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1. ABSOLUTE HODGE COHOMOLOGY OF SMOOTH COMPLEX VARIETIES

In this section we will show how to construct a complex that computes the real
absolute Hodge cohomology of a smooth complex variety that is not necessarily
proper.

Let X be a smooth complex variety of dimension d. By Nagata [Nag62| and
Hironaka we can find a proper complex variety X and a dense open embed-
ding j: X — X such that D = X \ X is a simple normal crossing divisor (NCD).
This means that, each point = € X has a coordinate neighbourhood U with coordi-
nates (z1,...,2q) on which z has coordinates (0,...,0), there is an integer k with
0 < k < d such that

DNU={(z1,...,2a) | z1...2 = 0},

and each irreducible component D; of D is smooth (that is, the irreducible compo-
nents of D do not have self intersections). Such coordinate neighborhood is called
adapted to D.

Definition 1.1. The sheaf of holomorphic forms with logarithmic poles along D,
denoted Q*Y(log D) is the subsheaf of algebras of j,.Q% generated locally in each
adapted coordinate neighborhood as before by Q% and the forms

dZi

Zj
The weight filtration W of Q*Y(log D) is the multiplicative filtration that assigns
weight zero to the sections of Q*Y and weight one to the sections dz;/z;. The

decalé filtration of W is denoted by 1. The Hodge filtration F of Q%(log D) is the
decreasing filtration

Li=1,....k.

FPQ%(log D) = @) Q% (log D).

q>p

Lemma 1.2. The inclusion Q*Y(log D) — j.Q% is a quasi-isomorphism. Therefore
there are isomorphisms

H* (X, Q% (log D)) =~ H* (X, j.2%) = Hix (X, C).

Thus we can use differential forms with logarithmic poles to compute de Rham
cohomology of X. The key point now is that this complex of forms allow us to
relate the cohomology of X to the cohomology of smooth proper complex varieties
of different dimensions.

To see this we define the residue map. Let D = Ule D; be the decomposition of
D into irreducible components. For each I C {1,...,k} we denote by D; = N;e1D;
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and we write

57’1: H DI7

[I|l=n

where for a subset I as before we denote by |I| its cardinal. Then D™ is a disjoint
union of smooth proper complex varieties of dimension d—n. Let U be a coordinate
neighborhood with coordinates (z1,..., ;) adapted to D. For each j € {1,...,k}
we will denote by i; the index of the component of D satisfying D;; = {z; = 0}. If

d z; d z;
77:04/\@/\.../\ z]’"’EWnQ%(logD),mgn
Zjl ZjnL

then the residue is defined locally by

0, if m <n,
Res(n) =

alp, Aenp,. , fm=n.
J1 In

Lemma 1.3. The residue of a differential forms with logarithmic poles defines an
isomorphism

Res: Gr/V Q% (log D) — QF, [-n].
Lemma 1.4. The natural maps
(Q%(log D), W) «— (Q%(log D), 7) — (j«{2x,7)
are filtered quasi-isomorphisms.

Proof. The right arrow is a quasi-isomorphims because the inclusion 2%-(log D) —
7+ x is a quasi-isomorphism. The right arrow is a filtered quasi-isomorphism be-
cause, by Lemma [1.3

0, if r #£mn,

A" (Gr)V Q% (log D)) = { C

if r =n.

LnCin,

where ¢35, : D" — X is the map induced by the inclusion D C X and Cx, is the
constant sheaf with fiber C. Hence, the cohomology sheaf of Gr!” QO (log D) is
concentrated in degree n. Therefore

A (Grl 0% (log D)) = 27" (Q%(log D)) = 2" (Gr,, Q5(log D)),
and, for r # n,
AT (Gr)V Q% (log D)) = 0 = " (Gr,, Q5 (log D)).
]

We now choose flasque resolutions of the sheaves Ax, Ax ® @, Cx and Q% that
fit in a commutative diagram

A — > Ay 9 QF —— CL —— 3!

]

Ax —Ax ®Q Cx Q%




of complexes of sheaves in X. Consider the diagram

(4. C, 1) — (1.2, 7) = (% (log D), 7)

(92 (log D), W)

The arrows in the above diagram are filtered quasi-isomorphisms and we will denote
(Q*, W) = cone(iy — iz). From the diagram we obtain a filtered quasi-isomorphism
(j*Cﬁ(,T) — (Q*,W) and (Q%(log D), W) — (Q*,W). We now consider the dia-
gram of complexes of sheaves on X

]* AX(X)(Qjj

/\/\

(j«(Ax ® QF), T Q* (log D), W, F)

that we denote D(X, X). We choose compatible (filtered) flasque resolutions on
the sheaves of such diagram and denote the corresponding diagram by D(X, X)*.

We finally apply the functor of global sections I" to the above complex to obtain
a diagram of filtered complexes of A-modules that we denote by I'(D(X, X)¥).

Theorem 1.5. Let X be a smooth complex variety and X a compactification of X
with D = X\ X a NCD. The complez I'(D(X, X)*) is a mized Hodge compler and
its class in AHC does not depend on X nor on the choices of flasque resolutions.

We now want to particularize to the case when A = R. In this case we can
simplify the construction of a mixed R-Hodge complex by considering an acyclic
resolution of the sheaf Q*Y(log D) that has a real structure. In this way we will
be able to use the same complex to recover also the real piece of the cohomology,
avoiding most of the technicalities of the previous construction.

Definition 1.6. The sheaf of differential forms with logarithmic singularities along
DI[BG94], denoted #-(log D) is the subsheaf of algebras of j..«/ generated locally
in each adapted coordinate neighborhood as before by %Y* and the forms

dz; dz;
“i , % Jog(ziz)i=1,... k.

Zq Zl
The weight filtration W of @2(log D) is the multiplicative filtration that assigns
weight zero to the sections of &%‘ and weight one to the sections d z;/z;, d z;/Z;,
and log(z;z). The decalé filtration of W is denoted by W. The Hodge filtration F
of #2(log D) is the decreasing filtration

FPa/i(log D) = @) #L(log D).
q=>p
Clearly, o= (log D) is stable under complex conjugation. We will denote by @ _ (log D)

the subsheaf of algebras consisting of forms invariant under complex conjugation.
Since the weight filtration is invariant under complex conjugation, it induces a
filtration W on #/¢ _ (log D).



Since the complex @/ (log D) is a complex of «/z-algebras, it is a complex of
fine sheaves and hence of acyclic sheaves.
We will denote by A%-(log D) (respectively A% . (log D)) the complex of global

sections of @/ (log D) (respectively </ _ (log D))
The main propertles we need of the complex of differential forms with logarithmic

singularities are summarized in the following result.
Theorem 1.7. With the hypothesis of Theorem [1.5]
(1) The natural inclusion (5(log D), W, F) — (@4(log D), W, F) is a bifil-
tered quasi-isomorphism of complezxes of sheaves.
(2) The map A*Y pllog D) — S5*(X,R) given by integration is a quasi-isomomorphims.
Joining together theorems [I.5] and [I.7] we obtain

Corollary 1.8. Let X be a smooth complex variety and X a compactification of X
with D = X \ X a NCD. Then the diagram

(A%(log D), W)

/ \
(A% (log D), W) (A%(log D), W, F)

is an R-Hodge complez that agrees with H(X).

The next task is to get rid of a particular compactification of X to this end we
consider the category Cx of compactifications of X. That is, the objects of Cx
are triples (X, D, ) where X is a proper complex variety, D C X is a NCD and

t: X — X \ D is an isomorphism. A morphisms between (X, D,:) and (Y/, D'
is a morphism of varieties f: X — X such that fo¢ = /. The opposed category
C% is directed.

Definition 1.9. The complex of differential forms on X with logarithmic singu-
larities along infinity is
e (X) zligl S(log D).

log
Cx
This complex inherits a weight filtration, a Hodge filtration and a complex conju-
gation, hence a real structure Ay, (X).
For any (X,D,:) € Cx, the map (Aj,(X ), W,F) — (A*Y(logD),VAV,F) is a
bifiltered quasi-isomorphism and the map (Aj,, z(X), W) — (A*XR(log D),W)isa
filtered quasi-isomorphism. Therefore the diagram

Avog(X) = / e \

(Aikog,]R(X> log ) W F)

is an R-Hodge complex that again agrees with H(X).
We can now apply Theorem 2.2 of the previous lecture to this complex.
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Definition 1.10. Let X be a smooth complex variety. Then the absolute Hodge
cohomology complex of X is the complex of sheaves RAH¢(X) is defined as
RAH¢(X) =T(D(Aiog(X))). Unraveling this definition, we have

RAHc(X) = cone(WyAlog,r(X) & Wo N FOAg(X) —5 Wo Aleg(X))[-1],

where ¢(r, f) =r — f.
More generally the twisted absolute Hodge cohomology complex of X is

RAHc(X,p) = T(D(Ag(X) ().
In this case we obtain
RAHc(p)(X) = cone((27)? Wap Ajog & (X ) ©WapNFP Atog (X) —25 Wap Ajog (X))[—1].

One of the main advantages of this construction is that it is functorial on the
nose and we do not need to choose any particular flasque resolution.

Lemma 1.11. Let Smc be the category of smooth complex varieties. The assign-
ment X — Aiog(X) is a presheaf of R-Hodge complezes in Smc. The assignments
X = RAH¢(p)(X), p € Z are presheaves of complezes of real vector spaces.

There is a variant of the absolute Hodge cohomology called weak Hodge coho-
mology or Deligne-Beilinson cohomology that is obtained by ignoring the effect of
the weight filtration. The real Deligne-Beilinson cohomology of X is

Hp(X,R(p)) = H" (cone((2m)" Aiog & (X) @ FP Ao (X) =7 Alog(X))[~1]).

We end this section discussing the case of real varieties. Let X be a real variety.
To it we can associate a complex variety Xc¢ together with an conjugate-linear
involution F,, of Xc. In fact the category of real varieties is equivalent to the
category of complex varieties with a conjugate linear involution. On the space of
differential forms A*(X¢) we define an involution o given by

o(w) = FXw.

that is, o acts as complex conjugation on both, the space and the coefficients of the
differential form. It is easy to see that ¢ induces an involution in the complexes
RAHc¢(p)(Xc).

Definition 1.12. Let X be a smooth real variety. Then the absolute Hodge coho-
mology complex of X is

RAH(p)(X) = (RAHc(p)(Xc))" ="

That is, the complex formed by the elements of RAH¢(p)(X¢) that are invariant
under o.

2. ZARISKI DESCENT

One of the basic results in topology concerning singular cohomology is the Mayer-
Vietoris sequence, that relates the cohomology of two open subsets with that of its
union and intersection. This result is what makes singular cohomology “easily”
computable. The Mayer-Vietoris theorem can be generalized as the Cech spectral
sequence in sheaf cohomology and in Deligne’s theory of homological descent, that
allow us to compute the cohomology of a variety in terms of hyper-resolutions. The
fact that the Cech spectral sequence associated to a Zariski open cover converges to
the cohomology is a particular case of homological descent called Zariski descent.



We denote by Smc the category of smooth complex varieties. Then RAHc(p)
is a pre-sheaf on Smc. That is, a contravariant functor. Let X € Ob(Sm¢) and
let 4 = {U,}aen be a Zariski open covering of X. The nerve of 4, denoted N'(81)
is the simplicial smooth variety with

Nn= J] Usn-NUa,,

(@00 yan)EA™

the degeneracy map o;: N(U),, — N(M)nH sends the component Ugo N+ NU,,
identically to the component Uy, N---NUy, NUqy, N---NU,,, while the face map

6t N(th), — N(U )n+1 includes the component Uom N---NUq, N---NUq, into the
component Uy, N ---N U o; N+ NU,, , where the simbol means that the subset

is omitted.

If we apply the functor RAH¢(p) to it we obtain a cosimplicial complex RAH¢(p)(L1).

To this cosimplicial complex we can associate the total complex tot(RAHg(p)(L)).

Since RAHc(p) is a functor, there is a canonical map RAH¢ (p)(X) — tot(RAHc(p)(LL)).

Definition 2.1. Let F be a pre-sheaf of complexes on Sm¢. We says that F
satisfies Zariski descent if the canonical map

F(X)— F)
is a quasi-isomorphims.
Theorem 2.2. The pre-sheaf RAHc(p) satisfies Zariski descent.

Proof. Since de Rham cohomology satisfies the Mayer-Vietoris theorem, the com-
plexes A* and Aj satisfy descent for the ordinary topology, hence for the Zariski
topology. Since Ajog(X)* — A*(X) and Ajogr(X)* — AR (X) are quasi-isomorphisms,
then Aj, and Aj, p satisfy Zariski descent.

Since Ajog is a presheaf, to the simplicial variety N4l we can associate a cosim-
plicial R-Hodge complex Ajoq(NLL).

We now use the following result by Deligne.

Theorem 2.3. Let H' be a cosimplicial A-Hodge complez,

(T

Then the diagram tot(H) given by

tot .7-' h tot(

/\/\

tot( .7:,4 tOt .FQ, tot( ]:([;,W F)

By this theorem, the total complex of Ajoe (ML) is again an R-Hodge complex.
There is a map of R-Hodge complexes H(X) — tot Aj,g(NU). This induces a
map of mixed R-Hodge structures in cohomology. By Zariski descent of Ay, this
morphism induces an isomorphism of the corresponding real vector spaces. By
Theorem 2.8 of the first lecture, it is an isomorphism of mixed Hodge structures.



Therefore, for all p € Z ngAf‘Og’R, ngAl*og and ng N FPA, satisfy Zariski

descent. Hence RAHc(p) satisfies Zariski descent. O

3. MULTIPLICATIVE PROPERTIES

Since absolute Hodge cohomology is the cohomology of a diagram of differen-
tial graded commutative algebras it comes naturally with a graded commutative
product that we will discuss in this section.

Assume that we have a diagram

F ., F,
sy p=| 7 N SN N
Fo Fi Fa Fi

such that all the entries F; and F] are differential graded A-algebras and such that
all the morphisms ¢; and 1; are morphisms of differential graded A-algebras. Then
the complex I'(D) has several structures of graded algebras. Let a € A and let
w = (w()a e ,(.(}k,bdi,. . 7w;<;) S Fn(D) and 7] = (WOa L 77716777/1’ cee 7n]/c> € Fm(D)
Then we define

w Uq n= (WOWOa ceey WENE,
wi((1 = a)ei(no) + a(m)) + (=1)" (a1 (wo) + (1 — a)r (wi))my, - . )
The basic properties of this product are summarized in the following theorem.

Lemma 3.1. (1) For every «, the map U, is a morphism of complezes.
(2) If a,a’ € A then the morphisms U, and U, are homotopic. A homotopy
is given, for w and n as before, by

hwUan) =(0,...,0,(a —a)ini, ..., (a0 — " )wimy)-

Under the canonical automorphism T of I'(D)QT(D) given by T (w@n) = (—1)des« dean (5
w), the product U, is transformed into Ui_,. The product Uy and Uy are associa-
tive.

As a direct consequence of this lemma we deduce that

Hig (X, A(x) = @ Hiny (X, A))
n,jEZL

has a structure of bigraded associative algebra whose product is graded-commutative
with respect to the first degree. Nevertheless, at the level of complexes we do not
have a product that is at the same time associative and graded commutative. For
a = 0,1 we have an associative product and if « = 1/2 € A we have a graded
commutative product, but none of the products U, is at the same time associative
and commutative.

For the applications it will be useful to have a complex that computes real
absolute Hodge cohomology and that is, at the same time, associative and graded
commutative. Thus, we now will construct a pre-sheaf that is quasi-isomorphic to
RAH¢(*) but that has a product that is at the same time associative and graded
commutative.

Let L* denote the de Rham complex of algebraic differential forms on Aj. That
is L0 = R[t] and L' = R[t]dt. Since W, A (X) and L* are differential graded
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commutative algebras, the tensor product L*®W2pAf‘Og(X ) (or rather the associated
total complex) has a natural structure of differential graded complex. Be aware of
the usual sign convention for the tensor products. We will denote this product by
A.

Definition 3.2. Let X be a smooth complex variety. The complex IRAHZ (p)(X)

is the subcomplex of L* ® ngAi"og(X) composed by forms that satisfy

W |t=o € (QWi)pWQpAlog,JR(X)v
W [i=1 € Wap N FP Ajoe(X).

Clearly IRAHg (p)(X) is not just a subcomplex but also a subalgebra. Thus, it is
a differential graded commutative algebra.

The elements of IRAH (p)(X) are one parameter deformations between real
forms and forms in a certain space of the Hodge filtration. Note that, instead of L*
we could consider differential forms in the manifold R or just the interval [0, 1]. The
important property of L* is that it is a “one-dimensional contractible” complex.

There are maps

E

RAHCc(p)(X) :I IRAHc(p)(X)

given by
Er,fim)=tef+(1-t)@r+dtamn,
t=1
I(w) = (w |t:07w |t:17/ w)a
t=0
where

/t:(p(t) +q(t)dt) @n = (/Olf](t)dt> 0.

Theorem 3.3. Let X be a smooth complex variety.

(1) The composition I o E = Idran-
(2) There is a homotopy h in IRAH such that E oI —Idirag = doh + hod.
(3) If w e RAHZ(p)(X) and n € RAHE (¢)(X), then

I(E(W) ANE(m)) = w Uiz

Proof. We check the first statement. Let (r, f,n) € RAH¢(X). Then E(r, f,n) =
tRf+(1-t)@r+dt@n. Since d t |;=o= dt |;=1= 0, we deduce that E(r, f,n) |t=0= T
and E(r, f,n) |t=1= f. Since f;:ol E(r, f,n) = n, the first statement is clear.

For each pair of integers n, p, we define h: IRAHZ(p)(X) — IRAHZ ' (p)(X)

by t=1 t
mw=te [ w-[w
[0 +avansa= ([ awas)on

Then one can check easily that
h(dw)+dh(w) = FEol(w) — w.
The third statement can also be checked easily. O

where



This theorem has the following immediate consequence.
Corollary 3.4. Let X be a smooth complex variety. then
H"(IRAHc(p)(X)) = Hliy (X, R(p)).

Moreover the product induced in H'i,, (X,R(p)) agrees with the product induced by
Lemma [311

If X is a smooth real variety, the involution o determines an involution, also
denoted o, on IRAH¢(p)(X¢) that is compatible with the product. We define

IRAH(p)(X) = (IRAHc(p)(Xc)) .
Corollary 3.5. Let X be a smooth real variety. then
HY(IRAH(p)(X)) = Hlpp (X, R(p)).
Moreover the product of IRAH(p)(X) induces the usual product in H',, (X, R(p)).
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4. EXERCISES

Exercises

(1) Let K be a number field. Consider Xg = Spec K as a variety over Q.
Let Xg be the corresponding real variety. Compute the absolute absolute
Hodge cohomology of Xg. Compare the obtained dimensions with the rank
of the groups K;(K).

(2) Compute the mixed Hodge structure of P!\ {0,1}.
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