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We let A, B denote commutative rings with unity. We let A[x] denote the ring of
polynomials in an indeterminate x with coefficients in A.

Exercise 1.
1. Prove that a proper ideal p of A is prime if and only if, for all ideals a,b of A,
ab c p implies acp or b c p.

2. If p is a prime ideal and a™ c p for an ideal a of A and for some n > 0, then show
that a cp.

(4 Points)

Exercise 2.
1. Let ¢ : A - B be a ring homomorphism and let I ¢ B be an ideal of B. Then
prove that ¢=1(I) is an ideal of A.

2. Let B # 0 and let ¢ : A - B be a surjective ring homomorphism. Prove that
ker(¢) := {a € A: ¢(a) = 0} is a prime ideal of B if and only if B is an integral
domain.

3. Prove that (22 + 1) c R[z] is a prime ideal of R[z].

4. Show that (22 + 1) c C[x] is not a prime ideal of C[x].

(8 Points)



Exercise 3.
1. Show that z(mod(z™)) € % is a nilpotent element while a + z(mod(z™)) € gji])
is a unit for all a € C ~ {0}.

2. In general, prove that for a nilpotent element a € A and for a unit u € A, the
element u + a is a unit of A.

(4 Points)

Exercise 4.
Let f=ag+a1x+-++a,z" € Alx]. Then

1. Let g = by +byx + -+ bypx™ € A[x] such that fg =1¢€ A[z]. Show (by induction
on r) that a’*'b,,_. =0 for all = 0,1,...,m.

2. Using Exercise 3, show that f is a unit in A[x] if and only if aq is a unit of A and
ai,...,a, are nilpotent elements of A.

3. Prove that f is nilpotent if and only if ay, ..., a, are nilpotent.

4. Show that if f is a zero-divisor then there exists 0 # a € A such that af =0.

(1+2+2+ 3 Points)



