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Abstract

It is known that the algebraic deRham cohomology group Hig (Xo/Q) of a nonsin-
gular variety Xo/Q has the same rank as the rational singular cohomology group
Hging(X a1 Q) of the complex manifold X" associated to the base change Xy xg C.
However, we do not have a natural isomorphism Hig(Xo/Q) = Héing(X an: Q). Any
choice of such an isomorphism produces certain integrals, so called periods, which
reveal valuable information about Xy. The aim of this thesis is to explain these clas-
sical facts in detail. Based on an approach of Kontsevich [IX, pp. 62-64], different
definitions of a period are compared and their properties discussed. Finally, the the-
ory is applied to some examples. These examples include a representation of ((2) as

a period and a variation of mixed Hodge structures used by Goncharov [G1].
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1 Introduction

The prehistory of Algebraic Topology dates back to Euler, Riemann and Betti, who
started the idea of attaching various invariants to a topological space. With his simpli-
cial (co)homology theory, Poincaré was the first to give an instance of what in modern
terms we would call a contravariant functor H® from the category of (sufficiently nice)
topological spaces to the category of cyclic complexes of abelian groups.
Many of such functors have been found so far; the most common examples are the
standard cohomology theories (i.e. those satisfying the Eilenberg-Steenrod axioms),
which measure quite different phenomena relating to diverse branches of mathematics.
It is a beautiful basic fact that all these standard cohomology theories agree (when
restricted to an appropriate subcategory).
This does not imply that we cannot hope for more. If the topological space in question
enjoys additional structure, one defines more elaborate invariants which take values
in an abelian category of higher complexity. For example, Hodge theory gives us
a functor from the category of compact Kéahler manifolds to the category of cyclic
complexes of pure Hodge structures.
In this thesis, we will concentrate on spaces originating from Algebraic Geometry;
these may be regarded as spaces carrying an algebraic structure.
Generalizing the concept of deRham theory to “nice” schemes over QQ gives us alge-
braic deRham cohomology groups where each is nothing but a full Q-lattice inside
the C-vector space of the corresponding classical deRham cohomology group. So,
after tensoring with C, algebraic deRham cohomology agrees with all the standard
cohomology theories with complex coefficients. However, a natural isomorphism be-
tween the original Q-vector space and a standard cohomology group with rational
coefficients cannot exist.
We will illustrate this phenomenon in the following example (see Example 4.12.1 for
details). Let X2" := C* be the complex plane with the point 0 deleted and let ¢ be
the standard coordinate on X?". Then the first singular cohomology group of X?" is
generated by the dual * of the unit circle o := S*

HL (X" Q)=Qo¢* and H.  (X*;C)=Co*;

sing sing
while for the first classical deRham cohomology group, we have

Hyp (X™;C) = (C?.

Under the comparison isomorphism
Hsling(Xan; C) = HéR(Xané C)

the generator o* of H.  (X®;C) is mapped to

sing
[ Cdt _ 1 dt
q t t 2mit’

If we view X3" as the complex manifold associated to the base change to C of the
algebraic variety Xg := Spec Q[t,t!] over Q, we can also compute the algebraic de
Rham cohomology group Hig (Xo/Q) of Xy and embed it into Hig (X?";C)

dt an dt
Hig (Xo0/Q) = Q? C Hig(X™;C) = C?’
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Thus we get two Q-lattices inside Hig (X*; C), H;ing(X an. Q) and Hig (Xo/Q), which
do not coincide. In fact, they differ by the factor 27 — our first example of what we
will call a period. Other examples will produce period numbers like 7, In 2, elliptic
integrals, or ((2), which are interesting also from a number theoretical point of view
(cf. page 47).

There is some ambiguity about the precise definition of a period; actually we will give
four definitions in total:

(i
(ii

) pairing periods (cf. Definition 5.1.1 on page 43)

) abstract periods (cf. Definition 5.2.1 on page 45)
(iii) naive periods (cf. Definition 5.3.2 on page 46)

)

(iv) effective periods (cf. Definition 7.3.1 on page 63)

For X, a nonsingular variety over Q, we have a natural pairing between the i*®
algebraic deRham cohomology of Xy and the i singular homology group of the
complex manifold X®" associated to the base change X xg C

HI"8 (X Q) x Hig(Xo/Q) — C.

The numbers which can appear in the image of this pairing (or its version for relative
cohomology) are called pairing periods; this is the most traditional way to define a
period.

In [IX, p. 62], Kontsevich gives the alternative definition of effective periods which
does not need algebraic deRham cohomology and, at least conjecturally, gives the set
of all periods some extra algebraic structure. We present his ideas in Subsection 7.3.
Abstract periods describe just a variant of Kontsevich’s definition. In fact, we have a
surjection from the set of effective periods to the set of abstract ones (cf. page 65),
which is conjectured to be an isomorphism.

Naive periods are defined in an elementary way and are used to provide a connection
between pairing periods and abstract periods.

In Kontsevich’s paper [I<{, p. 63], it is used that the notion of pairing and abstract
period coincide. The aim of this thesis is to show that the following implications hold
true (cf. Theorem 7.1.1)

abstract period < naive period = pairing period.

The thesis is organized as follows. The discussion of the various definitions of a period
makes up the principal part of the work filling sections five to seven.

Section two gives an introduction to complex analytic spaces. Additionally, we
provide the connection to Algebraic Geometry by defining the associated complex
analytic space of a variety.

In Section three, we define algebraic deRham cohomology for pairs consisting of a
variety and a divisor on it. We also give some working tools for this cohomology.
The aim of Section four is to give a comparison theorem (Theorem 4.10.1) which
states that algebraic deRham and singular cohomology agree.

In Section five, we present the definition of pairing, abstract, and naive periods and
prove some of their properties.

Section six provides some facts about the triangulation of algebraic varieties.



Section seven contains the main result (Theorem 7.1.1) about the implications
between the various definitions of a period mentioned above. Furthermore, we give
the definition of effective periods which motivated the definition of abstract periods.
In the last section, Section eight, we consider five examples to give an application of
the general theory. Among them is a representation of ((2) as an abstract period and
the famous double logarithm variation of mixed Hodge structures used by Goncharov
[G1] whose geometric origin is emphasized.

Conventions. By a variety, we will always mean a reduced, quasi-projective scheme.
We will often deal with a variety X defined over some algebraic extension of Q. As
a rule, skipping the subscript 0 will always mean base change to C

X = “Xo XQ C” = XO XSpecQ SpeC(C.

(An exception is section three, where arbitrary base fields are used.) The complex
analytic space associated to X will be denoted by X*" (cf. Subsection 2.1).
The sign conventions used throughout this thesis are listed in the appendix.

Acknowledgments. [ am greatly indebted to my supervisor Prof. A. Huber-
Klawitter for her guidance and her encouragement. I very much appreciated the
informal style of our discussions in which she vividly pointed out to me the central
ideas of the mathematics involved.

I would also like to thank my fellow students R. Munck, M. Witte and K. Zehmisch
who read the manuscript and gave numerous comments which helped to clarify the
exposition.



2 The Associated Complex Analytic Space

Let X be a variety over C. The set |X| of closed points of X inherits the Zariski
topology. However, we can also equip this set with the standard topology: For smooth
X this gives a complex manifold; in general we get a complex analytic space X?".
The main reference for this section is [Ha, B.1].

2.1 The Definition of the Associated Complex Analytic Space

We consider an example before giving the general definition of a complex analytic
space.

Example 2.1.1. Let D™ C C" be the polycylinder
D":={zeC"||z| <li=1,...,n}

and Opn the sheaf of holomorphic functions on D™. For a set of holomorphic functions
fiy.ooy fm € (D™, Opn) we define

Xpn :={z€ D"| fi(z) = ... = fm(z) = 0}

Oxpn = Opn/(f1,- .-, fn)- (1)

The locally ringed space (Xpn, Ox,, ) from this example is a complex analytic space.
In general, complex analytic spaces are obtained by glueing spaces of the form (1).

Definition 2.1.2 (Complex analytic space, [Ha, B.1, p. 438]). A locally ringed
space (X,0x) is called complex analytic if it is locally (as a locally ringed space)
isomorphic to one of the form (1). A morphism of complex analytic spaces is a
morphism of locally ringed spaces.

For any scheme (X, Ox) of finite type over C we have an associated complezx analytic
space (X", Oxan).

Definition 2.1.3 (Associated complex analytic space, [Ha, B.1, p. 439]).
Assume first that X is affine. We fiz an isomorphism

X 2 SpecClay, ..., xn]/(f1y-- s fm)

and then consider the f; as holomorphic functions on C" in order to set

XM :={zeC"| fi(z) =... = fm(z) =0}
OXan = O(C"/(fla" -7f’m)7

where Ocn denotes the sheaf of holomorphic functions on C™.

For an arbitrary scheme X of finite type over C, we take a covering of X by open
affine subsets U;. The scheme X is obtained by glueing the open sets U;, so we can
use the same glueing data to glue the complex analytic space (U;)*™ into an analytic
space X*. This is the associated complex analytic space of X.

This construction is natural and we obtain a functor an from the category of schemes
of finite type over C to the category of complex analytic spaces. Note that its re-
striction to the subcategory of smooth schemes maps into the category of complex
manifolds as a consequence of the inverse function theorem (cf. | , Thm. 6, p. 20]).



Example 2.1.4. The complex analytic space associated to complex projective space
is again complex projective space, but considered as a complex manifold. To avoid
confusion in the subsequent sections, the notation CP"™ will be reserved for com-
plex projective space in the category of schemes, whereas we write CP}., for complex
projective space in the category of complex analytic spaces.

For any scheme X of finite type over C, we have a natural map of locally ringed
spaces

¢ X" - X (2)
which induces the identity on the set of closed points |X| of X. Note that ¢*Ox =
OXan.

2.2 Algebraic and Analytic Coherent Sheaves
Let us consider sheaves of Ox-modules. The equality of functors
[(X,?) =T(X™, ¢ 17)
gives an equality of their right derived functors
HI(X:7) = RT(X:?) = RIT(X*: 672)

Since ¢! is an exact functor, the spectral sequence for the composition of the functors
¢! and I'(X?";?) degenerates and we obtain

H (X ¢717) = RT(X™;?7) 0 ¢~ = R'T(X™;¢7'7).
Thus the natural map for F a sheaf of Ox-modules
0IF - o' F
gives a natural map of cohomology groups
H'(X; F) = HI(X™; 971 F) — H/(X™; 6" F). (3)

Sheaf cohomology behaves particularly nice for coherent sheaves, this notion being
defined as follows.

Definition 2.2.1 (Coherent sheaf). We define a coherent sheaf F on X (resp.
X2) to be a sheaf of Ox-modules (resp. Oxan-modules) that is Zariski-locally (resp.
locally in the standard topology) isomorphic to the cokernel of a morphism of free
Ox-modules (resp. Oxan-modules) of finite rank

v— 00 — Fly—0, for UCX (resp. UC X™) open, (4)
where r,s € N.

For sheaves on X this agrees with the definition given in [Ha, IL5, p. 111]. For this
alternate definition, we need some notation: If U = Spec A is an affine variety and
M an A-module, we denote by M the sheaf on U associated to M (i.e. the sheaf
associated to the presheaf V — I'(V;Oy) ®4 M for V. C U open, see [Ha, IL.5, p.
110)).



Lemma 2.2.2 (cf. [Ha, IL.5 Exercise 5.4, p. 124]). A sheaf F of Ox-modules
is coherent if and only if X can be covered by open affine subsets U; = Spec A; such
that Fiy, = M; for some finitely generated A;-modules M;.

Proof. “if’: The A;’s are Noetherian rings. Therefore any finitely generated A;-
module M; will be finitely presented

Al — A} — M; — 0.
Since localization is an exact functor, we get
v, — Op, — M; — 0,

which proves the “if”-part. |
“only if”: W.lo.g. we may assume that the open subsets U C X in (4) are affine
U = Spec A. Then I'(U; Oy) = A and Oy = A. Now the A-module

M :=coker(T'(U; Of;) — T'(U; OF))
= coker(A"” — A?)

is clearly finitely generated. Since

A" — A — M — 0
gives N N N

AT — A — M — 0,
we conclude

Flu = coker(Op — OF) = coker(ﬁ’" — gs) = M.
O

As an immediate consequence of the definition of a coherent sheaf F on X, we see
that the sheaf
Fon := Q" F

will be coherent as well: If
v— 0 — Fuy —0
is exact, so is
OTUan I Of]an i (b*f“Uan I 0,

since ¢! is exact and tensoring is a right exact functor.
There is a famous theorem by Serre usually referred to as GAGA, since it is contained
in his paper “Géométrie algébrique et géométrie analytique” [ ]

Theorem 2.2.3 (Serre, [Ha, B.2.1, p. 440]). Let X be a projective scheme
over C. Then the map
F — Fan

induces an equivalence between the category of coherent sheaves on X and the category
of coherent sheaves on X®". Furthermore, the natural map (3)

H'(X; F) = HY(X™; Fan)

s an isomorphism for all i.



Let us state a corollary of Theorem 2.2.3, which is not included in [Ha].

Corollary 2.2.4. In the situation of Theorem 2.2.3, we also have a natural isomor-
phism for hypercohomology for all i

H'(X; F°) = H' (X™ 7).
where F* is a bounded complex of coherent sheaves on X.

Here we only require the boundary morphisms of F*® to be morphisms of sheaves of
abelian groups. They do not need to be Ox-linear.
Before we begin proving Corollary 2.2.4, we need some homological algebra.

Lemma 2.2.5. Let A be an abelian category and
F*0] — G**, (5)
a morphism of double complexes of A-objects (cf. the appendiz), where

e F°[0] is a double complex concentrated in the zeroth row with F*® being a
complex vanishing below degree zero, i.e. F* =0 for n <0, and

e G** is a double complex living only in non-negative degrees.

If forallqe Z
0—F4—glagha ...

is a resolution of F, then the map of total complexes induced by (5)
F* = tot G**
18 a quasi-isomorphism.
Proof. From (5) we obtain a morphism of spectral sequences
b, h{ F*[0] = h" F*

! !
hi} hi G** = h" tot G**.

Both spectral sequences degenerate because of

hPF* ifg=0
e - {1 e
0 else

and

hP. h? G*® — hPF* if ¢ =0,
1 0 else

and so we get an isomorphism on the initial terms. Hence we also have an isomorphism
on the limit terms and our assertion follows. O

Remark 2.2.6. A similar statement holds with F*[0] considered as a double complex
concentrated in the zeroth column.



Godement resolutions. As we also need I'-acyclic resolutions that behave functorial
in the proof of Corollary 2.2.4, we now describe the concept of Godement resolutions.
For any sheaf F on X (or X?") define

g(]:) = H i*]:an

z€|X|

where i : z < X denotes the closed immersion of the point x. The sheaf g(F) is
flabby and we have a natural inclusion

F — g(F).

Setting Gl :=¢ (coker(gi_1 — gl)) with G := F and G° := g(F) gives an exact
sequence
0—F—G" —gt— ...

We define the Godement resolution of F to be
g}::0—>go—>g1—>....

It is I'-acyclic and functorial in F. Extending this definition to a bounded complex
f.

Gyl = G%, (6)
Gie :=tot G
yields a map of double complexes

F*0] — g**
and a quasi-isomorphism by Lemma 2.2.5

F* = G
Let z € | X| be a closed point of X. The map ¢ from (2) gives a commutative square

%

{x}an [N X&l’l
o] 1o
(z} & X

and a natural morphism (cf. [Ha, IL.5, p. 110])
Fo — 020" Fa,
where we consider the stalk F, as a sheaf on {x}. This map induces another map
i« Ty — " Fy = (10 9)u* Fy = (¢ 01)10" Fyp = buind” Fo,
and yet a third map (cf. loc. cit.)



which is an isomorphism, as can be seen on the stalks

5m:¢*fr;>¢*fza
gy: 0-—0, for y # x.

Consequently,

6" 9(F) = ¢* [, isFo = [1, " inF L TL, 1s0" Fo = [, is (6" F)a = 9(6" Fo).

Thus we get first
¢*g3—'p = g;&*]-‘pa
then
6" Ge = G2 .
This gives us a natural map of hypercohomology groups
H'(X; F*) = h'T(X;G%.) = h'T(X™; ¢~ G%)
—

NT(X™ ¢°G) = WT(X™:G3 o) = WT(X™; Gy ) = HI(X™ F2,). (8)

Proof of Corollary 2.2./. We claim that the natural map (8) is an isomorphism for
all ¢ if X is projective.

If F* has has length one, Theorem 2.2.3 tells us that this is indeed true. So let us
assume that (8) is an isomorphism for all complexes of length < n and let F* be a
complex of coherent sheaves on X of length n 4+ 1. W.lLo.g. F**! = 0 but F? = 0 for
p > n+ 1. We write o<, F*® for the complex F* cut off above degree n. The short
exact sequence

0— F" M n—-1] — F° — 0<, F* —0

remains exact if we take the inverse image along ¢
0 — F e — 1] — Foy — o< Fly — 0.
Using the naturality of (8), we obtain the following “ladder” with commuting squares
o HM(XG ) —— HY(XGF) —— H(X;0<,F°) — -
| | |
S HOM I O ) s H(X FY) —— (XM 00, F) — -

and the induction step follows from the 5-lemma. O



3 Algebraic deRham Theory

In this section, we define the algebraic deRham cohomology H3p (X, D/k) of a smooth
variety X over a field k£ and a normal-crossings-divisor D on X (cf. definitions 3.2.3,
3.2.4, and 3.2.6). We also give some working tools for this cohomology: a base
change theorem (Proposition 3.5.1) and two spectral sequences (Corollary 3.6.3 and
Proposition 3.6.4).

3.1 Classical deRham Cohomology

This subsection only serves as a motivation for the following giving an overview
of classical deRham theory. For a complex manifold, analytic deRham, complex,
and singular cohomology are defined and shown to be equal to classical deRham
cohomology. All material presented here will be generalized to a relative setup later
on.

Let M be a complex manifold. We recall two standard exact sequences,
(i) the analytic de Rham complex of holomorphic differential forms on M

0—Cy — 0% Lol 25 and

(ii) the classical de Rham complex of smooth C-valued differential forms on M

d d
0—Cy — & S8, = ...,

where Cjs is the constant sheaf with fibre C on M.

In both cases exactness is a consequence of the respective Poincaré lemmas [\W, 4.18,
p. 155] and [GH, p. 25].

Now consider the commutative diagram

Cm[0] = Cp[0]
1 X
Q% — &y
We can rephrase the exactness of the sequences (i) and (ii) by saying that the vertical
maps are quasi-isomorphisms. We indicate quasi-isomorphisms by a tilde. Hence the

natural inclusion
[ ] [
Wy —En

is a quasi-isomorphism as well. Therefore the hypercohomology of the two complexes
coincides

H* (M;Q}) = H*(M; Exyp).

The sheaves £}, are fine, since they admit a partition of unity. In particular they are
acyclic for the global section functor I'(M, ?) and we obtain

H*(M; Eyp) = h°T(M; Exy)-
The right-hand-side is usually called the classical de Rham cohomology of M, denoted

Hg (M;C).
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The equalities above give
Hag (M; C) = H*(M; Qj).

We refer to the right-hand-side H®(M; Q%) as analytic de Rham cohomology, for which
we want to use the same symbol Hip (M; C). The hypercohomology H®(M; Q%) turns
out to be a good candidate for generalizing deRham theory to algebraic varieties.
Both variants of deRham cohomology agree with complex cohomology

H*(M;C) i= H*(M; Cyy) = H* (M; Cpy [0)).

We have yet a third resolution of the constant sheaf Cp; given by the complex of
singular cochains: For any open set U C M, we write Cfing(U ;C) for the vector
space of singular p-cochains on U with coefficients in C. The sheaf of singular p-
cochains is now defined as

Cp

sing

(M;C): U+~ CP

sing

(U;C) for UC M open
with the obvious restriction maps. The sheaves Cfing(M ; C) are flabby: The restriction
maps are the duals of injections between vector spaces of singular p-chains and the
functor Home(?,C) is exact. In particular these sheaves are acyclic for the global
section functor I'(M; 7) and we obtain

H*(M;CS,.(M;C)) = h*T(M; (s, (M;C)) = h*CS, . (M;C) = HE, . (M; C).

sing sing sing sing

By the following lemma, we conclude H*(M;C) = HS, . (M; C).

sing
Lemma 3.1.1. For any locally contractible, locally path-connected topological space
M the sequence

0 — Cpy — C%,.(M;C) — CL ., (M;C) — ....

sing sing
18 exact.

Proof. Note first that Cy; = h° Cs'ing(M ; C), since M is locally path-connected. For

the higher cohomology sheaves h? C%_ (M;C), p > 0, we observe that any element s,

sing
of the stalk h”Cg, (M;C), at x € M not only lifts to a section s of Cj (U;C) for

sing
some contractible open subset x € U C M, but that we can assume s to be a cocycle

by eventually shrinking U. Now this s is also a coboundary because of

hPC (U;C) = Hsmg(U; C)=0 foral p>0.

sing

We summarize this subsection in the following proposition.

Proposition 3.1.2. Let M be a complex manifold. Then we have a chain of natural
isomorphisms between the various cohomology groups defined in this subsection

Hig (M;C) = H*(M; Q},) = H*(M; C) = Hg;,,,(M; C).

sing
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3.2 Algebraic deRham Cohomology

Let X be a smooth variety defined over a field k and D a divisor with normal crossings
on X; where having normal crossings means, that locally D looks like a collection of
coordinate hypersurfaces, or more precisely:

Definition 3.2.1 (Divisor with normal crossings, [IHa, p. 391]). A divisor D C
X is said to have normal crossings, if each irreducible component of D is nonsingular

and whenever s irreducible components D1,...,Ds meet at a closed point P, then
the local equations f1,..., fs of the D; form part of a reqular system of parameters
fl,...,fd at P.

It is proved in [Ma, 12, p. 78] that in this case the fi,..., fq are linearly independent
modulo m%, where mp is the maximal ideal of the local ring Ox p at P. By the
inverse function theorem for holomorphic functions | , Thm. 6, p. 20], we find in a
neighbourhood of any P € X" a holomorphic chart zq, ..., zg such that D*" is given
as the zero-set {z1 -...-z5 = 0}.

We are now going to define algebraic deRham cohomology groups

Hir (X/k), Hir(D/k) and  Hgg(X, D/k).

Remark 3.2.2. In | |, algebraic deRham cohomology is defined for varieties
with arbitrary singularities. However, the relative version of algebraic deRham coho-
mology discussed in | | deals with morphisms of varieties, not pairs of them.

3.2.1 The Smooth Case

Definition 3.2.3 (Algebraic deRham cohomology for a smooth variety). We
set
Hig (X/k) = H*(X; Q% 1),

where Q;(/k is the complex of algebraic differential forms on the smooth variety X

over k (cf. [Ha, IL.8, p. 175]).

3.2.2 The Case of a Divisor with Normal Crossings

We write D = Y7, D; as a sum of its irreducible com-
ponents and use the short-hand notation (cf. Figure 1)

p
D[ = Dio-~~ip = m le for I= {Zo,,Zk}
k=0 Dy
Associated to the decomposition D = > D; is a simpli-
cial scheme
Dl DZ
D* = H D, — H Dy — H Dape -+, Figure 1: Divisor with

normal crossings
this notion being defined as follows.
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Simplicial sets and simplicial schemes. We consider a category Gimpler with
objects [m] := {0,...,m}, m € Ny, and <-order-preserving maps as morphisms.
(Thus the existence of a map f : [m] — [n] implies m < n.)

This category can be thought of as the prototype of a simplicial complex: Let K be
a simplicial complex and assign to [m] the set of m-simplices of K. Any morphism
f : [m] — [n] maps each n-simplex to its m-dimensional “f-face”

f*(€0, ceey en) = (ef(o), e ,ef(m)).
Thus K can be described by a contravariant functor to the category Gets of sets
Gimpler — Gets.

A contravariant functor from Gimpler to the category of sets, schemes, ... is called
a simplicial set, simplicial scheme and so forth [GM, Ch. 1, 2.2, p. 9]. (There, as a
slight generalization, the maps f : [m] — [n] are only required to be non-decreasing
instead of being <-order-preserving, thus allowing for “degenerate simplices”.)

In the above situation we define a simplicial scheme D*® : Gimpler — Gchemes by the
assignment

[m] — 11 D ..i,

1<i0< - <im<r
(f < fm] = ) = (D*() : [T Do = T Pigivin)
here D*(f) is the sum of the natural inclusions

D — D

10t in

150y " if(m)”

If 6; : [m] — [m + 1] denotes the unique <-order-preserving map, whose image does
not contain [, we can represent D*® by a diagram

D*(85)
T D® (58) ﬁ
D, e (30) H Dy, D)) H Dgpe - . (D*)
a=1 ———  1<a<b<r D*(63) 1<a<b<e<r
2l

Now the differentials come into play again. We consider the contravariant functor
i+823 ), defined for subschemes Z of Supp(D)

where i stands for the natural inclusion Z < Supp(D). We enlarge the scope of
i*Q;/k to schemes of the form [], Z,, Z, € D by making the convention

(z’* ;/k) (IZ[ Za> = @ .Y, i

Composing D*® with the contravariant functor 7,£23 Ik yields a diagram

dg
T d8 —_

e — e dt 0
@ Z*QDa/k’ 49 @ Z*QDab/k -1 @ Z*QDabc/k ’
a=1 —  1<a<b<r d% 1<a<b<c<r

—_—
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where we have written dj"* for (z*Q;/k o D*)(6;"). Summing up these maps d;* with
alternating signs

dm .= g (=1)'d;”
1=0
gives a new diagram
. ° 1 . .
@Z* D /k —> @ Z*QDcLb/k d—> Z*Szl)abc/k... ’
1<a<b<r 1<a<b<c<lr

which turns out to be a double complex (cf. the appendix) as a little calculation
shows

m+1 m
A" o dm = Z Z l+k dlm+1 ody'
1=0 k=0

_ Z ( )l+k dm-i—l ° dm Z (_1)l+k d;n-&-l o dzv,
0<k<l<m-+1 0<i<k<m
_ l+k m+1 o gm
- Z (=1) dk+1 d
0<I<k<m

!
_ Z ( 1)k +1'— 1dm+1 Odm
0<k/<l'<m+1
=0.

We denote this double complex by Q%% . and its total complex (cf. the appendix) by

D*/k

O i = tot Q750 ).

Definition 3.2.4 (Algebraic deRham cohomology for a divisor). If D is a
divisor with mormal crossings on a smooth variety X over k, we define its algebraic
deRham cohomology by

H§r(D/k) := H*(D; Q3 ).

Remark 3.2.5. Actually, we do not need that D C X has codimension 1 for this
definition; but D having normal crossings is essential.

3.2.3 The Relative Case

The natural restriction maps
3(/k (Di = X))« QD /k
sum up to a natural map of double complexes

}/k[O] — (Supp(D) — X), QD,/k, (9)

14



where we view 25 Ik [0] as a double complex concentrated in the zeroth column. Some-
what sloppy, we will often write i, F instead of (Supp(D) — X), F. Taking the total
complex in (9) yields a natural map

Q% — i

for whose mapping cone (cf. the appendix)

= . g . —dp f
My = i,Q% ) [-1] ® Q% with differential < 0 dX)

: ~.
we write QX,D/k.

Definition 3.2.6 (Relative algebraic deRham cohomology). For X a smooth
variety over k and D a divisor with normal crossings on X, we define the relative
algebraic deRham cohomology of the pair (X, D) by

H§R(X, D/k) := H*(X: Q% pp)-

These definitions may seem a bit technical at first glance. However, they will hopefully
become more transparent in the sequel, when the existence of a long exact sequence
in algebraic deRham cohomology and various comparison isomorphisms are proved.

3.3 Basic Lemmas

In this subsection we gather two basic lemmas for the ease of reference.

Lemma 3.3.1. Ifi: Z — X is a closed immersion and Z an injective sheaf of abelian
groups on Z, then i.Z is also injective.

Proof. Let A — B be an injective morphism of sheaves of abelian groups on X. Since

i~ is an exact functor, the induced map

itA—i7'B

will be injective as well. Now the adjoint property of i~ provides us with the following
commutative square

Homy (B,i,Z) = Homy (i~ 'B,T)
! l
Homy (A,i,7T) = Homy (i 1A, T).

Because 7 is injective, the map on the right-hand-side is surjective. Hence so is
the left-hand map, which in turn implies the injectivity of i,Z, since A and B were
arbitrary. 0

Lemma 3.3.2. Ifi: Z — X is a closed immersion and F* a complex of sheaves on
Z, which is bounded below, then there is a natural isomorphism

H®(X; . F*) X H*(Z; F*).

15



Proof. The point is that i, is an exact functor for closed immersions, which can be
easily checked on the stalks. Thus if 7* — Z° is a quasi-isomorphism between F*
and a complex Z°® consisting of injective sheaves, the induced map

0 F* — i, I°

will be a quasi-isomorphism as well. But the sheaves i,ZP are injective by Lemma
3.3.1, hence we can use i,Z* to compute the hypercohomology of i, F*

H*(X; i, F*) = h*D(X; 0, 7°).
Now the claim follows from the identity of functors I'( X, i.?) = I'(Z; 7)
H*(X;i,F*) = h°D(X;0,2°) = h*T(Z;1°) = H*(Z; F*).

O]

3.4 The Long Exact Sequence in Algebraic deRham Cohomology

Proposition 3.4.1. We have a natural long exact sequence in algebraic de Rham
cohomology (as defined in Definition 3.2.3, 3.2.4 and 3.2.6)

= W (D) —
HAL (X, D/k) — Hig (X/k) — Hig(D/k) —
HiR (X, D/k) — -,
where X is a smooth variety over k and D a normal-crossings-divisor on X .
Proof. The short exact sequence of the mapping cone
0 — Q3 [-1] = Q% pjx = Vxyp — 0

gives us a long exact sequence in hypercohomology

- = HP(X;0.05,,[-1]) —
HP (X5 Q% pji) — HP(X; Q%) — BV (X003 1)) —
HPH(X?Q},D//C) — e
which we can rewrite as
o (X8 8) -
Hn (X, D/k) = Hig(X/k) — BV (X;1.905,) —
B (X, DJR) -
By Lemma 3.3.2; we see
H"(X:0.0,,) = H'(D;05,) = Hi(D/F)

and our assertion follows. O

16



3.5 Behaviour Under Base Change

Let Xy be a smooth variety defined over a field ky and Dy a divisor with normal
crossings on Xy. For the base change to an extension field k of ky we write

X = X() Xko kand D := D() Xko k.
Then we have the following proposition.

Proposition 3.5.1. In the above situation, there are natural isomorphisms between
algebraic de Rham cohomology groups (as defined in definitions 3.2.3, 3.2./, 3.2.6)

Hig (X/k) = H3g (Xo/ko) @k, k,
Hir(D/k) = Hir(Do/ko) @k, &  and
H3gr (X, D/k) = Hag (Xo, Do/ko) @, k-

Proof. Denote by 7 : X — Xj the natural projection. By [Ha, Prop. 11.8.10, p. 175],
we have

Q;{/k — W*Q;(O/ko.
Now the natural map
-1
v Q;(o/ko — W*Q;(O/ko

factors through
—1)e —1)e
T QXo/ko — T QXo/ko Rk k

yielding a natural map
—1e * ()@ °
T QXo/ko Qpo kb — QXo/ko = QX/k,
which provides us with a morphism of spectral sequences
h? Hq(X;ﬂ'*lQB(O/kO Qo k) = H"(X; WﬁlQB(O/ko Rk k)
! !

thq(X;ﬂ'*QB(O/kO) = H"(X;W*Q;(O/ko) .
We can rewrite the first initial term using the exactness of the functor ? ®y, k

HI(X; Wﬁlﬁg(o/ko @k, k) = HY(X; Wﬁlﬁg(o/ko) Qo k

= HY(Xo; Qg’(o/ko) Rk k-

Since “cohomology commutes with flat base extension for quasi-coherent sheaves” [IHa,
Prop. I11.9.3, p. 255], the map

H?(Xo; Qg(o/ko) Qo b — Hq(X;W*QI;(O/ko)

is an isomorphism. Hence we also have an isomorphism on the limit terms, for which
we obtain

H™ (X370 o @ k) = H (X577 1%, ) @iy K
= Hir (Xo/ko) @k, k
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and

H" (X570, ) = H (X3 2% 1)

= Hir (X/k).
The other two statements can be proved analogously. (Observe that the sheaves
Q%o/ko and Q];(o,Do/ko are quasi-coherent by [Ha, Prop. I1.5.8(c), p. 115].) O

3.6 Some Spectral Sequences

Before we proceed in the discussion of algebraic deRham cohomology, we have to
make a digression and provide some spectral sequences which we will need later on.

3.6.1 Cech Cohomology

We adopt the notation from [I1a, IIL4]: Let X be a topological space, 4 = (Uj);es
an open covering of X and F a sheaf of abelian groups on X. We assume J to be
well-ordered. As usual, we use the short-hand notation

Ur:=Uiy.in = ﬂ Ui, for I={io,... im}.
k=0

Recall that in this situation we have a Cech functor defined on the category 2Ab(X)
of sheaves of abelian groups on X (cf. [Ha, II1.4, p. 220])

CP(,7) : AB(X) — Ab(X)
Fio EB iFu,,
[I|l=p+1
ICJ

where ¢ stands for the respective inclusions Uy — X, and a differential
d:CP(U; F) — CPH (U, F),

which makes é'(il, F) into a complex. We explain this d below. We also need Cech
groups

CP (L F) = D (X;CP(; F))
and of course Cech cohomology
HP(4; F) := h? C*(U; F).

Clearly, we can consider the Cech functor also for closed coverings; but then Cech
cohomology will not behave particularly well.

We can give the following fancy definition of the Cech complex C*(i; F). The assign-
ment

U Gimpler — Gcehemes
ml— [ Uig-im

10<<tm

(f ] = () = (220 : [T Ut = [T Vi)

18



provides us with a simplicial scheme U°® (cf. page 13), and thus we have a diagram

4 ()
0 (49) —
— (]
| | Ua Ll‘(cs?) | I Uab 611 1) | | Uabc"' .
a «———  a<b U (63)  a<b<c
2

Denote by

£ H Uy — X
[I|=m+1

the natural morphism induced by Uy <— X. Then

1 .
e F = @ W F|Us
[I|=m+1

where ¢ : Uy — X. Composing °* with the contravariant functor

8*6_1f2 H Ur— @ i*.7-'|UI

[I|=m+1 [I|l=m+1
yields a diagram
dy
% a
~ — ; d ;
it —o DiFu, A D i,
a — a<b d} a<b<c
—_—

with maps
di" = (exe T F o U®) (677).

Summing up these maps with alternating signs

m

gives us the Cech complex C*(4; F).

We have the following lemma.

Lemma 3.6.1 ([Ha, II1.4.2, p. 220]). Let X be a topological space, F a sheaf
of abelian groups on X, and 3 = (Uj)jes an open covering of X. Then the Cech
complex C*(U; F), as defined above, is a resolution for F, i.e. the sequence

50 dO 51 dl
0—-F—-CWF) —CEF) — -
1s exact. In particular, we have a natural isomorphism

H*(X;F) = H*(X;C*(U; F)).
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3.6.2 A Spectral Sequence for Hypercohomology of an Open Covering

We generalize the well-known spectral sequence of an open covering il of a space X

(where HY(F) is the presheaf V — HY(V; Fy/))
0" (4 H9(F)) = H*(X; F)

to the case of a complex F* of abelian sheaves and its hypercohomology.
Let X be a topological space, 4 = (Uj);jes an open covering of X and F* a complex
of sheaves of abelian groups on X, which is bounded below. We define a presheaf

HP(F®) : V= HP(V;Fy,) for VO X open
as a “sheafified” version of hypercohomology.
Proposition 3.6.2. In the situation above, the following spectral sequence converges
ERT = HP (W HY(F?)) = EL = H"(X; F°).
Proof. We choose a quasi-isomorphism F* — T* with Z° being a complex of flabby

sheaves. Note that the double complex C*Z® := C*® (U; Z°) consists of flabby sheaves,
as well.

Now we consider the two spectral sequences of a double complex (cf. [GM, Ch. 1,
3.5, p. 20]) for the double complex C*Z® := C*(; Z°) = I'(X;C*Z*)
h?hi C*Z* = h"tot C*Z* and (10)
hf by C*Z® = h™ tot C*Z°. (11)

The first spectral sequence (10). Since C*ZP is a flabby resolution of ZP (by
Lemma 3.6.1), we have

C ; T(X;Z?) ifq=0,
WS C*TP — WD(X; C°TP) = HY(X; TP) — (X;IP)  ifgq
0 else.
Therefore
~ hpF X.I. 'f — O
h?h?ICT:{ (X5Z%) ifg=0,
else
o else.
Thus the first spectral sequence degenerates and we obtain a natural isomorphism

H*(X; F*) = h® tot C*Z°.

The second spectral sequence (11). From

¢l =T(X; @ iIy,)
[1|=p+1

= P rixazy)

[I|=p+1

= @ F(UI;I“ZUI),

H|=p+1
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we see

niCrze = P nr(UnIy,)
[1|=p+1

= D wi(unry,)

|=p+1

= @ rUsHF)w,)

[I|l=p+1

= @ r(&XiHF)w,)
[I|=p+1
=T(X; @ H(F),)
[I|=p+1
=T (X;CP (W HI(F?)))
CP(U; HY(F?)).

This gives
b, b CMT* = 17 G (46 7 (7)) = Y (817 (F°)
and concludes the proof. ]

3.6.3 A Spectral Sequence for Algebraic deRham Cohomology of a Smooth
Variety

We are especially interested in Proposition 3.6.2 for F* = Q5 Ik

Corollary 3.6.3. Let X be a smooth variety over a field k and 3 an open covering
of X. Then we have a convergent spectral sequence for algebraic de Rham cohomology
of smooth varieties (as defined in Definition 3.2.3)

EP =1 P Hiz(Ui/k) = BL = Hig(X/k).
[]=+1

Proof. Let us compute the initial terms of the spectral sequence
H(U; HY(F®)) = HY(X; F*)

of Proposition 3.6.2 for F* = QB{/k

HY (8 H7(Q% 1)) = DT (X5 C* (8 HI(25 1))

:hpF(X; o, i*Hq(QB(/k)\Uz>

[1]= o1

=1 P TR 0)
[1]=o+1

v D USRI 0)
1= o+1

=hP @ HY (U1 Q% /i jv;)
T|=e+1
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=h” @ (UIvQU /k)

[]=e+1
=h P HIL(U/k).
|[I|=e+1

For the limit term we get immediately

H® (X5 Q% /x) = Har (X/F)
and the corollary is proved. O
3.6.4 A Spectral Sequence for Algebraic deRham Cohomology of a Divi-

sor with Normal Crossings

For a divisor D with normal crossings, we have a spectral sequence expressing Hi (D/k)
in terms of Hig (Dig ..i,. /k)-
Recall that (cf. page 14)

Q) = tot Q30 = tot D .05, 4.
1]

Since we are interested in hypercohomology, we replace the 2§ by their Godement
resolutions (cf. page 8), where we shall use the following abbreviations

Dk’
° gD./k g
= @m 119

2 B 140, i

’L* D /k

(we have equality at (%) since i, is exact for closed immersions 1)

and
o QD/k = g'
- gt.otQD./k
= tot QD./k

Furthermore, we write

Gp

Dy/k "= F(Dﬂgf)f/k) ngz/k = F(D;gp’?/k) and GD/k (D;g’b/k)

for the groups of global sections of these sheaves.

We consider the second spectral sequence for the double complex G2 Dok

by hi G = b tot G .

For the limit terms, we obtain

h™ tot G.D:/k - h”GD/k = h"T'(D; g.D/k:) H"(D:; QD/k) dr(D/k).
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Let us compute the initial terms

hiGyL , = hT(D; @ i.Gh, )

[I|=p+1
=0 P T(D;iGh, )
|1|=p+1

= @ DG, )
[I|=p+1

= @ WwrnGh, )
[1|=p+1

- @ Hq(Dl;Q.DI/k)
[1|=p+1

= P HiL(Di/k).
[I|=p+1

Thus we have proved the following proposition.

Proposition 3.6.4. Let X be a smooth variety over a field k and D a divisor with
normal crossings on X. Then we have a convergent spectral sequence for algebraic de
Rham cohomology of a divisor (as defined in Definition 3.2.4)

Ep :=w P Hiy(Di/k) = EL :=Hi(D/k).
[I]=o+1
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4 Comparison Isomorphisms

If we consider a smooth variety X defined over C and a divisor D with normal
crossings on X, then their algebraic deRham cohomology as defined in Subsection
3.2 turns out to be naturally isomorphic to the singular cohomology of the associated
complex analytic spaces X" and D?".

Our proof proceeds in three steps: (1) First we mimic the definition of algebraic
deRham cohomology in the complex analytic setting using holomorphic differential
forms instead of algebraic ones, thus defining analytic deRham cohomology groups

Hip (X*;C), H3r(D*™;C) and Hz(X™, D*";C).

These are then shown to be isomorphic to their algebraic counterparts using an ap-
plication of Serre’s “GAGA-type” results by Grothendieck.

(2) In the second step, analytic deRham cohomology is proved to coincide with com-
plex cohomology, (3) which in turn is isomorphic to singular cohomology, as we show
in the third step. (In the smooth case this has already been shown in Proposition
3.1.2)

4.1 Situation

Throughout this section, X will be a smooth variety over C and D a divisor with
normal crossings on X. As usual, we denote the complex analytic spaces associated
to X and D by X?" and D?", respectively (cf. Definition 2.1.3).

4.2 Analytic deRham Cohomology

If we replace in Subsection 3.2 every occurrence of the complex of algebraic differential
forms €23, /¢ on a complex variety Y by the complex of holomorphic differential forms
5.0 on the associated complex analytic space Y*", we obtain complexes

Q;(an 5 QB:mo 3 Q.Dan and Q;(an7Dan
and thus are able to define:

Definition 4.2.1 (Analytic deRham cohomology). For X®" and D*" as in Sub-
section 4.1, we define analytic deRham cohomology by

H (X2 C) 1= HO (X Qan), (+)
H(‘lR(DaH7 (C) H.(Dan an) (J/nd
:[—Izu:{()(an7 Dan; C) = H. (Xan; QXan’Dan)-
Here (x) is the definition of analytic de Rham cohomology for complex manifolds al-

ready considered on page 11, which we listed again for completeness.

Note that (Q;,/C)an = Q% .n, hence

( ;(/(C an QXan,
(3

Jan

)an - QDan07
(QD/(C)an — QDan aIld

)

(12)
(% p/c)an = = O ,Dan-
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Remark 4.2.2. We could easily generalize Definition 4.2.1 to arbitrary complex ma-
nifolds (and normal-crossings-divisors on them) not necessarily associated to some-
thing algebraic, but we will not need this.

4.3 The Long Exact Sequence in Analytic deRham Cohomology

The results of Subsection 3.4 carry over one-to-one to the complex analytic case.

Proposition 4.3.1. We have naturally o long exact sequence in analytic de Rham
cohomology (as defined in Definition 4.2.1)

-+ = Hg (D™C) —
HAR (X, D*; C) — HER (X™;C) — HiR (D™;C) —
HEE (X, D™ C) — -
where X and D?" are as in Subsection /.1.

Moreover, by Equation (8) on page 9 and Equation (12), we have a natural morphism
from the long exact sequence in algebraic deRham cohomology to the one in analytic
deRham cohomology

= Hg(X,D/C) —— HER(X/C) —— Hgp(D/C) — -
| | ! 03)
s = Hgg (X%, D™ C) —— Hgp (X*;C) —— Hgp(D™;C)— -+

We want to show that all the vertical maps are isomorphisms.

4.4 Some Spectral Sequences for Analytic deRham Cohomology

The proof of Proposition 3.6.3 applies in the analytic case as well and we obtain

Proposition 4.4.1. We have a convergent spectral sequence for analytic de Rham
cohomology (as defined in Definition 4.2.1)

Byt =1 () Hi(UP"C) = B = Hjp(X¥;C),
[1]=e+1

where X?" is associated to a smooth variety X over C and U = (Uj)jeJ s an open
covering of X.

Furthermore, the natural map of hypercohomology groups (cf. (8) and (12))
H*(U; Q7 c) — H (U™ Qpan)  for U € X open,
provides us with a natural map of spectral sequences
HY (4, HI(Q% c)) = H'(X; Q%)

! !
HY (487 HI(Q%an)) = H (X2 Q%an),
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which we can rewrite using Corollary 3.6.3 and Proposition 4.4.1

W P HiR(Ur/C) = Hig(X/C)

1= o+1
| | (1)

W P HIR(UMC) = Hip(X™;C).
|T]=o+1

Likewise, we can transfer Proposition 3.6.4 to the analytic case.
Proposition 4.4.2. We have a convergent spectral sequence
BT =1 @ Hig(Df':C) = EL := Hip(D™C),
[]=e+1

where D" is associated to a normal-crossings-divisor D on a smooth variety X defined
over C as in Subsection /.1.

Again, we have a natural map of spectral sequences. We write (cf. page 22)

Pd . (P4
Dane - D./C an
and

Gllne =T (D™ GRL.).

Now the natural map of zeroth homology (cf. Equation (3) for i = 0)
GD’-/(C - Gban.
gives us a natural map of spectral sequences
p q L) e, 0
hy by GD./(C = h" tot GD./(c
! !

P1.q LX) [X)
hI hH GDan- = hn tot GDanc-

With propositions 3.6.4 and 4.4.2, this map takes the form

w P Hip(Dr/C) = Hiz(D/C)

[I|=o+1
| | (15)

W P Hi (D C) = Hip(D™;C).
[I]=o+1

4.5 Comparison of Algebraic and Analytic deRham Cohomology

The proof of Hig (X/C) = Hig (X*; C), ie. HY(X;0% ¢) = H*(X™; Q%) is casy

in the projective case, because of (12) and Corollary 2.2.4.
The affine case is contained in a theorem of Grothendieck.

Theorem 4.5.1 (Grothendieck, | , Thm. 1, p. 95]). Let X be a smooth
affine variety over C. Then the natural map between algebraic and analytic de Rham
cohomology (as defined in definitions 3.2.3 and /.2.1)

Hig(X/C) — Hip(X™;C)

is an isomorphism.
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We give only some comments on the proof. Let j : X < X be the projective closure
of X and let Z := X \ X. Furthermore, we set

0% (x )—th

X/C and

%/c(n?)

D (+2°0) = h_r)nQYan (nZ™),

where F(nZ') denotes the sheaf F twisted by the n-fold of the divisor Z’. In his
paper [Gro], Grothendieck considers the following chain of isomorphisms:

Hig (X/C) =H*(X; Q% c)
TZ 0% ¢ are T(X; ?)-acyclic [I1s, Thm. IIL3.5, p. 215]
h*T(X; Q% c)
|
h*I'(X57.Q% c)
|

"T(X: 0% o (+2))

1 [Ha, Prop. II1.2.9, p. 209]

lim bT(X; 0% (n2)

. Thm. 2.2.3 (GAGA)
lim h*T (X Q%an (nZ%))

n

n

! [AH, Lemma 6]
heT (X Q% (xZ2°7))
! main step
h.F(yan; j* QB{an )

|
h*T (X Q%an)

ll Ofan are D(X®; ?7)-acyclic since X" is Stein
[GR, IV.1.1, Def. 1, p. 103; V.1, Bem., p. 130]

HER (X C) = H* (X Q%an).

In the case that Z has normal crossings, the main step is due to Atiyah and Hodge
[AH, Lemma 17] and is proved by explicit calculations. Grothendieck reduces the
general case to this one by using the resolution of singularities according to Hironaka

[Hi1].

The smooth case. Choose an open affine covering i = (Uj)jeJ of X. Since X is
separated, all the U; are affine. Hence by Theorem 4.5.1 we get an isomorphism on
the initial terms in (14), and therefore also on the limit terms

Hig (X/C) = Hig (X™; C).
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The case of a normal-crossings-divisor. Since D is a divisor with normal cross-
ings, all the D are smooth. Thus we see from the discussion of the smooth case, that
we have an isomorphism on the initial terms in (15), hence also on the limit terms

Hir (D/C) = Hgg (D™; C).

The relative case. By the 5-lemma, this case follows immediately from the two
cases considered above using diagram (13).

We summarize our results so far.

Proposition 4.5.2. For X a smooth variety over C and D a normal-crossings-divisor
on X, we have a natural isomorphism between algebraic de Rham cohomology of X
and D (see definitions 3.2.3, 3.2.4, 3.2.6) and analytic deRham cohomology (see
Definition /.2.1) of the associated complex analytic spaces X*" and D**

T HﬁR(X,D/(C) - HflR(X/(C) - HﬁR(D/C) o

L ik L

= Bp(X, D €) —— Hip(X™€) —— Hip(D™C) -

4.6 Complex Cohomology

Definition 4.6.1 (Complex cohomology). Let X" and D*" be as in Subsection
4.1. In the absolute case, complex cohomology is simply sheaf cohomology of the
constant sheaf with fibre C

H*(X*;C) := H*(X*;Cxan) and H*(D*;C) :=H*(D*;Cpan).
We define a relative version by
H*(X*, D*"; C) == H*(X™; jiCyan),
where U := X\ D and j: U — X.

Remark 4.6.2. Taking Q instead of C in the above definition would give us rational
cohomology groups H®*(X?*; Q), H*(D**; Q) and H*(X?", D*"; Q).

The short exact sequence

with j : U — X" and ¢ : D* — X?" yields a long exact sequence in complex
cohomology

- — HP7Y(D™; C) —
HP (X, D™ C) — HP(X®;C) — HP(D™;C) —
HPFY(X® D™ C) — - .

The mapping cone M¢ (cf. the appendix) of the natural restriction map Cxan —
1xCpan gives us another short exact sequence

0— i*CDarl[—l] — M(C — (CXan [0] — 0. (17)

28



Consider the map
Y= (0, Ck) : j!(CUan [0] — M(C = i*(CDan[—l] &b (CXan [0],

where « : jiCyan[0] — Cxan[0] was defined in (16) and 0 : jiCyan — i, Cpan[—1]
denotes the zero map. In order to show that « is a morphism of complexes, we only
have to check the compatibility of the differentials, but this follows from the fact that
(16) is a complex. The exactness of the sequence in (16) translates into v being a
quasi-isomorphism. This gives us the following diagram

H~Y(p*»,Cc) —HP(X*™,D™;C)— HP(X*™C) — HP(D*;C)

| | | |
HP (X ,Cpan[—1])— HP(X*; M) —HP(X™;Coyan [0]) —HPH (X ,C pan[—1]).

Unfortunately, this diagram does not commute (there is a sign mismatch), so we
consider the natural transformation

el =(-1)Pid for peZ
and write down a new diagram

HP-}(D™;C)  —HP(X™ D™;C)— HP(X*™;C) —  HP(D™:;C)
er=1 |1 eP | ER eP |
HP (X2 3,Cpan[1])— HP(X?; M) —HP(X?; Cxan[0])—HPHL (X2 §,C pan [—1]) .

This diagram commutes as we see by replacing the sheaves involved in (16) by injective
resolutions A®, B® and C*® and applying Lemma 4.6.3 below to the complexes A®, B®
and C*® of their global sections.

Lemma 4.6.3. Let 5

0— A* -5 B* 5 C°—0
be a short exact sequence of complexes of abelian groups and
0— C°[-1] - M* S B*—0
the mapping cone of 3 : B®* — C*®. Then we have a quasi-isomorphism

v:=(0,a) : A* = M*=C*[-1] & B®

and a commutative diagram

peoloe 2, peae 9, pepe P, pece
5%%2 apowll O aplz splz

-l —“ ., n’M* —*, hPB® 5_/> hPCe .

Proof. The assertion about the quasi-isomorphism ~ : A®* — M® follows from the
exactness of 0 — A®* — B®* — C*® — 0. The middle square commutes because of
moy = a. So we are left to show the commutativity of the squares [1] and [2].
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Ad [2].) From the diagram

cr L, Mpt!

T du
Mp I, BpP

and the definition of the connecting morphism ¢’ we see for b € B?

o'[b] = [B(b)] = B0,

hence

(6" 0 P)[b] = (€” o B,) (D).
Ad [1].) Pick an element ¢ € CP~! and choose a preimage b € BP~1. With

AP &, PBp

T ds

we get
§[c] = [a~ " o dgb] € hPA®.

Applying v, gives
(v« 08)[c] = (0,a)[a ! o db] = [0, dgb] € h?M* = h?(C*[~1] & B®)
or after subtracting the coboundary dy(0,b) = (3(b), dgb) = (¢, dpb)

(7 0 0)[e] = [=¢, 0] = —ud],

hence
(e 05 00)[c] = (tx 027 1)[(].

O]

4.7 Comparison of Analytic deRham Cohomology and Complex Co-
homology

We apply the Cech functor (cf. Subsection 3.6.1) for the closed covering ® :=
(D)7, to the constant sheaf Cpan, and thus get C¢(D;C) := C4(D;Cpan). Now
the natural inclusions (CD;m — Q%?n sum up to a natural morphism of sheaves on
Dan

CY(D;C)= P i.Cpm
[I|=q+1
! (18)
B = @ iy,
[T|=g+1

where ¢ : D7 < D*". Since the complexes {27)an are resolutions of the sheaves Cpan
I

and 4, and @ are exact functors, this shows that Q%Z., is a resolution of C1(D;C).
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If we consider C*(®;C)[0] as a double complex (cf. the appendix) concentrated in
the zeroth row, we can rewrite (18) as

C*(D;C)[0] = QFone
or, after taking the total complex, as
C*(D;C) — Q.

This morphism is a quasi-isomorphism by Lemma 2.2.5 (and Remark 2.2.6) and fits
into the following commutative diagram

(CXan [O] — i*CDaxl [0]

| la
Cxan[0] — i,C*(D;C)
1 1

Yoo = Q-
The map « is a quasi-isomorphism as a consequence of the following proposition.
Proposition 4.7.1. We have an exact sequence
0 — Cpan — C(D;C) — CH{D;C) — ---.

Proof (cf. [Ha, Lemma III.4.2, p. 220]). This can be checked on the stalks and is
therefore a purely combinatorial problem. Let x € D?" and assume w.l.o.g. that

the irreducible components Di", ..., D" but no other component of D*" are passing
through z. For the stalks at x, we write

P . OP(%)- — N

C=C®C.= O Com., .

1<ip<-<ip<s

Observe that exactness at the zeroth and first step is obvious. Using the “coordinate
functions” for a set of indices jo,. .., Jp

r= g c - C
D?Slmqu,z D?g. j

wipra
1<ip<-+<ip<s
D ayy ... ip 77 Qg
we define a homotopy operator
kP CP — CPl
such that for any o € CP the “coordinates” of its image kP(c) satisfy
0 if o =1
kP (a)jo gy =
ale"‘jp—l else.
Now an elementary calculation shows that for p > 1
AP o kP + kP o dP = idg,.

Hence k is a homotopy between the identity map and the zero map on C®, and we
conclude that
h?»C* =0 for p>1.
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Thus we have a commutative diagram
Cxan[0] —— .Cpan]0]
| |

where the vertical maps are quasi-isomorphisms. As a consequence, we also have a
quasi-isomorphism between the respective mapping cones

0 — uCpan[-1]] —— Mg —— Cxm[0)] —— 0
I I I 19)
0 —— &[] —— Qyunpn —— Wyan — 0.
Taking hypercohomology proves the following proposition.

Proposition 4.7.2. We have a natural isomorphism between the long exact sequence
in analytic de Rham cohomology (cf. Definition 4.2.1) and the sequence in complex
cohomology (cf. Definition /.6.1)

= HH(X C) —— HEL'(D™;C) —— HAL (X2, D*C) — -
[ [ [
. —>Hp_1(Xan;(C) _ Hp_l(Dan;(C) —— HP(X*, D*:C) — -,
where X* and D* are as usual (see Subsection 4.1).
4.8 Singular Cohomology
We extend the definition of singular cohomology given on page 11

Sing (X C) = h*T (X CSe (X C))  and

sing sing
Sng(D™ C) 1= h°T (D™ C g (D™ C))

by a relative version.

Definition 4.8.1 (Relative singular cohomology). As usual, let X*" and D*" be
as in Subsection /.1. We set
sing (X, D™ C) := ker(Clipg (X™; C) — :Cpg (D™ C))
and define
° (Xan, Dan; (C) = h.F(XaIl; C. (Xan’ Dan; C))'

sing sing

Remark 4.8.2. Similarly, one defines singular cohomology Hg,, (X*", D" k) with
coefficients in a field & different from C. We will need Hg;,,,(X**, D*"; Q) occasionly.
Since ? ®q C is an exact functor, we have

o (Xan7 Dal’l; Q) ®@ (C — H. (Xan’ Dan; (C).

sing sing
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The sheaf C*

sing

(X2 D C) is T'(X®"; ?)-acyclic because of the surjectivity of
tine (XM C) — C3e (D™ C) = (X 4,Cop, (D™ C)).

sing sing sing

Thus the short exact sequence

O — C. (Xan,Dan;C) N C. (Xan,C) N Z*C. (Dan’(c) N O

sing sing sing
gives rise to a long exact sequence in singular cohomology

- g (D™C) —

sing
Hé)ing(Xan? Dan; <C) - Hé)ing (Xan; (C) - HSing(Dan; (C) -
R0, D)

4.9 Comparison of Complex Cohomology and Singular Cohomology

We have a commutative diagram

0 —— j!(CUan [0] — (Cxan [0] Em— i*CDaxx [0] — 0

Je s I

(xan paC) —— C;ing(Xan; C) — i*CS‘ing(Dan; C) —— 0,
(20)

where (8 and v are quasi-isomorphisms, since the singular cochain complex is a resolu-

tion of the constant sheaf (see Proposition 3.1.1) and i, is exact for closed immersions.

Therefore « is also a quasi-isomorphism.

Taking hypercohomology gives a natural isomorphism between the long exact se-

quence in complex cohomology and the sequence in singular cohomology. Thus we

have finally proved the following theorem.

0 —— Cs'ing

4.10 Comparison Theorem

Theorem 4.10.1 (Comparison theorem). Let X be a smooth variety defined over
C and D a divisor on X with normal crossings (cf. Definition 3.2.1). The associated
complex analytic spaces (cf. Subsection 2.1) are denoted by X" and D*", respectively.
Then we have natural isomorphisms between the long exact sequences in

e algebraic de Rham cohomology (cf. definitions 3.2.3, 3.2.4, 3.2.6),
e analytic deRham cohomology (cf. Definition 4.2.1),
e complex cohomology (cf. Definition 4.6.1), and

e singular cohomology (cf. Definition 4.8.1)
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as shown in the commutative diagram below

- — HRp(X,D/C) —— HR(X/C) —— HR(D/C) — -
algebraic deRham cohomology

l l l

s HR (X, D™C) s HAp (X™C) —— i (D™C) — -
analytic deRham cohomology

¢ l ¢

. — HP(X*, D™ C) —— HP(X*C) —— HI(D™C) — ---

complex cohomology

l l l

P
Hsing

(x= D C) —— HE (X*;C) —— HE (D™ C)— ---

sing sing
singular cohomology

Proof. Combine propositions 4.5.2 and 4.7.2 with the result from Subsection 4.9. [

4.11 An Alternative Description of the Comparison Isomorphism

For computational purposes, it will be useful to describe the isomorphism from the

Comparison Theorem 4.10.1
H3p (X", C) =2 HE, . (X C)

sing
more explicitely. We will formulate our result in Proposition 4.11.5 and explain its
significance in Subsection 4.11.5. We start by defining yet another cohomology theory.
4.11.1 Smooth Singular Cohomology

Let M be a complex manifold. We write A;td for the standard p-simplex spanned
by the basis {(0,...,0,1,0,...,0)|i = 1,...,p + 1} of RP*L. A singular p-simplex
(2

o: Af‘fd — M is said to be smooth, if o extends to a smooth map defined on a neigh-
bourhood of the standard p-simplex Als,td in its p-plane. We denote by C3°(M;C) the

C-vector space generated by all smooth p-simplices of M, thus getting a subcomplex
C3°(M;C) of the complex C¢"#(M;C) of all singular simplices on M

CX(M;C) C Csme(M; C).
We can dualize this subcomplex
C%(M;C) := CF(M;C),
and define a complex of sheaves
Co(M;C): V= C3(V;C) for VCM open.
The sheaves C5 (M;Q) are flabby and define smooth singular cohomology of M.

Definition 4.11.1 (Smooth singular cohomology of a manifold). Let M be a
complex manifold. We define smooth singular cohomology groups

HZ (M;C) :=h* C3 (M;C) = H*(M;C5,(M;C)).
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Since smooth singular cohomology coincides with singular cohomology for smooth
manifolds (cf. [Br, p. 291]), we can show that C3 (M; C) is a resolution of the constant
sheaf Cj; exactly as we did for Csfing(M ;C) in Lemma 3.1.1. Thus we have the
following lemma.

Lemma 4.11.2. For M a complex manifold, the following sequence is exact
0 — Cy — C2(M;C) — CL(M;C) — ....

We are now going to extend the definition of smooth singular cohomology to the case
of a divisor and to the relative case. Let X*" and D" be as in Subsection 4.1.

First, recall how Q.. was defined (cf. pages 14 and 24): We composed the simpli-
cial scheme D*® with the functor 7,23.,, then obtained a double complex 0%one by

summing up certain maps and finally denoted the total complex of QBZH. by Qban.
Similarly, we can use the functor i,C3 (7%";C), compose it to the simplicial scheme
D* and denote the resulting double complex by C32°(D**; C). For the corresponding
total complex we write C3,(D*"; C).

We define C3 (X", D**; C) similar to fl}Gm’Dan (cf. pages 14 and 24): The natural
restriction maps

C3(X™C) — i.C5,(Dj™ C)
sum up to a natural map of double complexes
Co (X C)[0] — i.C3° (D™ C), (21)

where we view C3 (X *"; C)[0] as a double complex concentrated in the zeroth column.
Taking the total complex in (21) yields a natural map

Co (X C) — i.Co3 (D™ C),

for whose mapping cone (cf. the appendix) we write C3 (X?", D*"; C).
Thus we are able to formulate:

Definition 4.11.3 (Smooth singular cohomology for the case of a divisor
and for the relative case). We define smooth singular cohomology groups

H: (D*";C) :=h* C(D*";C) = H*(D*";C3.(D*";C)) and
H;O(Xan’ Dan; (C) — h* C;O(Xan7 Dan; C) — Ho(Xan;C;o(Xan’ Dan;(c))’
where X and D™ are as in Subsection /.1.

Remark 4.11.4. Similarly one defines smooth singular cohomology with coefficients
in Q. All statements made below about smooth singular cohomology remain valid for
rational coefficients except those involving holomorphic differentials.

As usual, we have a long exact sequence in smooth singular cohomology

- — HE (X*, D*;,C) — HE_(X*";C) — HE_(D*";C) — ---.
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4.11.2 Comparison with Analytic deRham Cohomology

Our motivation for considering smooth singular cohomology instead of ordinary sin-
gular cohomology comes from the following fact: We can integrate differential-p-forms
over smooth p-simplices v and thus have a natural morphism

O .. — CP (X2 C)
COO (Xan

w /
’}/D—>

As a consequence of Stoke’s theorem

/ w:/dw,
Oy vy

we get a well-defined map of complexes
O%an — C3 (X C).
This map is functorial, hence gives a natural transformation of functors
Dan — C (77, C).
With the definitions of the complexes
Qan, C5 (D™ C)  and  Qan pan, Co (X, D™ C)
(cf. pages 24 and 35), we get a commutative diagram

O —_— i*Q.Dan [_1] — Qs(an,Dan —_— Q.Xan — 0

| | !

0 — iCL (D™ C)[-1] —— CL(X*, D*;,C) —— C3,(X*;C) —— 0.
(22)
Recall the short exact sequence (17) of the mapping cone M¢ from Subsection 4.6.1

O — ’L'*CDan[—]_} — M(C — (CXan [O] — 0

and Diagram (19) relating this short exact sequence with the first line of (22). Com-
bining (19) and (22) gives a big diagram

O _— Dan M(C _— CXan [O] _— 0
0 E— Z*Q.Dan > Q;(an ,Dan — Q‘.X'm O
I L
O N Z*C. Dan (C RN C. Xan Dan (C) RN C. (Xan (C) N O
(23)

with a, §, and v being just the composition of the two vertical maps. We want to
show that «, §, and v are quasi-isomorphisms. We already know that v is a quasi-
isomorphism by Lemma 4.11.2. If « is also a quasi-isomorphism, then it will follow
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from the 5-lemma that 3 is a quasi-isomorphism as well. We split « as a composition
of a quasi-isomorphism (cf. Proposition 4.7.1) and a map «

a1 Cpun[0] = C*(D;C) < €2 (D™;C).

The map « is a map of total complexes induced by the morphism of double complexes

C*(D;0)[0] — (D™ C),

where we consider C*(®;C)[0] as a double complex concentrated in the zeroth row.
By Lemma 4.11.2 the sequence

0 — Cpan — cd (D™, C) — CL (D™ C) — ...
is exact. Hence the sequence
0 — CY(®;C) — C%9(D™;C) — CLI(D™;C) — ...

is also exact, since @ and i, are exact functors. Applying Lemma 2.2.5 shows that
& is a quasi-isomorphism. Thus all vertical maps in diagram (23) are indeed quasi-
isomorphisms. Taking hypercohomology provides us with isomorphisms between long
exact cohomology sequences generalizing the Comparison Theorem 4.10.1

. ——  HP(X™ M¢) —— HP(X™;C) —— HP(D™,C) ——
lz lz lz

. —— HOR(X™, D™ C) —— HAL(X*™C) —— HAL(D™;C) ——
lz lz lz

- —— HP (X* D*:C) —— HE (X*;C) —— HEZ (D*;C) —— ---.
(24)

4.11.3 Comparison with Singular Cohomology

We will compare smooth singular cohomology with ordinary singular cohomology.
First we need morphisms between the defining complexes. We already have a natural
map

Sng (X5 C) — C3,(X*;C)

induced by the duals of the standard inclusions C2°(V;C) C Ci"8(V;C) for V C Xn
open.

Next we discuss the case of a divisor: By restricting singular cochains from D?" to
an irreducible component D" of D", we get a map

Cs.ing(Dan; (C) - i*cs.ing(Dja'n; (C)v
where ¢ : D5 < D*" is the natural inclusion. By summing up the composition maps
sing (D™ C) = 1.CGg (D" C) — i.C3 (DF"; C),

we obtain a morphism of complexes

g (D™ C) — CX(D™; C),

sing
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which gives a morphism of double complexes

Caing (D™ C)[0] — €35 (D™ C),
where we consider Cg,,(D*";C)[0] as a double complex concentrated in the zeroth
column.
Now we turn to the relative case of a pair (X%; D"): Let Mg, denote the mapping
cone of

Cone (X C) — 0,CS

sing sing

(D*;C).
By the functoriality of the mapping cone construction, we get a commutative diagram

0 — .Ce (D™ C)[-1] —— M — . (X*C) — 0

sing sing sing

o] o) |
0 — ,.Co (D™, C)[-1] —— CL(X*, D™ C) —— C3(X*;C) — 0.
It is not hard to show directly that o/, ', 4/ are quasi-isomorphisms. However, we

can use a shorter indirect argument: We have the following commutative diagram (cf.
diagrams (20), (23) and the one above)

0 E— Dan MC _— CXan [0] E— O

0 SN ,L C. Dal’l (C RN C. Xan Dan ) RN C. (Xan C) O
T ﬁ// T ,y//

0 — i c;mg Dan o] M2, s O (X™C) — 0

In Subsection 4.11.2, we have already seen that «, (3, 7 are quasi-isomorphisms.
Furthermore o’ and +" are quasi-isomorphisms (cf. Subsection 4.9), hence so is 3"
(by the 5-lemma). Therefore o', 5, 74/ have to be quasi-isomorphisms as well.
Taking hypercohomology in this diagram gives us

- ——— HP(X? M(C —— HP(X*;C) —— HP(D*;C)

- —— HE Xan D*;C) HE Xf"n HE Dam C)
/8// ,.y;/ //

 —_ Hp Xan M® - HP Xan - Hp Dan C

smg s1ng smg

In order to get rid of the mapping cones Mc and Mg,,,, we apply Lemma 4.6.3 two
each of the two short exact sequences of complexes below (where G3 denotes the
Godement resolution — see page 8)

0 - F(Xan jl(CUan ) - P(Xan7 géxan ) - (Xan g. (CDan ) - 0

l l
0 = DA™ G, xon poniey) = TX™5G2s (xone) = TG e (pone)) = 0
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and obtain a commutative diagram (cf. definitions 4.6.1 and 4.8.1)

(26)

e (0@)™H (D e X) " 5H = (SN e X))l
. (2 we@) ™" = : (0t weX) ™5H < (Do e X) ™ SH ~— -
* N , |
S AQ\MHQ?E b y AQ\M%NVQE b g Auﬁw we X)) dH
- (D we@)aH - - (D weX)aH < (0 wed ‘weX)dH ~— -

Thus we have the following supplement to the Comparison Theorem 4.10.1.
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4.11.4 Supplement to the Comparison Theorem 4.10.1

Proposition 4.11.5. With the notation of Theorem 4.10.1 and definitions 4.11.1,
4.11.3, we have the following commutative diagram, all whose vertical maps are iso-
morphisms

. — HP(X™ D™;.C) —— HP(X*;C) —— HP(D™;C) —> -

! ! !
. — HE (X, D, C) HY (X205 C) HY, (D™ C)
! ! !
- HE (X, D™ C) HE (X C) HE (D™ C)
! ! !
. — HE (X™, D™ C) —— HP (X*C) —— HE (D™ C) — --- .
Proof. Combine diagrams (24), (25) and (26). O

4.11.5 Application of the Supplement to the Comparison Theorem

With Proposition 4.11.5, we can compute the isomorphism from the Comparison
Theorem 4.10.1

analytic ~ complex ~ singular
deRham cohomology cohomology cohomology
alternatively as
analytic ~ smooth singular ~ singular

deRham cohomology cohomology 3 cohomology*

«

Why should this be useful? We show that we can easily find the image of a deRham
cohomology class under the second isomorphism 3~ !oa by computing a few integrals.
First, we define smooth singular homology Hy° as the dual of HS (cf. definitions
4.11.1, 4.11.3), or equivalently:

Definition 4.11.6 (Smooth singular homology). For X®' D*" as usual (see
Subsection /.1), we define smooth singular homology groups

HE(X*;C) :=h* Clr(X*; C)

HF(D™; C) := h* tot @)= e 41 1 CF(DT"; C)

H®(X™, D*; C) := h* mapping cone (tot &= e+1 ixC (DT C) — CF(X*;C)) .
This gives immediately an isomorphism between singular homology and its smooth

version.
Now if [w] is a deRham cohomology class in the image of

heT(X*; Q%an) — Hyp (X C),

represented by a differential form w € I'(X®"; Q%-an ), We can find the image (87 oa)[w]
of [w] in HE . (X?";C) as follows: Let {7y1,...,7} be a basis of H;°(X*";C) and

sing
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{71, ..., } its dual. Then {87'97,..., 8719/} is a basis of HE,,(X*";C) and we
can express (37! o a)[w] in terms of this basis

(Byi, (B oa)lw]) - B0

I
M“

(87" o a)[w]

i=1

(i, alw]) - B~

|
.M“

=1

=; <Aw> B

where (-, -) denotes the homology-cohomology-pairing for singular and smooth sin-
gular (co)homology.

Thus, if [w] € Hiz (X?**;C) is a cohomology class represented by a differential form
w € I'(X*;Q%an), we can find its image (37! o a)[w] in Hg,e (X C) by computing
the integrals f% w for ¢ =1,...,t. For an application, see Example 4.12.1.

= |l

The case of a divisor and the relative case can be dealt with analogously. The only
difference is that a cohomology class [w] in the image of

h*T(D™; Q%an) — Hip (D™ C)

or
BT (X ™ Qan, pan) — HIR (X, D™ C)

is represented by a formal sum @jw; of differential forms wy living on either X"
or one of the various D%". Similarly, a homology class v € H®(D*;C) or v €
Hgo(X?™, D?"; C) is represented by a formal sum @;T'; of smooth simplicial chains I';
living on X" and the D3"’s. In computing the pairing (7, [w]), a summand (77, [wy])
can only give a non-zero contribution if the domains of definition coincide D" = D3".
(Here wy lives on D3 with the convention that wg corresponds to X".)

4.12 A Motivation for the Theory of Periods

Assume we are dealing with a smooth variety Xy defined over Q and a normal-
crossings-divisor Dy on Xy. We denote the base change to C by X and D, respectively.
It seems a natural question to ask whether the isomorphism

H:iR(XUv DO/Q) ®Q C :Hle(X> D/(C)
IR
. (Xan,Dan;Q) ®0 C —H* (Xan7Dan;C)

sing sing
is induced by a natural isomorphism of the form

Higr (X0, Do/Q) — Hgo (X™, D™ Q).
The following example shows that the answer to this question is no and this negative
result may be regarded as the starting point of the theory of periods. (This example
uses absolute (co)homology, but taking Dy := & we can reformulate it for relative
(co)homology.)
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Example 4.12.1. Let
X := SpecQ[t,t7!] = A}@ \ {0}

be the affine line with point 0 deleted.
Then the singular homology group H]"®(X®*;Q) of X®" = C* is generated by the
unit circle o := S'. Hence H;ing(X an: Q) is generated by its dual o*.

For the algebraic deRham cohomology group Hix (Xo/Q) of X we get

Hp (X0/Q) = H' (Xo3 %, /o)

(*) .

= coker(d : Q[t,t71] — Q[t,t!]d¢t)
dt
=Q-

Here we used at (x) that the sheaves Q&O /g are quasi-coherent, hence acyclic for the

global section functor I'(Xp;?) by [Ha, Thm. II1.3.5, p. 215], since Xy is affine.
Under the isomorphism H}g (X/C) H;ing(X ;C) the generator % is mapped to
27t o* because of fa % = 27w . But 274 is not a rational number, hence the isomor-
phism

Hiir (X/C)—Hie (X C)

sing

is not induced by a map
H(liR(XO/Q)_)H;ing(X; Q)

The complex number 27 is our first example of a period.
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5 Definitions of Periods

A period is to be thought of as an integral that occurs in a geometric context. In
their papers [IX] and [[X”Z], Kontsevich and Zagier list various ways of how to define a
period.

It is stated in their papers without reference, that all these variants give the same
definition. We give a partial proof of this statement in the Period Theorem 7.1.1.

5.1 First Definition of a Period: Pairing Periods

Let Xg be a smooth variety defined over Q and Dy a divisor with normal crossings

on Xy. We denote by X®" and D*" the complex analytic spaces (cf. Subsection 2.1)
associated to the base change to C of Xy and Dy.

From the discussion of deRham cohomology in the previous sections (especially Pro-
position 3.5.1 and Theorem 4.10.1), we see that inside the C-vector space Hj, (X", D**; C)
there sits a Q-lattice Hi (Xo, Do/Q) of full rank. Since

(4.10.1)
HaR(Xan’ Dan; C) g H. (Xan, Dal’l; C) — H. (Xan’ Dal’l; Q) ®Q C’

sing sing
the classical perfect pairing
() s HY"8 (X, D™ Q) x Hpo (X, D™ Q) — Q
gives us a new non-degenerated pairing
() s HI™S(X™, D™ Q) x Hig(Xo, Do/Q) — C, (27)
which is natural in (Xg, D).

Definition 5.1.1 (Pairing period, short: p-period). The complex numbers
<’)/7CUQ> S (C fOT’ wo € Hle(XO) DD/@)7 Y S Hiing(Xana Dan; Q)v

which appear in the image of the natural pairing (27), are called p-periods. The set
of all p-periods for all pairs (Xo, Do) will be denoted by Py,.
We call a p-period {y,wp) special or a p’-period, if wq is contained in the image of

h.F(XO, Q;(O,DO/Q) - Hle(X(b DO/Q)

and write ]P’Z’, for the set of all special pairing periods for all Xo, Dg,wg, Y-
Running through bases

{wi,...,wi} of HiR(Xo, Do/Q) and {y1,...,1} of H"8(X?, D Q)
yields the so-called period matrix P := ((fyi,wj))zjzl of (Xo, Dy).

Remark 5.1.2. As a consequence of the Comparison Theorem 4.10.1, the period
matrix must be a square matrix (cf. [, p. 63]). In loc. cit. also a statement about
its determinant is made, being a square root of a rational number times a power of
27

determinant = ++/a - (2mi)" for a € Q*, n € Np.

An indication of a proof is not given there.
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5.2 Second Definition of a Period: Abstract Periods

There exists another definition of a period, which also emphasizes their geometric
origin but does not involve algebraic deRham cohomology.
For this definition the following data is needed,

e X a smooth algebraic variety defined over QQ of dimension d,
e Dy a divisor on Xy with normal crossings,

e wy € I'(Xop; QSI(O /Q) an algebraic differential form of top degree,

e Y€ Hzing(X an_ pan: () a homology class of singular chains on the complex
manifold X" with boundary on the divisor D?*".

As usual, we denote by X" and D*" the complex analytic spaces (cf. Subsection 2.1)
associated to the base change to C of Xy and Dy. Thus, we are dealing with objects
Xan DA and v of real dimension 2d, 2d — 2 and d, respectively.

The differential form wy on X gives rise to a differential form

w = T Wy

on the base change X = X xg C, where 7 : X — X is the natural projection. Now
wq is closed for dimension reasons, hence w is closed as well.

We choose a representative I' € a1 of the preimage o'y of v under the isomor-
phism (cf. Proposition 4.11.5)

o HZO(Xan,Dan;Q) -~ Hfling(Xan7Dan;Q)

/w::/ w,
0 Ly

where the chain Iy consists of the d-simplices of I' (that is we ignore those d — ¢ — 1-
simplices of I" that live on one of the D3" for |I| = ¢+ 1, ¢ > 0 — see page 12 for the
definition of Dy).

and define

Observe that this integral [ w is well-defined. The restriction of w to some irreducible
component D?" of D*" is a holomorphic d-form on a complex manifold of dimension
d — 1, hence zero. Therefore the integral [, w evaluates to zero for smooth singular

simplices A that are supported on D?*". Now if IV, I are two representatives for
a1, we have

Iy —TG ~0(Tas1)

modulo simplices living on some D7" for a smooth singular chain I" of dimension d+1
I' e CF (X, D™ Q).

Using Stoke’s theorem we get

/w—/ w:/ w:/ dw =0,
i " O(Tqy1) Tay1

since w is closed. O
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Definition 5.2.1 (Abstract period, short: a-period). We will call the complex
number f,yw the a-period of the quadruple (Xo, Do, wo,7) and denote the set of all
a-periods for all (Xo, Do, wo,7y) by Pg.

Remark 5.2.2. This definition was motivated by Kontsevich’s discussion of effective
periods [I<, def. 20, p. 62], which we will partly quote in subsection 7.3. Modulo
Conjecture 7.3.4, abstract and effective periods are essentially the same.

We can ask whether a different definition of the tuples (Xo, Do,wp, ) yields more
period values. A partial answer is given by the following remarks.

Remark 5.2.3. (cf. [K, p. 62]) For example, we could have considered algebraic
varieties defined over Q. However, doing so does not give us more period values.

Proof.

e Any variety X, defined over Q is already defined over a finite extension
Q' of Q, i.e. there exists a variety X{, such that

XO = X(l) XQ! @
Via
X{ — SpecQ’ — SpecQ
we may consider X|) as a variety defined over Q.

e An analogous argument applies to a normal-crossings-divisor Dy on Xj.
By possibly replacing Q' by a finite extension field, we can therefore
assume w.l.o.g. that Dg is the base extension of a normal-crossings-divisor

D} on X||
DO = Dé XQ @
e Also any differential d-form wy € I'(Xo; Qio /@) can be considered as a

differential form w(, on X|) by eventually replacing Q' by a finite extension.

Finally, we discuss singular homology classes.

e First observe that

| Spec C ®g Q'] = Home(C ®g Q, C)
= Homg(Q', C)

is a finite discrete set of points. Thus X' is a finite union of disjoint copies
of X

X' = X(/) XQ C
:X(l) XQ/Q/ XQCXCC
= (X x@' C) x¢ (Q' xg C))
= X x Homg(Q’,C)

= I x

c:Q'—C
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Similarly, D’ = [, D. Therefore we have
Hzing(X/an7 D/an; Q) — @ Hfling(Xan’ Dan; Q)
If~ € Hjling(X an’ pan. Q) is some singular homology class, we can pick
any o’ : Q" — C and find
7 = {0’} x v € Hi™(X'™, D™ Q) = @, H"™(X™, D™ Q).

Now

which finishes the proof. O

Remark 5.2.4. (cf. [K, p. 62]) The requirement of X to be smooth was also made
only for convenience and is not a real restriction.

We postpone the proof of Remark 5.2.4 until the Period Theorem 7.1.1 is proved.

5.3 Third Definition of a Period: Nalve Periods

For the last definition of a period, we need the notion of semi-algebraic sets.
Let K be any field contained in R.

Definition 5.3.1 (K-semi-algebraic sets, [Hi2, Def. 1.1, p. 166]). A subset of
R"™ is said to be K-semi-algebraic, if it is of the form

{z e R"|f(z) = 0}

for some polynomial f € Klxi,...,x,] or can be obtained from sets of this form
in a finite number of steps, where each step consists of one of the following basic
operations:

(i) complementary set,
(ii) finite intersection,
(iii) finite union.

Denote the integral closure of Q in R by @ Note that @ is a field. Now we can
define

Definition 5.3.2 (Naive periods, short: n-periods). Let

e G C R" be an oriented compact @-semz’-algebmic set which is equidimen-
stonal of dimension d, and

e wo a rational differential d-form on R™ having coefficients in Q, which
does not have poles on G.

Then we call the complex number fG wo a n-period and denote the set of all n-periods
for all G and wy by P,.

This set P, enjoys additional structure.
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Proposition 5.3.3. The set P, is a Q-algebra.

Proof. Additive structure: Let fGl w1 and ng wo € P, be periods with domains of
integration G1 € R™ and G5 C R™2. Using the inclusions

i1 R™M 2 R™ x {1/2} x {0} CR™ xR x R™ and

ig : R™ = {0} x {-1/2} x R™ C R™ x R x R"2,
we can write i1 (G1)Uiz(G2) for the disjoint union of G and Gy. With the projections
pj : R" xR xR"™ — R™ for j = 1,2, we can lift wj on R™ to pjw; on R™ xR x R"2.

For q1,q2 € Q we get
ql/ w1—|—qz/ w2:/ q1-(1/2+1t)-piwr +q2- (1/2 —t) - pywa € Py,
G1 Go 11(G1)Ui2(G2)

where ¢ is the coordinate of the “middle” factor R of R™ x R x R™2. This shows that
P,, is a Q-vector space.
Multiplicative structure: In order to show that P, is closed under multiplication, we

write
pi: R™M xR"™ — R™, {=1,2

for the natural projections and obtain

</ m)-(/ W2>=/ piw1 A pswa € Py,
G1 G2 G1xG2

by the Fubini formula. O
Remark 5.3.4. The Definition 5.3.2 was inspired by the one given in [IKX7, p. 772]

Definition. A [naive] period is a complex number whose real and
imaginary part are values of absolutely convergent integrals of ratio-
nal functions with rational coefficients, over domains in R™ given
by polynomial inequalities with rational coefficients.

We will not work with this definition and use the modified version 5.3.2 instead, since
this gives us more flexibility in proofs.

From the statements made in [I[XZ, p. 773] it would follow that both definitions of a
naive period agree.

Examples of naive periods are

2
dt
° — =1In2,
1

L |
./th—'ﬂ'and
o 241
/dt /2 di lliptic int 1
. = = ——— = elliptic integrals,
G S 1 VB +1 P &
for G :={(t,s) eR?|1<t<2,0<s,s2=t3+1}.

As a problematic example, we consider the following identity.
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Proposition 5.3.5 (cf. [, p. 62]). We have

dt1 A dtsy
— = ((2). 28
/0<t1<t2<1(1_t1)t2 ¢2) (28)

Proof. This equality follows by a simple power series manipulation: For 0 < to < 1,

we have -
2 gy o
= —log(l—t) => 2.
/0 1-— tl Og( 2) n

n=1

—1

Let € > 0. The power series > th
we get,

converges uniformly for 0 < t3 < 1 —¢ and

dty dto == & t” ! = (1—¢e)"

<t1<ta<1—¢ 1_t1 t2 n—1

Applying Abel’s Theorem [I'1, vol. 2, XII, 438, 6°, p. 411] at (x), using » 7, n1—3 < 00

gives us
dty dty . > (1 — 8)” () =1
———— = lim — = — =((2
/(;<tl<t2<1(]_—t1)t2 8_)07; n2 an C( )

n=1

O

Equation (28) is not a valid representation of ((2) as an integral for a naive period in

our sense, because the pole locus {t; = 1} U {ta = 0} of (1151—2\132152 is not disjoint with
the domain of integration {0 < t; < to < 1}. But (28) gives a valid period integral
according to the original definition of [[X7, p. 772] — see Remark 5.3.4. We will show

in Example 8.4 how to circumvent this difficulty.

We will prove in the Period Theorem 7.1.1, that special pairing, abstract and naive
periods are essentially the same, i.e.

P! =P, =P,,

but have to make a digression on the triangulation of varieties first.
Note that in Subsection 7.3 we will give a fourth definition of a period.
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6 Triangulation of Algebraic Varieties

If X is a variety defined over Q we may ask whether any singular homology class
v € H"8(X2": Q) can be represented by an object described by polynomials. This is
indeed the case: For a precise statement we need several definitions. The result will
be formulated in Proposition 6.2.2.

6.1 Semi-algebraic Sets

We already defined @—semi—algebraic sets in Definition 5.3.1.

Definition 6.1.1 (@—semi—algebraic map [Hi2, p. 168]). A continuous map f
between Q-semi-algebraic sets A C R™ and B C R™ is said to be Q-semi-algebraic if
its graph

I'y:={(a,f(a))|ac A} CAx BCR""™

18 @—semi—algebmic.
Example 6.1.2. Any polynomial map

f:A— B

(ala"'aan) = (fl(ala"'aan)a"'afm(alv"'7an))

between @—semi;algebraic sets A C R” and B C R™ with f; € @[xl,...,a;n] for
i =1,...,m is Q-semi-algebraic, since it is continuous and its graph I'y C R"""™ is
cut out from A x B by the polynomials

yi — fix1,. .. xn) e@[wl,...,mn,yl,...,ym] for i=1,...,m. (29)

We can even allow f to be a rational map with rational component functions

fie@(ml,...,xn)7 1=1,....,m

as long as none of the denominators of the f; vanish at a point of A. The argu-
ment remains the same except that the expression (29) has to be multiplied by the
denominator of f;.

Fact 6.1.3 (] , Prop. II, p. 167], [Sb, Thm. 3, p. 370]). By a result of
Seidenberg-Tarski, the image (respectively preimage) of a Q-semi-algebraic set under
a Q-semi-algebraic map is again Q-semi-algebraic.

As the name suggests any algebraic set should be in particular @—semi—algebraic.

Lemma 6.1.4. Let Xy be an algebraic variety defined over @ Then we can regard
the complex analytic space X" (cf. Subsection 2.1) associated to the base change
X=X X3 C as a bounded Q-semi-algebraic subset

X CRY (30)

for some N. Moreover, if fo: Xo — Yy is a morphism of varieties defined over Q,
we can consider fan 1 X" — Y?" as a Q-semi-algebraic map.
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Proof. First step Xg = QP": Consider

e CP}' with homogenous coordinates zy, ..., xn, which we split as z,, =
Qm + 1by, with ay,, by, € R in real and imaginary part, and

e RN, N =2(n+1)?, with coordinates {y, 2k } i 1=0,...m-

We define a map

¢p: CPI — RY
[-’EO:n-:mn] (yOO»ZOOV'wy’anyznn)
[xo ) - ] . ( Rex,7; Im x,7; )
Sl Tp e , -
Z:ano |Zm |2 Z:wb:o |Zm |2
Ykl 2kl
. . aia; + bb; bra; — aiby )
ag+ibg:...ian+iby)— (..., , e

oo il = SRS S

Ykl 2Kl

indeterminate) — 0) as

Rewriting the last line (with the convention 0 - cos(™ 4]

[roei® + . rei®n] < e cos(pr — ¢1) Tirysin(oy — ¢l)’”'> (31)

Yom=0Tm | Zm—0Tm
shows that 1 is injective: Assume
¢([T0€i¢0 et Tn€i¢n]): (yOO’ 2005« + - s Ynn, Znn)

where ri # 0, or equivalently yir # 0, for a fixed k. We find

2 2
re YT P

=+ and

Tk Ykk
arctan(zp /yr) if yu # 0,
/2 if ypr = 0, 21y > 0,

bk — b1 =< . . .
indeterminate  if yp; = 25 = 0,
—m/2 if yp = 0, 211 < 0;

that is the preimage of (yoo, 200, - - -, Ynn, Znn) 1S uniquely determined.

Therefore we can consider CPT, via 1) as a subset of RV, It is bounded since it is
contained in the unit sphere SV~ c RY. We claim that 1(CP?,) is also Q-semi-
algebraic. The composition of the projection

7 R2N {(0,...,0)} — CP?,
(ao,bo,...,an,bn) — [a0+ib0 : ...:an—i—ibn]

with the map 1 is a polynomial map, hence @—semi—algebraic by Example 6.1.2. Thus
imyor =imy CRY

is @-semi—algebraic by Fact 6.1.3.
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Second step (zero set of a polynomial): We use the notation

V(g) =={z € CP. |g(x) =0} for g e Clzo,...,z,] homogenous, and
W(h) :={t e RV |h(t) =0} for heClyo,...,2m]

Let X*" = V(g) for some homogenous g € Qlzo, . .., Tn]. Then (X)) C RV is a

Q-semi-algebraic subset, as a little calculation shows. Setting for £k =0,...,n
gr = “g(&@)”
= g(a:ofk, e ,%nfk)

= g((aoak + bobk) + i(boak — aobk), ce (anak + bnbk) + i(bnak — anbk)),
where z; = a; +ib; for j =0,...,n, and

hy = g(yOk + 120k, - -y Ynk + iznk)a

we obtain

PXM) = v(V(g)

- ﬁ $(CPL) N W (Re hy) N W (Tm hy,).

Final step: We can choose an embedding

X C QP
thus getting

X" CCPyL.
Since X is a locally closed subvariety of @P”, X3 can be expressed in terms of
subvarieties of the form V(g) with g € Q[zo,...,x,], using only the following basic
operations

(i) complementary set,
(ii) finite intersection,
(iii) finite union.

Now @—semi—algebraic sets are stable under these operations as well and the first
assertion is proved. B |
Second assertion: The first part of the lemma provides us with Q-semi-algebraic
inclusions

v: XM C CPy C RY 7
=[T0:...:Tn] (00,2005, Ynn,2nn)

$:Y™C CPM C RM ,
u=[ug:...:um] (V00,W00 -y VUmm ,Wmm )
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and a choice of coordinates as indicated. We use the notation

V(g) == {(z,u) € CP;, x CP [ g(z,u) = 0},

n

for g € Clxo, ..., Zn,uo, ..., U] homogenous in both  and w, and
W(h) == {t e RN™™ | n(t) = 0}, for h € Clyoo, - -, Znms V00, - - - » Wrnm)-
Let {U;} be a finite open affine covering of Xy such that fy(U;) satisfies
e fo(U;) does not meet the hyperplane {u; = 0} C QP™ for some j, and
e fo(U;) is contained in an open affine subset V; of Y.

This is always possible, since we can start with the open covering Yo N{u; # 0} of Yy,
take a subordinated open affine covering {V;/}, and then choose a finite open affine
covering {U;} subordinated to {f~!(Vi)}. Now each of the maps

fi = fan|Ui . Uian _,yan

has image contained in V;** and does not meet the hyperplane {u € CP}} |u; = 0}
for an appropriate j
fi . Uian — V;an.

Being associated to an algebraic map between affine varieties, this map is rational

iz g . g L gGa@ g ()
U @) T g @) T g @) T ()|

with g}, 9) € Qlzo,...,@n], k= 0,...,7,...,m. Since the graph Iy, of fan is the
finite union of the graphs I'y, of the f;, it is sufficient to prove that (¢ x ¢)(I'y,) is a
Q-semi-algebraic subset of RVtM Now

an an ~ y g/ & an an =
Iy = (U < VA () v(’?— i >) — (O < V) A () Vel @) — (@),
k=0 vi 9@ k=0

ki ki

so all we have to deal with is

V(yrgi () — yjg5())-

Again a little calculation is necessary. Setting

9pq = “ukﬂqgg@fp) - ujﬂqg,; (z7p)”
= URTUgGp (TOTp, - -« TnTp) — ujﬂqg,'c(:vofp, e, TR Tp)

= ((ercq + didy) + i(drcq — crdy))
i ((aoap + boby) + i(boay — aobp), . . ., (anay + bpby) + i(bpay — anby))
— ((cjeq + djdg) +i(djeq — cjdq))
i ((aoap + bobp) + i(boay — agby), . . ., (anap + buby) + i(bpap — anby)),

where z; = a; +ib; for [ =0,...,n, uy=¢ +id; for [ =0,...,m, and

hpq = (qu+iwkq)glz(y0p+i20pa e 7ynp"'iznp)_(qu+iqu)gll<:(y0p+i20pa e aynp“‘iznp)y
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we obtain

(1 x ¢) (V(ykgg(z)—ngé(zm =

= (@ x &)(V(9p9))

p=04¢=0
n m

— ﬂ ﬂ(w X @) (U x V) N W (hyg)
p=0q=0

= @ x Q) U™ x V™) N W (Re hpg) N W (Im hypg ).
p=0q=0

6.2 Semi-algebraic Singular Chains

We need further prerequisites in order to state the announced Proposition 6.2.2.

Definition 6.2.1 (Open simplex, [Hi2, p. 168]). By an open simplex A\’ we
mean the interior of a simplex (= the convex hull of r+ 1 points in R™ which span a
r-dimensional subspace). For convenience, a point is considered as an open simplex
as well.
The notation Aztd will be reserved for the closed standard simplex spanned by the
standard basis {(0,...,0,1,0,...,0)|i=1,...,d+ 1} of R

7
Consider the following data (x):

e Xj a variety defined over @,
e Dy a divisor on X with normal crossings,
e and finally v € H}"8(X*", D™ Q), p € Ny.

As usual, we have denoted by X" (resp. D*") the complex analytic space associated
to the base change X = Xo x5 C (resp. D = Dy x5 C).

By Lemma 6.1.4, we may consider both X" and D?" as bounded @—semi—algebraic
subsets of RY.

We are now able to formulate our proposition.

Proposition 6.2.2. With data (x) as above, we can find a representative of vy that is
a rational linear combination of singular simplices each of which is Q-semi-algebraic.

The proof of this proposition relies on the following proposition due to Lojasiewicz
which has been written down by Hironaka.

Proposition 6.2.3 (Triangulation of @—semi—algebraic sets, [Hi2, p. 170]).
For {X;} a finite system of bounded @—semi—algebmz’c sets in R™, there exists a sim-
plicial decomposition
R" =] 2%
J

by open simplices Aoj and a @-semi-algebmic automorphism
k:R" - R"

such that each X; is a finite union of some of the k(L%).
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Note 6.2.4. Although Hironaka considers R-semi-algebraic sets, it has been checked
by the author, that we can safely replace R by Q in his article (including the fact
he cites from [Sb]). The only problem that could possibly arise concerns a “good
direction lemma”:

Lemma 6.2.5 (Good direction lemma for R, [Hi2, p. 172], [KB, Thm. 5.1,
p. 242]). Let Z be a R-semi-algebraic subset of R™, which is nowhere dense. A
direction v € [RP" 1| is called good, if any line | in R™ parallel to v meets Z in a
discrete (maybe empty) set of points; otherwise v is called bad. Then the set B(Z) of
bad directions is a Baire category set in [RP™71|.

This gives immediately good directions v € |[RP"!|\ B(Z), but not necessarily
v € |QP" Y\ B(Z). However, in Remark 2.1 of [I1i2], which follows directly after
the lemma, the following statement is made: If Z is compact, then B(Z) is closed in
I[RP™1|. In particular [QP" |\ B(Z) will be non-empty. Since we only consider
bounded Q-semi-algebraic sets Z’, we may take Z := 7" (which is compact by Heine-
Borel), and thus find a good direction v € [QP" 1|\ B(Z’) using B(Z') C B(Z).

Lemma 6.2.6 (Good direction lemma for @) Let 7' be a bounded @—semz’—
algebraic subset of R™, which is nowhere dense. Then the set |QP" |\ B(Z) of good
directions is non-empty.

Proof of Proposition 6.2.2. Applying Proposition 6.2.3 to the two-element system of
Q-semi-algebraic sets X2, D C RN we obtain a Q-semi-algebraic decomposition

RY =TT 2%
j

of RN by open simplices Aoj and a @—semi—algebraic automorphism
k:RY - RV,
We write A; for the closure of A’;. The sets
K = {05 [R(£5) C X™) and L= {45 w(25) C D™}

can be thought of as finite simplicial complexes, but built out of open simplices instead
of closed ones. We define their geometric realizations

K|:= [ &% and |L|:== ] &7
AO]'EK Ao‘jGL

Then Proposition 6.2.3 states that x maps the pair of topological spaces (|K|,|L|)
homeomorphically to (X?", D?").
Easy case: If Xy is complete, so is X (by [Ha, Cor. 11.4.8(c), p. 102]), hence X" and
D will be compact [Ha, B.1, p. 439]. In this situation

K :={A;|k(A;) CX*™} and L:={A,|x(4;) C D™}

are (ordinary) simplicial complexes, whose geometric realizations coincide with those
of K and L, respectively. In particular

HY™MU(K, L; Q) = HY™(|K|, |L]; Q)
~ HI"8 (K, |L; Q) (32)
~ Hsing(Xan Dan. Q)

)
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Here H$™P(K, L; Q) denotes simplicial homology of course.

We write Ysimpl € Hf,impl(?, L;Q) and 7sing € Hzing(‘F ,|L|; Q) for the image of
v under this isomorphism. Any representative I'gy,p1 of Ysimpl is a rational linear
combination

FSimpl = Z] a; A]v aj € Q
of oriented closed simplices A; € K. We can choose orientation-preserving affine-
linear maps of the standard simplex AS™ to A;
oj: A;td — Aj for Aj S Fsimpl-
These maps yield a representative
Fsing = Zj aj agj

of Ysing. Composing with x yields I' := k,I'sing € v, where I" has the desired properties.
In the general case, we perform a barycentric subdivision B on K twice (once is not
enough) and define | K| and |L| not as the “closure” of K and L, but as follows (see

Figure 2)
K :={A|/Ne€B*K)and A C|K|},

K Leb (33
L:={A|XNeB*(K)and A C|L|}.

Wy
Wy
W\
\\\\\\
W\
\
\

—_
—
=

Wy

/)
A A AR S

/Q_l(Xan) N Aj Kn Aj
Intersection of x~!1(X2")
with a closed 2-simplex A,
where we assume that part
of the boundary 0A; does
not belong to x~1(X)

Intersection of ‘F‘ with
Open simplices of K con- A, (the dashed lines show
tained in A; the barycentric subdivi-
sion)

Figure 2: Definition of K

The point is that the pair of topological spaces (‘?‘ , ‘f‘) is a strong deformation
retract of (|K|,|L|). Assuming this we see that in the general case with K, L defined
as in (33), the isomorphism (32) still holds and we can proceed as in the easy case to
prove the proposition.

We define the retraction map

p o (IK| % [0,1], |L] x [0,1]) — ([K

L))

)

as follows: Let A”; € K be an open simplex which is not contained in the boundary
of any other simplex of K and set

inner := A;NK, outer := Nj \ K.
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Note that inner is closed. For any point p € outer the
ray c¢p from the center ¢ of I\j through p “leaves” the
set inner at a point g, i.e. cp Ninner equals the line
segment c gp; see Figure 3. The map

pj:AjX[O,l]HAj

() p if p € inner,
p7 — X
@p+t-(p—qy) if peouter

retracts AA; onto inner.
Now these maps p; glue together to give the desired
homotopy p. O

We want to state one of the intermediate results of this
proof explicitly.

Figure 3: Definition of g,

Corollary 6.2.7. Let Xy and Dy be as above. Then the pair of topological spaces
) is homotopic equivalent to a pair of (realizations of ) simplicial complezes
X DAY s h topi walent t ) lizati implicial l

(|)(sirnpl‘7 |Dsimpl‘)'
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7 Periods Revisited

7.1 Comparison of Definitions of Periods
We are now ready to prove the theorem announced in the introduction.
Main Theorem 7.1.1 (Period theorem). It holds
]P’; =P, =P,,
that is the following three definitions of a period given in Section 5 coincide
e special pairing periods (cf. Definition 5.1.1),
e abstract periods (cf. Definition 5.2.1), and
e naive periods (cf. Definition 5.3.2).
Note that we will give a fourth definition of a period in Subsection 7.3.

Proof. P, C P): Let fvw € P, be an abstract period coming from (Xo, Do, wp, ).

We want to understand wp as an element of F(Xo;ﬁc)i(o,Do/Q) = F(XO;QEl(O/Q) ®

F(D05QdD_0}Q)~ via F(Xo;ﬂgl(o/@) — F(Xg;Qg(O’DO/Q), where d := dim Xy. Then
wo € T'(Xo; %, p, /@) is a cocycle, since wyp is closed (for dimension reasons) and

its restriction to each of the irreducible components D; of Dy is zero (also for dimen-
sion reasons). Thus we can consider [wp] via

h*T(Xo; %, po/0) — Har (X0, Do/Q)

as an algebraic deRham cohomology class and find (cf. Subsection 4.11.5)

Jo= ey

IF’Z’) C P,,: As explained in Subsection 4.11.5, a special pairing period

<’Y7 w0> € [P);;

is a sum of integrals

>rlvnwr) =3 [, wr,

where wr € H3p (Dr/Q) and 7 € H (Dr; Q). Since P, is closed under addition by
Proposition 5.3.3, it suffices to prove f,” wy € P, for all index sets I.
We choose an embedding

and equip QP" with coordinates as indicated. Lemma 6.1.4 provides us with a map
¢ : CPY — RY

such that D" and CFP}; become @—semi—algebraic subsets of RY. Then, by Proposi-
tion 6.2.2, 1.1 has a representative which is a rational linear combination of singular
simplices I';, each of which is Q-semi-algebraic.
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We set G; :=imI'; and are left to prove

/ wr € P,.
Pp=H(Gy)

This will be clear as soon as we find a rational differential form w’l on R¥ such that
Y*w} = wr, since then

/ wI:/ @b*w}:/ wp € Py.
P=HGy) Y=H(GY) Gi

After eventually applying a barycentric subdivision to I';, we may assume w.l.o.g.
that there exists a hyperplane in CP2,, say {z¢ = 0}, which does not meet ) ~1(G;).
Furthermore, we may assume that 1»~!(G;) lies entirely in U?® for Uy an open affine
subset of DyN{xg # 0}. (Asusual, U*" denotes the complex analytic space associated
to the base change to C of U.) The restriction of wy to the open affine subset can be

represented in the form (cf. [Ha, I1.8.4A, 11.8.2.1, I1.8.2A])
Z fj(ajo,...,:z:n)d<le> /\.../\d<%>
i) i)
=
with fr(z1, -+ ,zn) € Q(zo,- - ,z,) being homogenous of degree zero. This expres-

sion defines a rational differential form on all of QP™ with coefficients in Q and it
does not have poles on 11 (G}).

We construct the rational differential form w} on RY with coefficients in Q(i) as
follows

W= fJ<1 votizng ym“%) d(H)AAd@*)

9 . ) b . . .
T=d Yoo + 1200 Yoo + 2200 Yoo + 1200 Yoo + 2200

where we have used the notation from the proof of Lemma 6.1.4. Using the explicit
form of ¢ given in this proof, we obtain

Wt fs (1 Y10 + 1210 . Ynot izno> _ fj(l‘oxo T1Tg ﬂﬁnl“o)

oo +iz00” " Yoo + 200 W7 o[’ |zo[?
= fJ(x()?xla" . ,.In)
and . B
i) -6) +2)
Yoo + 2200 |zo|? o
This shows that ¢*w} = wr and we are done. |

P,, C P,: In this part of the proof, we will use objects over various base fields: We
will use subscripts to indicate which base field is used:

subscript ‘ base field ‘

0 Q
1 Q
R R
none C
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Furthermore, we fix an embedding Q C C.
Let [, wr € P, be a naive period with

e G C R" an oriented @—semi—algebraic set, equidimensional of dimension
d, and

e wp a rational differential d-form on R” with coefficients in Q, which does
not have poles on G.

The @—semi—algebraic set G C R™ is given by polynomial inequalities and equalities.
By omitting the inequalities but keeping the equalities in the definition of G, we see
that G is supported on (the set of R-valued points of) a variety Yr C AR of same

dimension d. This variety Yg is already defined over @
YR = }/0 X@ R

for a variety Yy C A% over @ Similarly the boundary 0G of G is supported on a

variety ER, likewise defined over QQ
ER = EO X@ R.

Note that Ejy is a divisor on Yy. By eventually enlarging Fy, we may assume w.l.o.g.
that Ey contains the singular locus of Yy. In order to obtain an abstract period, we
need smooth varieties. The resolution of singularities according to Hironaka [Iil]
provides us with a Cartesian square

Ll (34)

where
° )70 is smooth and quasi-projective,
e 7 is proper, surjective and birational, and
° E(] is a divisor with normal crossings.
In fact, mg is an isomorphism away from E since the singular locus of Yj is contained

in E()
. Uo L Uo (35)

0|0

with Uy := Yy \ Eo and Up := Yy \ Eq.
We apply the functor an (associated complex analytic space — cf. Subsection 2.1)
to the base change to C of the map 7 : Yy — Yj and obtain a projection

Tan 1 Y20 — Y2

We want to show that the “strict transform” of G

G =71 (G \ En) C yo»

99



can be triangulated. Since CP}, is the projective closure of C", we have C"* C CP},
and thus get an embedding
y* CC" c CPy,.

We also choose an embedding B
y* C CPxy
for some m € N. Using Lemma 6.1.4, we may consider both Y" and Yan as @-semi—
algebraic sets via some maps
N

Y™ CCP — RY, and

T M

Y Y CCPL — RY.
In this setting, the induced projection

. ?an __,yan

becomes a Q semi-algebraic map. The composition of ¢ with the inclusion G C Y*"
is a Q semi-algebraic map; hence G C RY is Q—seml algebraic by Fact 6.1.3. Since
E?" is also (@ semi-algebraic via 1, we find that G\ E*" is Q semi-algebraic. Again
by Fact 6.1.3, 7,1 (G \ E*) C RM is Q-semi-algebraic. Thus G C RM | being the
closure of a Q semi-algebraic set, is Q semi-algebraic. From Proposition 6.2.2, we see
that G can be triangulated B

G = Uj A]’, (36)

where the A; are (homeomorphic images of) d-dimensional simplices.
Our next aim is to define an algebraic differential form w; replacing wg. We first
make a base change in (34) from Q to Q and obtain
E CY
lm
E,CY.

The differential d-form wgr can be written as

WR = ZfJ(xl,...,xn)d:L’jlA.../\da:jd, (37)
| J|=d
where z1, ..., z, are coordinates of R” and f; € Q(z1,...,2,). We can use equation

(37) to define a differential form w; on A%
WR = Z fJ(iL‘l,. . .,xn)d:vjl A...Ndxj,,
|J|=d
where now x1, ..., x, denote coordinates of A%. The pole locus of w; gives us a variety
Z1 C A%. We set
X1 = Yl\Zl, D1 = El\Zl, and
)?1 = 7T1_1<X1), ﬁl = 7T1_1(D1).

The restriction wy|x, of w1 to Xi is a (regular) algebraic differential form on Xi; the
pullback

Wy = Wik(wuxl)
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is an algebraic differential form on Xi.

We consider the complex analytic spaces X an ﬁan, 7" associated to the base change
to C of )2'1, l~)1, Z1. Since wg has no poles on G, we have G N Z?" = &; hence
GNr;l(Z*) = @. This shows G C X =Y \ 7;}(Z%).

Since G is oriented, so is 7., (G'\ E*"), because 7,y is an isomorphism away from E".
Every d-simplex A; in (36) intersects m,} (G \ E®") in a dense open subset, hence
inherits an orientation. As in the proof of Proposition 6.2.2, we choose orientation-

preserving homeomorphisms from the standard d-simplex Afitd to A

gj Afltd — A
These maps sum up to a singular chain
[=,0; € CJ"8(X™ Q).

It might happen that the boundary of the singular chain T is not supported on aG.
Nevertheless, it will always be supported on D*: The set m,!(G \ E*") is oriented
and therefore the boundary components of 0A; that do not belong to G cancel if

they have non-zero intersection with 7 }(G\ E®"). Thus I gives rise to a singular
homology class

5 e B (X, D Q).

We denote the base change to C of wy; and W1 by w and W, respectively. Now

G G GNUan
35 -
(35) / mrw = /V W
r=1(GnUan) GnOan
:ﬂa:ﬁ@:/aepa
a r 5

is an abstract period for the quadruple ()21, Dy, &, ~) by Remark 5.2.3. O
Now Remark 5.2.4 is an easy corollary of the Period Theorem 7.1.1.

Proof of Remark 5.2.4. Let Xg be a possibly non-regular variety defined over Q of
dimension d and Dg a Cartier divisor on Xy. Furthermore, let wy € le(o and v €
Hzmg(Xan’ Dan; Q)

Exactly the same argumentation used for [ D, WI in proving IP’; C P, shows that fv w €

P,,. Because of P, = P, there must exists a “smooth” quadruple ()Z'g, Eo,wo,'y) as
described in the definition of an abstract period (cf. Definition 5.2.1), which gives
the same period value. ]

Remark 7.1.2. It might be expected that also P, = IP’]; holds. The following ideas
make this conjecture probable. Let (v, wp) be a pairing period for (Xg, Dp).

o If X is affine, then the complex SN);(O Do/Q consists of quasi-coherent
sheaves by [[1a, Thm. III1.3.5, p. 215]. Hence we have a surjection

H*T'(Xo; QB(O,DO/(Q)) — Hir(Xo, Do/Q),

that is, only special periods appear.
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e If Xy is not affine, one might try to break up < into subchains ~; with
Q-semi-algebraic representatives I'; that are already supported on U J‘-m for
open affine subsets i : U; — Xjy. Finding a divisor D; on U; such that
ar'; C D5" would give us a singular chain

[i7'T5] € HIME(UF", D3 Q)
and so would allow us to reduce the general case to the affine one

(g, wo) = ([i7'T], 8" wo).

o If v and wy are top-dimensional of real dimension 2d, the procedure de-
scribed above will definitely not work: A boundary OI'; has real codi-
mension one, but D" has real codimension two for Dy a divisor on Xj.
On the other hand, the top-dimensional case is simpler, since the relative
algebraic deRham cohomology group involved is in fact an absolute one

H3k (X0, Do/Q) = Hi%(Xo/Q),

because of the long exact sequence in algebraic deRham cohomology and
the vanishing of Hi, (Do/Q) for p > dimp (D) = 2d — 2.

Now, generalizing a result of Huisman [Hui, Thm 5.1, p. 7] to vari-
eties over (i), we find that every algebraic deRham cohomology class
in Hip (Xo xg Q(i)/Q(i)) can be realized by a rational differential form
on mo(;)/QXo with coefficients in Q, where mg(;),9Xo is the restriction of
scalars according to Weil with respect to the field extension Q(7)/Q of
Xo.

The set P :=P, = IP’I; =P, is not only a Q-algebra, but, at least conjecturally, comes
with a triple coproduct imposing on Spec P[ﬁ] the structure of a torsor, this notion
being defined as follows.

7.2 Torsors

Heuristically, a torsor is a group that has forgotten its identity, more formally:

Definition 7.2.1 (Torsor, [, p. 61]). A torsor is a non-empty set X together
with a map
() XXX xX—X

satisfying
(i) (a,a,c) =c
(ii) (a,b,b) =a
(iii) ((a,b,c),d,e) = (a,(b,c,d),e) = (a,b,(c,d,e)).
Example 7.2.2. A group G becomes a torsor by setting
(,,):GxGxGE—G

(a,b,¢) —aob toc.
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Conversely, a torsor X becomes a group by choosing a distinguished element e € X
(‘the identity’) and setting

aob:= (a,e,b)

a = (e, ae).
Example 7.2.3. The fibre X of a principal G-bundle is a torsor: For any a,b,c € X

we can work out the ‘difference’ of a and b, which is an element g € G, and let g act
on ¢ in order to define (a, b, c).

Example 7.2.4. Let C be a category and E, F' two isomorphic objects of C. The set
of isomorphisms Iso(F, F') comes naturally with a right action of the automorphism
group Aut(FE) and a left action of Aut(F'); both actions being simply transitive. This
can be encoded in a single map, thus turning Iso(F, F') into a torsor:
Iso(E, F) x Iso(E, F) x Iso(E, F) — Iso(E, F)
(a,b,c) —aob toc.
These examples are generic in the sense that we could have defined a torsor alterna-

tively as a principal homogenous space over a group (Example 7.2.3), or as a category
containing just two isomorphic objects (Example 7.2.4).

7.3 Fourth Definition of a Period: Effective Periods

We pick up our discussion of periods and show how periods could give us a torsor.

The usual tools for proving identities between integrals are the change of variables
and the Stoke’s formula. These rules are formalized by the following definition.

Definition 7.3.1 (Effective Periods, [I<, def. 20, p. 62]). The Q-vector space
P+ of effective periods has as generators the quadruples (Xo, Do, wo, ), as considered
in the definition of an abstract period (cf. Definition 5.2.1), modulo the following
relations

o (linearity in both wy and 7y)

(Xo, Do, qiwo,1 + q2wo,2,7) ~ q1(Xo, Do,wo,1,7) + q2(Xo, Do, wo,2,7) for q1,q2 € Q,
(Xo, Do, wo, q171 + q2772) ~ q1(Xo, Do, wo, Y1) + q2(Xo, Do, wo, 72) for qi,q2 € Q.

e (change of variables)
If f: (X1, D1) — (X2, D2) is a morphism of pairs defined over Q, v €
H "8 (X5™ D™ Q) and wy € lefz then
(X17D17f*w27’71) ~ (X27D27w27 f*'}’l)

o (Stoke’s formula)
Write Dy = \J;—, D;i as union of its prime divisors, then
n
(X07 D07 dw()u /7) ~ “(D()u @70)0, 8’7) Y= Z(Dl) U D] N -D’ia wo, 87 N D?n)7
i=1 i
: . (38)
where 0 : H}"8 (X", D*; Q) — H,"$(D**; Q) is the boundary operator.
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Here the term Oy N D{" in the Stoke’s formula is defined in an ad-hoc fashion: We
consider D?" as a QQ-semi-algebraic set (by Lemma 6.1.4)
D™ c RV

and pick a representative I' € 0y which is a rational combination I" = ", a;I'y, of
@—semi—algebraic simplices I'y, (by Proposition 6.2.2). Then the images of the I'j are
Q-semi-algebraic sets

Gr:=imI'} C RN

by Fact 6.1.3. Applying Proposition 6.2.3 to the system {Gj, D"} yields triangula-
tions of the Gi’s, i.e. we can write

G = U VAVYy
1

where the Ay are (homeomorphic images of) oriented closed simplices of dimension
d — 1 whose interiors are disjoint. They enjoy the additional property that each Ay
lies entirely in one of the D" (because the same Ay ; triangulate also the D#"’s). The
induced triangulation on

Gi = GyN D™

gives us a singular chain I} on D" and hence a singular homology class
" € Hy$ (Di™, Uiy DI N D™ Q)

which we call 9y N D",
We will denote the equivalence class represented by the quadruple (Xg, Do, wq, ) by
[X()a DOv wo, 7]

Proposition 7.3.2. We have an evaluation morphism

ev:Pr — C

[XOrDO)wOv’Y] — /w
Y

Proof. On page 44, we have already seen that this map is well-defined on the level of
representatives

é{f : (X[),DO,UJ(),'Y) — /w7
Y

so it remains to show that the map ev factors through the relations imposed in
Definition 7.3.1.

e (linearity)

ev(Xo, Do, qiwo1 + qawo,2,7) = /qwl + qowy =
vy

:(J1/W1+Q2/W2 = q1ev(Xo, Do, wo,1,7) + q26v(Xo, Do, wo,2,7),
Y 8

ev(Xo, Do, wo, 171 + q272) = / w=
q1Y1+49272

ZQ1/ w+Q2/ w = q1ev(Xo, Do, wo, 71) + q26v(Xo, Do, wo, 72),
71 Y2
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e (change of variables)

ev(X1, D1, ffwa,m) = /

P =/ ws = 6¥(Xa, Do, wa, fuy1),
Y1 f*’Yl

e (Stoke’s formula)

ev(Xo, Dy, dwp, ) :/dw:/a w=
v

:Z/ w:Z&(Dlauz;ﬁ]DlQDWC‘)O’a’yﬁD’L)

i JoynDyt i

We state some easy properties of Py.

Proposition 7.3.3 (Basic properties of P, [K, p. 63]).

1. The set P+ is a Q-algebra.
2. Q C im(ev).

Proof (cf. [K, p. 63]). First fact: Let [X;, D;,w;,vi] € P4+, i = 1,2 and define their
product to be

[X1 xq X2, D1 xg X2 U Xy xq D2, pjwi A pawa, 71 ® Yo] € Py,

where p; : X1 xg X2 — X;, ¢ = 1,2, are the natural projections. By the Fubini

formula
/ PTwlAP§w2=</ w1>-</ w2>,
Y1 QY2 1 Y2

Le. the map ev becomes a Q-algebra-morphism.
Second fact: Let o € Q, p € Q[t] its minimal polynomial and Xy := Spec Q[t]/(p) =
Spec Q(«). We may regard « as a closed point of X via

SpecC — X
C —C[t]/(p)

o i t.

Any closed point z of X gives an element of zeroth homology {z} € Hging(X an: Q).
Now t € Qg(o and we get
evlX, 2,t,{a}] = a.

O]

Note that the Q-algebra morphism ev : Py — P is surjective as a consequence of the
definition of abstract periods (cf. Definition 5.2.1).

Conjecture 7.3.4 ([K, p. 62]). It is conjectured that the map ev : Py — P is
injective, i.e. that all identities between integrals can be proved using standard rules
only.
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This would give us a Q-algebra-isomorphism P, = P.
For the remainder of this section, we assume Conjecture 7.3./.

We adjoin formally (27i)~! to Py

2

P= P+[(2}ri)] : P[(Z}ri)]

and define a coproduct on P.

Definition 7.3.5 (The triple coproduct A on P, [K, p. 63]).

Let o := [Xo, Do, wo, 7] be an effective period represented by an quadruple (X, Do, wo, ).
We write P for the period matriz of (Xo, Do) as defined in Definition 5.1.1 and as-
sume ev(a) = P ;, the entry in P at position (i,7). We define

A(Pj) = Pip® (P )i ® By € PgP g P
k.l
Here we used Remark 5.1.2 about the determinant of P: det P being a period in P

times a power of (2mi). Thus P~' has coefficients in P = Py [5] L P[5L].
We adopt the convention

P ; P ' - iy
A ] = 1, 9 n P 1 g N
((2m’)"> ; A @ (2m)" (P 0)k (@) for neNy

Ezxtending the map A in a Q-linear way to all of P yields the triple coproduct

A:P—-PRqgP®qP.

Remark 7.3.6. It is far from being obvious that A is well-defined. In his paper [I{],
Kontsevich states that the proof of the correctness of Definition 7.3.5 relies on an
unpublished result by M. Nori [K, Thm. 6, p. 63].

From Nori’s theorem, also the following proposition would follow.

Proposition 7.3.7. Modulo Conjecture 7.3.4 and Nori’s theorem, the triple coproduct
on P induces the structure of a torsor on SpecP.

We calculate a triple coproduct in Example 8.1.
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8 Examples
8.1 First Example: AL\ {0}
First part (cf. [K, p. 63]): Let
X := A(b \ {0} = SpecQ][t, ]
be the affine line with the point 0 deleted and
Dy :={l,a} with a#0,1

a divisor on Xj.

0 1 o
&

> Ly
Figure 4: The algebraic pair (X, Do)

Then the singular homology of the pair (X**, D*") = (C*,{1,a}) (cf. Definition
4.8.1) is generated by a small loop o turning counter-clockwise around 0 once and
the interval [1, a].

In order to compute the algebraic deRham cohomology of (Xo, Do) (cf. Definition
3.2.6), we first note that

Hig (X0, Do/Q) = h*T'(X0; 2%, 1y /0)-

since X is affine and the sheaves (2%;(0 Do/ A€ quasi-coherent, hence acyclic for the

global section functor by [I1a, Thm. II1.3.5, p. 215].
We spell out the complex I'(Xo; Q% Do/Q) in detail (cf. page 15)

0

|
T(Xo; K, py/0) = T'(X0; U,y @ EB i-0p,) = Qlt,tdt© Q& Q
Ja J
I'(Xo; Ox,) = Qlt, 7]
and observe that the map “evaluation-at-a-point”
Qlt.t1»QeQ
1 a
f@t) = (f(1), f(a))
is surjective with kernel
(t—1)(t — @)Q[t, t '] = spang {t"*? — (a + 1)t" ™ + at" |n € Z}.
Differentiation maps this kernel to

spang{(n + )" — (n + 1) (o + 1)t" — nat™ |n € Z}dt.
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Therefore we get

Hig (X0, Do; Q) = I'(Xo; Qxy.0y/0) / T(Xo; Ox,)
= Q[t,t dt @ @ ®Q/dQ[t,t71])
= Q[t,t""]dt/ spang{(n + 2)t"! — (n+ 1)(a + 1)t" — nat™ ' }dt.

By the last line, we see that the class of t"dt in HéR(XO, Dy; Q) for n # —1 is linearly
dependent of

e t"1dt and t"2dt, and
o t"t1dt and t"12dt,

hence linearly dependent of % and dt by an induction argument. Hence H(llR(Xo, Dy; Q)

is spanned by

dt 1

— and dt.
t

a—1
We obtain the following period matriz P for (Xo, Do) (cf. Definition 5.1.1)

R
a

1, o 1 In (39)
o 0 2me

Let us the compute the triple coproduct of In o (cf. Definition 7.3.5) from this example.

We have
1 —Ina
P—l — ( 2§ri )
0 o5

and thus get for the triple coproduct (cf. [K, p. 63])

A(lna)zlna@%@%’i—l@lno‘®2m'+1®1®lnoz. (40)

21

Second part: Now consider the degenerate configuration aw = 1, i.e. D =2 - {1} with
Dy = Dy = {1}. Although Dy is not a divisor with normal crossings anymore, the
machinery developed in Section 3 still works.

0 1
<) ®

Figure 5: The algebraic pair (X, Dy)

Repeating the calculations done for the general case gives

Hir(X0, Do/Q) =@ € Q (1, +0p,),

where cp, is the constant function equal to ¢ on the irreducible component D; of D,
i = 1,2. Computing the smooth singular cohomology group H. (X", D*; Q) (cf.
Definition 4.11.3) in a similar fashion gives

HL (X, D™ Q) = Qo @ Q (D1 — Dy),

and we find that the period matrix of (X, Do) is precisely the limit of (39) for @ — 1
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Third part: Finally, we let
Dy :={l,a,8} with a#0,1 and [#0,1,aq,
but keep Xp := Ab \ {0} = SpecQ[t, t~1].

0 1 o B
L L

F
W -

Figure 6: The algebraic pair (Xo, Do)

Then Hiing(X an_pans () is generated by the loop o from the first part and the in-
tervals [1,a] and [o, 8]. Hence the differential forms %, dt and 2t dt give a basis of

H(llR(XO, Dy; Q): If they were linearly dependent, the period matrix P would not be
of full rank

| 4 dt 2t dt
o 271 0 0
[,a] | mna a—-1 a*-1

[, O] ln(g) B—a [?—a?.

Observe that det P = 27mi(a — 1)(6 — o)(8 — 1) # 0.
We can compute the triple coproduct of In o again. We have

— 0 0

p-1_ In B(a?—1)—Ina(B2-1) a+p a+1
| 2mi(B-a)(a—1)(B-1)  (a—1)(B-1) (a—pB)(B-1) | >

—InB(a—1)+Ina(8-1) —1 —1

2ri(B—a)(a—1)(B-1)  (a—1)(B-1) (a—B)(B-1)
and therefore get for the triple coproduct

1
Al =1 — ® 27
(In ) na®2m,® i
—InB(a?—1) +Ina(B?-1)

B N T T B
+(a—1)®(a_a1;z§_l)®1na
v et (o)
+(@2-1)® ;Z(ﬁa:al))(; l_nf‘)((%: 11)) ® 2ri
+@?-1)® —————— @ na

(a=1)(F-1)
~1

@-pE-1n°" @

1 1
—lha® ——@2mi—-1® —2 @ri+1®1®ha,
211 21

+ (-1 ®

i.e. we obtain the same result as in (40).
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8.2 Second Example: Quadratic Forms

Let
Q(z) : Q? — Q

z = (x0,21,72) +— zAz’
be a quadratic form with A € Q3*3 being a regular, symmetric matrix.
The zero-locus of Q(z) B
Xo = {z € QP*|Q(z) = 0}

is a quadric or non-degenerate conic. We are interested in its affine piece
Xo:= XN {zg #0} Cc Q% c QP2

We show that we can assume Q(z) to be of a particular nice form. A vector v € Q3
is called Q-anisotropic, if Q(v) # 0. Since char Q # 2, there exist such vectors; just
suppose the contrary:

Q(1,0,0) =0 gives A =0,

Q(0,1,0) =0 gives Ay =0,

Q(1,1,0) =0 gives 2-A15=0
and A would be degenerate. In particular

Q(1,),0) = Q(1,0,0) + 2XQ(1,1,0) + A2Q(0,1,0)

will be different form zero for almost all A\ € Q. Hence, we can assume that (1,0,0)
is anisotropic after applying a coordinate transformation of the form

/ / /
To =T, T|=—ATo+T1, Ty:i= T

After another affine change of coordinates, we can also assume that A is a diagonal
matrix by [Se, Ch. IV, § 1, 2, Thm. 1, p. 30]. An inspection of the proof of this result
reveals that we can choose this coordinate transformation such that the xg-coordinate
is left unaltered. (Just take for e; the anisotropic vector (1,0,0) in the proof.) Such
a transformation does not change the isomorphy-type of Xy, and we can take Xy to
be cut out by an equation of the form
ar’ + byt =1 for a,beQ
with affine coordinates z := 7% and y := 72.
0 o

Since Xy is affine, and hence the sheaves QI;(O I are I'(Xo; ?7)-acyclic by [Ha, Thm.

II1.3.5, p. 215], we can compute its algebraic deRham cohomology (cf. Definition
3.2.3) by

Hig (Xo/Q) = h*T'(Xo; 2%, /0);
so we write down the complex I'(Xo; Q5 /Q) in detail
0
T
D(Xo; R, /q) = Qlz,yl/(az® + by? — 1){dz, dy} / (azdz + bydy)
d
['(Xo; Ox,) = Qz,y]/(az® + by* — 1).

Obviously, Hiz(Xo/Q) can be presented with generators z"y™dx and z"y™dy for
m,n € Ny modulo numerous relations. We easily get
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n>1 e glymdy = —tgn—lymtl gy 4 g2y

o ymdy_dy'rrH»I

m—+1 ~0

xn+1
n+1

o r"dr=d ~0

m—+1
m+1x m+1

~ =N n—1,m+1
Y dr for n>1

o 2"y’ dy = x"(l_gx2)m dx

° xny2m+1 dr = xn(lflt)mg)my dx

o zyde = =2 dy+d 5y
by?—1
y2a d

_ b ,2 1
= an d ~ 9q dy ~ 0

—_abx" 1 2dy+ z yd(ax +by 1)

= ab n—1 2dy+d(( )(aQZwLbyQ—l))

~ Zhgn=ly? gy

= (@t -2 dy

= (= (e oy ) d 4 d (5 — )

(7?;21) 2" 2ydx for n>2.

= z"ydxr ~

Thus we see that all generators are linearly dependent of y dx

Hip (X0/Q) = BT (Xo; 2%, )
=Q ydx.

What about X, the base change to C of Xy? We use the symbol y/ for the principal
branch of the square root. Over C, the change of coordinates

u = +ar — i\/l;y, v = +azx —{—i\/?)y
gives

X = SpecClz, y}/(cm:2 + by2 -1)
= Spec Clu, v]/(uv — 1)
= Spec Clu, u™!]
=Ag \ {0}.
Hence the first singular homology group H5™8(X?"; Q) of X?" is generated by
0:]0,1] = X0 5 u = 2™,

i.e. a circle with radius 1 turning counter-clockwise around u = 0 once.
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The period matriz (cf. Definition 5.1.1) consists of a single entry

/ydx_/v—udu+v
- s 2ivVh  2v/a
St%ej vdu — udv
o 4ivab
1 [
"~ 2ivab J, u

. ™

A

T
4/ discriminant

The denominator squared is nothing but the discriminant of the quadratic form Q
(cf. [Se, Ch. 1V, 81, 1, p. 27])

disc @ := det A € Q*/Q*>.

This is an important invariant, that distinguishes some, but not all isomorphy classes
of quadratic forms. Since disc Q is well-defined modulo (Q*)?, it makes sense to write

Hir(X0/Q) = Q \/%TQ - Hsling(Xan; Q) ®g C.

8.3 Third Example: Elliptic Curves

In this example, we give a brief summary of Chapter VI in Silverman’s classical
textbook [Sil] on elliptic curves. His Chapter VI deals with elliptic curves over C, but
some results generalize easily to the case of elliptic curves over Q.

An elliptic curve Ey is an one-dimensional, nonsingular, complete scheme defined over
a field k, which has genus 1, where the geometric genus p, is defined as

pg(Eo) := dimy T(Eo; O /1.)-

For simplicity, we assume k = Q. It can be shown, using the Riemann-Roch theorem,
that such an elliptic curve Ejy can be given as the zero locus in QP? of a Weierstraf-
equation (cf. [Sil, Ch. III, §3, p. 63])

Y27 = 4X3 — 60G4 X Z? — 140G¢Z* (41)

with coefficients G4, Gg € Q and projective coordinates X, Y and Z.
The base change F := Ey xg C of Ej gives us a complex torus E*" (see [Sil, Ch. VI,
§5, Thm. 5.1, p. 161]), i.e. an isomorphism

B 2 €/, (42)
in the complex analytic category (cf. Subsection 2.1), with

Ao, wy = wW1Z B wol

for wi,wy € C linearly independent over R,

being a lattice of full rank (cf. Figure 7).
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Figure 7: The lattice Ay, 0w, CC

Thus all elliptic curves over C are diffeomorphic to the standard torus S' x S (cf.
Figure 8), but carry different complex structures as the parameter 7 := wy/w; varies.
We can describe the isomorphism (42) quite explicitly using periods. Let o and 3 be
a basis of ‘ .

H"8 (B, Z) = H]"(S' x S, Z) =Za © ZB.

The Q-vector space I'( Ep; Q}EO /Q) is spanned by the so-called invariant differential

[Sil, p. 48]
_d(X/Z)
Y7
One can show (cf. [Sil, Ch. VI, §5, Prop. 5.2, p. 161]), that the (abstract) periods

(cf. Definition 5.2.1)

wl::/w and WQZ:/(U
! B

are R-linearly independent and that the map

E*™ —  C/Au,,w,

P (43)
P »—>/ w modulo Ay, .,
(@]

is an isomorphism (here O = [0 : 1 : 0] denotes a base-point on E).

Note that under the natural projection 7 : C — C/T,, ., any meromorphic function
f on the torus C/T, ., lifts to a doubly-periodic function 7* f on the complex plane
C with periods wy and wo

f(x 4+ nwy +mwe) = f(xz) forall n,meZ and z€C.

This example is possibly the origin of the term “period” for the elements of the sets
Py, Py, and P,,.

The inverse map C/A,, o, — E*" for the isomorphism (43) can be described in terms
of the Weierstraff-p-function of the lattice A := Ay, o,

p(2) = plzh) = S+ Y —— -

Figure 8: The standard torus S x S!
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and takes the form (cf. [Sil, Prop. 3.6, p. 158])
C/AWI)WQ - Ean - CPB?H
2 [p(2) 1 ¢ (2) : 1],

The defining coefficients G4, Gg of Ey can be recovered from A, ., by computing
Fisenstein series (cf. [Sil, Ch. VI, §3, Thm. 3.5, p. 157])

Gop := Z w2 for k=23.

wEA
w#0

Thus the periods wy and wo determine the elliptic curve Ejy uniquely. However, they
are not invariants of Ejy, since they depend on the chosen Weierstra-equation (41)
of Ey. It is proved in [Sil, p. 50], that a change of coordinates which preserves the
shape of (41), must be of the form

X' =u?X, Y'=uY, Z' =27 for ueQ.

In the new parameterization X', Y’ Z’, we have

G\ =u'Gy, G =ubGs,

W =u"tw

wi =utw; and wh=u"twy.
Hence 7 = wg/w; is a true invariant of Ey, which allows us to distinguish non-
isomorphic elliptic curves E over C. If we consider both 7 and the image of w; in
C*/Q*, we can even distinguish elliptic curves over Q.
We may ask whether the isomorphy-type of Ej is already encoded in its cohomology.

The answer is yes if we consider also the pure Hodge structure living on cohomology.
By the Hodge theorem [GH, p. 116], the (hypercohomology) spectral sequence

HP(E™; 0..) = Hip (B C)

splits, yielding a decomposition of the first classical deRham cohomology group (cf.
Subsection 3.1)

H)R (B C) = T'(E™; Qjan) © HY(E™; Opan).

This Hodge decomposition already lives on the algebraic deRham cohomology group
Hig(Eo/Q) (cf. Definition 3.2.3)

Hir (Eo/Q) = T(Eo; Qf, /0) ® H' (Eo; OF, ). (44)
In order to see this, observe that the morphism of spectral sequences

HP (Eo; %, /) ®0 C = Hig(Eo; Q) ©g C

! !
HP(E*; Q,..) = Hig (E™; C)

is indeed an isomorphism by the Base Change Proposition 3.5.1, the GAGA-theorem
2.2.3 and the Comparison Theorem 4.10.1. Hence the spectral sequence
HP(Ebo; Q(IEU/Q) = HER(EM Q)
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splits as well and we obtain the decomposition (44).
Pairing H}"(E*;Z) = Z* with some ' € ['(E*; QL..) = Quw gives us Ay.w; uws C
C, where we write w’ = u-w with u € Q*. That is, we can recover Ay, , up to a

sing

rational multiple from the integral singular homology H;"®(E*";Z) of E*" plus the
algebraic deRham cohomology of Fy equipped with its Hodge decomposition (44),
i.e. we can recover the isomorphy-type of Fy from this data.

8.4 Fourth Example: A (-value

Earlier we raised the question of how to write ((2) as a period and found the identity

(cf. Proposition 5.3.5)
dx A\ dy

¢2)= /0§m§y§1 (1-xz)y

The problem was that this identity did not give us a valid representation of {(2) as
a naive period (cf. Definition 5.3.2), since the pole locus of the integrand and the
domain of integration are not disjoint. We show how to circumvent this difficulty.
First we define

Yy = Aé with coordinates x and y,

Zy:={x=1}U{y =0},

Xo:=Y0\ Zo,

D= (fr =0} Uty =1}U {z=y})\ Z.

A={(r,y) eY™|z,yeR, 0<z<y<1} atrianglein Y™ and
dx N\ dy

wp = o)y

thus getting

with wy € I'( X, ngo/(@) and 0A C D* U {(0,0), (1,1)}, see Figure 9.

Z, /
: 'DI]

Figure 9: The configuration Zy, Do, A

Now we blow up Y in the points (0,0) and (1, 1) obtaining m : Yo — Y. We denote
the strict transform of Zy by Zo, mowo by wo and 170 \ Z() by )?0. The “strict trans-
form” o (A \ {(0,0), (1,1)}) will be called A and (being Q-semi-algebraic hence
triangulable — cf. Theorem 6.2.3) gives rise to a singular chain

7 € WYX, D ).
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Since 7 is an isomorphism away from the exceptional locus, this exhibits ((2) as an
(abstract) period (cf. Definition 5.2.1)

c<2>=Aw:AaePa=P,

see Figure 10.

Figure 10: The configuration 20, ﬁo, A

We will conclude this example by writing out wy and A more explicitely. Note that
Yo can be described as the subvariety of

Aé x QP! x QP!  with coordinates (Z,7; Ao : A1; o : 1)

cut out by
5)\0 == ﬂ)\l and (5 - 1)#0 == (37— 1)#1.
With this choice of coordinates 7 takes the form
o : Yo - Y

(T, ;X0 : Atspo - 1) = (2,7)

and we have Xg := Yy \ ({Ao = 0} U {z11 = 0}). We can embed X into affine space

)?0 — Aa
- ~ A1 o
(Z, 5520 A po = 1) = (2,4, 1= )
0 M1
and so have affine coordinates Z, ¥, A\ := i—é and p:= % on Xj.

Now, on X \ 75 1 (1,1), the form &y is given by

S _ duAdy A Ady _ dAndy
"Tu-mny Q-my  1-3

while on X \ 75 1(0,0) we have

5o de ANdy  dzANd(y—1) dzxANd(p(x—1)) —dzAdu
‘“a-ny -y  (0-»y g

The region A is given by

A={ZF7J\p) e X" EgApeR, 0<F<F<1, 0<A<1, 0<pu<1}).
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8.5 Fifth Example: The Double Logarithm Variation of Mixed Hodge
Structures

The previous example fits into a more general framework.

8.5.1 Multiple Polylogarithms

Define the hyperlogarithm as the iterated integral

dt dt
In(al,...,an)::/ L oAA n
0<t1<-<tn<1 t1 — @1 tn — an

with aj,...,a, € C (cf. [Z1, p. 168]). These integrals specialize to the multiple
polylogarithm (cf. [loc. cit.]')

L1
Limh_..7mn<@,‘-- a ) = (=1)" Iy, (@1,0,. .., 0, ., 0y, 0, 0),

b M
ay an—-1 0n
mi1—1 mp—1

which is convergent if 1 < |ai| < -+ < |ay| (cf. [G3, 2.3, p. 9]). Alternatively, we can
describe the multiple polylogarithm as a power series (cf. [3, Thm. 2.2, p. 9])

. gj’fl Ce xﬁn
lel ..... My (xla cee 71'71) = Z W for ]azzl < 1. (45)
1 n

0<k1 < <kn

Of special interest to us will be the dilogarithm Lis(z) = >, i—}; and the double
. . k.l

logarithm Liy1(2,y) = Y gcper "5

At first, the functions Liy,,,  m,(Z1,...,2,) only make sense for |z;] < 1, but they

can be analytically continued to multivalued meromorphic functions on C" (cf. [Z1,

p. 2]), for example Li;(z) = —In(1 — z).

General Remarks. Polylogarithms have applications in Zagier’s conjecture (cf.
[Z1, p. 2]) and are used in the study of certain motivic fundamental groups (cf. [HW,
p. 9] and [G2]).

Besides, equation (45) would suggest a connection between values of multiple poly-
logarithms and multiple (-values (cf. [G1, p. 617])

1
C(m17"‘7mn) = Z k,ml'._k,mn‘
0<ky<...<km 1 "

Indeed, we have formally

b—0a—1 b—0a—1 a’b

2
—((2) = — = —Liy(1) = lim lim Is(a, b) = lim lim Li171<b 1) .

However, such formal computations are problematic, since a limit may diverge or at
least depend on the direction in which the limit is taken, because multiple polylog-
arithms are multivalued. To deal with this problem, Zagier, Goncharov and others
proposed regularization procedures, for which we have to refer to [(:3, 2.9-2.10, p. 18—
24].

!Note that the factor (—1)" is missing in equation (1.2) of [Z1, p. 168].
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After these general remarks, we want to study a variation of mixed Q-Hodge struc-
tures: the double logarithm wvariation, for which multiple polylogarithms appear as
coefficients. For that we will combine results in [G 1, p. 6201], [I<], 4, p. 32f], [Z1], [Z24]
and [Z/2b].2 By computing limit mixed Q-Hodge structures, we will obtain —((2) as
a “period” of a mixed Q-Hodge structure.

8.5.2 The Configuration

Let us consider the configuration

Y := A%  with coordinates = and y,
Z:={r=a}U{y=0} with a#0,1 and b#0,1
X:=Y\Z

Di={z=0u{y=11U{z=y})\ 2

see Figure 11.
We denote the irreducible components of the divisor D as follows:

Dy :={x =0} \{(0,0)},
Dy :={y=1}\{(a,1)}, and
D3 := {J:‘ = y} \ {(a>a)7 (ba b)}

By projecting from Y?" onto the y- or z-axis, we get isomorphisms for the associated
complex analytic spaces (cf. Subsection 2.1)

D" =C\{b}, D3"=C\{a}, and DF"=C\ {a,b}.

o

X =a

L/

Figure 11: The algebraic pair (X, D)

8.5.3 Singular Homology

We can easily give generators for the second singular homology of the pair (X", D),
see Figure 12.

e Let a : [0,1] — C be a smooth path, which does not meet a or b. We
define a “triangle”

A= {(a(s),at)) [0 < s <t <1}

2Note that [Z2a] plus [Z2D] is just a detailed version of [Z1].
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e Consider the closed curve in C

a
= 1

which divides C into two regions: an inner one containing 3 and an outer
one. We can choose £ > 0 small enough such that C, separates § from 0
to 1, i.e. such that 0 and 1 are contained in the outer region. This allows
us to find a smooth path 5 : [0,1] — C from 0 to 1 not meeting Cp. We

define a “slanted tube”
Sp = {(B(t) - (b+ ™), b+ e*™) | s,t € [0,1]}

which winds around {y = b} and whose boundary components are sup-
ported on D" (corresponding to ¢t = 0) and D5 (corresponding to ¢ = 1).
The special choice of § guarantees Sy N 22" = &

e Similarly, we choose € > 0 such that the closed curve

b—1
e R e ———— 1
C, {a—l—eeQms‘se[O’ ]}

separates % form 0 and 1. Let v : [0,1] — C be a smooth path from 0
to 1 which does not meet C,. We have a “slanted tube”

So = {(a+ee®™ 1+ ~(t) (a+ee®™ —1))|s,t€[0,1]}
winding around {z = a} with boundary supported on D" and D5".

e Finally, we have a torus

T :={(a+ee®™ b+ ee®™) | s,t € [0,1]}.

The 2-form ds A dt defines an orientation on the unit square [0,1]? = {(s,t)]|s,t €
[0,1]}. Hence the manifolds with boundary A, Sy, Sy, T inherit an orientation; and
since they can be triangulated, they give rise to smooth singular chains. By abuse
of notation we will also write A, Sy, Sy, T for these smooth singular chains. The
homology classes of A, Sy, S, and T will be denoted by 7o, 71, 72 and 3, respectively.

X =i

Figure 12: Generators of H;ing(Xan, D*; Q)
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An inspection of the long exact sequence in singular homology will reveal that g, ..., 73
form a system generators (see the following proof)

H;ing(Dan; Q) - H;ing(Xan; Q) - H;ing(Xan’ Dan; Q) -
Hiing(Dan; Q) l—1> Hiing(Xan; Q) .
Claim 8.5.1. With notation as above, we have for the second singular homology of
the pair (X2, D*")
H3™8(X™, D™ Q) = Q0 ® Q1 & Q2 & Qs

Proof. For ¢ := a and ¢ := b, the inclusion of the circle {c + ce*™|s € [0,1]} into
C\{c} is a homotopy equivalence, hence the product map 7" < X®" is also a homotopy
equivalence. This shows .

HZlng(Xan; Q) — @ T’
while Hi™8(X?; Q) has rank two with generators

e one loop winding counterclockwise around {z = a} once, but not around
{y = b}, thus being homologous to both 95, N D3" and —0S, N D5", and

e another loop winding counterclockwise around {y = b} once, but not
around {z = a}, thus being homologous to 95, N D™ and —0S, N D§".

In order to compute the Betti-numbers b; of D*, we use the spectral sequence from
Proposition 4.4.2 for the closed covering { D"}

0 0 0 0
0 QL HR(D™CO) 0 0
Ep,q = i=1""dR ) E" — H (DA
2 0 ker § cokerd 0 = 00 dr( ;0),
0 0 0 0
where

3
§ : P HIR(D™ C) — @ HIR (DY C).
=1 1<j

Note that this spectral sequence degenerates. Since D®" is connected, we have by = 1,

- 1 = by = rankc Ego = rankc E20,0 = rankg ker 6.
Hence
rankc coker § = rankc codomain § — ranke domain § + rankg ker §
=14+1+1)-(14+1+1)+1=1,
and so

b1 = rankc Eéo = rankc E21’0 + rankc Eg’l

3
= Z rankc Hig (D#; C) + rankc coker §
i=1
= ranke HY(C \ {b}; C) + rankc HY(C \ {a}; C) 4 rankc H'(C\ {a,b};C) + 1
=(1+1+2)+1=5.
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We can easily specify generators of Hiing (D*; Q) as follows
H;"8(D™; Q) = Q-(9S,NDi™)@ Q-(3S,NDE™)® Q-(3S,ND5™) & Q-(8S,NDE™) S Q-OA.
Clearly by = rankc H Smg (D*; Q) = 0. Now we can compute keri; and obtain

keri; =Q-0A® Q- (0Sy N D" +9S, N D§™) & Q - (0S, N D™ 4+ 9S, N D3").
This shows finally

rankg H3"8(X ", D; Q) = rankg H3"8(X*"; Q) + rankg keri; = 14 3 = 4.

From these explicit calculations we also derive the linear independence of vy = [4],
v1 = [Sp], 72 = [Sa], 73 = [T] and Claim 8.5.1 is proved. O

8.5.4 Smooth Singular Homology

Recall the definition of smooth singular cohomology (cf. Definition 4.11.3). With the
various sign conventions made so far (cf. Subsection 4.11.1 and the appendix), the
boundary map 4 : C3°(X?", D*; Q) — C°(X?*", D*; Q) is given by

3
5 Coo Xan @@COO Dan,@ @@Coo Dan7@ N COO(Xan Q)@@(Dan’@)
1<J =1
(O’, 0_170_270_370_1270—1370_23) —
g 1 2 3 12 13 23
(0o + 01+ 02 + 03, =001 + 012 + 013, =002 — 012 + 023, —003 — 013 — 023).
1) 1 2 3

Thus the following elements of C3°(X?", D?"; Q) are cycles

o Tg:= (A, —dAN D™ —9A N DI, —HA N D™, D8 D28 Dany,
1%} 1 2 3 12 13 23

— _ an _ an
* Tui= (8, -0, N D", =08, N DI 0, 0. 0),
o I'y :=(5,,0,—05, N D3",0,—0S, N D5", 0, 0) and

e I's:=(7,0,0,0,0,0,0).
g1 2 312713 23

Under the isomorphism HS® (X3, D0 Q) — H5™8(X*, D Q) the classes of these
cycles [['o], [I'1], [2], [I's] are mapped to o, 71, Y2, Y3, respectively (cf. Proposition
4.11.5).

8.5.5 Algebraic DeRham Cohomology of (X", D*")

Recall the definition of the complex (23( p/c On page 15. We consider
B 3
D(X;9% pjc) = D(X: Q% c) @ @HDi; Qp,c) @ @F(Dij? Ob,;)

i=1 i<j

together with the following cycles of I'(X; Q?X D /C)
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® Wy = (gv 7db7(2)7(3)7 07 07 0)7
e wy:=(0,0,=2£,0,0,0,0), and
g1 3 13" 23
o wy=(0,0,0.0.0,0.1).
By computing the (transposed) period matrix Pj; := (I';,w;) (cf. Definition 5.1.1)

and checking its non-degeneracy, we will show that wy, ..., w3 span H(%R(X ,D/C).

Claim 8.5.2. Let X and D be as in Subsection 8.5.2. Then the second algebraic de
Rham cohomology group H3z (X, D/C) of the pair (X, D) is generated by the cycles
wp, . .. ,ws considered above.

8.5.6 Period Matrix of (X, D)

Easy calculations give us for the (transposed) period matrix P := ((I'j,w;))3

ij=1 (cf
Definition 5.1.1)

Ty I Iy I's
wo 1 0 0 0
w1 Lil(%) 27i 0 0
w2 Lil(a) 0 211 0
wi | 7 2miliy(Y) 2mi m(gg) (2mi)?;

for example (cf. Subsection 4.11.5)

—d
L4 Pl,l = <F17w1> == f_asmealm T_ZZ

_ dy
ly—bl=e y—b

= 2mi,

d d
o P33=(Ts,w3) = [ 25 N5

d d ..
= <f‘x_a|:8 T—xa) : <f|y—b|:€ y—_yb) by Fubini
= (27i)?,

—d

o Pro=(To,w1) = ffaAmDif“ vb
— [l =a®

. d(ﬁ(t).(b+ee27ris)) d(b+€62ﬂ-is)
o ‘/‘[071]2 ﬁ(t)‘(b‘f‘Eezﬂ'iS)—a N ce2mis
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6627”8 .
= f[o 12 Wdﬂ(t) A 2mids

! aln(B(t)-(b+ee®™s)—a)—2mif(t)bs !
== /0 [ R 480

= 27 zfl dﬁ a

= —27rzln<1 j)
b

= —2miln(1— %)
= 2miLiy (2).

Obviously the period matrix P is non-degenerate and so Claim 8.5.2 is proved.
What about the entry P37 We want to show that (I'g,ws) = Lil,l(g, %), where
Lij 1(x,y) is an analytic continuation of the double logarithm defined for |z|, |y| < 1
in Subsection 8.5.1.

8.5.7 Analytic Continuation of the Double Logarithm Li; ;(z,y)

We describe this analytic continuation in detail. Our approach is similar to the one
taken in [3, 2.3, p. 9], but differs from that in [Z2a, p. 7].

Let B := (C\ {0,1})? be the parameter space and choose a point (a,b) € B*. For
e > 0 we denote by D.(a,b) the polycylinder

De(a,b) := {(a,b) € B™||a' —a| <&, ¥/ —b| < &)

If «:[0,1] — C is a smooth path from 0 to 1 passing through neither a nor b, then
there exists an € > 0 such that im o does not meet any of the discs

Do.(a) :={d' € C||d' —a| < 2¢}, and
Doc(b) := {b' € C| b’ — b < 2¢}.

Hence the power series (46) below

1 I | 1 1 1
a(s) —d'alt) =6~ a(s) —al- F=a() ~b1- Ik
S 1 a/—ak I\l
= 2 o e @ O et o)

has coefficients c;,; satisfying

1 k+1+2
<= .
= <2€>

In particular, (46) converges uniformly for (a’,b’) € D.(a,b) and we see that the
integral
d do(t
() = | 2l O
o<s<t<1 as) —a’ aft) b
B Z (/ da(s) A da(t)
0<s<t<1 (a(s) —a)"1 (a(t) = b)

k,1=0

l+1> (a/ _ a)k(b/ _ b)l
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defines an analytic function of D.(a,b). In fact, by the same argument we get an

analytic function I$ on all of (C \ im «)?.

Now let e : [0,1] — C\ (D2:(a) U Do (b)) with 7 € [0,1] be a smooth homotopy of
paths from 0 to 1, i.e. a;-(0) =0 and «a,(1) =1 for all r € [0, 1]. We show

I30(a/,b") =19 (d',b")  for all (a’,b") € Dc(a,b).
Define a subset I' C C?
= {(a,(8),ar(t)|0< s <t <1,r €][0,1]}.

The boundary of I is built out of five components (each being a manifold with bound-
ary)

o ['—g:= { OvaT(t)) ‘ Tt e [0’ 1]}’

Let (a’,b") € D.(a,b). Since the restriction of
zero, we get by Stoke’s theorem

dx dy
= = d
dx d
:/ I/\ yl
orz—a y—b

B / de dy
B FT:I_FTZO T —= (J/ y - b/

=131 (d,b") — 13°(d’, b").

Cixa, A -2 t0 Do, Doy and Ty is

T y—b’

For each pair of smooth paths ag, a; : [0,1] — C from 0 to 1, we can find a homotopy
a, relative to {0, 1} between both paths. Since im - is compact, we also find a point
(a,b) € B™ = (C\ {0,1})? and an £ > 0 such that ima, does not meet Do.(a,b)
or Dac(a,b). Then I3° and I5* must agree on D.(a,b). By the identity principle
for analytic functions of several complex variables | , A, 3, p. 5], the functions
I3(a’,b"), each defined on (C \ im «)?, patch together to give a multivalued analytic
function on B = (C \ {0,1})2.

Now assume 1 < |b| < |a|, then we can take o =id : [0,1] — C, s — s, and obtain

~ b 1

2 (CL, ) Q(CL, ) 11,1(aay> )
where Lij 1(x,y) is the double logarithm defined for |z, |y| < 1 in Subsection 8.5.1.
Thus we have proved the following lemma.
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Lemma 8.5.3. The integrals

2 <$1y’ ;> N /o<s<t<1 Oé(i(;(S) ) a?g(t)zlf

zy

with « : [0,1] — C a smooth path from 0 to 1, and a%y,% € C\ ima, defined above
on page 83, provide a genuine analytic continuation of Lii1(z,y) to a multivalued
function which is defined on {(z,y) € C?|z,y # 0,2y # 1,y # 1}.

Definition 8.5.4 (Double logarithm). We call the analytic continuation from
Lemma 8.5.3 the double logarithm as well and continue to use the notation Liy 1(z,y).

This gives us finally P3 o = Lilvl(b 1) .

a’b
8.5.8 Properties of the Double and the Dilogarithm

Similarly, one can analytically continue the dilogarithm Lis(x) to a multivalued mero-
morphic function on C.

Since analytic continuations are uniquely determined (as multivalued functions) our
Definition 8.5.4 must agree with the ones given by Goncharov in [(33, p. 9] or by Zhao
in [Z2b, 4, p. 4f]. Hence we are allowed to cite various facts concerning the double
and the dilogarithm.

Lemma 8.5.5 (Monodromy of the double logarithm, [Z2a, Thm. 5.3,
p. 11]). Let 0 = {1 +ee*™ b) |s € [0,1]} be a loop in B™ = (C\ {0,1})? winding
counterclockwise around {a = 1} once, but not around {a = 0}, {b =0} or {b = 1}.

Then
(1 .
/dL11 <> = —27i, and
o a
. b1 ) 1-b+e¢
/gdLlLl <a, b) = 27T21n<1_b) .

Lemma 8.5.6 (Relation with the dilogarithm, [G1, p. 620]). We have the
following identity of multivalued functions

. 1 . 1
Ll]_71 <b7 b) = —L12 (]_b> .

Lemma 8.5.7 (Monodromy of the dilogarithm, [H, Prop. 2.2, p. 7]). If
o ={1+ee?™|s € [0,1]} is a circle in C\ {1} of radius ¢ winding counterclockwise
around 1 once, then

/a dLiz(c) = 2mi Liy (—¢).

8.5.9 The Mixed Q-Hodge Structure on H2__ (X", D*; Q)

sing

According to Deligne (cf. [D3, 8.3.8, p. 43]) the cohomology group Hging(XE’m7 D Q)
carries a mized Q-Hodge structure, short Q-MHS, consisting of

e an increasing weight filtration Wy on H% (X", D*"; Q) and

sing

e a decreasing Hodge filtration F* on H%_ (X", D*;C).

sing
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Deligne’s mized Hodge theory takes up several publications, [D2] and [D3] being of
central importance. For a brief introduction, see [GM, Ch. 6] and [Dur].

Using the same ideas as in [IK], 4.2, p. 38f], we can compute this Q-MHS and obtain
the following lemma.

Lemma 8.5.8. Let X and D be as in Subsection 8.5.2 and let X, D* be the
associated complex analytic spaces (cf. Subsection 2.1).

The cohomology group Hging(Xan, D*: Q) carries a Q-MHS with weight filtration W,
given by

Wy = HZ,,(X™, D™ Q) = Qy; @ Qyf & Qy; & Q13 D
Ws=Wo=QypdQy &Qy; D

Wy =Wy=Qy D

W_1 =0,

where the v are the duals of the vj, j = 1,...,4 defined in Subsection 8.5.3, and
Hodge filtration F'* given by

FO=HZ (X* D*;C) = Cwy P Cw; ® Cwy ® Cwz D

sing
F! = Cw; ® Cwy @ Cwy D
F? = Cws D
F3=0,
where we used the cycles wy, ...,ws from Subsection 8.5.5 and identified

HgR(Xan,Dan;(C> ~ H2 (Xan,Dan;(C)

sing
using the Comparison Theorem 4.10.1.
We illustrate the proof of Lemma 8.5.8 with two exemplary calculations.

e We want to show that 73 & WsH2 (X2 D*; Q). From the inclusion

sing

T — X we get an element [T]* € H2 , (X", D*;Q), which is the

sing
preimage of 73 under the connecting morphism

H2 (Xan; Q) SN H2 ()(an7 Dan; Q)

sing sing

This map induces a map of Q-MHS (cf. [GM, Ch. 6, Thm. 2.4, p. 147]),
which is strictly compatible with the weight and Hodge filtrations (cf.
[GM, Ch. 6, 1.3, p. 143]). In particular, it will be sufficient to show

[TT* & W3HZ,, (X Q).

sing
We consider first
Ue:= AL\ {c} for ceC withstandard coordinate t.

Let 0. be the loop {c + ce*™*|s € [0,1]} winding around ¢ and o} its
dual. Since the weight-one-part of Hsling(Uc;Q) is zero (cf. [GM, Ch. 6,
2.5.1, p. 147])

WiHY,, (U2 Q) = HY,, (U5 Q) = H,, (CPL,; Q) = 0,

sing sing sing
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we see o) € WgHémg(Uan,Q) but o} ¢ W1H Smg(Uan Q), i.e. oF has
weight two. We have X = U, x U, and the Kiinneth isomorphism (cf.
[Br, Ch. VI, Thm. 1.6, p. 320])

Hgmg Xan’ Q @ Hsmg Uan, ) ® Hélng(Uan; Q)
k+1=2

maps [T]* to o ® o;. The Kiinneth isomorphism is an isomorphism of
Q-MHS (cf. [D3, Prop. 8.2.10, p. 40], [GM, Ch. 6, Thm. 2.1, p. 145]),
hence [T]* has weight four, i.e. [T]* & WgHsmg(Xan; Q).

We want to show [w;] € FYHL (X", D*; Q). The connecting morphism

sing
of the long exact sequence in analytic deRham cohomology 4.3.1

§ : Hip (D™ C) — Hig(X™, D*; C)

is indeed a morphism of Q-MHS (see [D3, Prop. 8.3.9, p. 43], [G)M, Ch. 6,
Thm. 2.4, p. 147]); and so we have a strict morphism of filtered complexes
(cf. [GM, Ch. 6, 1.3, p. 143])

§: (Hiz (D™, C), F*) — (H3g(X®™, D™;C), F*).
Now the class of
d 3
W = 0,0 | € D(D™; Qpun) = @D T(D}™; Qpyn)

y—b'23
yl i=1

is mapped to [wq] under §; hence it suffices to prove

[wi] € FTHL

sing

(D*; C).

Using a similar argument for the morphism of Q-MHS (cf. [G)M, Ch. 6,
Thm. 2.1, p. 145])

1 (Hipg (D™ Q), Wa, F®) — (H, (DI™ Q), W, F®)

sing sing

induced by the inclusion i : D{" — D*", we reduce to the claim

|:yb:| €F H;mg(Dim; )
From the map

j: Dy — CP!

(0,9) = [1:y—10]
we get an isomorphism

j:Dy = CP'\ {[1:0],[0:1]}.

The divisor [1 : 0] + [0 : 1] on CP! is just the inverse image of the
very ample divisor [1 : 0 : 0] on CP? under the 2-uple embedding by
[Ha, Ex. 7.6.1, p. 155], hence very ample itself. This allows us to apply
Proposition 9.2.4 from [D3, p. 49], which states that:
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For Z a very ample divisor on a smooth projective variety Y
over C and w a closed differential q-form on Y \ Z, we have
[w] € FPHL (Y2 \ Z2%: C) if and only if w has a pole of order

sing

less or equal g — p+ 1 along Z.

Thus we obtain
Js [y_ilyb] € F'Hg(CPy, \ {[1:0],[0: 1]};C),
ie.

_dy 1171 an,
|:y—b:| er Hsing(Dl ) ))

and our claim is proved.
Alternatively, we could have argued that D is isomorphic to Uy (as de-
fined in the previous calculation)
j:Dy = U,
0,9) —y.
Since H;ing(U,fm;Q) carries a pure Q-Hodge structure (see page 86) and

the corresponding Hodge decomposition enjoys the symmetry (cf. [
p. 116])

HY(UZ™; Q%ban) =~ HP(U™; Q[qjgn),

it follows from the fact that Hj (U; C) is one-dimensional with genera-
tor j. [;—fﬂ, that ;—fz has type (1,1).

For aesthetic reasons, we will dualize the Q-MHS on H% _(X?", D*;Q); thus getting

! sing

a Q-MHS on the homology group H5"#(X?" D" Q). Recall that the dual weight
and Hodge filtrations of a Q-MHS (Mg, W,, F'*) is defined as (cf. [G)M, Ch. 6, 1.5,
p. 143], [D2, 1.1.6, p. 7])

WMy = (Mg/W_1_,Mg)", and
FPMY = (Mc/F'"PMc)", for peZ.
Let us summarize our results so far.

Proposition 8.5.9. Let X, D be as in Subsection 8.5.2 and let X**, D*" be the
associated complex analytic spaces (cf. Subsection 2.1). Then the homology group
H;ing(Xan,Dan;Q) of the pair (X, D) carries a Q-MHS (We, F*). If 0, 71, V2, V3
is the basis of Hy "8 (X D™ Q) defined in Subsection 8.5.3 and w§, wi, w}, wi the
basis of H;ing(Xan, D C) dual to the one considered in Subsection 8.5.5, we find

(1) a (transposed) period matriz P expressing the v; in terms of the w}

Wy 1 0 0 0
vt Lil(%) 2mi 0 0
(70771772)73) = : Lll(a) 0 271 0 ’

>
wi) \Lini(24) 2miLin() 2miln (})  (2mi)?
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(ii) the weight filtration in terms of the {;}

0 for p< -5
W, Hzing(Xan D20 Q) _ Q'Y?) for p=-4,-3
. Q@& QreQy for p=-2,-1

Qo®Qn@&Qr®Qy for p>0,
(111) the Hodge filtration in terms of the {w}

Cwi & Cwi ® Cw; ® Cwy  for p < -2

F’pH;ing(Xan’ Dan; Q) _ CWS ©® CWT D Cw; fOT’ p= —1
Cwj for p=20
0 for p>1.

Remark 8.5.10. This Q-MHS resembles very much the Q-MHS considered in [ 1,
2.2, p. 620] and [Z2a, 3.2, p. 6]. Nevertheless a few differences are note-worthy:

e Goncharov defines the weight filtration slightly different, for example his
lowest weight is —6.

e The entry P39 = 2mi ln<‘f—:2> of the period matrix P differs by (27i)2, or
put differently, the basis {yo, 71,72 — 73,73} is used.

8.5.10 A Variation of Mixed Q-Hodge Structures

Up to now, the parameters a and b of the configuration (X, D) have been fixed. By
varying a and b, we obtain a family of configurations: Equip A% with coordinates a
and b and let

B:=A\({a=0}U{a=1}U{b=0}U{b=1})

be the parameter space. Take another copy of A(QC with coordinates x and y and define
total spaces

>

=B A\ (fr =} U{y =1, and

D:="BxD"=XN({z=0tu{y=1u{z=y}).
We now have a projection

D X (a,b,z,y)

N ™

)

—

(a,b)

whose fibre over a closed point (a,b) € B is precisely the configuration (X, D) for the
parameter choice a, b.

7 is flat. Since open immersions and structure morphisms to the spectrum of a field
are flat and flatness is stable under base extension and composition [I1a, Prop. 9.2,
p- 254], we see that m and mp define flat families. Note that these families could be
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defined over Z or Q already. This justifies the use of the term period on the preceding
pages: For (a,b) € B™ with a,b € Q, the fibre over (a,b) of 7 is the base change to C
of a pair of varieties (Xg, Dy) defined over Q and the “differential forms” wq, w1y, wo
w3 span HﬁR(Xo, Dy/Q). Hence the complex numbers Pj; computed above are indeed
periods in the sense of definitions 5.1.1, 5.2.1, 5.3.2, if a,b € Q.

In the following, we identify H5"®(X®", D®;C) with C* by mapping the w} to a
standard basis of C*. For each choice of parameters (a,b) € B, this defines a Q-
lattice of full rank in C* together with weight and Hodge filtrations that turn C* into
a Q-MHS. Note that the Q-lattice varies when we move (a,b) inside B*". Assigning
to each (a,b) € B* this Q-MHS defines not merely a “family of Q-MHS”, but a
good unipotent variation of mized Q-Hodge structures. Again we have to refer to the
literature for the definition of this concept. See for example [HZ], [St, p. 37f] or [Z2D,
3.1, p. 41]. For explicitness, we pick a branch for each entry Pj; of the (transposed)
period matrix P.

Proposition 8.5.11 ([Z1, Thm. 4.1, p. 184]). The assignment

B* > (a7 b) = (VQ7WO7F.)7

where
Vo = spang{so, . .., 53},
Ve :=C*  with standard basis eo, . . ., es,
0 0 0
s Li(z) | 2mi ) 0 . 0
0= s (1 ; 81 = y 82 1= ) y 83— )
‘L11 (ba)l 0 . . 271 b 0. 2
Liy 1 (5, g) 2miliq (E) 271 ln(%) (27i)
0 for p <=5
=—4,-3
W,V = Qss3 for p
Qs1 @ Qs2 ®Qs3  for p=-2,-1
Vo for p>0, and
Ve for p< =2
FPVe — Ceo ® Ce; ® Cey  for p=-—1
Ceg for p=0
0 for p>1

defines a good unipotent variation of Q-MHS on B*".

Note that the Hodge filtration F'* does not depend on (a,b) € B*".

One of the main characteristics of good unipotent variations of Q-MHS is that they
can be extended to a compactification of the base space (if the complement is a divisor
with normal crossings).

The algorithm for computing these extensions, so called limit mized Q-Hodge struc-
tures, can be found for example in [H, 7, p. 24f] and [Z2D, 4, p. 12].
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8.5.11 Limit Mixed Q-Hodge Structures

In a first step, we extend the variation from Proposition 8.5.11 to the divisor {a = 1}
minus the point (1,0) and then in a second step we extend it to the point (1,0). We
will use the notation of Proposition 8.5.11. In particular, we assume that a branch
has been picked for each entry P;; of P. We will follow [Z2D, 4.1, p. 14f] very closely.
First step: Let o be the loop from Lemma 8.5.5 winding counterclockwise around
{a = 1} once, but not around {a = 0}, {b = 0} or {b = 1}. If we analytically
continue an entry P;; of P along o we possibly get a second branch of the same
multivalued function. In fact, by Lemma 8.5.5, the matrix resulting from analytic
continuation of every entry along o will be of the form

P'T{a=l}7
where
1 000
0 1 00
Te==1| 1 0 1 0
0 0 01
is the monodromy matrixz corresponding to o. The local monodromy logarithm is
defined as
Ty _ 1 g~=l((" "
Na=ry = omi  2mi ;n << 1 1> B T{“_1}>
0 000
10 000
= | =1
5 0 00
0 000
We want to extend our Q-MHS along the tangent vector &, i.e. we introduce a local

coordinate ¢t := a — 1 and compute the limit period matmx

P{a:l} = %E)I(])P . e_ ln(t)'N{azl}

1 0 0 0 1 000
Li1 ) i 0 0 0 100
Lm(% 1) 2riis (1) 2miln (1) (20 0ot
1 0 0 0
Li (}) 2ri ’ ;
:}51(1) Lil(%ﬂ)‘Flnt 0 271 0
Lia (. 3) +n(1224) -In(t) 2milin (1) 2miln(15241) (2mi)?
1 0 0 0
© Lis (1) 271 0 0
= 0 0 2w 0

Here we used at (%)
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® Plo— 190 = limy o Lis ( 37 ) + In(t)

= limy_g — (1 1+t> + In(t)

= limy_0 — In(¢) + In(1 + ¢) + In(¢)
=0, and

L] P{a=1}3,0 = limt_,o Lil,l (13—t’ b) + hl(l b+t) . ln(t)
= Liy (b, %) by L’Hospital

1
= —Liy (1 b> by Lemma 8.5.6.

The vectors sg, s1, S2, s3 spanning the Q-lattice of the limit Q-MHS on {a = 1} \
{(1,0)} are now given by the columns of the limit period matrix

L 0 0 0

| ) N o .

0 0 ;81 0 ;82 omi |+ 53 0
L12(1 b) 2miLiy (b) 0 (2mi)?

The weight and Hodge filtration of the limit Q-MHS can be expressed in terms of
the s; and the standard basis vectors e; of C* as in Proposition 8.5.11 using the
same formulae as given there. This gives us a variation of Q-MHS on the divisor
{a =1} \ {(1,0)}. This variation is actually (up to signs) an extension of Deligne’s
famous dilogarithm variation considered for example in [I<], 4.2, p. 38f]. In loc. cit.
the geometric origin of this variation is explained in detail.

Second step: We now extend this variation along the tangent vector g—ba to the point
(1,0), i.e. we write b = —t with a local coordinate ¢. Let o be the loop in {a =
1}\ {(1,0)} from Lemma 8.5.7 winding counterclockwise around (1,0) once, but not
around (1,1). Then by Lemma 8.5.7 the monodromy matrix corresponding to o is
given by

1 0 00
1100
Tao=10 0 1 o]
00 01
hence the local monodromy logarithm is given by
0 0 0 O
In T4 g < 0 0 0
-\ 27
Nao = =5 0 000
0 0 00
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Thus we get for the limit period matrix

P(].,O) :%E}]% P{a:l} e hl(t)'N(l,O)
1 0 o 0 1 00 0
-1 .
. Lii () 2mi 0 0 ) g g
50 0 0 2714 0 0 01 0
~Lip() 2milin(-t) 0 (2mi)? 0 001
1 0o 0 0
. Lip (32) — In(t) 2mi 0 0
= lim 0 0 2 0
~Lip (k) = Lia(=t)-n(t) 0 0 (i)
1 0 0 0
(%) 0 2mt 0 0
|l o 0 2m 0

Here we used at (x)

o Py, o = limeoLir (3) —In(t)
=limy_o—In(1+ 1) — In(?)
= limy_0 — In(1 4+ ¢) 4+ In(¢) — In(¢)
=0, and

° P(170)370 = lithO —Li2 (%th) — le(_t) . ln(t)

— limy_o Lis (%ﬂ) +1In(1 +¢) - In(t)

= —Lis(1) by L'Hospital

= —((2).
As in the previous step, the vectors sg, s1, S2, s3 spanning the Q-lattice of the limit
Q-MHS are given by the columns of the limit period matrix P ) and weight and

Hodge filtrations by the formulae in Proposition 8.5.11.
So we obtained —((2) as a “period” of a limit Q-MHS.
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A Sign Conventions and Related Material

We adopt some sign conventions from [I'h, A 3.12, p. 657f]. Let 2 be an abelian
category.

e Any 2-object A gives rise to an A-complex A[0] concentrated in degree
zero with (A[0])° = A. Similarly, we define A[—1].

e For 2-complexes A* with differential dae, we have an i-th cohomology
functor h'A® := ker d'. /im d.".

e If A® is a complex of A-objects with differential dae, we write A®[j] for
the complexr shifted by j (to the left) with A‘[j] := A" and dpepj) =
(—1)dpe.

e If f:B® — A® is a morphism of 2-complexes, we define the mapping cone

My of f by
My = A®[-1] @ B®

_ (dae—y S
de = ( O[ } dB') )

diy, - AT @B - Al g B
(a,b)  — (=dita+ f(b),dbeb).

with differential

l.e.

e By a double complex A®**® of A-objects, we mean a doubly indexed family
of A-objects {AP9}, 7 together with vertical differentials

d?q . AP, APTLa
and horizontal differentials

dffq - AP Ap7q+1’
which satisfy for all p,q € Z

1
d?‘i’ »q o df»q — 0’
p,q+1 p.q __
dy; odjj" =0 and

p,q+1 P9 _ gpt+1lq D,q
d; ody" = dy; odp.

e If A**® is a double complex, we define its total complex
A® = tot A**®

by A" := D, =, AP? with differential

he= P (7 + (—1)Pdf?) - A™ — AL
pt+qg=n
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Glossary of Notations

cp»
CP},

Cx
Cp

sing

Cct (M;C)

sing

(M;C)

CP(44,7)
CP (3 F)
Csping

Cy0(M;C)

(X, D)

C5"8(M; C)
Ch(M;C)

C5%(M;C)

set of closed points of a variety X, 4

sheaf associated to a module M, 5
homology-cohomology-pairing, 41

complex concentrated in degree zero with (A[0])? = A, 94
complex shifted by j, 94

functor yielding the associated complex analytic space, 4
affine n-space over a field k, 42

complex projective space in the category of schemes, 5

complex projective space in the category of complex analytic
spaces, b

constant sheaf with fibre C on a space X, 10
C-vector space of singular p-cochains of a space M, 11

sheaf of singular p-cochains of a space M, 11

Cech functor, 18
Cech group of a sheaf F, 18
sheaf of singular p-cochains of a pair (X?", D*"), 32

C-vector space of smooth singular p-chains of a complex
manifold M, 34

C-vector space of singular p-chains of a space M, 34

C-vector space of smooth singular p-cochains of a complex
manifold M, 34

sheaf of smooth singular p-cochains of a complex manifold
M, 34
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C3 (D C) double complex of sheaves of smooth singular cochains of
Danoj 35

Ce, (D C) complex of sheaves of smooth singular cochains of a divisor
D, 35

C3. (X, D C) complex of sheaves of smooth singular cochains of a pair
(Xan7Dan)7 35

Di, ..., intersection of Djy,- -+, D;,, 12

Dy intersection of D; for ¢ € I, 12

D* simplicial scheme associated to a divisor D, 13

D closed covering (D#™)I_,, 30

N interior of a simplex or a point, 53

Als)td standard p-simplex, 53

A triple coproduct, 66

Ey classical deRham complex of a complex manifold M, 10

ev evaluation morphism Py — C, 64

gr Godement resolution of a sheaf F, 8

Gre Godement resolution of a complex of sheaves F*, 8

r, top-dimensional part of a p-chain I' € C°(X*", D" Q), 44
H3r (M;C) analytic deRham cohomology of a complex manifold M, 11
H*(M;C) complex cohomology of a space M, 11

Hg (X/k) algebraic deRham cohomology of a smooth variety X, 12
H3z (D/k) algebraic deRham cohomology of a divisor D, 14

H3r (X, D/k) algebraic deRham cohomology of a pair (X, D), 15

HP(U; F) Cech cohomology of a sheaf F, 18
HP(F*) sheafified hypercohomology of a complex of sheaves F*, 20
H3r (D*;C) analytic deRham cohomology of a divisor D*", 24

Hg (X", D*;C) analytic deRham cohomology of a pair (X2, D*"), 24
H*(X?, D C) complex cohomology of a pair (X?" D) 28

sing(M; C) singular cohomology of a space M, 32

tne (X2, D2 C) singular cohomology of a pair (X?", D), 32

sing

H: (M;C) smooth singular cohomology of a complex manifold M, 34
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H: (D*;C) smooth singular cohomology of a divisor D*", 35

H: (X2, D*;C) smooth singular cohomology of a pair (X?", D*"), 35
H°(M;C) smooth singular homology of a complex manifold M, 40
H(D*;C) smooth singular homology of a divisor D*, 40

Hgo (X2, D?; C) smooth singular homology of a pair (X", D*"), 40
hiA® i-th cohomology of a complex A®, 94

Mc mapping cone of Cxan — i,Cpan, 28

Mg, mapping cone of C;ing(Xan; C) — i*Cs'ing(Dan; C), 38
Q% analytic deRham complex of a complex manifold M, 10
Q% Ik algebraic deRham complex of a variety X, 12

QE): Ik algebraic double deRham complex of D®, 14

ﬁb Ik algebraic deRham complex of a divisor D, 14

(NZB( Dk algebraic deRham complex of a pair (X, D), 15
Q;)’:m. analytic double deRham complex of D" 24

ﬁban analytic deRham complex of a divisor D?", 24

ﬁ}an, Dan analytic deRham complex of a pair (X", D) 24
P, set of all pairing periods, 43

IP’IQ set of all special pairing periods, 43

P, set of all abstract periods, 45

P, set of all naive periods, 46

P equal to Py, P} and P,,, 62

Py Q-vector space of effective periods, 63

P P+ adjoint ﬁ, 66

@ integral closure of Q in R, 46

Q-MHS abbreviation for mixed Q-Hodge structure, 85
Gimpler category with objects [m] and <-preserving maps, 13
tot A®* total complex of a double complex A®*, 94

1 open covering (Uj)jer, 18

Uiy ..o intersection of U;,,...,U;, , 18

Ur intersection of U; for ¢ € I, 18

e simplicial scheme associated to an open covering i, 19
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Index

a-period, see Period, abstract

Cech
cohomology, 18
functor, 18
group, 18
Coherent sheaf, 5
Complex analytic space, 4
associated, 4
Complex cohomology, 11, 28

DeRham cohomology
algebraic, 12, 14, 15
analytic, 11, 24
classical, 10

DeRham complex
algebraic, 12
analytic, 10
classical, 10

Dilogarithm, 77

Divisor
with normal crossings, 12

Double complex, 94

Elliptic curves, 72
Godement resolution, 8
Hyperlogarithm, 77

Logarithm
double, 77

Mapping cone, 94
Mixed Q-Hodge structure, 85

n-period, see Period, naive

p-period, see Period, pairing

p’-period, see Period, pairing, special

Period
abstract, 45
effective, 63
matrix, 43
naive, 46
pairing, 43
special, 43
Polylogarithm

multiple, 77

Q-MHS, see Mixed Q-Hodge structure
Quadratic form, 70
discriminant of, 72

Semi-algebraic

map, 49

set, 46
Simplex

open, 53

smooth, 34
Simplicial scheme, 13
Singular cohomology, 11, 32
Smooth singular cohomology, 34
Smooth singular homology, 40

Torsor, 62
Total complex, 94
Triple coproduct, 66, 68

Variation of mixed Q-Hodge structures,

90
Variety, 3

(-value, 48, 75
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