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Introduction

The main result of this work is a new proof and generalization of Lazard’s
comparison theorem of locally analytic group cohomology with Lie algebra co-

homology for K-Lie groups, where K is a finite extension of Q,,.

Main Theorem. Let K be a finite extension of Q, and let G be a K -Lie group.

Then there exists an open subgroup U of G such that the Lazard morphism
o H (U, K) — H"(Lie(U), K)
induced by differentiating cochains is an isomorphism (c.f. Theorem 4.1.7).

The proof of this theorem is independent of the proof of Lazard’s comparison
result in [Laz65].

Lazard’s comparison theorem was one of the main results in his work on p-adic
groups [Laz65]. It relates locally analytic group cohomology with Lie algebra
cohomology for @Q,-Lie groups in two steps. First Lazard worked out an iso-
morphism between locally analytic group cohomology and continuous group
cohomology and secondly between continuous group cohomology and Lie alge-
bra cohomology. The latter is obtained from a difficult isomorphism between

the saturated group ring and the saturated universal enveloping algebra.

Huber and Kings showed in [HK11] that one can directly define a map from
locally analytic group cohomology to Lie algebra cohomology by differenting
cochains and that in the case of smooth algebraic group schemes H over 7Z,

with formal group H C H(Z,) the resulting map

@ Hj,(H,Q,) = H"(,Q,)

coincides, after identifying continuous group cohomology with locally analytic
group cohomology, with Lazard’s comparison isomorphism ([HK11, Theorem

4.7.1]). Serre mentioned to the aforementioned authors that this was clear to



him at the time Lazard’s paper was written, however it was not included in
the published results. In their joint work with N. Naumann in [HKN11] they
extended the comparison isomorphism for K-Lie groups attached to smooth
group schemes with connected generic fibre over the integers of K ([HKNI11,
Theorem 4.3.1]). The aim of this thesis is to use this simpler map to obtain an

independent proof of Lazard’s result.

The context in which Huber and Kings worked out the new description of the
Lazard isomorphism is the construction of a p-adic regulator map in complete
analogy to Borel’s regulator for the infinite prime. The van Est isomorphism
between relative Lie algebra cohomology and continuous group cohomology is
replaced by the Lazard isomorphism. Their aim is to use this construction of
a p-adic regulator for attacking the Bloch-Kato conjecture for special values of
Dedekind Zeta functions.

Our strategy to prove the comparison isomorphism between locally analytic
group cohomology and Lie algebra cohomology is to trace it back to the case
of a formal group law G. Hence the first step is to obtain an isomorphism of

formal group cohomology with Lie algebra cohomology (Corollary 3.1.4)
®: H"(G,R) — H"(g, R),

where R is an integral domain of characteristic zero. The tilde over & and
over the formal group law G indicate that one has to modify the formal group
cohomology while working with coefficients in R. This means that if the ring
of functions to G, called O(G), is given by a formal power series ring over R
one has to allow certain denominators. However, we will prove in Lemma 4.2.13
that functions of this modified ring of functions @(G) still converge, with the
same region of convergence as the exponential function.

Let g be the Lie algebra associated to the formal group law G and U(g) its
universal enveloping algebra. Then an essential ingredient in to the first step is

a morphism of complete Hopf algebras (Proposition 2.1.2)
BT 0(G) = U(g)

from the ring of functions to the universal enveloping algebra. We show in
Proposition 2.4.1 that this morphism is an isomorphism if we consider the mod-

ified ring of functions O(@). Furthermore, we prove in Theorem 3.1.3 that this



isomorphism extends to a quasi-isomorphism of the corresponding complexes
and hence to the above isomorphism ®.

The second step in the proof of the Main Theorem is a Comparison Theorem
for standard K-Lie groups. These standard groups are K-Lie groups associated

to a formal group law G, see Definition 4.1.2.

Comparison Theorem for standard groups [Thm.4.1.7]. Let G be a formal
group law over R and let G(h) be the m-standard group of level h to G with Lie
algebra gRQRrK. Then the map

CI)S : le(ll(g(h)u K) - Hn(gv K)
given by the continuous extension of

Q@ forrdfi Ao Ndf,

. . . . . 1
forn > 1 and by the identity for n = 0 is an isomorphism for all h > hg = =T

The Main Theorem can then be deduced from the Comparison Theorem for
standard K-Lie groups, since every K-Lie group contains an open subgroup,
which is standard, see Lemma 4.1.10. Our approach to the proof of the Com-
parion Theorem for standard K-Lie groups is as follows. In a first step, we will

show using the isomorphism ® that the limit morphism
Ot H(O'(G(0)*)e, K) — H" (8, K),

associated to the ring of germs of locally analytic functions in e, denoted by
0'(G(0))e, is an isomorphism. Then injectivity of ® follows from a spectral
sequence argument. The proof of this injectivity part will be analogous to the
proof of Theorem 4.3.1 in [HKN11], however independent of the work of Lazard
[Laz65]. For surjectivity we will again use the isomorphism statement for formal
group cohomology of Corollary 3.1.4 in addition to the aforementioned fact that

functions of O(G) still converge.

The thesis is organized as follows: In Chapter 1 we give a number of defini-
tions and well-known facts concerning formal groups, Lie algebras, Hopf algebra
structures and cohomology complexes. Chapter 2 deals, firstly, with the exis-
tence of a morphism of complete Hopf algebras between the ring of functions of

a formal group law and the dual of the universal enveloping algebra. Secondly



we consider the cases where this morphism is an isomorphism and thirdly, con-
sidering the modified ring of functions, we can prove that the morphism is
in this modified case actually an isomorphism of complete Hopf algebras. In
Chapter 3 we show that the isomorphism of Chapter 2 can be extended to a
quasi-isomorphism of the corresponding complexes and in Section 3.1 we will
give an explicit description, which will be identical to the description of the
comparison map in [HKN11] and hence to Lazard’s map. The last Chapter 4
gives the proof of the Main Theorem. We will begin by fixing some notation
in Section 4.1, in order to formulate the Comparison Theorem for standard

groups. The proof of this theorem will be given in the remaining two sections.
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Chapter 1

Preliminaries and Notation

The main objects we are dealing with are introduced in this chapter. First
of all we define formal group laws and show how they can be constructed by
completing group schemes at the identity. Afterwards we define their associated
Lie algebras. The second section deals with Hopf algebra structures associated
to these objects, and the last section contains the definitions of the different

complexes which will be needed in the third chapter.

Throughout the first three chapters R will be an integral domain of

characteristic zero.

1.1 Formal group law, Lie algebra and Universal en-

veloping algebra

For details concerning the following definitions, the standard reference is M.
Hazewinkels book about formal groups an their applications, [Haz78, Chap.
I.1, Chap.I1.14].

Definition 1.1.1. Let X = (X3,..., X,,) and Y = (Y7,...,Y},) be two sets of
m variables. An m-dimensional formal group law over R is an m-tuple of power
series

G(X,Y) = (GV(X,Y),...,G™(X,Y))
with GU)(X,Y) € R[[X,Y]] such that for all j =1,...,m
(1) GO(X,Y) = X; + Y + Sy e XiYe + O(d > 3), 9, € R

(2) GY(G(X,Y),Z) = GY(X,G(Y,Z)),



where the notation O(d > n) stands for a formal power series whose homoge-

neous parts vanish in degree strictly less than n. If in addition
GY(X,Y) = GU(Y,X)

holds for all j = {1,...,m}, then the formal group law is called commutative.
The ring of functions O(G) to a formal group law G is the ring of formal power
series in m variables t(M), ... t(™) over R, i.e. O(G) = R[tW, ..., t(™)].

Proposition 1.1.2. Let G(X, Y) be an m-dimensional formal group law over
R. Then there exists a power series s(X) such that G(X, s(X)) = 0.

Proof. See [Haz78, Appendix A.4.5]. O

Remark. 1.1.3. The proof of the existence of the power series s(X) gives an
explicit construction of this power series. The first step of the construction

yields s(X) = —X mod (degree 2), a fact we will need later in Section 2.1.
The following definition of a homomorphism of formal group laws will be needed
in Chapter 4.

Definition 1.1.4. Let G(X,Y) and G'(X,Y) be m-dimensional formal group

laws over R. A homomorphism
GX,Y) - G'(X,Y)

over R is an m-tuple of power series «(X) in n indeterminantes such that
a(X) =0 mod (degree 1) and

a(G(X,Y)) = G'(a(X), a(Y)).

The homomorphism «(X) is an isomorphism if there exists a homomorphism

B(X): G'(X,Y) = G(X,Y) such that a(8(X)) = B(a(X)).

Lemma 1.1.5. The ring of functions O(G) to a formal group law G is complete
with respect to the topology induced by the following descending filtration

F'O(G) = {f € O(G) |all monomials of f have total degree >1i}.  (1.1)



Notation. 1.1.6. e We denote by the sign & the completed tensor product
with respect to the above topology. Thus we can identify O(G)®" with

the ring of formal power series in nm indeterminates

1 m 1 m m
R, A0 gmy

e For the elements tz(j )
the notation 1®...®19t9Y ®1®...®1 (with tU) at the i-th entry) for
allj=1,...,m

of the ring of functions O(G) we will use equivalently

e For simplicity we write
—t; for {0, dm™),
— by for 87 D .
e We use the general multi-index notation j for the tuple (ji,...,jm)-

e If m =1 or n =1 we skip the upper, respectively lower index and write

t; for tl(-l) respectively tU) for tgj).

Example 1.1.7. Examples of formal group laws are:
(i) The additive formal group law: GU)(X,Y) = X, +Y;
(ii) The multiplicative formal group law (m =1): G(X,Y) =X +Y + XY
(iii) The general linear formal group law (m = 4):

G(l( Y)=X1+YV1+ X114+ XoYs
@(X,Y) = Xs + Yo+ X1Y2 + XaY)
B(X,Y) = X3+ Y3 + X3V1 + X3
W(X,Y) = X4 + Yy + XsY5 + X4Yy,

see [Haz78, Chap. 11.9.2]. The formulas can be obtained by calculating

<1+X11 X12> <1+Y11 Yn) B (1 0>

Xo1 X9 Yor Yoo 0 1

and writing X7 for X1, X for Xi9, X3 for Xo; and Xy for X99 and simi-
larly for Y.



Remark. 1.1.8. Formal group laws arising from smooth algebraic affine
group schemes over R

Here we will see one situation in which a formal group law arises, see e.g. [Wat79,
Chap.11]. Suppose G is a smooth algebraic affine group scheme over R. Then
G is represented by a finitely generated Hopf algebra, say A with augmentation
map € and augmentation ideal I (i.e. [ = ker(e : A — R)). By smoothness we
get that I/I? is free on the generators tM .. ™) where m is the number of
generators of A over R. Also I"/I""! is free and generated by the monomials
MM with > r; = n. Thus if we take the completion with respect to
the I-adic topology, we get

A =1lim(A/1") = R[ED, ... 6],

Let p: A — A® A be the comultiplication. Then g maps I into I A+ A®I.

Hence there is an induced map on completions
m 1 m)i1 A 1 m
s RIED, .t = RV, MR, 8.

However, any such map is completely described by where each of the t() get
sent to. Set u(tY9)) =: GU)(t,,t,), then the e-axiom shows

GU)(t1,0) = GU(0,ty) =tV
and coassociativity yields the identity
GU (Gt 1), t3) = G (11, G(ta 13)).

Hence G(ty, 1) := (G (ty,ts), ..., G (t;,t5)) is a formal group law of dimen-

sion m.

Example 1.1.9. We will see here that we named the formal group laws of

Example 1.1.7 (i) and (¢7) in a natural way.

(i) The additive formal group law G, over R is given by completing the group
scheme G, over R in the following way: start with the representing Hopf

algebra R[t] with comultiplication given by

p:Rt] — R[] ®R[
t = tR1+1Rt

10



and augmentation map e with e(t) = 0. Consider the element ¢ which
generates the augmentation ideal I. The completion with respect to the
I-adic topology yields @R[t] /I" = R[[t]]. The comultiplication on R]t]

induces a comultiplication on the completion

pe R[] = R[[t] @ R[[t]]
t = tel+1et

(ii) The multiplicative formal group law G, over R is given by completing the
group scheme G,,, over R in the following way: start with the representing

Hopf algebra R[z,x '] with comultiplication given by

p:Rz,2 ] = Rlz,z7'|® R[x,z7!

r — TR

and consider the element (x — 1) which generates the augmentation ideal
I. Set t := x — 1, then the completion with respect to the I-adic topology
yields Jim R[z,z~1]/I™ = R[[t]]. The comultiplication on R[z,z~!] induces

a comultiplication on the completion

pi R[] —  R[[t]@R[[t]
t = tel+1et+tot.

(u(t) = pt+1)—pl)=p)-—pl)=20r-1®1
= (t+)t+1)-101=t01+10t+t®t.)

Lie algebra

Let R[t;] be the polynomial ring over R in m variables and let —2= for all

oty
j €{1,...,m} be the j-th partial derivative. Let Derr(O(G), O(G)) denote the
set of R-derivations of O(G). Then Dergr(O(G), O(G)) is a free O( G)-module on
the basis a%gﬂﬁ If d,dy,ds € Derg(O(G),O(G)) and r € R, then the
mappings rd, dy+ds and [dy, dg] := d1da—dad; are also derivations, see [Bou98a,
Chap.III §10.4]. Thus, the set Dergr(O(G), O((G)) is an R-module which is also

a Lie algebra.

11



Let e; denote the j-th partial derivative % evaluated at 0. We denote by g
ott

the free R-module on the basis e1, ..., eny. If L =377, rie; € g and f € O(G),

then we can apply L to f by

UG
%;mmgmy (1.2)

Hence we can identify g with the set of R-derivations of O(G) into R, where R
is considered as a O(G)-module via evaluation at zero. We denote this set by
Derg(O(G), R).

The elements ’yfk of Definition 1.1.1 of a formal group law G define a Lie algebra
structure on g, as follows (see [Haz78, Chap.II, p.79]):

m
6l7€k Z ’Ylk; ’Ykl (1.3)
7j=1

However, g inherits also a Lie algebra structure by the canonical bijection of
Derr(O(G),O(G)) and Derg(O(G), R). We will see in Section 1.2 that both

definitions of the Lie-bracket coincide.

Universal enveloping algebra

Let g be an m-dimensional Lie algebra over R which is free as an R-module
with basis e, ..., e, let T'(g) be the tensor algebra and S(g) be the symmetric
algebra of g. A reference for the following definition and properties is [Kna88,
Chap.IL.6].

Definition 1.1.10. The algebra U(g) of g is given by the quotient

T(q)/ two sided ideal generated by all
! XY -YoX—[X,Y],X,Y € TU(g)

and called the universal enveloping algebra of g. It is an associative algebra with

identity.

Proposition 1.1.11. Let A be a unitary associative algebra over R. Then the
bracket [a1, as] = ajas — aga; defines a Lie algebra structure on the underlying
R-module of A. The universal enveloping algebra U(g) and the canonical map
L g — U(g), given by the embedding of g into TM(g) and then passing to

U(g), have the following universal property: whenever A is a unitary associative

12



algebra and m : g — A is a Lie algebra homomorphism, then there exists a unique

algebra homomorphism 7 : U(g) — A such that 7(1) =1 and

g T A
N A
U(g)

commutes.

Proof. See [Bou98b, Chap.1.2.1, Prop. 1.]. O

Example 1.1.12. Let GG, be the additive m-dimensional formal group law with
GU(X,Y) = X;+Y;. Then a basis of g is given by ey, ..., ey, the partial deriva-
tives evaluated at zero, and the universal enveloping algebra can be identified
with the symmetric algebra on m generators, since the Lie bracket is zero. If
m =1, then U(g) = Rle1].

Since the Lie algebra g associated to a formal group law is a free R-module, the

following theorem will give us more information about the structure of U(g).

Theorem 1.1.13. (Poincaré-Birkhoff- Witt)
Let g be an m-dimensional Lie algebra over R which is free as an R-module

with basis e1,...,emn. Then the monomials

61']1 “ .. emjm

with all 5, € NU{0}, form a basis of U(g). In particular, the canonical map
L:g—U(g) is injective.

Proof. See [Bou98b, Chap.1.2.7, Thm. 1., Cor. 3.]. O

The theorem of Poincaré-Birkhoff-Witt says that the underlying set of U(g) is
the polynomial ring Rlei, ..., ey]. Therefore we denote an arbitrary element of
U(g) by Zczgl with ¢; € R.

13



1.2 Hopf algebra structures

The algebras O(G) and U(g) carry a (complete) Hopf algebra structure. We will
describe the maps defining these structures after recalling the basic set-up and
fixing notation for the structure of (complete) Hopf algebras. As a reference one
can take the book of M.E. Sweedler about Hopf algebras, [Swe69, Chap.I-VL],
or the book of Ch. Kassel about Quantum groups, [Kas95, Chap.III].

Definition 1.2.1. An algebra over R is an R-module A together with two

R-module homomorphisms
v :A®A— A (multiplication), n: R — A (unit)

such that Vo (1®vy)=vo(v®1l), vo(l®n) =id=o(n®1) (where we
have identified R® A~ A~ A® R).

Definition 1.2.2. A coalgebra over R is an R-module C together with two

R-module homomorphisms
pu:C — C®C (comultiplication), € : C'— R (counit)

such that (1®@p)op=(p®1)op, (e®1)op =id = (1®e€)ou (where we have
again identified R® C ~ C ~ C ® R).

Definition 1.2.3. A bialgebra over R is an R-module B together with four

R-module homomorphisms

v:B®B—-B,n:R— B
w:B—+B®B, e:B—R

such that the following conditions hold:
(i) (B,v,n) is an algebra over R
(ii) (B, p,€) is a coalgebra over R

(iii) p and e are R-algebra morphisms, i.e.

pov =(vev)o (ider®id) o (ue® un)

eoyy —e®e
pon=(n®mn)
eon =id,

14



where 7 : B® B — B ® B is the switching morphism which interchanges

the two factors.

Note that condition (iii) is equivalent to the condition that 57 and 7 are R-

coalgebra morphisms.

Definition 1.2.4. Let B and B’ be two bialgebras over R. Then an R-module
homomorphism ¢ : B — B’ is a morphism of bialgebras if ¢ is a morphism of

coalgebras and a morphism of algebras, i.e. if

(p@¢)op=p'o¢, €op=¢ gon=1, oy =5 0(¢p®9).

Definition 1.2.5. Let B be a bialgebra over R. An antipode for B is a morphism
of R-modules s : B — B such that

vVo(s®@l)op=noe=vyo(l®s)opu.

Definition 1.2.6. A Hopf algebra over R is a pair consisting of a bialgebra B

with an antipode s.

Definition 1.2.7. Let H and H' be two Hopf algebras over R. Let sy, sy,
be the antipodes of H, H’, respectively. A morphism of bialgebras ¢ : H — H’

which satisfies the condition

swro¢=dospy,
¢ is called morphism of Hopf algebras.

Lemma 1.2.8. Let H and H' be two Hopf algebras over R. Let sy, sy, be the
antipodes of H, H', respectively. If ¢ : H — H' is a morphism of bialgebras,
then it is a morphism of Hopf algebras.

Proof. See [Swe69, Chap.IV, Lemma 4.0.4]. O

For the definition of a complete Hopf algebra we have to consider complete
R-modules, i.e. topologized R-modules which are complete with respect to a
given topology. In our cases this topology will come from a descending filtration
{F"M} on the R-module M.

15



Definition 1.2.9. By replacing R-modules by complete R-modules, and also
tensor products by complete tensor products, we define in the same way as
above a complete algebra, a complete coalgebra, a complete bialgebra, and a

complete Hopf algebra over R (and the corresponding morphisms).

Definition 1.2.10. Let M be a topologized R-module, where the topology is
induced by a descending filtration M = FOM > F'M > --- of submodules and
let R carry the discrete topology. We denote by M° the set of continuous linear
maps from M to R, i.e

M° = Hom, (M, R) = lingomR(M/F”M, R).

We call M° the continuous dual of M.

We will now describe the (complete) Hopf algebra structures on O(G), U(g)
and their duals. This is taken from [Haz78, Chap. VIL.36] for the complete
Hopf algebra structure on O(G) and from [Haz78, Chap.I1.14.3] for the Hopf

algebra structure on U(g).

Proposition 1.2.11. Let G be a formal group law. Then the ring of functions
on G carries a complete Hopf algebra structure (O(G),</,n, i, €,s). The maps

are given by

v: 0 ®0(G) — 0(G) n: R — O(G
®g = fg L= 1
p: 0(G) — 0(G)&O(G) et O(G) —» R
1@ s O™ D )y f = f0)
s: 0@ = 00
t@ s s(t),

16



Proof. See [Haz78, Chap.VIIL.36]. Note that the map v/ is continuous so that it
is enough to define this map on f ® g € O(G) @ O(G). O

Example 1.2.12. (a) Let G, be the one-dimensional additive formal group
law with G,(X,Y) = X + Y. Then comultiplication is given by

p(t) = G(ti, ta) = t1 + to

and the j-th power of ¢; maps to

The antipode s maps in this case ¢t to —t;.

(b) Let G,, be the one-dimensional multiplicative formal group law with
Gn(X,Y)=X+Y + XY. Then comultiplication is given by

u(ty) = G(ti, t2) =t +to + tit
and the j-th power of ¢ maps to
i . J j Jj—k1 =k
pH) = (b +t2+tata) = > 3 [ b
k1=0 kl kg:O k2

The antipode s maps in this case t; to —t; 4+ t2 — 3 4+t — 7 4+ ...

The complete Hopf algebra structure on O(G) enables us to verify that the
definition of the Lie bracket on g given by Equation (1.3) is equal to the ordinary

Lie bracket definition for derivations.

Lemma 1.2.13. The Lie bracket definition on g given by Equation (1.3) is
equal to the ordinary Lie bracket definition for derivations if one identifies g
with Derg(O(G), R).

Proof. Let e, ex, € Derg(O(G), R). Then D; := (id ®e;)op and Dy, := (id ®ex)opu
with p and € given by the complete Hopf algebra structure on O(G) are elements
of Derr(O(G),O(G)) and the canonical bijection of Derg(O(G),O(G)) and
Dero(O(G), R) defines a Lie bracket on g by

[61, ek] = €0 [Dl, Dk],

17



see [Wat79, Chap.12]. After the Lie bracket definition on Derg(O(G), O(G))
the right hand side is equal to € o (D; o Dy — Dy o D). Thus

[eh ek](t(j)) = €0 (Dl oDy — Do Dl)(t(j))_
Look at the term (D; o Dy)(t9)):

(DoDy) (1Y) = Dy o (id @e) (u(t)))
= Do (id@ep) (G M @1,... .t o1,1tW, ... 10t™)

= Do (id®ep)(tV @1+ 1@tW + Y 47 10 @0 1 O(d > 3)).

i,r=1

According to the definition of ey, given by

(10 = {0, ifitkori=hs#1 »
1, ifi=k,s=1,
the right hand side reduces to D;o (3%, 'yfkt(i)). Hence
(D12 D) = Dro (3 7t) = 3 ) ()

= Z%jk(id ©e) GOV @1,...,tM @ 1,10tW, ... 10t™))
i=1

= iyg;c(id ®e)tD @1 +1et® + i vt @ t® 4 O(d > 3))
i=1 s,t=1

=S i dee)(tD @1+ 10t + 3 44t 0t + 0(d > 3))
=1 s,t=1
£l

..

+fdee)(tP @ 1+10th + 3 4Lt @t® + 0(d > 3))

s,t=1
m . . m
= Z Vi Z Vat®) + 5y + 0 Yht))
Z;% s=1
K2

and

m
A , z A
Z%k Z yt®) + Vi + ’Yz]k(z V) = Vi
s=1
z;él

18



such that
ler, ex](t9)) = €0 (Dy o Dy, — Dy, o Dy)(tY)) =~ — 4,
which proves the lemma. ]

Definition and Proposition 1.2.14. Let D be the continuous dual of O(G),
ie. D=0(G)° = lim Homg(O(G) /F" O(G), R), where the filtration was given
in Lemma 1.1.5. Then the complete Hopf algebra structure on O(G) yields a
Hopf algebra structure on its continuous dual (D, 7,7, p, €, s) given by dualizing

the structure morphsims of (O(G), 7, n, i, €, s).

Proof. See [Haz78, Chap.VII.36] and note that D is in our case actually a Hopf
algebra, since we didn’t require that the antipode s is a D-module homomor-

phism. O

Note that we have associated to a formal group law G the complete Hopf algebra
O(G) and the Hopf algebra D. These objects are dual to each other, where one
gets from O(G) to D by taking continuous linear duals and from D to O(G)
by taking linear duals. This duality extends to the categories formed by these

objects and is known as Cartier duality, see for example [Die73, Chap.I.2].

Proposition 1.2.15. Let g be a Lie algebra and U(g) the universal enveloping
algebra of g. ThenU(g) carries a Hopf algebra structure (U(g), 7, n, i, €, 8). The

maps are given by:

v Ulg)@U(g) — U(g) n: R — Ug)
TRy = x-y 1 - 1
peog —  Ug) @U(g) € g =
L — L®1+1®L L — 0
s: g — Ulg)
L — —L
Proof. See [Haz78, Chap.11.14.3]. O
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Remark. 1.2.16. Note that it is sufficient to define the maps i, € and s on g,

because of the universal property of U(g), mentioned in Proposition 1.1.11.

Let g be an m-dimensional Lie algebra over R which is free as an R-module with
basis e1, ..., e, and let U(g) be the universal enveloping algebra of g. Then we
denote by U*(g, R) := Hompr(U(g), R) or by U* - if g and R are clear from the
context - the R-linear dual of U(g).

Let d/1t™) ... 7™ be the dual basis of e/ --- e with j; € {1,...n} for all
i € {1,...m}. Then U* has a ring structure with underlying set

R{{dt}} := [[ RtV ... @/mg(m) (1.5)
J

and the two binary operations + as usual addition and multiplication e given

by the comultiplication of U(g):
o UrQUT — U*
b@e =z pd@e)(u@),

where p: U*@U* — (U(g) @U(g))* is the linear injection given by
p(Y @ @)(z@y) = () - (y).
Analogous to O(G) we can define a filtration on U* by
Fiur = {(p € U* |for all monomials d’t is |j| > z} , (1.6)

for all ¢+ € N, such that U* is a completed ring with respect to the topology
induced by this filtration. And we can identify U* @ U* with (U (g) @U(g))*.
The underlying set of (*)®" is given by R{{dt,,...,dt,}}, where we use the
multi-index notation d™; - or equivalently 1® ... ® 1®d4®1®...® 1 with
drt at the i-th entry - for d el ... grm{™

Proposition 1.2.17. Let g be a free Lie algebra, U(g) the universal enveloping
algebra of g and U* the linear dual of U(g). Then U* carries a complete Hopf

algebra structure (U*, e, m, u,€,s). The maps are given by:

o URU* — u* n: R — u*
v =z p®e)(u) 1 = [z e(2)]
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w U - U* QU* €e: U — R
o = [ey—e(vEey)) e = 1)

s U - u*
e =z p(s(2))].

Proof. Note first that again since e is a continuous map it is enough to define
this map on ¢ ® ¥ € U* @U*. After Definition 1.2.6 we have to check that
(U*, 8,1, 1, €) is a complete bialgebra. For this see [Swe69, Chap.I-IV] and note
that the finiteness condition in Sweedlers book can in our case be replaced by
the identification

U(g) @U(9))* =U DU

Secondly we have to show that s is actually an antipode, i.e. that
eo(s@1)op=noc=so(l@s)opn

but this can be easily verified from the antipode condition of U(g). O

In the following lemma, we will provide explicit formulas for the multiplication
and comultiplication in U*. Especially the explicit formula for the multiplication

will play an essential role in the next chapter.

Lemma 1.2.18. Let g be an m-dimensional Lie algebra over R which is free as
an R-module with basis eq, ..., ey and let U* be the linear dual of the universal
enveloping algebra of g. Let di't() ... dimt(™) be the dual basis of egl oedm
with j; € {1,...n} foralli € {1,...m}, so that an element of U* is of the form
> cjdjlt(l) coe dImt (M) ith c; € R. Then multiplication and comultiplication

in U* are given by the continuous R-linear extension of

o URQUF — u* and p: U — U* U*
dit@dst —  (CFe)drtet At = Y, dt ® dit.

Proof. We prove the formula for the multiplication by evaluating d™t ® d2t at
an arbitrary element of U(g), see also [Ser06, Chap.V.6].

. (drt ® dst) (Z clel> = <th ® d8t> (MZ clel)>
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Looking at the right hand side, u(3" ¢el) can be rewritten as follows:

N(ZCl€l> =>_anle)
= ZCW 61 .. em)l

S(E G ) (E ) )

_ch(z Z( ) (lm>(m o m))

Thus we get that

. <d”t ® d8t> (Z clel)

—Zcz(Z 3 ( )-~<,im>d’“t(e’f1~-efnm)-dSt(e?—’“%--eﬁgm)).
k1=0 k=0 m

We will now analyse the product d-t(ef - - - ekm). dst(elr = ... elm=km) For the

first factor we get

drt(ehr .o ebmy = (@) . @rm )y (ehr gk

m

{1, if?“lzk‘l,...,T’m:km

0, otherwise
and the second factor reduces to
dé;(elll—’ﬂ ... e%x*km) - (dslt(l) . dsmt(m))(ell1—k1 . elrg“’“m)

_{1, i sy =1y — ke 8m = by — ko

0, otherwise.

Thus the product in total can be simplified to

drt(efr .. ekmy . gsg(elrThr e

m

Lk 1L, iflh=r1+s1,....0m=7"m~+ Sm
0, otherwise,

which implies that

(rroat)(Sad) = Yers ( : ) - <m1m>
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We will check the second claim in a similar fashion:

o) st ) - () oS o)
() ()

S ey (@) - O (G by,
Since

drlt(l) .. .d’“mt(m)(elil-i-jl - efgﬁrjm) _ {1’ ifry =i+ 71, Tm = im + Jm

0, otherwise,

we get the explicit formula for the comultiplication. O

Example 1.2.19. Let m = 1. Then the explicit formulas for multiplication and

comultiplication amount to

dte---edt= dte---edt e2d*t = nld"t

n—times (n—2)—times

p(dt) =1@dt +dt @ 1.

1.3 Cohomology complexes

This section introduces all complexes we are dealing with and certain relations
between them. Chapter 2 can be read without knowledge of all these complexes.
We will need them in Chapter 3 where we will describe a morphism between
the complex of inhomogeneous n-cochains of G and the complex of n-cochains

of g.

Definition and Proposition 1.3.1. Let (H,</,n, i, €, s) be a complete Hopf
algebra over R (Definition 1.2.9). Set T"(H) = H®" if n. > 0 and T°(H) = R.
We define linear maps 92, ...,0" ! from T"(H) to T""1(H) by the continuous

extension of

N1 @ @ry) =1R11® - @ Ty,
Mtz ®  Qay) =210 @7, ® 1,
(1@ @xy) =21 @ @21 @ () @Tig1 @ @ Ty,
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if1<i<n Ifn=0, weset d(1) = 9j(1) = 1. We have &’ 8} = 0., ,,05!
for all integers ¢,j such that 0 < i < j < n + 2. We define the differential
0:T"(H) — T (H) by

n+1

0=> (-1)0,. (1.7)
=0

Then dod = 0 and we obtain a cochain complex (T*(H), 9) called cobar complex
of the complete Hopf algebra H.

Proof. See [Kas95, Chap.XVIIL5]. O

In the case of the ring of functions O(G) to a formal group law we will use the

following notation.

Definition 1.3.2. Let G be a formal group law. An inhomogeneous n-cochain
of G with coefficients in R is an element of (’)(G)®”. We will denote the set of
inhomogeneous n-cochains also by K"(G, R) . The coboundary homomorphisms
o": K"(G,R) — K""(G, R) of definition 1.3.1 transform into:

(), . m41) = fta, nt1)

> (D't G(l)l(ti,izurl)a cee G(m)@z"!iﬂ)a oo tpa)

-

—_

+ _1)n+1f@1,...,n)'

We obtain a cochain complex (K*(G, R), d) whose cohomology group H" (G, R)
is called n-th group cohomology of G with coefficients in R.

In the case of the dual of the universal enveloping algebra of g we will use the

following notation.

Definition and Proposition 1.3.3. Let g be a Lie algebra over R and let
U(g) be its universal enveloping algebra. An inhomogeneous n-cochain of U(g)
with coefficients in R is an element of Hompg((U(g))®", R). The coboundary
homomorphisms 97 : Hompg((U(g))®", R) — Hompg((U(g))*" !, R) given by

(—1)if(u1, ey WU Ty e ey U] )

M=

Oy (ut, ... upy1) = f(uz, ..., uny1) +
1

D" f(ug, . up)

).

.
I

_l’_

QQU/\

define a cochain complex (Hompg(U®, R),
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Proof. See [NSW00, Chap. 1.2]. O

Remark. 1.3.4. Since the set of inhomogeneous n-cochains can be identified
with L{*®”, the definition of the coboundary homomorphisms of Definition 1.3.3
is equivalent to the definition of the differential defined by (1.7) of Definition
1.3.1 for the complete Hopf algebra U/*.

Definition and Proposition 1.3.5. A homogeneous n-cochain of U(g) with
coefficients in R is an element of Homy g ((U(g))®" !, R), where U(g)®" is

considered as an U(g)-module via the following operation:

w.(Ug, -« Up—1) = (UUQ, ... Up—1).
The map
(" : Homp(U(g)®",R) — Homyg)U(g)*"*', R)
o = [(ugy.. . un) = o(ur, ... up)]
(g, ..o un) = p(lul,...up)] <~ @

is an isomorphism from the set of inhomogeneous to the set of homogeneous

n-cochains. If we consider the following coboundary homomorphisms
Oy, + Homy(q) (U(9))®"*, R) — Homy(q)(U(9))*" 2, R)
defined by
ay, = "o gy o ()
we obtain a complex (Homyg)(Uy, R), Oy, ) of homogeneous n-cochains and ¢

yields an isomorphism ¢ : (Homg(U*®, R),9,) — (Homyg)(UR, R), Ou,,) of com-

plexes.

Proof. Tt is enough to prove that ¢ is an isomorphism, since the remaining state-

ment can be easily deduced from this. We check first that ¢ () is U(g)-invariant:

(u.t™(©))(ug, - .- up) = " (@) (wug, ... up) = @(ut, ... uy) = " () (ug, - . . ).

1

Secondly we show that ™ and (.*)™" are inverse to each other:

() o) (ua, -y un)
o ()T ) (o un) =

( @ is homogeneous)

S (L ur, ey up) = @(ug, ..o up)
()N (Ut un) = (1, ur, .. U)
(

wo-p) (L, ut, .« oy un) = @(Ug, Uty - - -5 Up)-
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For the following definitions let g be an m-dimensional Lie algebra over R which
is free as an R-module with basis ej,...,e,. Let A" g be the n-fold exterior
product of g with basis {e;; A... Ae;, |41 < ... <in},i; € {1,...,m}. We

endow R with the trivial g-action.

Definition and Proposition 1.3.6. The set Homp(A" g, R) is called the set
of n-cochains of g with coefficients in R and denoted by C"(g, R). Note that
the rank of C™(g, R) over R is ("'). The boundary operators & : C" — C™*+?

are given by the formula

"M (w)(eiy Ao ANeiy,,) = Z (—1)""Sw(les,, €] A ey NN €y s
1<r<s<n+1

where the notation ([e;,,ei,] A ey A... A€, )rs indicates that the elements
e;, and e;, are omitted. We thus obtain, after assuring ourself that 92 = 0,
a complex (C*(g, R),d") whose cohomology group H"(g, R) is called n-the Lie
algebra cohomology of g with coefficients in R.

Proof. See [Kna88, Chap. IV.3]. O

In particular we have K°(G,R) = R = (g, R) and the boundary operators

AY, 99 and 9 are zero maps.
y Uy p

For details about the following complex see [CE56, Chap. XIIL.7] or [Kna88,
Chap. IV.3].

Definition 1.3.7. Let U(g) be the universal enveloping algebra of g. Set
Vi(a) =U(g) @ \\'g

for all i € {0,1,2,...} with the g-module structure induced by the action on
the first factor. The differential "' : V,,(g) — V,,_1(g) is given by the formula

dnil(u ®ej NN ein) = Z (—1)k+l(u () [eik, eil] Ney, N A ein)k’l
1<k<I<n

n
+ Z(—l)]+1(u€ij ®ei Ao A ein)j,
=1
where the notation (e;; A...Ae;, )k, respectively (e;, A...Ae;,); again indicates

that the elements e; and e;, respectively e;; are omitted. This leads, after

assuring ourselves that d? = 0, to a complex, called Koszul complez.
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The following two propositions relate the Koszul complex first to the standard

homogeneous complex of U(g) and secondly to the Lie algebra complex.

Proposition 1.3.8. Let (V(g)®,d) be the Koszul complex defined above. Then
the map v : Homyq)(Up, R) — Homyq)(V(9)®, R) induced by the anti-sym-

metrisation map

n
asn:/\g—>u®"

given by
asp(ei, N...Nej,) = Z sgn(a)e;, ,, @ - Qe ,
O{GSn
with i; € {1,...,m}, is a quasi-isomorphism of complezes.
Proof. See [CE56, Chap. XIII.7, Theorem 7.1]. O

Proposition 1.3.9. Let (V(g)®,d) be the Koszul complex defined above. Then
the map k : Homyg)(V(9)*, R) — C*(g, R) given by

K" Homu(g)(vn(g)vR) — HomR(/\ 97R)
f - [(6,‘1 /\---/\ein) '_>f(1®ei1 /\.../\ein)]

is an isomorphism of complezes.

Proof. See [CE56, Chap. XIIL.8] or for a more detailed version [Kna88, Chap.
IV.3-6]. O
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Chapter 2
Isomorphism of complete Hopf alge-

bras

Throughout this chapter R will be an integral domain of character-

istic zero.

After the description of the (complete) Hopf algebra structures in Chapter 1,
we will show in Section 2.1 that for an abitrary formal group law G there exists
a homomorphism of complete Hopf algebras between the ring of functions O(G)
and the dual of the universal enveloping algebra U*. In the special cases of the
m-~dimensional additive or a one-dimensional formal group law we will prove in
the second section, by giving an explicit description of the morphism, that this
morphism is actually an isomorphism of complete Hopf algebras if Q@ C R. This
observation leads us to the introduction of a modified ring O(G) in Section 2.3.
In Section 2.4 we will show that we actually obtain an isomorphism from O(G)

to U* for all formal group laws G over R.

2.1 Homomorphism between O(G) and U*

Let G be an m-dimensional formal group law and O(G) the ring of functions to
G (see Definition 1.1.1). Let g be the associated free m-dimensional Lie algebra
over R to G which is free as an R-module with basis ey, ..., e, (see description
around (1.3)) and let U* be the linear dual of the universal enveloping algebra
of g. This section describes the desired map from O(G) to U* as a composition
of maps O(G) — D* — U*, where D* is the linear dual of D and the latter
map is defined by dualizing the map U(g) — D. The existence of the map
U(g) — D can also be found in [Haz78, Chap. VII.37.4] or [Ser06, Chap.V.6].

Since however we are more interested in the dual map D* — U*, and since in
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particular we wish to show it is a complete Hopf algebra morphism, we give a

complete proof of Proposition 2.1.2.

Definition 2.1.1. Let H be a (complete) Hopf algebra. An element z € H is

called primitive if its comultiplication is given by
pr)=r1+1e .

Proposition 2.1.2. Let G be an m-dimensional formal group law, O(G) the
ring of functions to G, g the associated free m-dimensional Lie algebra over
R to G which is free as an R-module with basis e1,...,en. Let U(g) be the
universal enveloping algebra of g and U* the linear dual of U(g). There are

natural homomorphisms of (complete) Hopf algebras
B:U(g) = D and B*: O(G) = U*
induced by the pairing

g0(G) — R
Lef — L(f),

where L(f) was defined by L(f) = >, rj%(O) if L =371 riej € g, see
1
Equation (1.2) in Section 1.1.

Proof. Let D be the linear dual of O(G) and let v : g — D be defined by the
pairing of the proposition. Let 5 : U(g) — D be the unique algebra homomor-
phism given by the universal property of ¢(g) in Proposition 1.1.11. To prove
that the map 3 is a Hopf algebra homomorphism, it remains to check that the

map  is a coalgebra morphism, i.e. that
1) eof=c¢
2) (B&B)op=pop.

Then according to Lemma 1.2.8 the map 5 is already a Hopf algebra homomor-
phism. To check the first condition let z = 3~ clgl € U(g). Then

eof(x) =p(x)(1) =x(1) = ¢p = €(x).
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Since U(g) is as an algebra generated by elements of the Lie algebra g, the second
condition is equivalent to the condition that the map 8 maps elements of the
Lie algebra to primitive elements, which we will now check. Let L = > a;e; € g.
Then

n(B(L))(f ®g) = B(L)(fg)
= aiei(fg)
= > aiei(f) - 9(0) + > aeilg) - f(0)
= B(L)(f) - B(L)(g) + B(L)(9) - BA)(S)
=BL)©1+1eB(L)(f©g).

The map

B 0(G) — U*
[ e Ba)(f)]

is given by the following composition of maps

oG — D* — ux

(4 = [z = 9(B(a))];

where D* is the linear dual of D and inherits therefore by dualizing the structure
morphisms a complete Hopf algebra structure. The latter map is defined as the
dual of the map 8. One sees as follows that the map £* is a homomorphism of

completed Hopf algebras:

1) the map O(G) — D* is a homomorphism of complete Hopf algebras,
which can be easily verified from the complete Hopf algebra structures of
O(G) and D*,

3) the dual of a Hopf algebra homomorphism is a homomorphism of complete

Hopf algebras and

3) the composition of homomorphisms of complete Hopf algebras is a homo-

morphisms of complete Hopf algebras.
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Notation. 2.1.3. We will denote the image of e; under the map

gl>D

L = [f= L(f)]

by ¢, to that we have ¢V (f) = e;(f) = 6‘?(’2) (0). The image of e¥ of U(g) under
1

the map 5 is therefore denoted by (qﬁ(i))k, where the multiplication is given by
the Hopf algebra structure on D. For (¢(?)° one has that (¢()°(f) = £(0).

2.2 The additive and one-dimensional cases

In this section we will consider the special cases, i.e. the additive formal group
law G, and arbitrary one-dimensional formal group laws. By giving an explicit
description of the map S* we will prove that 8* is in these cases an isomorphism

of complete Hopf algebras, under the assumption that Q C R.

Theorem 2.2.1. Let 5* : O(G) — U* be the map defined in Proposition 2.1.2
and let G be either the m-dimensional additve or a one-dimensional formal
group law with G(X,Y) = X +Y 4+ 3, 5 ¢;;X'Y7. Assume Q C R. Then the

map B* is an isomorphism of complete Hopf algebras.

The proof of this theorem will be given in three steps. First we will look at the
one-dimensional additive group G, as an example, to see exactly what is going
on in this easy case, i.e. what 8*(¢)(x) is for t € O(G) and = € U(g). In the
second step we prove a lemma, which gives an explicit description of 5*(t)(x) for
all one-dimensional formal group laws. Finally we generalize Example 2.2.2 for
all m-dimensional additive formal group laws to gain the statement of Theorem
2.2.1.

Example 2.2.2. In the case of the one-dimensional additive formal group law

G, the universal enveloping algebra U(g) is according to Example 1.1.12 of the
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form U(g) = Rleq]. Let 2 = 3" arel € U(g),t € O(G). Then

B (1) (x) = B aret)(t)

= ar(e"M)k ()

=Y 4@V o.M (ueide...0id(... (peid(u(t))...)
k times k—2 times

— Y@V e.. o) (peide... 0. (ueidtel+1at)...)
k times k—2 times

=Y a@Ve. e (tele..01+...+18...0131)
k times

= az,

where the last equation holds because ¢()(t) = 1 and ¢ (1) = 0. Thus the
map [* is explicitly given by:
g*:0(G) — U*
t — dt.

If we consider the n-th power of ¢t we get as shown in Example 1.2.19 that
BX(t") =dte...edt =nld"t.
—_————
n times

Since the map [* is continuous and R-linear we can conclude in the case of
the one-dimensional additive formal group law that $* is an isomorphism of

complete Hopf algebras under the assumption that Q C R.

Lemma 2.2.3. Let 5* be the map defined in Proposition 2.1.2 and let G be an

arbitrary one-dimensional formal group law with

GX,Y)=X+Y + ) eyX'V7.

3,5 >1
Let ¢ :=c¢11. Then
. dt, if G =G,
() =4 (21)
cexp(cdt) — 1,  otherwise.
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Proof. Let x = Y ape¥ € U(g) and t € O(G). Then, as in Example 2.2.2,
B*(t)(x) is given by the following sum

SV e.. @M (ueide... @id(... (poidu®)..),  (22)

kL times k—2 times

where pu(t) is in this case given by

pt) =t@1+1et+ Y cit' @t
ig>1

Consider the expression

pRid®... @idpeid®...@id(... (k@ id(u(t))...)))
k—2 times k—3 times

on the right hand side of (2.2). After applying p, three types of factors arise,

namely:
*x®..0+x21,1®..01Q0tand *Q... @ *xQt,

where the symbol x stands for an arbitrary element in the formal power series
ring R[[t]]. The first type comes from the factor ¢ ® 1 in p(t), the second from
1 ®t in u(t). Since we apply only the identity on #/ of the last factor in pu(t),
we get the third type. From the definition of (1) in 2.1.3 we know that

qﬁ(l)(tj) — {1’ ifj=1

0, otherwise.

This shows that we can assume that c¢;; = 0 for j > 2, since all factors cijti @t
with ¢;; # 0 for j > 2 provide no contribution to the calculation of 8*(t)(x).

Since comultiplication is associative (2.2) is equal to

S a0V .. .0eW)(de... @idou(.. (idouud))...)

k times k—2 times

and by the same argument as above, it follows that we can assume that ¢;; = 0

for ¢ > 2. Hence we can restrict ourselves to the case where the formal group
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law is given by G(X,Y) = X +Y 4 cXY and we get

@) =>a@Pe.. @M (peide... ®id(... (@ id(ud))...))

k times k—2 times
Ya@He. e )(peide. .. oid(...
k times k—2 times

(AR T+1Qt+ct®t))...))

_ (1) (1) - i
Yoar(eWM@.. 0 (peide... ®id(...telel+10te1
k times k—2 times

+e@t1+101t+cd®10l+c@tel+AtRtet)...))

= Zakck_l.

Thus
> >~ 1 . dt, if c=0
6*(t) — Zczfldzt 1.2:.18 ZCZilf‘(dt)l —
i=1 i=1 v L exp(edt) — 1, if ¢ # 0.

Proof of Theorem 2.2.1. At first we will consider the case where G is one-
dimensional. Since the map (* is continuous and R-linear, it is given by the
continuous R-linear extension of (2.1). Hence injectivity of the map * is obvi-
ous. For surjectivity we have to show that there exists an element f of O(G)
such that B8*(f) = d’t for all j. This element f is given by

1
cy!

_ %tj , if G =G,
log(ct + ¢)7, otherwise.
Since we assumed that Q C R the coefficients of f lie in R.
Consider now the case where G is the m-dimensional additive formal group law

G,. Then the map §* is via a computation analogous to that of Example 2.2.2

given by the continuous R-linear extension of:

ﬁ*IO(G) — U
t(j) — dt(j) :de(j)t,
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where the multi-index e(j) is (0,...,0,1,0,...,0) with 1 in the j-th entry and

therefore

B*(ﬁ) —d*Wte.. . 0ed®Mte.. . ed®™ie. odem™¢

j1 times jm times
12:18 jl!d(]l7070)£. . .jm!d(03707]m)t

= jldt.

Hence injectivity is again obvious and since

* 1
B (Eﬁl):dlﬁ

we can conclude that the map S* is surjective if Q C R. O

2.3 The modified ring O(G)

In the proof of Theorem 2.2.1 we have seen that the strong assumption Q C R
is really neccessary. However we can weaken this restriction, since we only need
certain divisibility conditions for the coefficients of the formal power series of
O(G). This leads to the definition of the following modified ring O(G).

Definition 2.3.1. Let Q(R) be the quotient field of R. To each m-dimensional
formal group law G we associate an extension of the ring of functions O(G)
called the modified ring of functions @(G) which is defined by

O(G) := {Z bitd € Q(R)[[]] | 4'b; € R} .

Remark. 2.3.2. Note that the modified ring O(G) is actually a ring and that
O(G) C O(G). If one adds two elements f =Y, b;t! and g = 3, ¢;tL of O(G)
the sum is given by

Frg=>Y (bj+c)t

J

and obviously
Ji(b; +¢;) € R.
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If one multiplies f and g the product is given by

fgzz Z b£C§tl

J rt+s=j

and the divisibility condition is fulfilled since

Jlores = (r+ s)lbyes = <+S>r!brs!cs € R.
J:0rCs rCs r r5:Cs

Lemma 2.3.3. The modified ring of functions @(G) is a complete ring with
respect to the topology induced by the following descending filtration

F'O(G) = {f € O(G) |all monomials of f have a total degree > i}, (2.3)

for all i € N.

Proposition 2.3.4. Let G be an m-dimensional formal group law and @(G)
the associated modified ring of Definition 2.3.1. Then @(G) carries a complete

Hopf algebra structure (O(G),~7, 1, 14, €, S).

Proof. We claim that the morphisms 7,7, u, € and s of the complete Hopf
algebra structure of O(G) of Proposition 1.2.11 can be taken to get a complete
Hopf algebra structure on O(G). To see this we have to verify the divisibility
conditions, i.e. we have to check that if f =3, bl-ﬂ is an element of O(G), then

(i) €(f) € R, but this is obvious since €(f) = f(0) = bp and 0lby = by € R

(i) u(f) € O(G)& O(G), but this is true since
u(f) = n(_obith) =3 b;Glt, 1)
J J

= > b0, G (1) - G (1, 1)
J

where the coefficients of the formal group law lie in R. Consider the factors
G(ty,ts). These are given by

GO (), 1)) =t +4) + O(d > 2),
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see Definition 1.1.1. Via the binomial formula G (t;,t,)7 can be written

as

Ji Ji—l . . .
7i\[7i—1 Ji—li—ki i )
GOt 1) =3 (J( N 1)@5)) (1)) -0 = 2"
1;=0 k;=0 \"* g

Hence to check that u(f) € O(G) & O(G) we must prove that

b H<~71> <‘71_ ) = k)UK (2.4)

lies in R. However this can be seen be rewriting the binomials:

r ji! (Ji — 1:)! ,
(2.4) =b; - [] : : : (Ji = li — ki) ik
— lll \Ji — ll)' ]{JZ' . (]Z' - ll - k‘z)'

:bj'Hji!:ij!ER
4L I
(iii) s(f) € O(G), this can be shown by an analogous computation to that in
(ii) since
s = [T s(@) = T[(=t + O(d > 2)),
see Remark 1.1.3.
O

Proposition 2.3.5. The map * of Proposition 2.1.2 extends to a homomor-
phism (* : O(G) — U* of complete Hopf algebras.

Proof. Consider the pairing
g0(G) — R
Lo f — L(f)

which induced the homomorphism * : O(G) — U* of complete Hopf algebras

of Proposition 2.1.2. This pairing can be extended to a pairing
g©0(G) — R
L®f — L(f)

since L(f) € R even if f € O(G), because the linear terms of f still lie in R.
With these modifications, the proof of Proposition 2.1.2 still goes through. [
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2.4 General case

We have proven in Section 2.2 that under the assumptions that Q C R and that
G is either the m-dimensional additive or a one-dimensional formal group law,
the map * : O(G) — U* of Proposition 2.1.2 is an isomorphism of complete
Hopf algebras, see Theorem 2.2.1. Our goal is now to generalize this result in
two directions. Firstly we will drop the assumption Q@ C R and secondly we
will consider all m-dimensional formal group laws. Therefore we consider the
modified ring of functions O(G) instead of O(G). No analogue of the explicit
description of the map * as in Lemma 2.2.3 will be provided in the general
case. Note that although the following Theorem is a generalization of Theorem

2.2.1, its proof is independent of but inspired by the one of Theorem 2.2.1.

Proposition 2.4.1. Let G be an m-dimensional formal group law over R.
Let O(G) be the modified ring of functions (Definition 2.3.1). Then the map
B* @(G) — U™, defined by Proposition 2.3.5, is an isomorphism of complete
Hopf algebras.

Remark. 2.4.2. M. Hazewinkel shows in an analogous way in [Haz78, Chap.
VII.37.4] that the map § : U(g) — D is an algebra isomorphism if O(G) and

U* are (Q-algebras and that 8 respects the comultiplication and counits.

Proof of Proposition 2.4.1. Consider the filtrations on @(G) and U* given in
(2.3) and (1.6) by

FlO(G) = {f € O(G) |all monomials of f have a total degree > 2}
and
Fu* = { € U* [for all monomials d’t is |j| > i}
for all i € N. Let £ be a basis element of F* O(G), i.e. |j| > i. We claim that

B*(t) = jldt  mod FHu*.
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To prove this we will first consider 8*(t1)(z) with 2 = 3 age € U(g).

F10) ) = B age) (1)
—Zakﬂ k) (D)
k)

= > ap B (Y)  (since (6M)°(") = 0)
k|>1
= ey (tV) + ..+ aemyd™ (D) + 3 ax BleE) (V)
|k|>2
= aeny + Y i BeE) (V) (since ¢ (tW) = 0, if k £ 1).

k|>2

This shows that §*(t®)) = dt® mod (F2U*). If we look at the monomial
tL e F'O(G) we get that 5*(tL) is of the form

(dt™) + F2U )t e .- o(dt™ + F2uy)im,
and due to the explicit formula for e in Lemma 1.2.18 this means that

() = jld M -Gt ™ mod (FUH U
= jldt mod (FT'U¥).

Since B* is R-linear and continuous it follows that 5* induces isomorphisms
F'O(G) JF™ O(G) — F'ur JFur

for all i € N and hence, since O(G) and U* are both complete with respect
to these filtrations, that 5* : O(G) — U* is an isomorphism of complete Hopf
algebras. O
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Chapter 3
Quasi-isomorphism of complexes

Throughout this chapter R will be an integral domain of character-

istic zero.
The main purpose of this chapter is to show that the isomorphism
5 O(G) = U*

defined in Proposition 2.3.5 extends to a quasi-isomorphism qg of the corre-
sponding complexes. The underlying morphism g* : O(G) — U* was already
established in a paper of Huber and Kings concerning a p-adic analogue of the
Borel regulator and the Bloch-Kato exponential map, see [HK11]. They showed
that one can directly define a map from locally analytic group cohomology to
Lie algebra cohomology by differenting cochains, and that the resulting map is
Lazard’s comparison isomorphism ([HK11, Proposition 4.2.4]). In Section 3.2 we
will give an explicit description of this quasi-isomorphism and we will see that
this description coincides with the one of Huber and Kings, [HK11, Definition
1.4.1], and hence with Lazard’s map.

3.1 General construction

We have proven in Proposition 2.3.4 that the modified ring of functions O(G)
to an m-~dimensional formal group law G, see Definition 2.3.1, has a complete
Hopf algebra structure. This structure leads, according to Proposition 1.3.1, to
a cobar complex. We will use in the case of the modified ring of functions O(G)

the following notation.

Definition 3.1.1. Let G be a formal group law. Let O(G) be the associated
modified ring of functions which inherits by Proposition 2.3.4 a complete Hopf
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algebra structure. We denote by RH(G, R) the n-fold complete tensor product
of O(G), i.e. )

K"(G,R) = 0(G)*"
and hence by (K°(G, R),d) the cobar complex given by Proposition 1.3.1. The

corresponding cohomology group, denoted by H "(é, R), is called n-th modified
group cohomology of G with coefficients in R.

Remark. 3.1.2. Note that we can identify O(G)*" with O(G™) as well as

A(@)®" with O(G™).

Theorem 3.1.3. Let R be an integral domain of characteristic zero and let G be
a formal group law over R. Let (K*(G, R), ), (K*(G,R),d) and (C*(G, R),d')
be the complexes defined in 1.3.2, 3.1.1 and 1.3.6. Then §* : O(G) — U*, de-

fined in Proposition 2.3.5, extends to a quasi-isomorphism
¢ (K'(G,R),0) — (C*(g,R),d)
given by the following composition of maps

(K*(G, R),8) > (Homp(U*, R),8,) > (Homy,(p) (U}, R). Dy,

— (Homy o) (V(9)*, B),d) — - (C*(g. R), d).

In particular, the morphism 5* : O(G) — U* extends to a morphism

¢: (K°(G,R),0) = (C*(g,R),0").

Proof. The proof is essentially the conjunction of all our previous results. In
particular, we will use the statements of Proposition 2.4.1 and 1.3.5 and of

Proposition 1.3.8 and 1.3.9 concerning the Koszul complex.

Consider the following composition of maps of the theorem

(K*(G, R),8) 25 (Homp(U*, R),0,) — (Homy(q)(UF, R), D) (3.1)

—— (Homy(q)(V(8)*, R),d) —— (C*(g, R), &).

We will recall from Propositions 1.3.5, 1.3.8 and 1.3.9 that the maps ¢, v and & of

(3.1) are (quasi-)isomorphisms, and we will show that the first map is induced
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by the map * of Proposition 2.3.5 and therefore is even an isomorphism of

complexes.
As a first step, recall from Proposition 2.4.1 that there exists an isomorphism
B O(G) - U
of complete Hopf algebras. This isomorphism B* extends naturally to a mor-
phism of the complexes
(K*(G, R), ) 25 (Homp(U*, R),d,).

To see this, note first that we can identify (U*)®" with Homp(U(g)®", R),
compare Remark 1.3.4, and secondly that the differentials of the complexes
(K*(G, R),d) and (Hompg(U*®, R),d,) are given by the comultiplication of O(G)
and U*. The latter means that 5* commutes with these differentials, since 8*

is in particular a coalgebra morphism.

Secondly recall Proposition 1.3.5, which stated that there exists an isomorphism
between the inhomogeneous and homogeneous complex of U(g), hence we get

an isomorphism of complexes:
(Homp(U®, R),0,) = (Homy () (Up, R), O, )-

Finally we can conclude the proof of the theorem by recalling both Propositions
1.3.8 and 1.3.9 concerning the Koszul complex, whose combined statement is
that the map

(Homy(g) (U, R), 0u,,) — (C*(g, R), ")

is a quasi-isomorphism. O

Corollary 3.1.4. Let R be an integral domain of characteristic zero and let G
be a formal group law over R. Let g be the associated Lie algebra to G. Then

there exists an isomorphism
®: H"(G,R) — H"(g, R)

between the modified group cohomolgy of G with coefficients in R and Lie algebra
cohomology of g with coefficients in R given by f — ¢(f), with ¢(f) defined in
Theorem 3.1.3.

Proof. This is a direct consequence of Theorem 3.1.3. O
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3.2 Explicit description

This section will provide an explicit description of the map
" K"(G,R) — C"(g,R)

of Theorem 3.1.3. We will see that the explicit description coincides with the
one of Huber and Kings in [HK11, Definition 1.4.1] and hence with that of

Lazard.

Proposition 3.2.1. Let R be an integral domain of characteristic zero and let
G be a formal group law over R. Let f € K"(G, R) be given by f = fi®---® fy
with f; =3, bits. Then the map " : K"(G,R) — C"(g,R) of Theorem 3.1.83

-
can be described by the continuous extension of

1@ @ fardfi Ao-- Ndfy
for n > 1 and by the identity for n = 0.
Proof. The map ¢" is by Theorem 3.1.3 given by the following composition of
maps
K™(G, R) £ Homp(U(g)®", R) > Homyyg) (U(g) ™, R) (3.2)
LAN Homy(g)(Vn(g), R) LN HomR(/n\ g, R).

We will provide explicit descriptions of these maps. Consider first the last map

of the above sequence
Hony(g) (Va(0), B) = Homp(/\" g, R).
which is (see Proposition 1.3.9) given by
falleq N Neg,) = f(I®e Al Negy, )l
The penultimate map

Homy(q) U(g)®" ", R) “= Homyy(g)(Vi(a), R)
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is according to Proposition 1.3.8 induced by the anti-symmetrisation map, and

therefore given by

frlu®e, A...Nej,) — Z sgn() f(u® €} oy & --®e;a(n>)].
aESy

Note that the substitution of the elements e;, by the elements egj defined by

the partial derivative .L_ evaluated at zero is just a formal consequence of
p at(za(J)) J q
J

the fact that we introduced the coordinates ¢y,...,%, on O(G)®". The explicit
description of the map Hom(U(g)®", R) > Homy(g) (U (g)®" !, R) was given
in Section 1.3 of Chapter 1 by

": Hom(U(g)®*", R) — Homy ) U(g)®" 1 R)
o= [(uoy. . un) = flug,...uy)]

[(ugy..oyup) = f(Lug,...uy)] <~ f.

We will now combine these maps to get:

¢"(f)(ei A /\ezn)—,ﬁ ( m(P ) en A A )
= (/B*n(f)))(l ®ez -/\61'")
= Z sgn(a) (B (F) (1 @ €, iy @ @)

a€eSy "
=Y sen(@)B" ()€, @@ )

a€Sn
= 3 sen(@) B(f)(e),, ) - B (Fa) el )

a€Sny
Y san(a) (e, ) (1) (€l ()

a€eSy

=dfi A--- Ndfnlei, N... Neg,). (3.3)

Since the map ¢ : K" (G, R) - Hompg(A" g, R) is continuous and R-linear the
explicit description of ¢™ can be obtained by the continuous R-linear extension

of the above description (3.3).
In the case of n = 0 the sequence (3.2) reduces to

P

5*0 0 0
R — R — Homy g (U(g), R) — Homyq)(U(g), R) — R
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and the maps are defined as
l=l=(u—1D)— (u—1)—1

with the usual identification of Hompg (R, R) and R.
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Chapter 4
Locally analytic group cohomology

This chapter will provide a comparison isomorphism of locally analytic group
cohomology with Lie algebra cohomology for K-Lie groups, where K is a finite
extension of @Q,. The main idea of the proof is its reduction to standard groups
associated to formal group laws. Before stating the Comparison Theorem for
standard groups 4.1.7 we will give some definitions and fix notation in Sec-
tion 4.1. Section 4.2 covers the so called limit morphism, a preliminary step
in the proof of the Comparison Theorem. The final steps to the proof of the

Comparison Theorem 4.1.7 will be given in Section 4.3.

Throughout this chapter let K be a finite extension of Q,,.

4.1 K-Lie groups and standard groups

Before stating the Comparison Theorem for standard groups, we give some
definitions, especially the one of a standard group, see Definition 4.1.2, and we
state some elementary facts about these groups. We refer to [Ser06], [Bou98b]
or [DASMS99] for the background on K-Lie groups.

Let | | : K — Ry be the non-archimedean absolute value on K which extends
the p-adic absolute value on Q, and let v,(z) denote the corresponding valuation

on K, normalized by v,(p) = 1, which satisfies |z| = p (@),
We denote by R the valuation ring

R={zeK: |z|<1}={zx € K: vy(z) >0}
and by m the maximal ideal

m={zeK: |[z|<l}={ze K: v(x)>0}

of R.
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Definition 4.1.1. (i) Let U C K™ be open and let f : U — K be a function.

(i)

(iii)

Then f is called locally analytic in U if for each x € U there is a ball
By(z):={ye€U||ly—=z| <r} CU and a formal power series F' such
that F' converges in B,(x) and for h € B,.(z),

f(h) = F(h—x),
compare [Laz65, Chap.III, 1.3.2].

Let U € K™ be open and let f = (f1,..., fn) : U — K™ Then f is called
locally analytic in U if f; is locally analytic for 1 <1 < n.

Let M be a topological space. A chart for M is a triple (U, p, K™) con-
sisting of an open subset U C M and a map ¢ : U — K™ such that ¢(U)
is open in K™ and ¢ : U = (U) is a homeomorphism.

A locally analytic manifold over K is a topological space M equipped with
a maximal atlas, where the atlas is a set of charts for M any two of which
are compatible, i.e. has locally analytic transition maps, and which cover
M.

A K-Lie group or a K -analytic group G is a locally analytic manifold over

K which also carries the structure of a group such that
(1) the function (z,y) — zy of G x G into G is locally analytic and

(2) the function = + 27! of G into G is locally analytic.

Definition and Proposition 4.1.2. Let G be an m-dimensional formal group

law over the valuation ring R of K as in Definition 1.1.1. For h € R we set

G(h):={ze R™||z| <p™"}.

We define a multiplication on G(h) by:

21 - 20 = G(21, 22). (4.1)

Then G(h) is a K-Lie group.

Proof. See [Ser06, Chap. IV.8]. O
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Definition 4.1.3. A K-Lie group constructed as in Proposition 4.1.2 will be
called an m-standard group of level h if h > 0 and just an m-standard group if
h = 0.

Definition 4.1.4. Let G be a K-Lie group. We denote by L(G) = Tc(G) the
canonical Lie algebra of G, see [Tull, Chap. 4, §16.3].

Proposition 4.1.5. Let G be a formal group law over R and let G(h) be the m-
standard group of level h to G. Let L(G(h)), respectively g be the corresponding
Lie algebras. Then

L(G(h) = g @rkK.

Proof. (Compare [Schll, Prop. 17.3].) One can choose the local coordinates
(M, ..., t(™) in a neighborhood of the identity e (with coordinates (0,...,0)),

such that we get a natural basis of the tangent space

0 0
W‘(oy cr glm) |(o)
Te(G(h)). Let the formal group law G be given by

GOX,Y)=X;+Y;+ Y XY +0(d > 3)
1,k=1

for all j € {1,...m}. Then the structure coefficients, i.e. those elements cfj €ER

such that
0 g 0

8 p—
[ or 57 |0) = 22 g lor

of L(G(h)) are given by ZT:1(’Yle — *yil) since multiplication on G(h) is defined
by the formal group law, see (4.1). Hence the definition of the Lie bracket in
L(G(h)) coincides with the definition of the Lie bracket in g, see (1.3). O

Definition 4.1.6. Let G be a K-Lie group. We denote by 0'%(G, K) locally
analytic functions on G, i.e. those that can be locally written as a converg-
ing power series with coefficients in K, see Definition 4.1.1. The cobar com-
plex O'%(G", K),>0, where we identified O'%(G", K) with (’)l“(g,K)®n, with
the usual differential as in Definition 1.3.2 leads to locally analytic group coho-

mology whose n-th cohomology group is denoted by H} (G, K).
Let G be a formal group law over R. Then one can consider the same formal

group law over K, denote by G, with Lie algebra gy . Let G(h) be the m-

standard group of level h associated to G. Then we obtain by assigning to each
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locally analytic function f € O'%(G(h), K) its local power series representation

around e a morphism of complete Hopf algebras
0'*(G(h), K) = O(Gk)
and hence a map

o, : H(G(h),K)— H"(Gk, K).

Recall that in the case of a formal group law over the field K the modified ring
of functions O(G) coincides with the ring of functions O(Gk). According to

Corollary 3.1.4 and since

Homp(/\" g, R) ®r K = Homg (" o, K)

we get an isomorphism
O H'(Gk,K) — H" (g, K).

This isomorphism is, as we have seen in Proposition 3.2.1, given by the contin-

uous extension of differentiating cochains.

Theorem 4.1.7 (Comparison Theorem for standard groups). Let G be a formal
group law over R and let G(h) be the m-standard group of level h to G with Lie
algebra g QrK. Then the map

q)s : HlZ(g(h)a K) — Hn(gu K)
given by the continuous extension of

fl@"'@fn’_)dfl/\"'/\dfm

forn > 1 and by the identity for n = 0 is an isomorphism for all h > hg = 1%'
Note that since the elements of the form f; ® - .- ® f,, form a basis of the dense
subset O(G)®" C O(GK)®” and since @, is given by the composition ® ;o ®,,

we use the suggestive notation f; ® --- ® f, for an element of 0'*(G(h), K).

Remark. 4.1.8. Huber and Kings showed in [HK11] that one can directly
define a map from locally analytic group cohomology to Lie algebra cohomology

by differenting cochains, as in Theorem 4.1.7, and that in the case of smooth
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algebraic group schemes H over Z, with formal group H C H(Z,) the resulting

map

®: HJ'(H,Q,) — H"(h,Q,)

coincides with Lazard’s comparison isomorphism ([HK11, Theorem 4.7.1]). In
their joint work with N. Naumann in [HKN11] they extended the comparison
isomorphism for K-Lie groups attached to smooth group schemes with con-
nected generic fibre over the integers of K ([HKN11, Theorem 4.3.1]).

Remark. 4.1.9. Let us sketch the argument of the proof. In the first step, we
are going to show that if we restrict to 0'®(G(0))e, the ring of germs of locally

analytic functions on G(0) in e, we can show that the limit morphism
b HM(O'(G(0)*)e, K) — H" (9, K)

is an isomorphism, see Lemma 4.2.9. Then injectivity of ®, follows from a
spectral sequence argument, see Corollary 4.3.4 and 4.3.5. The proof of this
part will be analogous to the proof of Theorem 4.3.1 in [HKN11], however
independent of the work of Lazard [Laz65]. For surjectivity we will use the

statement of Theorem 3.1.3.

The Main Theorem of the introduction - which stated that if K is a finite
extension of Q, and if G is a K-Lie group, then there exists an open subgroup
U of G such that the Lazard morphism

&y : HP (U, K) — H"(Lie(td), K)

induced by differentiating cochains is an isomorphism - can now be deduced

from the following Lemma 4.1.10.

Lemma 4.1.10. Any K-Lie group contains an open subgroup which is an m-

standard group.

Proof. See [Ser06, Chap. IV.§]. O
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4.2 Limit morphism

This section contains the first step in the proof of Theorem 4.1.7. We will prove
that the limit morphism ®., : H"(0'*(G(0)*), K) — H"(g, K), mentioned in
Remark 4.1.9, is an isomorphism. To do this we need some further definitions

and a comparison of germs.

Proposition 4.2.1. Let G be a formal group law over R and let G(h) be the m-
standard group of level h to G. Then there exists an isomorphic m-dimensional
formal group law G, over R such that the associated m-standard group Gp(0)
is equal to G(h).

Proof. Let the formal group law G be given by

GOX,Y)=X;+ Y+ 3 7 XiVe + O(d > 3)
k=1

for all j € {1,...,m} with X = (X1,...,Xn), Y = (Y1,...,Y,,) and with
O(G) = R|[t]]. Consider the m-dimensional formal group law defined by

GP(X,Y) =p "GO "X, p"Y) for all j € {1,...,m}

with p"X = ("X1,...,p"X,,) and p"Y = (p"Y1,...,p"Y;,). Then the ring
of functions to G is given by R[[p~"t]] where p~"t is the short notation for
p~ht @ p~h(M) Now the m-standard group

Gn(0) ={z € R™ [ [p~"2| < 1}
can be rewritten as following
Gn(0) ={ze R™ [p"z] <1} ={z € R™ | |z| <p~"} = G(n).
The homomorphism from G to Gy, is given by the m-tuple
a(X) = (a1(X), ..., an(X)) with a;(X) = p " X;
and the homomorphism from Gy, to G is given by the m-tuple
BX) = (i(X), . ., (X)) with 5;(X) = p"X;

compare Definition 1.1.4. Since they satisfy the condition a(5(X)) = S(a(X))

the formal group laws G and G}, are isomorphic. O
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Example 4.2.2. Let G, (X,Y) = X +Y + XY be the multiplicative formal
group law. Then the formal group law G}, such that G, (0) = G,,(h) is given by

Grh(X,Y) =p """ X +p"Y +p"XY) = X +Y +p"XV.

Lemma 4.2.3. Let G be an m-dimensional formal group law over R. Then the
associated m-standard groups G(h) of level h, h € N\ {0}, are open and normal
subgroups of G(0) of finite index and they form a neighbourhood basis of e in

Gg(0).

Proof. The m-standard groups G(h) of level h are, by their definition in 4.1.2,
obviously open and closed subgroups of G(0) and form a neighbourhood basis
of e in G(0). Since R™ is compact, see [Gou93, Prop. 5.4.5vi|, G(0) is compact
and the open and closed subgroups G(h) of G(0) are of finite index. For the

property that these subgroups are normal we have to show that
G(x,G(y,s(x))) =0 (mod p"),

for x € G(0) and y € G(h), i.e. y =0 (mod p"), where s(x) was defined by the
condition that G(x,s(x)) = 0, see Proposition 1.1.3. However since all terms

containing y are reduced to 0 mod p” we have that
G(x,G(y,s(x))) = G(x,5(x)) (mod p") =0 (mod p").
O

Definition 4.2.4. Let G be a K-Lie group. We denote by O'*(G)., the ring of

germs of locally analytic functions on G in e.

By Lemma 4.2.3, the ring of germs of locally analytic functions on G(0) in e is
given by
O(G(0)). = lim O (G (h), K).
h

Definition 4.2.5. The noetherian R-algebra

R{t} = {f(t) =Y _bjt! | bj € R,[b;j| = 0 as |j| = oo}
i

is called the algebra of strictly convergent power series over R.
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Remark. 4.2.6. Recall from non-archimedean analysis that every f in R][t]]
converges on the open polydisc {z € K™ | |z] < 1} and every f in m[[t]]
converges on the closed polydisc {z € K™ | |z| < 1}. The algebra R{t} is the
sub-algebra of R[[t]] consisting of those power series which converge on R™,
since an infinite sum converges in a non-archimedean field if and only if its

terms tend to zero.

Definition 4.2.7. The K-algebra

K(t) == {f(t) = bit! | bj € K, |bj| — 0 as |j| — oo}
J

is the algebra of power series over K which converge on R in K™ and is called

Tate algebra. The elements of K (t) are called rigid analytic functions.

Note that the convergence condition means that, for any n € N, there exists
Jo € N such that for [j| > jo, the coefficient b; belongs to "R, where  is the
uniformizing parameter, i.e. (r) = m. We have that K(t) = R{t} ®r K, see
[Nic08].

Since germs of locally analytic functions are none other than germs of rigid

analytic functions, we can identify 0'®(G(0)), with the limit of Tate algebras
0'(G(0))e = T%K(p_hﬁ-
Definition 4.2.8. The cobar complex (0'%(G(0)*).,d) with
O (GO")e =l Kip™"tr._.)

and with the usual differential as in Definition 1.3.2 leads to cohomology groups
H"(0™(G(0))e, K).
Lemma 4.2.9. The limit morphism
Coo + H'(O'(G(0)%)e, K) — H" (g, K)
is an isomorphism.

Remark. 4.2.10. A proof of this lemma can also be found in [HKN11, Lemma
4.3.3], however our proof will be independent of the work of Lazard [Laz65]

which is the utmost concern of this thesis.
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Definition 4.2.11. Let G(h) be an m-standard group of level h. We denote by
O.(G(h)) the ring of convergent functions on G(h), i.e. those formal power series

in R[[p~"t]] which are convergent on the closed polydisc {z € K™ | |z| < p~"}.

Remark. 4.2.12. Since R{t} = {f € RI[[t]] | f converges on R™}, due to
Remark 4.2.6, we get for the ring of convergent functions on the m-standard
group G(h) of level h that O.(G(h)) = R{p~"t}.

The following Lemma 4.2.13 will not only be of interest for the proof of Lemma
4.2.9 but also for the proof of the Main Theorem. We will see that functions of
this modified ring of functions O(G) still converge.

Lemma 4.2.13 (Lemma of Convergence). Let G be a formal group law over
R, let G(h) be the m-standard group of level h to G and let O.(G(h)) be the
ring of convergent functions on G(h). Let Gy, be the associated m-dimensional

formal group law (see Proposition 4.2.1) and let
O(Gy) = {ij(p_ht)j e K[lp™™]] | jb; € R} ,
J

see Definition 2.3.1, be its modified ring of functions. Then

O(Gr) € O:(G(k))

fork>k0:h+1%.
Proof. Let f € O(G},). Then f can be written as
f - Z bi(p_hé)la
J

with jlb; € R. We claim that f € Oc(G(k)) for k > ko = h + Iﬁ. To see this,

let us rewrite f in the following way:
f= Z bzp—hliltl = Z blp(k’—h)\i\ (pFt)d.
J J

(k—h)

We prove now that b;p il € m. Since Jlbj € R we know that

1l
|bj| < pP-T,
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where we use that for a prime p we have v,(n!) <
4.3.3]. Thus we can conclude that

1%’ see [Gou93, Lemma

, 1S
‘bl.p(k—h)u\’ < pr-1p~ k=Nl
1

= pp-1p Flilphlil

3]

< protp (Dl phlil — q

Using the observation of Remark 4.2.6 we know that f converges on the closed
polydisc {z € K™ | |z| < p~F}, ie. f € O(G(k)). O

Corollary 4.2.14. The map
0 : lim Oc(G(h)) — lim O(Gp)
h h

is an isomorphism.

Proof. The map o is injective since O.(G(h)) C O(G}) and since the direct
limit is exact. For surjectivity let f be an element of li_n>1h @(Gh). Then there
exists h such that f € O(G},). However, after Lemma 4.2.13 f € O.(G(k)) for

k>ko=h+ 1. O

Proof of Lemma 4.2.9. The proof is essentially the conjunction of Proposition

2.4.1 with all preceding results in this section. We already know that
0'(G(0))e = lig 0"(G(h), K)
h

= 11% K(p~"t)

4'2—'1211%(90(9(@)@1{](

4214
=~ hﬂO(Gh) ®r K.
h

Let gp be the associated Lie algebra to Gp. Then we know from Proposition
2.4.1 that

lim O(Gr) ®p K = limU*(gn, R) ©r K.
) h
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However, lighu*(gh,R) =~ U*(g, R) ® K and by Propositions 1.3.5, 1.3.8 and
1.3.9 of Chapter 1 we obtain

H"(0"(G(0)%)e, K) = H" (g, K).

4.3 Proof of the Comparison Theorem for standard

groups

We mentioned in Remark 4.1.9 that injectivity of the map
@, : Hip(G(h), K) — H"(g, K)

follows from a spectral sequence argument as in the proof of Theorem 4.3.1
in [HKN11]. Hence we will first prove the extistence of the required spectral

sequence.

Definition 4.3.1. Let G be a K-Lie group and H a closed subgroup of G. We
define Ix = Indéﬁ_,Q(K) to be the space of locally analytic maps f : G — K

such that f is H-equivariant.

Lemma 4.3.2 (Shapiro’s Lemma). Let G be a K-Lie group and H a closed
subgroup of G. Then
Hl.a(gv IK) - Hl.a<H7 K)

Proof. See [CWT74, Prop. 3 (Shapiro’s Lemma), Remark (2) and (3)]. O

The proof of the following theorem about the spectral sequence for locally
analytic group cohomology can now, after we have seen that Shapiro’s Lemma
holds in the case of locally analytic group cohomology, be adopted from the
proof for discrete groups, see e.g. [NSWO00, Chap. II.1].

Theorem 4.3.3. Let G be a K-Lie group and H be a closed normal subgroup

of G. Then there is a cohomological spectral sequence

B = HP(G /H, HYL(H, K)) = HY(G, K).
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Corollary 4.3.4 (Injectivity). Let G be a formal group law over R and let G(0)
be the m-standard group to G with Lie algebra g QK. Then the map

(PS : HZTLLL(Q(O))K) — Hn(g)K)
of Theorem 4.1.7 is injective.
Proof. (Compare [HKN11, Cor. 4.3.4]) Since all subgroups G(h) of G(0) are

open, normal and of finite index (see Lemma 4.2.3), the spectral sequence of

Theorem 4.3.3 degenerates to
H,(G(0), K) = H, (G(h), K )7/ 900,
Hence the restriction maps
Hi(G(0), K) — Hip(G(h), K)

are injective. As the system of open normal subgroups is filtered, this also
implies that
Hi(6(0), K) — lim Hy, (G(h), K)
h

is injective. We can therefore conclude injectivity of the map ®, from the in-
jectivity of @, since the cohomology functor commutes with the direct limit,
i.e. in our case lim, Hj (G(h)), K) = H"(0%(G(0))e, K). O

Note that the proof of injectivity uses that K is locally compact, meaning
that the proof can not be carried over to the case of the completion C, of the

algebraic closure @p of Q.

Corollary 4.3.5. Let G be a formal group law over R and let G(h) be the
m-standard group of level h associated to G with Lie algebra g. Then the map

&, : H(G(h),K) — H(g, K)

of Theorem 4.1.7 is injective for all h > 0.

Proof. Proposition 4.2.1 tells us that there exists an isomorphic formal group
law G}, to G such that G(h) = G,(0). By Corollary 4.3.4 we know that

Hio(G(h), K) = Hig (G (0), K) — H" (g, K)
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is injective, where g;, is the Lie algebra associated to Gj,. However,
n n
Homp(/\" g5, R) ©r K = Homg(/\" g, R) ©r K

so that we get injectivity of the map ®;. O

Proof of the Comparison Theorem for standard groups 4.1.7. Since we already

know from Corollary 4.3.5 that
q)s : Hlytlz(g(h)aK) - Hn(gaK)

is injective for h > 0 we now concentrate on surjectivity. Let [c] be a cohomol-
ogy class in H™(g, K). Then by Theorem 3.1.3 [c] is represented by a cocyle
¢ O(G)®" @r K. By Lemma 4.2.13 we know that

O(G) C O(G(R)) O G(R)), for h > ho = pir

Hence @, is surjective for all h > hg = ﬁ. O
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