemma 3.13. Letp > 1, and f: M — N be a definable CP-map of definable
manifolds with corners. Let G C M and H C N be definable subsets
with f(G) C H. Then the pull-back of a differential form on H defines a
differential form on G. If w is definable, so is f*w|q.

Proof. By definition, f*w|g: G — A?T*M is the composition
G — H — NT*N — AT*M
of continuous maps. In particular, it is definable if w is definable. O

As usual, we can only expect a well-defined integration theory for differen-
tial forms on oriented domains.

Definition 3.14. Fix an integer p > 1, let d > 0 be an integer, and let M
be a definable CP-manifold with corners with G C M a definable subset of
dimension d.

(1) A pseudo-orientation on G is the choice of an equivalence class of a
definable open subset U C Reg,(G) such that dim(G \ U) < d and
an orientation on U. Two such pairs are equivalent if they agree on
the intersection. We thereby obtain an equivalence relation.

(2) Given a pseudo-orientation on G with U as in (1) and a differential
form w of degree d on GG, we define

[

if the integral on the right converges absolutely.

Remark 3.15. The same definition also allows us to integrate a d-form w
over a G of dimension smaller than d: in this case Reg;(G) = 0 and the
integral is set to 0. Such integrals occur in our formulas and are to be read
in this way.

Lemma 3.16. Let p > 1. Let G be a definable subset of a definable CP-
manifold with corners M.

(1) The integral is well-defined, i.e., independent of the choice of repre-
sentative for the pseudo-orientation.

(2) By restriction a pseudo-orientation on G also induces the choice of
a pseudo-orientation on every definable subset G' C G with dim G =
dim G’.

(8) The choice of a pseudo-orientation on G induces a choice of a pseudo-
orientation on every definable superset G C G" such that dim(G" \
G) < d, in particular on G.
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(4) Let m: G' — G be a definable modification, i.e., there is an open
definable subset U C Regy(G) with dim(G ~ U) < d such that
wlyr: U =77 YU) — U is an isomorphism of definable C'*-manifolds
and dim(G' N U’") < d. Then the choice of a pseudo-orientation on
G induces a pseudo-orientation on G'.

Proof. 1If Uy,Uy C Reg,y(G) are definable open such that dim(G \ U;) < d,
then the same is true for U; N Us. Hence it suffices to consider the case
Uy C Us. By assumption the orientation on Us restricts to U;. We have

Us Uy

because Us \ U; has measure 0. The left hand side converges absolutely if
and only if the right hand side does.

We fix a pseudo-orientation on G, i.e., an orientation on some U C Reg,(G)
such that dim(G \U) < d.

Let G' C G, U' = U NReg,y(G’). The orientation on U restricts to an
orientation on U’. We have dim(G’ \ U’) < d, hence this data defines the
pseudo-orientation on G’.

Let G € G", U"” = U NRegy(G"). The orientation on U restricts to an
orientation on U”. As dim(G” \ G) < d, we also have dim(G" \ U") < d,
hence again this data defines a pseudo-orientation on G”.

The case of a modification combines the two operations. O

Corollary 3.17. Let G, H C M be definable subsets of dimension at most
d of a definable manifold with corners, equipped with a pseudo-orientation
on GUH. Let w be a definable differential form of degree d on GU H. Then
with the restricted pseudo-orientations

/ w:/w+/w—/ w
GUH G H GNH

and the left hand side is finite if and only if all terms on the right are.

Proof. We may assume dim G = dim H = d. We can decompose G U H into
the disjoint subsets G N H,G ~ H, H ~. G. Hence it suffices to check the
formula in the case where the two sets are disjoint.

We start with an orientation on a definable open subset U C Reg,(GU H)
with dim(G U H) N\ U < d. The pseudo-orientations on G and H are
represented by the restricted orientations on V' = U N Reg,(G) and W =
UNReg,(H), respectively. Then V' UW represents our pseudo-orientation on
G U H. By definition and by the standard computation rules for integration
on manifolds, we find

/ w:/ w:/w+/w:/w+/w. |
GUH Vuw 1% w G H

Remark 3.18. (1) As in the case of ordinary orientations, the value of
the integral depends on the choice of pseudo-orientation. Note that
even a simple definable set like an interval U, admits infinitely many
different pseudo-orientations. If U has n connected components,
there are 2" possible orientations and we can cut up U as much as
we like.
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(2) For each G the choice U = Reg,(G) is canonical if it is possible
to choose an orientation on this set. However, the behaviour of
Reg,(G) under standard topological operations is complicated. It is
not true that the choice of an orientation on Reg,(G) also induces
an orientation on Reg,(G) (take G = R\ {0}). Neither is it true
that Reg,(G’) C Regy(G) if G C G (take the z-axis in the union of
the coordinate axes in R?). Our more flexible notion sidesteps these
problems.

(3) Note also that every non-empty definable set G admits a pseudo-
orientation because open cells are orientable and G admits a cell
decomposition.

(4) The restriction operation described in the proof of Lemma 2) is
well-defined in the following sense. T'wo representatives of a pseudo-
orientation on G restrict to representatives of the same pseudo-
orientation on G’. Moreover, the same holds true for the extension
operation described in the proof of part (3). Finally, extending a
pseudo-orientation from G to G’ and then restricting it back to G
recovers the original pseudo-orientation. So the extension in part (3)
of the lemma is unique.

Remark 3.19. If G C R" is a definable open with the standard orientation
and w = dzy A--- A dxy,, then [,w = vol(G). This number is always finite
if G is bounded.

We will see that the example of the volume form is really the general case,
but before that we need to establish a technical lemma.

Lemma 3.20. Let (M, ¢;) be a definable manifold with corners, v € M.
Then there is a definable open neighourhood U, C M with compact closure
and such that U, C U; for some 1.

Proof. We fix i such that = € U;. Recall that V; = ¢;(U;) is open in
H := R"™ x RZ,. Hence there is a definable 0 < r < oo such that the open
ball H N B,(¢;(x)) is contained in V;. Let a € H be definable with distance
at most r/4 from ¢;(z). Put V; = B, j5(a) NH. Then V, C B,(¢s(x)) NH is
a compact set contained in V;. We put U, = qS;l(Vx) O

Lemma 3.21. A finite Z-linear combination of volumes of definable bounded
open subsets of R% is up to sign the volume of a definable bounded open subset
of R4,

Proof. All contributions with a positive coefficient can be combined into a
single one by taking the disjoint union of translates of the definable sets. In
the same way all contributions with a negative coefficient can be combined
into a single one. So it suffices to prove that the difference of the volumina
of two definable bounded open subsets of R is up to sign the volume of a
definable bounded open subset of R?. The argument of Viu-Sos, see [VSI5,
Section 4] in the semi-algebraic setting works identically in the definable case
and provides what we want. O

Recall that we work with k-definable sets in a fixed o-minimal structure S
expanding (R, <,0,1,+,-).
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Theorem 3.22. Let p > 1, and (M, ¢;) be a definable CP-manifold with
corners, G C M a pseudo-oriented compact definable subset of dimension d.
Let w be a differential form of degree d on G as in|Definition 3.11. Then

e

converges absolutely. If w is definable, then the value is up to a sign the
volume of a definable bounded open subset of R4+,

Proof. We are going to rewrite our integral as a finite Z-linear combination
of other integrals. Eventually these summand will be absolutely convergent,
proving absolute convergence of the original integral. In the definable case,
every summand will be written as a difference between volumes of bounded
definable open subsets of R4*!. By Lemma this will imply that the
original volume is up to a sign the volume of a single definable bounded open
subset of R! and hence finish the proof of the theorem.

We begin by showing how to reduce to the case M = R". By
each point € G has a definable open neighbourhood U, in M such that U, is
compact and contained in one of the finitely many charts of M. By hypothesis
G is compact, so it is covered by finitely many such neighborhoods, let us call
them Uj,...,U,. The U; and their multiple intersections inherit a pseudo-

orientation from G. By the inclusion-exclusion principle, we

have
/w:Z/w—Z wk....
G i=1 7 Ui

i<j 7,0U;
We now replace G by one of the U; (or multiple intersections), making it
affine.

We have w = ) ;ardzy. Again, it suffices to treat the summands sep-
arately. After a coordinate permutation we may assume without loss of
generality that w = adz; A --- A dzg where a is continuous on G. Recall
that 7: R* — R? denotes the projection onto the first d coordinates. Let
Y1, ..,yq be the coordinates on R%. Hence

™ (dyy A+ A dyg) = dzg A -+ A dzg.

We let Go, Gy, ...,GN be pairwise disjoint as in applied to G.
In particular, GoUG1U- - UGN equals G up to a subset of dimension at most

d — 1. All G; inhert a pseudo-orientation from G and all 7|g, with ¢ > 1 are
charts. We may replace each such G; by a finite union of open subsets, again
up-to a subset of dimension d — 1, and assume that all G1,...,Gxy carry an
orientation in the classical sense and that 7|g,: G; — 7(G;) is orientation

preserving. Thus
N
w = w
J=2 ),

by if all integrals on the right converge absolutely. Thus it

suffices again to treat a single fG, w.
We begin with the easy case i = 0. By assumption, all fibres of 7|g,
have positive dimension, hence 7T|*G0 = 0 on differential forms of degree d.
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Thus the restriction of w = adxi A --- A dxg to Gy vanishes. Hence fGo w
converges absolutely with value 0, the volume of §.

Now we treat G; with 4 > 1. Then 7|g, : G; — 7(G;) C R? is a chart
and thus has an inverse ¢; : m(G;) — G;. Note that v; is of CP-class . Let
Y1, ..,yq denote the coordinates of R%. The integral

/ aowidyl/\---/\dyd
7(G)

converges absolutely as a is continuous on the compact G and thus in
particular bounded on G;. Finally,

Yi(dzg A A dag) = dyr A+ A dyg

as m o 1; is the identity. Thus

/ adxiA---ANdxg = Y (adziA---Adzg) :/ ao; dyi A+ - A dyg
G;

7(Gy) 7(G)

converges absolutely.
Suppose that w is definable, then a is definable. It remains to show that
f wi(Gi) @° wdyy A+ A dyg is the volume of a definable bounded open subset

of R4, This integral equals

/ CLOTIZ)idyl/\..-/\dyd—/ ‘aoqj}l|dy1AAdyd

with Cy = {y € ¢¥i(Gi) | £a(vi(y)) > 0} both definable bounded and open
in R%. Hence it equals vol(Uy) — vol(U_) with Ux = {(y,2) € Cx x R: 0 <
z < |a(¢;(y))|}. Note that Uy are both definable bounded and open in R4*1,
This difference is the volume of a definable bounded open subset of R! by

Lemma 3.2T O

Remark 3.23. Let us explain why we cannot replace R*! by R? in the
theorem above. Consider the half-circle G = {(z,y) € R x (0,00) | 22 + 92 =
1}. It is relatively compact, semi-algebraic and definable without parameters.
Then Reg;(G) = G for all p > 1. Now [, ydy = :l:fi1 V1—1y2dy = +7/2.
As 7 is transcendental, fG ydy cannot be the volume of Q-semi-algebraic
subset of R.

Remark 3.24. The natural way of computing the integral is to pull the
differential form back to a chart (via the inverse of the chart map) and
evaluate there. However, this pull-back involves a Jacobian matrix. Its
entries are not bounded in general, hence convergence is not automatic.
Here is an explicit example: Let M = R?, G = {(v%,y)|y € [0,1]}, w =
a dxy+bdw; for continuous a, b on G. We have Reg (G) = {(v?,y)|y € (0,1)}.
It is a submanifold. We can use the projections m; and ms to the first or
second coordinate as a chart. In both cases the image in R is the open
interval I = (0,1). The inverse vy : [ — G of 7 is t = (¢,/t). Its Jacobian

matrix is
1
1,— ).
(13v7)
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The second entry is unbounded on I. We have

1
*
Yiw = (ao¢y)dt+ (bO(;Sl)Q\/Z dt.
The coefficient function is unbounded. (Note that a o ¢1 and bo ¢; are
bounded because a and b are. Note also that differentiability of a and b does
not come into play. It suffices that they are continuous.) The solution is to
treat the summands adz; and bdx, separately and use the projection 7 for
the first summand and 7o for the second summand. We then interpret

adry =7]((ao¢1)dt), bdxy=m5((bo ¢y)dt)
and the convergence issue disappears.

Remark 3.25. A similar convergence argument for integrals can also be
found in [HKT15). Alternatively, convergence also follows from the existence
of triangulations that are strictly of class C!, shown in [OS17] and [CP18].
These references treat explicitly the case of C"*°-forms, but actually this
assumption is not needed.

4. ORIENTED REAL BLOWUP

The oriented real blowup is a natural construction in the context of semi-
algebraic geometry. Nevertheless, it seems that little is written about it from
this point of view. The construction is discussed in §1.3 of [Maj84], §3.4
of [FJ20] and [Gil]. One of the main purposes of this section is to argue
that the oriented real blowup is semi-algebraic (in other words, definable
in Ryuye) with suitable parameters. For a general discussion we refer to the
aforementioned sources.

Let X be a topological space, let 7: L — X be a complex (topological)
line bundle on X, and let s: X — L be a section. Let L* be the complement
of the zero section. We put

Brs={leL"|s(n(l)) € Rxol}.

If s(z) = 0, then B}  contains L; \ {0}, otherwise, it contains the unique
open half-ray generated by s(x). In particular, B} , is stable under the
fibrewise action of R+q. 7

Following [Gil], we call the quotient the simple oriented real blowup:

Blog, (X) = B} ,/Rso.

The simple oriented real blowup comes equiped with a natural projection
map 7: Blog, s(X) — X that is an isomorphism outside the zero locus of s.

If X is a complex analytic space, and D C X an effective Cartier divisor,
and s the tautological section of O(D), then we will write Bp, and Blop(X)
for Bo(py,s and Blop(py,s(X) respectively.

Example 4.1. The blowup P! := Bloo, (P) is a compactification of C by a
circle at infinity. The details of the following picture will be explained as we
describe the general situation in local coordinates.
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100

0o

loo

For every z € St = {2 € C | |z| = 1} there is a point zoo on the boundary:
it is the point of intersection of the boundary and the half-ray z - R>g. A
system of open neighbourhoods around zoo is given by the sets

Usr={weC| |w| >R and |arg(w) — arg(z)| < ¢}
U{woo | |arg(w) — arg(z)| < e}
for small € and positive real R.

The closure of the set S, = {z € C | R(z) > r} is given by the union of S,
and the half-circle {zoo | R(z) > 0}.

Suppose that Lq,..., L, are line bundles on X with respective sections
S1y.++,8n, and put L = L1 ® --- ® L, with section s; ® --- ® s,. We may
then form the fibre product

]310th1 (X) Xx - Xx BloLn,sn (X)
which naturally maps to Bloy, ¢(X).

Definition 4.2. Let X be a smooth analytic space, and let D C X be a
simple normal crossings divisor. Denote the (smooth) irreducible components
of Dby Dy, ..., Dy,. The oriented real blowup of X in D, denoted by OBlp(X)
is the fibre product

BlODl(X) Xx XX BIODR(X).
Note that OBlp(X) comes with a natural projection map to X.

One topological intuition for OBlp(X) is the complement of a tubular
neighbourhood of D in X. We now make this picture precise by a description
in local coordinates.

Consider a domain U in C" and D = Dy U ... U D,, the union of the
first m coordinate hyperplanes (intersected with U). In that case we have
the following explicit description of OBlp(U)

(2) {(z15.+ s 2Zns w1, ... W) € C" x (SH™ |
(215, 2n) GU,ziw;I € Ry for 1 <i<m}
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and 7 is the projection (z1,...,2n, W1, ..., W) — (21,...,2,). In particular,
it is a C'*°-manifold with corners. Local coordinates are defined by

(3) OBlp(U) — RZy x (8™ x Cc*=™

Z1 Zm
(Z1y ooy Zny Wiy e ey W) > | = ooy —— W,y e oy Winy 2t ly - - vy Zn | -
w1 Wm,
In particular, this gives the blow-up the the structure of a manifold with
corners. As a consequence, we obtain the following result.

Proposition 4.3. Let k C C be a field which is algebraic over kg = k NR.
Let X be a smooth algebraic variety over k and let D C X be a simple
normal crossings divisor. Then the oriented real blowup OBlp(X®) can
naturally be endowed with a structure of kg-semi-algebraic C°°-manifold with
corners (see Definition i such a way that the natural projection map
m: OBlp(X®) — X is morphism of ko-semi-algebraic C*°-manifolds with
corners.

Proof. Without loss of generality ko = k is real closed and k = k algebraically
closed. Let (X, D) be a good compactification of the log pair (X, D). It
suffices to prove the proposition for (X, D) because OBlp(X?") is the preim-
age of X* in OBIlp(X). In other words, without loss of generality X" is
compact.

Without loss of generality X is connected. By definition, for every point
x € X, there is a Zariski-open neighbourhood U, and an étale map p: U, —
A? (with d = dim X) such that p(z) =0 and DN U, = p~*({z1 -+ 2 = 0}).
By the semi-algebraic implicit function theorem, the map p?" is invertible on
an open ball B, around 0 in C?%. Let V, = p~'(B;) C X*. The coordinate
functions z1, ..., 2;, are both holomorphic and kg-semi-algebraic. Hence the
preimage

71 (V) C OBlp(X™)

has the shape described after Definition The map defines a chart.
More precisely, we also need to cover S C R? by finitely many semi-algebraic
charts. As X" is compact, finitely many of the V,, suffice to cover X?". The
transition maps are C*° and ko-semi-algebraic because the transition maps
between the p(V;) are holomorphic and kg-semi-algebraic. (]

Lemma 4.4. The construction of the oriented real blowup is functorial: Let
X1 and Xo be analytic spaces, and let D; C X; be a simple normal crossings
divisor. Let f: X1 — Xo be a morphism, such that f~1(Ds) C Dy. Then

there is a natural morphism f such that the following diagram commutes:

OBlp, (X1) —L OBlp, (X>)

| |

Xl%Xg

If f is a morphism of smooth algebraic varities, then f is a C°-morphism
of semi-algebraic manifolds with corners.

Proof. Compute in local coordinates. O
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Remark 4.5. In the future, it will often be the case that we start with a
variety X that is not complete, and consider the oriented real blow-up of the
boundary divisor X, of a completion X of X. In such a situation, we will
write Bg(X) instead of OBlx__ (X).

Remark 4.6. It is not clear to us whether OBlp(X) is affine as semi-
algebraic C'-manifold with corners. In other words, does there exist a semi-

algebraic C'-embedding of OBlp(X) into R"*? Compare with [Remark 3.3

5. NAIVE EXPONENTIAL PERIODS

Let £ C C, kg = kN R and assume that k is algebraic over kg, see the
discussion in Section [I.1l Recall from Definition [0.2] the notion of a naive
exponential period. We denote Py (k) the set of naive exponential periods.
Let P! denote the real oriented blow-up of P! at the point at infinity, see

Example [£.1]

5.1. Examples of integrals. We first consider some instructive examples.

Example 5.1. Let G = [1,00) C C, f =1, w = dz. Consider

Pl

0o 1 0 1
/e_fw:/ et dt:/ —e_s—st.
G 1 1 S

It does not converge. Indeed, the image f(G) = (0,1] is not closed, hence
f: G — C is not proper. The properness condition in the definition of a
naive exponential period was added to exclude cases like this.

Example 5.2. Once again let G = [1,00) C C, f = %, but w = Z% As in
the previous example, the data does not satisfy the definition of a naive
exponential period because f: G — C is not proper. However, this time

[e’s) 11 0
/e_fw:/ e_tht:/ e °ds
a 1 3 1

converges. It can be understood as a naive exponential period with G’ = [0, 1],
fl=2z W = dz.

Example 5.3. Let s € S with ®(s) > 0. Consider the half ray G5 = {rs |
r >0}, f =2 w= dz. If s # 1, this data does not satisfy the definition
of a naive exponential period because f(Gs) = G5 does not have bounded
imaginary part. Nevertheless,

Sy 0o
/ e/ dy = / e sdr=—" =1
s 0 1

converges and is obviously an exponential period. Note that it is independent
of 5. Actually, G defines a class in H}9(A!,{0};Z), see Section [6.1| below,
because its closure in P! is contained in B° = b1 (Al,id). The homology
class is independent of s (fill in the triangle between G; and G, the third
edge is in 0B°). The period integral only depends on the homology class,
hence the independence follows from the abstract theory as well. We do not
allow GG in our definition of a naive exponential period, but the same number
can be obtained as a naive exponential period for G;. This is a general
feature, see [CH20, [Proposition 11.4]. In Definition we will introduce the
notion of a generalised naive exponential period which allows all G.
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5.2. General properties.

Definition 5.4. A generalised naive exponential period over k is a complex
number of the form
/ e_f w
G

where G C C" is a pseudo-oriented closed kg-semi-algebraic subset, w is a
rational algebraic differential form on A} that is regular on G and f is a
rational function on A} such that f is regular and proper on G' and, moreover,
the closure of f(G) in P! is contained in B° = CU {soo | s € S', R(s) > 0}.
We denote Pgny (k) the set of generalised naive exponential periods.

We are going to show in Corollary that these generalised naive
exponential periods converge absolutely. For the rest of this section we
assume absolute convergence.

Lemma 5.5. Naive exponential periods are generalised naive exponential
periods.

Proof. The condition f(G) C S, implies f(G) C B°. O
Lemma 5.6. The sets Py (k) and Peny (k) are k-algebras. Moreover, Pyy (k) =

Puv(k) and Pgny (k) = Panv (k).
Proof. The arguments are the same for both notions. We formulate it for
naive exponential periods.

For the first statement we use the same argument as for f = 0, see [HMS17,
Proposition 12.1.5]:

We give the argument for the second. Let L/k be a finite subextension
of k/k. Since k is algebraic over kg, the extension L/Lg with Lo = LN R is

also algebraic, for every finite extension L/k. Hence, Puv(k) = Uy /1, Pav(L)
where L runs through all finite subextensions of k/k. Thus it suffices to show
that Pny (k) = Pnv(L) for L/k finite.

We view A} — Spec(L) — Spec(k) as an affine k-variety contained in
AL We call it A. Then

AxpC= |J AL
o:L—C
where o runs through all embeddings of L into C fixing k. If fG e fwisa
naive exponential period over L, then f and w are defined over k£ when viewed
on A ¢ A"!. The extension Ly /ko is algebraic, hence every Lo-semialgebraic
set is also kg-semialgebraic. O

In particular, we can move between k, k, kN R and ky = kN R without
changing the set of naive exponential or generalised exponential naive periods.

Remark 5.7. The assumption G C C" = (A")*" is surprising when com-
paring to the literature on ordinary periods. Most period references work
with semi-algebraic G C R™. The two points of view are not equivalent
even though of course C" = R?" as semi-algebraic manifolds. We work
with f € k(z1,...,2,) and w € Qz(zh...,zn)/k' Simply replacing C by R in
the definition would eliminate all non-real periods (at least if we assume



EXPONENTIAL PERIODS AND O-MINIMALITY I 25

k C R as we may by the above). In the case of ordinary periods, a complex
number is a period if and only if its real and imaginary part can be written
as fG w with G C R" and w € Qz(ﬂqun)/k. We cannot show the same simple
characterisation in the exponential case and it is very likely false.

Lemma 5.8. Let k = kg C R. The following are equivalent for o € C:

(1) The number « is a naive exponential period over k.
(2) It can be written as
o= / efw
G

with G C R™ a pseudo-oriented closed k-semi-algebraic subset of
dimension d, f € k(i)(z1,...,2n) regular on G such that f|g: G — C
is proper with image contained in S, and w € Qg(i)(%m’zn)/k(i) 18
reqular on G.

(8) Its real and imaginary part can be written as

%(a):/G( cos(fg)e_flwl—l—sin(fz)e_flwg)
I(a) = /G (— sin(fa)e~wy + cos( fQ)e*flwg)

with G C R™ a pseudo-oriented closed k-semi-algebraic subset of di-
mension d, f1, fa € k(z1,...,2,) reqular on G such that fi|g, folg: G —
R are proper, fi(G) is bounded from below, fo(G) is bounded, and

wi, Wy € Qz(m o)k reqular on G.

Moreover, f1, fa in (3) are the real and imaginary parts of f in (2), respec-
tively, and similarly for wi,ws. Finally, a is a generalised naive exponential
period if and only if it can be written as in (2) with f(G) C B°.

Proof. Let G, f,w as in the definition of a naive exponential period. By

definition G C C™ with coordinates zi, ..., z,. By sending a complex num-
ber to its real and imaginary part we view G as a real subset G’ of C?"
with coordinates 1,91, %2, Y2, ..., Tn,Yn. Let X: C* — C" be given by

(T1,Y1y s TnyYn) — (T1 + iY1,...,Tn + iyy). By definition X(G') = G,
compatible with the pseudo-orientation. Put f' = ¥*(f) and o’ = ¥*(w).
Then by the transformation rule

/ e_f/w’:/e_fw.
4 G

Note that f’ and ' are defined over k(7). This shows that (1) implies (2).
Conversely, a number of the form in (2) is by definition a naive exponential
period over k(i). By it is also a naive exponential period over k, so
(2) implies (1). Let G, f,w asin (1). We put f = f1+ife and w = wy +iws and
compute e fw. The conditions on f and w are equivalent to the conditions
on fi, fo and wy,ws. So properties (2) and (3) are equivalent.

The final claim follows as the equivalence proof of (1) and (2). O

5.3. Convergence and definability. The conditions on our domain of
integration can be reformulated.
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Lemma 5.9. Let f : A™ — P! be a rational function over k and let G C C"
be closed a semi-algebraic set such that f is regular and proper on G. Let w
be a rational differential form on A™ over k. Let X C P™ be the complement
of the polar loci of f and w, X a good compactification of X such that f
extends to f: X — PL. Let G be the closure of G in the real oriented blow-up
B (X) of X at the divisor at infinity, see and Goo = G\ G.
(The case Goo = 0 is allowed.)

Then f extends to a semi-algebraic C™-map f Bz (X) — P! of compact
semi-algebraic C°°-manifolds with corners with boundary mapping G to
OPL. Moreover,

(1) (Naive exponential periods) f(G) C Sy for some r,s if and only if
f(Goo) C {100}

(2) (Generalised naive exponential periods) f(G) c B® if and only if
f(Gso) C BC.

Proof. By definition of X, we have f~!(c0) C X \ X. Bywe get
an induced C°°-morphism of semi-algebraic manifolds with corners f.

Let (g;)i>1 be a sequence in G converging to g € G. Assume g € Goo. We
have g € 0Bx(X) because G C X" is closed. In particular, the image of g
in X2 is in the complement of X?2".

We claim that f(g) ¢ C. Assume f(g) € C c P'. Note that lim f(g;) =
f(g) by continuity. As f is proper, f(G) C Cis closed. All f(g;) are in f(Q),
hence so is f(g) Let D C C be a closed disk around f(g) It is compact,
hence so is its preimage F := f|51(D) C G . There is N > 1 such that
f(gi) € D for all i > N. Hence their preimages g; are in E. As E is compact,
the limit point ¢ is in E, in particular in G. This is a contradiction. We
have shown that f(Gs) C P

Note that f(G) = f(G). Hence (2) is obvious. For (1) note that S,. ;NP =
{1oc}. Hence f(G) C S, implies f(Go) C {1oo}. Conversely, consider a
small open neighbourhood U of 100 in P!. It intersects C inside some strip
of the form S, . As G is compact, so is G’ = G ~ f~1(U). The image f(G")
is compact, so bounded in C. By enlarging r and s, we ensure that both
f(G") and f(G)NU are contained in the same strip. O

Lemma 5.10. Let f and G be as in the definition of a generalised naive
exponential period. Let G be the compactification of G as in Lemmaﬂ 5.9 and
Go = G\ G. Let c be a rational function on A™ which is regular on G. The
extension of e ¢ by 0 on Gu yields a continuous function on G.

Proof. Let (gi)i>1 be a sequence in G converging to g € Go. Then

’e—f(gi)| — o R((9) 5

because f(g;) tends to f(g) € dB°. The function ¢ has at worst a pole in g,
but the exponential factors decays faster than |c(g;)| grows. In total

lim e f¥e(gy)] = 0. O

1— 00
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Corollary 5.11. Assume that G, f,w define a generalised naive exponential
period. Then
/ e w
G
converges absolutely.
Proof. We apply Theorem to G C Bg(X) as in Lemma It is

compact. By Lemma the C*°-form e fw on G extends to a continuous
form on G. This is enough. O

Theorem 5.12. If a number o € C is a naive exponential period over k, then
its real and imaginary part are up to signs volumes of compact subsets S C R™
defined in the o-minimal structure Rgin exp = (R, <,0, 1, +, -, sin|[g 1), exp) with
parameters from kg.

Proof. By Lemma [5.6] we may assume k = ko. We use the characterisation

of naive exponential periods given in parts (2) and (3) of Thus
a= [, e fw with

R(a) = /G ( COS(f2)67f1W1 + sin(fg)e*flwg) ,
S(a) = /G (— sin(fa)e Mw; + cos(fg)e*fluu)

where G C R" is closed and k-semi-algebraic of dimension d carrying a
pseudo-orientation, fi, fo € k(z1,...,2,) are regular and proper on G, f1(G)
is bounded from below, f2(G) is bounded, and wy,ws € QZ(%“"Z”)/k.

We want to apply Theorem Again we apply it to the compact
ko-semialgebraic C*°-manifold with corners B (X) of Lemma and the
closure G of G B (X). It is compact and a semi-algebraic subset of Bg(X),
hence definable in Ry exp- The forms R(e™/w) and J(e /w) are definable
on G, because they vanish identically. Hence it remains to verify the
definability on the affine G itself. The forms w; and we are algebraic, in
particular definable. By assumption fs is bounded, hence using
the function sin(f2) is definable in our o-minimal structure. The same is
true for cos(f2) because cos(f) = sin(f + 7/2), and 7 is definable in the
o-minimal structure Rgin exp- U

Remark 5.13. The above argument does not work for generalised naive
exponential periods. It is essential that the imaginary part of f is bounded
on G. However, we are going to show (see [CH20, ) that every
generalised naive exponential period is actually a naive exponential period,
hence the consequence still applies.

Remark 5.14. In contrast to the case of ordinary periods, we do not
expect that all volumes of definable sets in this o-minimal structure are
naive exponential periods. The above argument only produces very special
definable sets: there is no need of nesting exp or sin|g ;. The Euler number
e is definable (as exp(1)), hence also €® (as exp(e)). The number e is known
to be an exponential period (e.g., fol(es + 1)ds). However, we do not see an
obvious way to write e® as an exponential period. It would be very interesting
to give a characterisation of the sets that do occur.
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5.4. The definition of Kontsevich and Zagier. In §4.3 of [KZ01], Kont-
sevich and Zagier give the following definition. An exponential period in
the sense of Kontsevich—Zagier is “an absolutely convergent integral of the
product of an algebraic function with the exponent of an algebraic function,
over a real semi-algebraic set, where all polynomials entering the definition
have algebraic coefficients”. We take this to mean numbers of the form

/e_fw
G

where G C R” is semi-algebraic over Q = QN R, f € Q(z1,.+.,2n), and w
a rational algebraic differential form defined over Q such that the integral
converges absolutely. It is not clear to us if they want dim(G) = n. In this
case, there is a prefered orientation from the orientation of R™, in the general
case we have to orient G.

We have shown that naive and generalised naive exponential periods over
Q are absolutely convergent. In particular, a generalised naive exponential
period over Q is an exponential period in the sense of Kontsevich-Zagier.

What about the converse?

Example 5.15. Let G =[1,00) CR, f =iz, w = Z% dz. Then

<1 . *1 * 1
/Ge—fw:/l ﬂe_”dt:/l tQCOS(t)dtJri/l t—zsin(—t)dt

converges absolutely because sin and cos are bounded by 1. However, the
data does not define a generalised naive exponential period. The interval
G is not a cycle for rapid decay homology of (A!,{1}). We do not have
limy—yoo R(f(t)) = 00 on G.

Hence:

Conjecture 5.16. There are exponential periods in the sense of Kontsevich—
Zagier which are not (generalised) naive exponential periods.

This is in the spirit of the period conjecture: if a number is not obviously
a period, than it is not. As the example demonstrates, the condition on
absolute convergence only implies that f(G) C P! is contained in CU{sools €
S R(s) > 0}. The above example uses the boundary point ico. For such f,
the absolute convergence of the integral depends on the choice of w.

We propose the following modification:

Definition 5.17. An absolutely convergent exponential period over k is a
complex number obtained as the value of an absolutely convergent integral
of the form

(4) /G e w

where G C C™ is a pseudo-oriented (not necessarily closed) ko-semi-algebraic
subset, w is a rational algebraic differential form on A}’ that is regular on G,
[ a rational function on A} regular on G' and the closure of f(G) in P! is
contained in B°.

We denote P,ps(k) the set of all absolutely convergent exponential periods
over k.



EXPONENTIAL PERIODS AND O-MINIMALITY I 29

Remark 5.18. The regularity condition for f and w on G is harmless. We
may replace G by the open subset G’ of points in which f and w are finite.
The value of the integral only changes if dim(G — G’) = dim(G), i.e., if there
is an open U C G on which f or w are infinite. The integral fU e fw does
not make sense in this case, so we definitely want to exclude it. Note that
the condition on f(G) excludes where we have f(G) = [i,i00]
and ico ¢ B°.

We are going to show that every absolutely convergent exponential period
is a generalised naive exponential period. Also for later use, let us be more
precise.

Proposition 5.19. Let o be an absolutely convergent exponential period
over k C R with domain of integration as in of dimension d. Then there
are:

a smooth affine variety X over k of dimension d,

a stmple normal crossings divisor Y C X,

a closed k-semi-algebraic subset G C X (R) of dimension d such that
0G = G ~ G™ s contained inY,

a pseudo-orientation on G,

a morphism f: Xy — A,lf(z.) such that flg: G — C is proper and

such that the closure f(G) C P' is contained in B°,
e a regular algebraic d-form w on Xy,

such that
a:/e_fw.
G

Proof. We start with a presentation

a:/efw
G

with G of dimension d as in the definition of an absolutely convergent
exponential period and modify the data without changing the value. In
particular, G is equipped with a pseudo-orientation. With the same trick
as in Lemma we may assume that G C R" = A} (R) is k-semi-algebraic
with f,w algebraic over k(7).

Let Xo C P} be the Zariski-closure of G. It is an algebraic variety defined
over k of dimension d, see the characterisation of dimension in [BCR9S,
Definition 2.8.1]. Moreover, dim Xo(R) = d as a real algebraic set. By
assumption, f is a rational map on X ;). After replacing Xo by a blow-up
centered in the smallest subvariety of Xy defined over k containing the locus
of indeterminancy of f, it extends to a morphism fo: Xo i) — }P’}g(i). By
construction, G C Xo(R). Let Go := G C X&" be the closure. It is contained
in Xo(R) and compact because X§" is. It inherits a pseudo-orientation from
G. Let Yy C X be the union of Xqne and the Zariski closure of Gy, where
the boundary is taken inside Xy(RR). It has dimension less than d.

As the next step, let m: X1 — Xy be a resolution of singularities such
that the preimage Y7 of Y is a divisor with normal crossings. The map
7 is an isomorphism outside Y. As Yy C Xy has codimension at least 1,
the intersection Gp N Yp(R) has real codimension at least 1 in Gy. Let G
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be the “strict transform” of Gy in X", i.e., the closure of the preimage of
U = Go ~ (GoNYy(R)). By construction Gy € Gy ~ 7 1(U) C Y1. Let
w1 = m*w. By [Lemma 3.16 , the set (G1 inherits a pseudo-orientation.

Moreover,
/ eflo’rw*w:/efw,
G1 G

where the left hand side converges absolutely because the right hand side
does.

We claim that after further blow-ups, we can reach Xo — X7 preserving
the properties of X1, Y7, and G such that, in addition, points of G2 in the
polar locus of wo are contained in the polar locus of fs.

We first prove the claim. Let X7 o be the polar locus of f and X, the
polar locus of w, i.e., the smallest closed subvarieties over k such that their
base change to k(i) contains the poles of f and w, respectively. Note that
G is disjoint from X o, because fi is regular on G and G is contained in
the real points of Xj.

Let «x € G1 be a point such that f; is regular, but w; has a pole. Let U
be a small compact neighbourhood of z in GG in which f; is regular. By

assumption,
/ o—fio,
Uy

converges absolutely. As f; is regular on Uy, the factor e/t and its inverse
are bounded. Hence the absolute convergence of the integral is equivalent to
absolute convergence of the integral

/ wi.
U

1
This case already shows up in the case of ordinary periods, see the proof
of [HMSI7, Lemma 12.2.4]. The argument is due to Belkale and Brosnan
in [BB03]. After a blow-up X2 — X3 we find holomorphic coordinates such
that the pull-back ws of wy has the shape

n
unit x Hz]ej dzi Ao A dzy,
j=1

with e; € Z. Absolute convergence is only possible if e; > 0 for all j, i.e., if
wo is regular on Us. This finishes the proof of the claim.

Let X be the complement of the polar loci of fo and we, ¥ = X N Yo,
f and w the restrictions of fo and ws to X, and G = X?" N Go. The map
fo: G3 — (P')™ is proper, and hence so is f: G — C. The data satisfies
all properties stated in the proposition, with the exception that X is only
quasi-projective rather than affine. We have X C ]P’{CV for some N. Let H be
the hypersurface defined by the equation X3 +---+ X% = 0. Then IP’{CV N H s
affine. Note that G N H* = () because G C PV (R) and H(R) = ). Hence we
may replace X by X ~ (X N H), making it quasi-affine. Now X is of the form
X'\ V(s1,...,8m) for finitely many s; € O(X’). Let H =V (s3+---+s2).
Note that X (R) = (X \ H')(R). Hence we may replace X by its open subset
X'\ H', making it affine. O
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Corollary 5.20. The set of absolutely convergent exponential period equals
the set of generalised naive exponential periods:

Pgnv(k) = Pabs(k)'

Proof. By Corollary [5.11], every generalised naive exponential period is an
absolutely convergent exponential period.

Let o be an absolutely convergent exponential period. By the same
argument as for naive exponential periods (see Lemma , we may replace
k by kNR. We apply Proposition Let X’ C X be a dense open affine
subvariety, G’ = G N X', As G C X(R) is of full dimension, we have
dim(G \ G’) < dim(G), hence the integral does not change when restricting
to the open subset G’ of G. We replace X, G by X', G’. Now X C A". The
morphism f: Xj;) — A,lf(z.) extends to a rational morphism AZ(Z.) — Ai(i).
The differential form w on X extends to a rational differential form on AZ(z’)'
This data satisfies the assumptions of the definition of a generalised naive
exponential period. O

Remark 5.21. It is not clear to us if it is equivalent to restrict to G C R"™ of
dimension n in the definition of an absolutely convergent exponential period.
We tend to expect that it fails to be true. The analogous statement for
ordinary periods holds true because they turn out to be volumes of bounded
semi-algebraic sets (see [HMSI1T, Section 12.2], also [VS15]). We have replaced
this by our Theorem Close inspection of the proof only shows that
every naive exponential period (and hence by [CH20, also
all absolutely convergent exponential periods) can be written as a Z-linear
combinations of numbers of the form

/e_fdml/\---/\dxn
G

for G C R" of dimension n, f: G — C continuous with semi-algebraic real
and imaginary part.

Remark 5.22. We pick up again on As explained previously,
the integral floo e*’t% converges absolutely, but does not obviously define a
generalised naive period. We concentrate on the real part. Integration by

parts gives

/100 cos(?) dt = cos(1) — /100 sin(t) dt

because of the classical identity [~ sinlt) 44 = T. Note that the function

0 ¢ 2
sin®) g entire, so there are no convergence issues with the last integral. The

numbers cos(1) and 7/2 are definable in the o-minimal structure Rgin exp

of [Definition 2.13L The same is true for the function % Hence we have
written our number as the volume of a set that is definable in Ry exp. Note,

however, that the formula does not give a presentation as an absolutely
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convergent exponential period. We have

[0 [ (<)
o t 0 3

but the real part does not converge for the choice G = (0,1), f = iz, and
dz

w:Z

6. REVIEW OF COHOMOLOGICAL EXPONENTIAL PERIODS

Throughout this section let & C C be a subfield. All varieties are defined
over k.

We give the definition of exponential periods following [F.J20] concentrating
on the smooth affine case at the moment.

6.1. Rapid decay homology. [FJ20, 1.1.1] Given a real number r, let
Sy ={2€C|R(z) >r}.

Definition 6.1. Let X be a complex algebraic variety, Y C X a subvariety,
f € O(X). The rapid decay homology of (X,Y, f) is defined as

(XY, f) = lim Hy (X, Y3 U f71(S,); Q).

For 7 > r, there is a projection map on relative homology, so this really
is a projective limit. A direct limit construction using singular cohomology
yields rapid cohomology H4(X,Y, f). It is dual to rapid decay homology.
By [EJ20, 3.1.2], these limits stabilise, so it suffices to work with a single,
big enough r. Indeed:

Theorem 6.2 (Verdier [Ver76, Corollaire 5.1]). There is a finite set ¥ C C
such that f|p-1cus): fTHC %) = C\ X is a fibre bundle.

As S, is contractible, this implies that all f~1(S,) with r sufficiently large
are homotopy equivalent to a fibre of f.

There is an alternative description of H!4(X, f) which is better suited
to the computation of periods. It is originally due to Hien and Roucairol,
see [HRO8]. We follow the presentation of Fresan and Jossen in [FJ20)
Section 3.5].

We fix a smooth variety X and f € O(X). Let X be a good com-
pactification, i.e., such that X is smooth projective, Xoo = X ~ X is a
divisor with normal crossing and f extends to f: X — P'. We decompose
Xoo = DoUD4, into simple normal crossings divisors such that f(Ds) = {00}
and f: Dy — P! is dominant on all components, i.e., into vertical and hori-
zontal components.

Definition 6.3. We denote by 7: Bg(X) — X3 the real oriented blow-up

OBlx (X), see [Definition 4.2 Let f : Bg(X) — P! be the induced map,

see Lemma [4.4] We also define
BY(X, f) = Bx(X) ~ (n 7 (DF) U F ({500 € P |R(s) < 0}))
OB% (X, f) = B%(X, f) N X = B%(X, f) N [~ ({s00 € PIR(s) > 0}).

We are going to omit the subscript X as long as it does not cause confusion.
At this point we only consider them as topological spaces. In fact B (X, f )
is a semi-algebraic C'°°-manifold with corners.



EXPONENTIAL PERIODS AND O-MINIMALITY I 33

Remark 6.4. Our definition of B°(X, f) does not agree with
BoF = xany 71 ({s00 € PYR(s) > 0})

as defined by Fresin—Jossen [FJ20), Section 3.5] and the earlier rapid decay
literature. The two definitions differ if Dy and D, intersect. They agree
in the curve case where Dy N Dy = () is automatic. If the intersection
is non-empty, then BT’ is not a manifold with corners whereas B°(X, f)
always is. The issue is also addressed in [MHI7, Section 2].

Proposition 6.5 ([EJ20, Proposition 3.5.2]). Let X be a smooth variety
over k. For sufficiently large r, the inclusion induces natural isomorphisms

Hy (X, f71(5,);Q) = Ho(B(X), f71(5,); Q) = Ha(B°(X, f), 0B°(X, f); Q).
In particular,

H{(X, f) = Ho(B°(X, [),0B°(X, [); Q).
Proof. Their proof is correct with the modified notion of B°(X, f). O

Recall that S, (M) denotes the complex of Q-linear combinations of C'-
simplices for a CP-manifold with corners M. Recall also Definition It
computes singular cohomology by Theorem

Definition 6.6. Let X be a smooth variety, f € O(X). Choose a good
compactification X. We put

SiU(X, f) = Su(BR(X, f))/S:(0B% (X, ))-

Remark 6.7. Fresan and Jossen work with piecewise C'*°*°-simplices instead,
see [FJ20, Section 7.2.4]. We opt for the slightly more complicated notion
of C'-simplices as opposed to C*™-simplices because they are well-suited for
working with our semi-algebraic sets.

6.2. Twisted de Rham cohomology: the smooth case. Let X/k be
a smooth variety, f € O(X). We define a vector bundle with connection
&l = (Ox,dy) with ds(1) = —df. The de Rham complex DR(E/) has the
same entries as the standard de Rham complex for X, but with differential
0P — QP! given by dw — df A w.

Definition 6.8. Let (X, f) be as above. We define algebraic de Rham
cohmology H3r(X,Y, f) of (X, f) as hypercohomology of DR(E/).

If X is affine, this is nothing but cohomology of the complex

RU4r(X) = [0(X) 2 o' (x) Y .. 1.

The definition needs to be extended to the relative cohomology of singular
varieties. We first consider a special case. Let X be smooth and Y C X a
simple divisor with normal crossings. Let Yo — Y be the Cech-nerve of the
cover of Y by the disjoint union of its irreducible components, see Section
It is a smooth proper hypercover. In particular, H,(Y2",Z) = H,(Y*",Z).

Definition 6.9. Let X be a smooth variety, Y C X a divisor with simple
normal crossings. We define algebraic de Rham cohomology Hiy (X,Y, f) of
(X,Y, f) as hypercohomology of Cone (m.DR(E/|y,) — &7) [—1].
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6.3. The period isomorphism. Hien and Roucairol established the exis-
tence of a canonical isomorphism

Hyg(X, f) @@ C = Hip (X, [) @1 C

for smooth affine varieties X see [HRO8, Theorem 2.7]. It is also explained
and extended to the relative case for any variety X and subvariety Y by
Fresan and Jossen, see [F.J20, Theorem 7.6.1]. We refer to it as the period
isomorphism. It induces a period pairing

(5) (= =) Hip(X,Y, f) x HY(X,Y, f) = C.

Definition 6.10. Let X be a variety, f € O(X), Y C X a closed subvariety,
n € Ng. The elements in the image of the period pairing are called the
(cohomological) exponential periods of (X,Y, f,n).

We denote Peon(k) the set of cohomological exponential periods for varying
(X,Y, f,n) over k. We denote Piog(k) the subset of cohomological exponential
periods for varying (X, Y, f,n) such that (X,Y) is a log-pair.

The construction of the period map is non-trivial. Fortunately, we only
need its explicit description in a special case.

Definition 6.11. Let X be smooth affine. We define a pairing
Q0" (X) x S(X™, f) = C

/ e fwm,

Lemma 6.12. The pairing is well-defined and induces a morphism of com-
plezes

by mapping (w, o) to

Q'(X, f) — Hom(S(X™, f),C).
On cohomology it induces the pairing (@

Proof. Let w € Q*(X), ¢ an n-dimensional C'-simplex in SX4(X?" f). The

smooth form w® on X®" defines a smooth form e~fw® on B°(X, f). (Note

that e~/w™ vanishes to any order on dB°(X, f), so it can be extended by 0

to a neighbourhood of the boundary). Hence the integral is well-defined.
The compatibility with the boundary map translates as

/e_fdfwan:/ e fwn
o oo

which holds by Stokes’s formula (see Theorem because dfw = dw —df Aw.
The construction is the one of [EJ20), Chapter 7.2.7], only with our S,(X)
instead of their complex, see Remark [6.7} O

By taking double complexes, this extends to general X and Y. We will
discuss this in detail in [CH20, [Section 10]. At this point, we handle the
simplest case.
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Example 6.13. Let X be a smooth affine variety, Y C X a smooth closed
subvariety, f € O(X). Then relative twisted de Rham cohomology is com-
puted by the complex

RT4r(X,Y, f) = Cone (*(X) = Q*(Y)) [-1]
=[Q"(X) = Q'(X)eQ(Y) - (X)) (V) - ...]

with differential induced by dy and restriction. Its rapid decay homology is
computed by the complex

SH(X,Y, ) = Cone (S2(Y, ) = (X, /).

Explicitly: let X be a good compactification of X such that f extends to a
morphism on X with target P and such that the closure Y of Y in X is a
good compactification as well. Then

Cone(S™(Y, f) — S*4(X, f)) =
[S5H(X, f) = S1UX, f) @ SEU(Y, f) = SEU(X, ) e STAUY, f)

Let o be a cycle in SI4(X,Y), i.e., a chain ox on X such that dox = oy is
supported on Y. In the second incarnation, we identify it with (ox, —oy).
Let w be cocycle in RT'4r(X, Y, f), i.e., a pair of differential forms (wx,wy) €
Q"(X) @ Q1Y) such that dwx = 0, dwy = wx]|y. Their period is

(I, [o) :/O_wa—/o_yw.

7. TRIANGULATIONS

We fix a real closed field & € R and work with semi-algebraic sets of R
defined over k. We expect that everything holds in general for o-minimal
structures, but we do not need this for our application. We use the set-up of
[vdD98, Chapter 8] for complexes. It is not completely standard, but very
convenient for us. B

Let n € Nyg. Let ag,...,a, € kY be affine independent. The open n-
simplex defined by these vectors is the set

o= (ag,...,an)

:{ZAiaiE]RN:foralliwehave)\i>0and)\0+~-+)\n:1}.
=0

We fix the orientation given by dA; A --- A d)\,. The closure of ¢ is denoted
by [ao,-..,a,] and obtained by relaxing to A; > 0 in the definition above.
We call [ag,...,ay] a closed k-simplex. The points ag, ..., a, are uniquely
determined by [ag,. .., a,] and thus by o. As usual, a face of ¢ is a simplex
spanned by a non-empty subset of {ag, ..., a,}. Then [ag,...,a,]is a disjoint
union of faces of . We write 7 < ¢ if 7 is a face of o and 7 # 0.

A finite set K of simplices in RY is called a complez if for all 01,09 € K
the intersection 1 N @3 is either empty or the closure of common face 7 of
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o1 and o9. Van den Dries’s definition does not ask for 7 to lie in K. So the
polyhedron spanned by K
K=

geK
may not be a closed subset of RY. We call K a closed complex if |K]| is
closed or equivalently, if for all o € K and all faces 7 of o, we have 7 € K.
Note that |,y o is a disjoint union, this is an advantage of working with
“open” simplices. We write K for the complex obtained by taking all faces of
all simplices in K. Note that K is l;:—semi—algebraic.

Definition 7.1. Let M be a k-semi-algebraic C'-manifold with corners,
A C M be a k-semi-algebraic subset. A semi-algebraic triangulation of A is a
pair (h, K) where K is a complex and where h : |K| — A is a k-semi-algebraic
homeomorphism. We say that it is globally of class C', if h extends to a
C'-map on an open neighbourhood of |K]|.

Let BC Abea I;:—semi—algebraic subset. We say that (h, K) is compatible
with B if ®(B) is a union of members of K.

Remark 7.2. Note that there are weaker definitions of C'-triangulations
in the literature, see for example Remark 9.2.3(a) [BCR9§| or [Shi97, Chap-
ter II]. However, Ohmoto-Shiota have shown the existence of semi-algebraic
triangulations globally of class C' for locally closed semi-algebraic subsets
of RV, see [OS17]. Czapla-Pawlucki [CP18] show even stronger regularity
properties (that we do not need) in the o-minimimal setting.

7.1. Existence of triangulations. Our aim is to triangulate semi-algebraic

manifolds with corners, see

Lemma 7.3. Let X a compact l;:—semi—algebmic C'-manifold with corners
with atlas (¢; : Uy — Vili = 1,...,N). Then there are k-semi-algebraic
functions of class C*
fiyooos fm: X = [0,1]
such that for every j there is i
e such that the support of f; is contained in U,
e there is an open subset W; C U; on which f; is identically 1,

and, moreover, the W; are a cover of X.

Proof. For each P € X we fix a chart U; containing P. Each V; is an open
subset of some R™ xRT{. There is an open ball B in R™ 1™ centered at ¢;(P)
of radius 7 > 0 such that ¢;(P) € BNR™ xRTj C V;. Let fj,: R — [0, 1]
be a k-semi algebraic C*-function that is identically 1 on the open ball of
radius r/2 centered at ¢;(P) and with support contained completely in B.
We denote by Wp the preimage in U; of the said ball of radius r/2 and by
fp the composition f, o ¢; extended by zero on X \ V;. As X is compact,
there are finitely many Py, ..., P, such that Wp U---UWp, = X. The
lemma follows with W; = Wp, and f; = fp,. U

Proposition 7.4. Let X be a compact k-semi-algebraic Cl-manifojd with
corners, Ai,..., Ay semi-algebraic subsets of X. Then there is a k-semi-
algebraic triangulation of X compatible with A1, ..., Ay that is globally of
class C.
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Proof. As a first step, we ignore the regularity issue and consider X as a
compact k-semi-algebraic space. By [Rob83, Theorem 1] it is affine. By
[BCRIS, Theorem 9.2.1] or [vdD98, Theorem 8.2.9] it admits a k-semi-
algebraic triangulation (h, K) of X compatible with A;,..., Ay;. Using
[OS17], we are going to construct a k-semi-algebraic homeomorphism & :
| K| — | K| which respects all simplices and such that h o ® is C*. This new
triangulation has the required properties.

In detail: Let ¢1,...,¢n and f1,..., [ be as in The map
fidi + X — R? is well-defined and l;:—semi—algebraic. We apply the “panel
beating” of [OS17, Corollary 3.3] to the maps

gi = (fj¢i)oh: |K| = X — R%

Note that they formulate the results in the semi-algebraic setting, but they
point out that the proof is written in a way that it also applies in other
settings such as ours.

This gives us a k-semi-algebraic homeomorphism ® : |K| — | K| respecting
all simplices such that all g; o ® are C'. We claim that ho ® is C'. As
Wy, ..., Wy, cover X, it suffices to check the claim after restricting to the
preimage of some W;. By definition, a map is C L'if its composition with ¢;
is. This is the case because f;¢; = ¢; on W; and g; is Cl. U

Remark 7.5. We briefly sketch what the C!-triangulation result of Ohmoto—
Shiota [OS17] boils down to in the 1-dimensional setting. This suffices for
the context considered in Say 7: [0,1] — R¥ is a continuous
l;:—semi—algebraic map, then there exist 0 =¢; < --- <t =11in k such that
all ¥[ (4, 4,,1) are C'. Thus 7 is represented in homology by a chain of paths
that are C! on (0,1). So assume that v is such a path. For ¢ € Z suffiently
large the right-sided derivative of t s v(t) at t = 0 exists and vanishes; this
follows from asymptotic behavoir of semi-algebraic functions see [vdDM96),
4.12]. Extending ¢ ~ v(t*) to the left with value v(0) yields a C'-function
on (—oo,1). The same procedure works at ¢ = 1 by reparametrizing with
1 — (1 —t)* and extending to the right with value ~(1).

7.2. A deformation retract. We are going to show that, up to deformation,
a complex K can be identified with a closed complex. The arguments are
similar to the ones in [vdD98, Chapter 8 (3.5)]. Compare also Friedrich’s
[HMS17, Proposition 2.6.8] and its proof.

If o is a simplex in RY, then b(c) denotes its barycenter. Let K C RY
be a complex. We denote by S(K) its barycentric subdivision as defined in
[vdD98, Chapter 8 (1.8)]. Note that | K| = |B(K)].

We define the closed core of a complex K as

cc(K) ={o € K | K contains all faces of o}.

Then cc(K) is a subcomplex of K. It is a closed complex by definition.
But it can be empty: consider a complex consisting of a single simplex of
positive dimension. This problem is remedied by passing to the barycentric
subdivision. More precisely, if K is non-empty, then cc(S(K)) is non-empty.
Indeed, the barycenter b(co) of o € K defines a face (b(c)) of 8(K); it must
lie in cc(B(K)).
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Finally, note that if L is a subcomplex of K, then S(L) C S(K) and
cc(L) C ce(K), so we have cc(B(L)) C cc(B(K)).

Proposition 7.6. Let K be a complex. There exists a l%—semi—algebmic
retraction r: |K| = |B(K)| — |cc(B(K))| with the following properties.
(i) For each x € |K| the half open line segment [z, 7(x)) is contained in
the simplex of B(K) containing x.
(ii) The map
H(xz,t) = (1 —t)x +tr(x)

is a k-semi-algebraic strong deformation retraction H : |K| x [0,1] —
K] onto [cc(8(K)).

We use a variation of the arguments found in §3, Chapter 8 [vdD9§g].

Proof. Let b = b(o) be a vertex of S(K). As in loc. cit. we define a continuous
semi-algebraic function

Ao |K| = [B(K)| = [0,1]

which vanishes on |7| if b is not a vertex of 7 € [(K) and equals the
barycentric coordinate with respect to b if it is.
Let us define furthermore

Az) =) Ao(a).

ceK

We claim that A(x) > 0 for all z € |K|. Indeed, z is contained in a simplex
(b(0g), .. .,b(cn)) of B(K); here og < --- < g, are open simplices of K and
on € K. In particular, As, () > 0. Thus the contribution coming from o,, to
the sum A(z) is strictly positive. As all other contributions are non-negative
we find A(x) > 0, as desired.

We are ready to define r(z) for x € |K| as

(@) — Soer e (@)H(0)
O R

Thus r: |K| — R™ is k-semi-algebraic and continuous.
Let us verify that (| K|) C |cc(B(K))|. Say = € |K| and let op,...,0,
be as before. Say o € K. We recall that \,(z) > 0 if and only if o is

among {0y, ...,on}. Let 05, < --- < 0;, = 0y, be those among the oy, ..., o,
that lie in K. So r(z) = Z?:o a;b(c;;) with coefficients a; € [0, 1] such

that Z?:o a; = 1. Observe that a; > 0 since z € (b(0y),...,b(cy)). Thus
r(x) € (b(oyy),.-.,b(04,)). Finally, b(o;;) € oi; € K for all j. Therefore,
B(K) contains all faces of the simplex (b(o,), .. .,b(0;,)) which must thus
be an element of cc(S(K)). We conclude r(z) € |cc(S(K))|. So the target of
ris cc(B(K)), as claimed.

Moreover, (b(c,), - .., b(0i,)) is a face of (b(op),...,b(oy)) € B(K), hence
by convexity the ray [z,r(z)) is in the simplex of S(K) containing x.

We now verify that r is a retraction. We still assume = € (b(0y), ..., b(on))
as above. Note that z = ) % Ao (2)b(0) and ) 7 Ao(x) = 1. If Ap(x) > 0
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for some o € K, then ¢ is among oy, ..., 0,. Hence
n n
> Ao(@)b(o) =x and Y Ay (z) =1
i=0 i=0

Now suppose z € |cc(B(K))|. By definition, S(K) contains all faces of
(b(00),-..,b(opn)). In particular, b(c;) € |K| and hence o; € K for all i. So
A(x) =1 and r(z) = x. In particular, r is a retraction.

Keeping the notation above for x € (b(0y),...,b(0,)) € B(K), we find for
all t € (0,1) that

n

(1—-t)x+tr(z) = NG ZZ; (1 = t)A(x) + twy, (x)) Ao, (2)b(03),
here w,, is constant 1 if o; € K and constant 0 else wise. Each factor in
the sum on the right is strictly positive, which implies (1 — t)x + tr(z) €
(b(00),...,b(0n)). As we have seen before, r(x) = x for x € [cc(B(K))|.
Altogether, this proves claim (ii). O

8. THE CASE OF CURVES

Let k& C C be a subfield which is algebraic over kg = kN R. For simplicity,
we assume that k is algebraically closed. In this section we will show that
naive exponential periods of the form | G e fw where G is 1-dimensional are
the same as cohomological exponential periods of smooth marked curves. This
comparison is a special case of the general result in [CH20, ,
but we include it to illustrate the key ideas of the general proof, while
avoiding several technical problems.

This section is organised as follows: first we give some elementary exam-
ples of cohomological exponential periods and explain why they are naive
exponential periods. This is followed by an intermezzo in which we describe
the oriented real blow-up of a marked curve, because it features several times
in the remainder of the section. Finally, we prove the inclusions announced
above.

8.1. Examples of cohomological exponential periods. In
we saw explicit examples of naive exponential periods. We will now look at
some examples of cohomological exponential periods, before considering the
case for general curves.

Example 8.1. We start with the simplest non-trivial case: X = Al Y = {0},
f =id. Then H{4(A! {0},id) = H{(B°(Al,id), {0} UOB°(A',id); Q). Both
B° = B°(A',id) and its boundary are contractible, hence HI4(A', {0},id) is
of dimension 1. The generator is the path from 0 to a point on 9B°, i.e., one

of the G of Example l We use G = [0, 00) because it is in the subspace
B! as defined in [Section 1.4

100
B¢

loo floo
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The boundary in singular homology maps it to the class of the point 0 with
multiplicity —1.

The relative de Rham complex has the shape
P (dP—Pdz,P(0))

k[z] klz]dz @ k.
As in [Example 6.13] the periods of (Q dz,a) are computed as
/ e *Qdz —a.
Gt

The general theory tells us that Hlz (A, {0},id) also has dimension 1. It
is easy to see that (dz,0) is a not in the image of the differential: Indeed
P — dP — Pdz is injective, and the preimage of dz under this injection
is the constant polynomial —1, which does not have constant coefficient 0.
Hence (dz,0) generates our cohomology. The periods of (Al, {0},id, 1) are
precisely the elements & as
/ e “dz=1.
G1

Unsurprisingly, these elements are naive exponential periods as explained in
Example We now turn to X = ALY = {0} and f = 2™. In this case
the boundary of B°(A!, f) has n components, hence HI4(A', {0}, f) is of
dimension n. As generators for homology we can use the n different preimages
of [0,00) under z — z". They are of the form Ggm for m =0,...,n — 1 with
s = e2™/™_ The boundary map in singular homology maps each of them to
the point 0 with multiplicity —1.
In this case the de Rham complex has the shape

—nzn—1 z
f[p) L@l PAPOD Gt ds @ ke

All elements in HJg (A, {0}, f) are represented by pairs (QdZ,a). Their
periods are computed as
/ e *'Qdz —a.

These are naive exponential periods.

Remark 8.2. The preceding example provides an explicit instance of [CH20,
[Proposition 11.4] which is an important ingredient in the final comparison
theorem: rapid decay homology is not only computed by B°(A!, f), but also
by BY(A', f) = CU f~(1oo) so we can choose intervals with end points F

in {0} U f~(1c0).

8.2. The oriented real blow-up of a marked curve. Let C be a smooth
projective complex curve, or in other words, a compact Riemann surface. Let
f: C — P! be a non-constant meromorphic function. Let Q1,...,Q, € C
denote the poles of f, let Py,..., P, be some points on C distinct from
the Q;, and denote by C C C the complement of {Py,..., Py, Q1...Qn}
Denote by f: C — Al the restriction of f to C.

We now consider the real oriented blow-up B(C') = Bs(C') and the map
f: B(C) — P! induced by f. It adds a circle to C*" in each of the points
P; and @;. The algebraic map f: C — Al induces a semi-algebraic map
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of manifolds with boundary f: B(C') — P!. The circles around the P; are
mapped to f(P;) € C. The circles around the @; are mapped to the circle at
infinity of P!. As in Definition [6.3]let B°(C, f) € B(C) be the open subset
of points either in C*" or mapping to R(socc) > 0 on the boundary of Pl
So it removes the circles around the P;’s and some circle segments from the
circles around the the @;’s.

The following figure illustrates the case C' = P'.

P : Q4
SN
1 ] - N\
\Q2/ ( Ql/
—
5:3 <

8.3. A 1-dimensional comparison. We now show that generalised naive
exponential periods are cohomological exponential periods.

Proposition 8.3. Let a = |, e~ fw be a generalised naive exponential period

over ko as in |Definition 5.4 Assume that dim(G) = 1. Then « is a

cohomological exponential period for a tuple (C,Y, f,1), where C is a smooth
curve defined over k, Y C C is finite set of points, and f: C — A]%; s a
regqular function.

This is a special case of [CH20, |Proposition 12.1].
Proof. By every generalised naive exponential period is abso-

lutely convergent. Hence we may apply [Proposition 5.19|to obtain a smooth
affine curve C over ko, a finite set of points Y C C(kp), a pseudo-oriented
1-dimensional k-semi-algebraic subset G' of C(R) with endpoints in Y, a
function f: C, — A} that is proper on G and such that f(G) C B°, and a
regular 1-form w on Cj, such that a = fG e fw. By abuse of notation we
replace C' and Y by C} and Y} from now on.

Certainly, the form w defines a class [w] € HI;(C,Y, f).

The semi-algebraic set Reg;(G) is semi-algebraically homeomorphic to a
finite union of open intervals and circles. We may consider connected compo-
nents separately. Thus, without loss of generality, Reg;(G) is homeomorphic
to an open interval and G its closure in C?". The semi-algebraic set G is
homeomorphic to either a circle, or to an interval with 0, 1 or 2 end points
in C?". By assumption, we are given an orientation on the complement
of finitely many points of G. We may consider these intervals separately,
enlarging Y if necessary.

Let C be a smooth compactification of C, and G' the closure of G in B(C).

It is compact because B(C) is. implies G C B°(C, g).
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By construction, the boundary of G is contained in Y U OB (C, f). Tt
defines a class [G] € HIY(C,Y, f) = H1(B°(C,g),Y UdB°(C, f); Q). Finally,
as in the period pairing of these classes is computed as

(lo], [G]) = / Tw—a

G
This proves the result: « is indeed a cohomological exponential period. [

8.4. Converse direction. We now want to express cohomological expo-
nential periods as naive exponential periods. This means that we start
with a marked curve Y C C, and cohomology classes v € H}4(C,Y) and
w € Hig(C,Y, f). We want to show that the period pairing (w,~) is a naive
exponential period. Let us sketch the ingredients of the proof:

(i) The first step is the observation that rapid decay homology H4(C,Y")
is computed as the ordinary homology of the space B°(C, f).

(i) We then note that B°(C, f) is homotopic to a certain subset B(C, f).
We will give an ad hoc definition of this subset here, for the general
definition see [CH20, [Definition 11.3].

This step is crucial, because in the next step it will allow us to
obtain semi-algebraic sets G whose image is contained in a suitable
strip: f(G) C Sy 5. See also

(ii1) Finally, we use semi-algebraic triangulation results and the delicate
[Proposition 7.6| to realise v as a linear combination of homology
classes of semi-algebraic sets. This will allow us to realise (w,~) as
naive exponential period.

Proposition 8.4 ([CH20, [Proposition 11.1]). Let C' C A™ be a smooth affine
curve over k, f € O(C), andY C C a proper closed subvariety. Then every
cohomological exponential period of (C,Y, f,1) is a naive exponential period.

Proof. By definition, f € k[C]. We also write f for a polynomial in
klz1,...,2n] representing it. As C is affine, the twisted de Rham coho-
mology H}(C,Y, f) is a quotient of Q!(C) @ @er k hence every element
is represented by a tuple (w, a,). We also write w for the element of QL(A™)
representing w € Q(O).

Step 1. Let C be a smooth compactification of C and let Z = C ~ C be
the points at infinity. By [Proposition 6.5]

H{Y(C,Y;Z) = H(B°(C, f), Y™ U9B°(C, f); Z).

We decompose Z = Zy U Z, such that f is regular in the points of Zy and
has a pole in the points of Z,. Let d, > 1 be the multiplicity of f at z € Z.
The oriented real blow-up of C' in Z replaces each point z € Z" by a circle
S,. It is compact. The boundary is a disjoint union of circles. The map
f: B(C) — P! maps these circles either to C (the case z € Zy) or to the
circle at infinity (the case z € Z). In the latter case, the map on the circle
isa d, to 1 cover.

By definition the subset B°(C, f) is the union of the preimage of C*" and
those points P in the circles S, above z € Z3 that are in the preimage of
the half circle {woo | R(w) > 0}. Hence the boundary of B°(C, f) consists
of d, many circle segments for every z € Z32.
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Step 2. Now consider the smaller subset B*(C, f) defined as the union of
the preimage of C'*" and the points P in the circles S, above z € Z3 that are
in the preimage of 1oo. Hence the boundary 0B*(C, f) of Bf(C, f) consists
of d, many disjoint points for every z € Z3'. In particular the boundaries of
B°(C, f) and BY(C, f) are homotopy equivalent. Both B°(C, f) and B*(C, f)
are homotopy equivalent to C?". Thus

H{YC,Y;Z) = H\(BYC, f),Y*™ UdB*C, f); Z).

Note that B*(C, f) is not a manifold with corners, hence we are not able
to interpret the right hand side in the sense of C''-homology as defined in
However, it is a topological space so ordinary singular homology
is perfectly well-defined and this is how we interpret the right-hand side.

Step 3. The space B°(C, f) is a kg-semi-algebraic C'°°-manifold with
boundary. By |[Proposition 7.4} it has a kg-semi-algebraic triangulation
compatible with B¥(C, f), Y and 0B*(C, f) that is globally of class C!. In
particular, the points in Y2 UOB!(C, f) are vertices. By [Proposition 7.6| the
closed core of its barycentric subdivision is a strong deformation retraction
of BY(C, f). We denote the closed core by A. Hence

H\(B*(C, f), Y™ UOBYC, f); Z) = Hi(A, Y™ UOBYC, f); Z).

The subcomplex A is compact, hence simplicial and singular homology of A
agree. Therefore every homology class is represented by a linear combination
of closed semi-algebraic 1-simplices in A. The triangulation is C', hence the
closed 1-simplices in the triangulation of C' define elements of S1(C, f). In
all, each homology class in H}4(C,Y;Z) is represented by linear combination
of C'-paths in B¥(C, f) with boundary in Y?* U 9B*(C, f). The period
integral is defined by integrating e fw on these paths, see Definition
and Lemma [6.12]

Let 7: [0,1] — A be one these simplices. We put G = ([0, 1]) N C**. We
need to check that it satisfies the conditions needed for naive exponential
periods. The closure G = ([0, 1]) differs from G by at most two points, the
end points. The image f(G) in P! is compact and contained in B(C, f),
hence f(G) is contained in a suitable strip S, for r,s > 0. The map
f : G — P! is proper because G is compact. By definition, the preimage
f‘l(loo) does not contain any points of G. Hence f: G — C is also proper.
We conclude that |, G e fw is a naive exponential period.

Our cohomological period was a linear combination of such. The same
arguments as in the case of ordinary periods (see [HMS17, Proposition 12.1.5])
show that a linear combination of naive exponential periods is a naive
exponential period. O
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