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The main topic will be the model theory of NTPs theories, but occasionally we will
discuss some other topics. If not stated otherwise, | will be forking independence, that is

L=1"

1 On limit models

This is a topic from last year. We improve some result on limit models from section 5 of [9]
after having read parts of [2]. Let p(z) € S(0). Recall that M, is a prime model over a
realization of p and that a p-limit model is a model M which is not prime over a realization
of p but it is a union of an elementary chain (M; : ¢ < w) where each M; is prime over a
realization of p. Recall also that

SI, = {(a,b) : a,b |= p and a semi-isolates b}
Similarly, we define
I, = {(a,b) : a,b = p and a isolates b}

Proposition 1.1 The following are equivalent in any small theory T:

1. There is a p-limit model.

2. There are a,b € M, realizing p and such that tp(b/a) is nonisolated.
3. I, is not symmetric in M,.

4. 1, is not symmetric.

5. SI, is not symmetric in M,.

Proof: 1 & 2. It is a better version of the proof of = of Proposition 5.7 of [9]: we
have M = J, ., M; with M; prime over a; = p. We claim that for some 4, tp(a;/ao) is
nonisolated; otherwise every tuple a € M; is isolated over aq for every i < w and then M is
prime over ag.

2 = 8 = J is clear.

4 = 8. If tp(b/a) is isolated, it is realized in a prime model over a.

3 = 5. See Lemma 3.3 in [9].

5 = 2 is clear. O
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2 Weak elimination of hyperimaginaries

Recall from [7] that T has weak elimination of hyperimaginaries (in short, WEH) if every
hyperimaginary is interbounded with a sequence of imaginaries. As shown there (Theorem
6.7), in any simple theory with weak elimination of hyperimaginaries, forking and thorn-
forking coincide in 74. Moreover (Proposition 6.3), a simple theory T has weak elimination

of hyperimaginaries iff J/f has weak canonical bases in T°1. Now we discuss some stuff
from [5].

Definition 2.1 T has dependence witnessed by imaginaries (in short, DWI) if for all hy-
perimaginaries a, b, if a j/fc b, then a j/fc d for some imaginary d € acl®d(Cb). Here C is a
set of hyperimaginaries (but we will see that one can assume it is a set of imaginaries) and
acl®d(Cb) is the set of all imaginaries that are algebraic over Cb. On the other hand, it is

enough to obtain a tuple of imaginaries d instead of a single one and, if T is simple, even a
set D C acl®d(Cb) such that a j/fc D.

Proposition 2.2 The following are equivalent to DWI in any simple theory T':

1. If a,b are hyperimaginaries and C is a set of imaginaries such that aj/fcb, then

a j/fc d for some imaginary d € acl®(Cb).
2. T has weak elimination of hyperimaginaries.

3. If a,b are hyperimaginaries and C' is a set of hyperimaginaries such that a J//fc b, then
a j/fc d for some imaginary d € acl®d(b).

Proof: 1 = 2. Let e be a hyperimaginary and let C' = acl®(e) (the set of all imaginaries
that are algebraic over e). Notice that C = acl®d(C). We claim that for every hyper-

imaginary a, a \Lg e. Assume not, i.e., a j/fc e. By assumption there is some imaginary
d € acl®!(Ce) such that a J’/fc d. But acl®d(Ce) = C, and hence a j/fc C, a contradiction.

By the claim, e J/fc e, which implies e € bdd(C'). Hence e is interbounded with a tuple of
imaginaries enumerating C.

2 = 3. Assume a,b are hyperimaginaries and C' is a set of hyperimaginaries such that
a j/é b. By WEH, there is some set B of imaginaries such that bdd(B) = bdd(b). Hence

a j/éB and by finite character of forking there is some tuple d € B such that a j/fcd
Clearly, d € acl®d(b). a

Proposition 2.3 The following are equivalent in any simple theory T':

1. T has weak elimination of hyperimaginaries.
2. T has DWL
3. | "= P and |.* has weak canonical bases in T°.

Proof: 1 < 2. By Proposition 2.2.
1 = 3. This is Proposition 6.3 and Theorem 6.7 in [7].
3 = 1. By Proposition 6.3 in [7]. a



3 The weak independence theorem

Taken from Ben-Yaacov and Chernikov preprint [4].

Definition 3.1 The weak independence theorem over A is the following statement: if b EA
V,al bV and ¢ | ,ab, then there is some ¢’ such that c'a =4 ca, 't =4 cb, and
d L, ab.

Remark 3.2 The independence theorem over A implies the weak independence theorem
over A.

Proof: Choose first ¢; such that be EA b'ci. Then c EA ci,a \LA b, c \LA a and ¢; \LA v
By the independence theorem there is some ¢ such that ¢ =44 ¢, ¢ =ap ¢1 and ¢ | A ab’.
Clearly, ¢’ satisfies all the requirements. O

Recall that da(a,b) < n iff = nci(a,b), that is, iff there are ao,...,a, such that
a = ag, b = b, and for each i < n, = nc(a;, a;41) (a;, a;41 start and infinite A-indiscernible
sequence).

Proposition 3.3 Assume forking coincides with dividing over A and the weak indepen-

dence theorem holds over A. Then T is G-compact over A, and in fact e EA d iff
da(e,d) < 3.

Proof: Note that the hypothesis implies that A is an extension base. Let e EA d.
Since A is an extension base, we may fix some global nonforking extension of tp(d/A).
Using this global type we can obtain (as in the case of simple theories) a Morley sequence
(d; 1 i < w) over A starting with dy = d: first obtain a long A-independent sequence using
the global type and then use Erdds-Rado to make it A-indiscernible. Hence (d; : i < w) is
A-indiscernible and d; | 4 d<i for every i < w. The assumption that forking and dividing
over A coincide implies that the pair lemma holds for forking independence: if a; | 4 B
and ag | Aes B, then ajas | 4 B- Using this and some induction one easily checks that for

every ¢ < w, d>; J/A dei.

We have then d>1 | A dop. Without loss of generality, we can assume that d>1 | 4 dpe
(otherwise we replace d>1 by some d’21 =44, d>1 having this property). The situation is
as follows

Ls
° doEAe

(] d1 J/Adge
o doy |, dody

By the weak independence theorem (with a = dy, b = dp, b’ = e and ¢ = d~1) there is some
d_; such that d’ d; =4 ds1dy and dl e =4 d>1dy (we do not need the independence).
Notice that the sequences e +d%, and d; + d% are A-indiscernible. This implies that

= ncal(e,dy) Anca(dy,dy) Anca(dy,do)

Hence da(e,d) < 3. O



4 The chain condition

We continue with [4], but changing slightly some things and taking into account some
material from [6].

Definition 4.1 Let () be a partial type over A. We say that 7(x) has the chain condition
over A with respect to w(x) if for every ¢(z,y) € L, if =nca(ag,a1) and m(z) U {p(z,a)}
does not fork over A, then 7(z) U {¢(x,ap) A p(z,a1)} does not fork over A. If w(z) is
empty we just say that T has the chain condition over A.

Proposition 4.2 The following are equivalent for any partial type 7w(x) over A:

1. T has the chain condition over A with respect to 7(x).

2. For any cardinal k > |T| + |A| + |z|, for any family (m;(z) : i < (2%)T) of partial
types m;(x) of cardinality < k extending w(x), if m;(z) does not fork over A for every
i < (25)7F, then m;(z) Um;(z) does not fork over A for some i < j < (2%)*.

3. For any cardinal k > |A|+|T|+|z|, for any family of formulas (p;(z,a;) : 4 < (27)7)
with @;(z,y) € L(A), if 7(z) U{pi(z,a;)} does not fork over A for everyi < (2%)F,
then (z) U {(pi(z, a;) A p;(z,a;))} does not fork over A for some i < j < (2%)F.

4. For any partial type w(x,y) over A extending w(x), if (a; : i < w) is A-indiscernible
and w(x,a;) does not fork over A for every i < w, then J,_, m(x,a;) does not fork
over A.

5. If (ai : i < w) is A-indiscernible b |= 7 (x) and b | , ao, then there is some b’ =aq, b

such that (a; : i <w) is indiscernible over Ab" and b | ,(a; 11 < w).

6. If (a; 1 i <w) is A-indiscernible b |= m(z) and b | , ao, then there is some sequence
(a7 11 < w) Zaaq, (@i 14 <w) which is indiscernible over Ab and b | ,(aj 1 i <w).

Proof: 1 = 2. We can assume each m;(x) is closed under conjunction. Let m;(z) =
mi(x,a;) = {pij(z,a;) 1 § < K} with ;;(x,y) € L. Assume 7;(x,a;) Um;(z, a;) forks over A
for every i < j < (2%)". Since k is large enough, we can assume that ¢;;(x,y) = ¢;(z,y)
for all i < (2%)* and j < k. By Proposition 3.3 of [6] there are i < j < (2%)" such that
= nca(a;, aj). We can then choose some [ < x such that ¢;(x,a;) A ¢i(x,a;) forks over A,
contradicting 1.

2 = 8 is clear.

3 = 4. We can extend the sequence to an A-indiscernible sequence (a; : i < A) where
k =|A|+|T| + |z| and A = (27)". By 3 and indiscernibility, for each i < j < A, for each
o(z,y) € (z,y), p(x,a;) A p(x,a;) does not fork over A. We can inductively generalize
this and show that for any n < w, for any i1 < ... <1, < X, p(z,a;,) A ... ANp(z,a;,) does
not fork over A, which implies that (J,_, 7(z,a;) does not fork over A. For the induction
notice that (b; : 4 < \) is A-indiscernible if b; = a;.(n41), - - -5 A(i+1)-(n+1)-

4 = 5. Let p(x,y) € S(A) be such that tp(b/Aag) = p(x,a0). By 4 U, p(x,a;)
does not fork over A. Choose V' = U, p(,a;) such that v | ,(a; 1 i < w). We can

extend the sequence and then apply Erdos-Rado to extract an Ab’-indiscernible sequence
/

(aj 1i <w) =4 (a; 19 <w) such that b’ | (aj:i <w). By conjugation over A we obtain

a corresponding b” for (a; : i < w).

5 < 6. By conjugation over A.



5 = 1. Let (a; : i < w) be an A-indiscernible sequence such that ¢(x,ag) does not fork
over A. Choose b | , ag such that b = 7(z) and = (b, ap). By 5 there is some b’ =44, b
such that (a; : i < w) is indiscernible over AV’ and b" | ,(a; : i <w). Since b’ |= m(x) and
E o, a0) AoV, a1), the set m(z) U {p(z,a0) A ¢(z,a1)} does not fork over A. a

Proposition 4.3 IfT has the chain condition over A, then the weak independence theorem
over A holds.

Proof: We prove first the case = ncy(b,b'). In fact we will see that the general case
follows from this particular case without the need of the chain condition.

Assume = nca(b,b), a |, bV and ¢ | , ab. Since a | ,, b, by Lemma 10.6 of [8],
there is some a’ such that = nca(ab,a’d’). Fix an A-indiscernible sequence (a;b; : 1 < w)
with ag, by, a,by = a,b,a’,b’. Since ¢ |, aoby, by point & of Proposition 4.2 there is some
¢ =Aagb, € such that ¢ J/A(aibi 11 <w) and (a;b; 1 1 < w) is Ac’-indiscernible. It follows
that ¢ \LAab’, b =4cb=4cband da=4 ca.

Now we prove the general case. Fix n such that d(b,d’) < n and fix by, ...,b, such
that bg = b, b, = V' and = nc(b;,b;41) for all i < n. Since (Z\LAbobn, we can assume
(changing a and c if necessary) that a J/A bo, ..., b,. Now we check by induction on ¢ < n
that there is some ¢; such that ¢;b; =4 cbg, c;a =4 ca and ¢; J/A ab;. This will suffice. We
start with ¢g = ¢. In order to obtain ¢;11 from ¢; we apply the particular case proven above:
there is some ¢;41 such that ¢;41b;11 =4 ¢;bi, civ1a =4 c;a and ¢4 \LA b;11a. Using now
the induction hypothesis on ¢; we see that ¢;11b;11 =4 cbg and c;110 =4 ca. O

5 Indiscernible arrays

References for this section are [4], [10] and [3], but we do some things differently.

We will discuss arrays of the form A = (a;; : ¢ < «o,j < ) where k, X are ordinals
(although more generally we could have dealt with linearly ordered sets). We understand
that the rows are (a;; : j < ) for ¢ < o and the columns are (a;; : j < «) for ¢ < 5. Hence
our array looks like as follows:

app ao1r  ao2
aip ailr a2
azp a21 a2

Each a;; is a (possibly infinite) tuple and all have the same length. Sometimes we use the
notation a; = (a;; : j < B) for the rows. The sequence of previous rows is a«;. Other
notations, like a~; are self-explanatory.

An (n,m)-subarray of (a;; : ¢ < a,j < ) is an array of the form (a;,, : | =
1,...,nand k = 1,...,m) for some iy < ... < i, < a and some j; < ... < jny, < B.
In the case n = m we talk of an n-subarray.

Definition 5.1 An array is A-indiscernible if both the sequence of its rows and the se-
quence of its columns are A-indiscernible. Note that A-indiscernibility of rows imply that
each single column is A-indiscernible and, similarly, A-indiscernibility of columns imply
that each single row is A-indiscernible.



Remark 5.2 The following are equivalent for any array A = (a;; 11 < o, j < ) and any
set A:

1. A is A-indiscernible.
2. For all n,m < w all (n,m)-subarrays of A have the same type over A.

3. For any i1,...,i, < & and j1,...,Jn < B, the type tp(ai j, - - - ai,;,/A) depends only
on the order (and equality) relations of i1, ... iy, and of ji, ..., jn-

Proof: 1 = 2. Counsider two (n,m)-subarrays a and b, the first one determined by i; <

< idp < aand j; < ... < j, < 8 and the second one by i} < ... < i}, < « and
Ji < ...<jl < B. By A-indiscernibility of the sequence of columns, a has same type over
A as the (n, m)-subarray ¢ determined by 41, ..., 4, and ji, ..., j.,. Now by A-indiscernibility
of the sequence of rows, ¢ has same type over A as b.

2 = 3. If the order of indexes in rows and columns coincide, for some n, m the corre-
sponding tuples of the array lie in the same positions in some (n, m)-subarrays.

8 = 1. Clear O

Remark 5.3 Let (a;; : i < a,j < () be an A-indiscernible array. For any two strictly
increasing mappings f : o — B and g : a — B:

(aif(l-) 1< a) =4 (aig(i) 1< a)

Proof: By Remark 5.2, since (f(i) : i < ) and (g(%) : ¢ < «) are order isomorphic. a

Definition 5.4 The rows of an array (a;; : ¢ < a,j < ) are mutually indiscernible over
A if each row a; = (a;; : j < B) is indiscernible over A and the rest ax; = {a;; : | < a,l #
1 and j < ) of the array. The array is very indiscernible over A if it is A-indiscernible and
its rows are mutually indiscernible over A.

Remark 5.5 An array (a;; : i < a,j < ) has rows mutually indiscernible over A if and
only if for any iy < ... <in, < a and any choice b;, and b}, for each l =1,...,n of finite
increasing sequences with same length of tuples of the row i;:

bi17~--7bin EAb, b/

i1 9 Yip

Proof: It is clear that this new condition implies mutual indiscernibility of rows. For the

other direction, by induction on k& < n we check that b; ,...,b; b s bi, =4 biy, . 0i

Vi ik s 0
The case £k = 1 is clear by mutual indiscernibility. For the inductive step note that,
by mutual indiscernibility and the induction hypothesis, b; ,..., b} b;Hl Digyn -5 bi, =4
bglv""békbik+17""bin EAbi17"'7bin,' Od

Remark 5.6 1. If the rows of an array are mutually indiscernible over A, then the
sequence of its columns is A-indiscernible.

2. If an array has rows mutually indiscernible over A and the sequence of its rows is
A-indiscernible, then it is very indiscernible over A.

Proof: By Remark 5.5, since to check indiscernibility of columns it is enough to look at
finitely many rows of two given finite sequences of columns. O



Remark 5.7 Let § > w, assume the columns of A = (a;; : i < a,j < B-«) are A-
indiscernible, and define b;; = a; p.i+;. Then the rows of B = (b;; : i < a,j < B) are
mutually indiscernible over A. Hence, if A is an A-indiscernible array, then B is very
indiscernible over A.

Proof: Note that each (a;g.i+; : j < ) is indiscernible over AU {a; g.r+j : | < o, (k <
iork<l<a)andj < B}. Hence (b;; : j < f3) is indiscernible over AU{by; : j < 8,1 # i}.
By Remark 5.6 B is very indiscernible over A. O

Proposition 5.8 For any array A = (a;; : 1 < o, j < A) and any set A, if k > |A| +|T| +
laij| +|a| and A = J(gr)+, then there is an array B = (b : i < a,j < w) which has mutually
A-indiscernible rows and is locally like A, in the sense that for every choice in B of finitely
many rows and a finite subsequence in each of these rows, there is a corresponding choice
of subsequences in the same rows of A having (all together) the same type over A.

Proof: By the ordinary method of extracting indiscernible sequences based on Erdos-Rado,
there is some array A’ = (a;j 11 < @,j < w) with A-indiscernible sequence of columns and
such that for every finite subsequence of columns in A’ there is a corresponding sequence
of columns in A with the same type over A. In particular, A’ is locally like A. The next

step is extending the array A’ to (a;; : i < a,j < w - a) with A-indiscernible sequence of
columns. Now by Remark 5.7 if we define b;; = aj ,;,; for i < a and j < w, we obtain a

new array B = (b;; : ¢ < o, j < w) with the required properties. O

6 Array-dividing
Here the main reference is [4]

Definition 6.1 Let ¢(x,y) € L. We say that ¢(z,a) array-divides over A if there is some
A-indiscernible array (a;; : 4,j < w) with a = ago and such that {¢(z,a;; : 1,7 < w} is
inconsistent.

Remark 6.2 If o(x,a) divides over A, then it array-divides over A.

Proof: Let (a; : i < w) be an A-indiscernible sequence with a = ag such that {p(z,q;) :
i < w} is inconsistent. Let a;; = a;. Then the array (a;; : 4,5 < w) witnesses that ¢(z, a)
array-divides over A. m]

Proposition 6.3 If forking and dividing over A coincide and T has the chain condition
over A, then dividing and array-dividing over A coincide.

Proof: Assume ¢(x,a) does not divide (fork) over A, let (a;; : ¢, j < w) be A-indiscernible
with @ = agp and let us check that {¢(x,a;;) : 4,7 < w} is consistent. Let n < w.
By the chain condition over A, A,_,, ¢(x,a;) does not fork over A. Since the sequence
(bj : j <w) with bj = (a;; : ¢ <n) is A-indiscernible, again by the chain condition over A,
Ni j<n (2, aij) does not fork over A and hence it is consistent. O

Definition 6.4 An A-indiscernible sequence (a; : ¢ < w) is a universal over A in tp(ag/A)
if {¢(x,a;) : 4 < w} is inconsistent for every formula ¢(z,y) € L such that ¢(x,ap) divides

over A.

Remark 6.5 1. In a simple theory, every Morley sequence over A is universal over A.



2. In a NTPy theory, every sequence generated over A by a strict A-invariant global type
is universal over A (see Proposition 4.4 of [7]); hence (see Proposition 4.11 of [7])
any type over a model M has universal indiscernible sequences over M.

Proposition 6.6 If forking and array-dividing over A coincide and for every type p(x)
over A there are universal indiscernible sequences over A in p(z), then T has the chain
condition over A.

Proof: Assume ¢(z,y) € L, p(x,ap) does not fork over A , (a; : j < w) is A-indiscernible
and ¢(x,a0) A p(xz,a1) forks over A. Let k be large enough and extend the sequence
to an A-indiscernible sequence (a; : j < k). Choose a universal indiscernible sequence
((aij 1 j < k) 14 <w) over A in the type tp((a; : j < k)/A) with ag; = a;. By the choice
of k we can extract an A-indiscernible sequence ((aj; : i < w) : j < w) from the sequence
of columns ((a;; : i <w): j < k). It follows that (a}; :4,j < w) is an A-indiscernible array.
By A-indiscernibility, for every j <1 < K, ¢(z,a0;) A p(z,ap;) forks over A. Since we have
chosen a universal indiscernible sequence, for every j <1 < &, {¢(x,a;;) Ap(z,a) 11 < w}
is inconsistent. Hence, for every j < I < w, {¢(=,a};) A p(z,a;;) i < w} is inconsistent
and {¢(7,a;;) : 4,j < w} is inconsistent too. Since ag =4 agy, ¢(,ao) array-divides (and
forks) over A, a contradiction. |

Definition 6.7 A partial type m(x) has TPy if for some formula ¢(z,y) € L and some
k < w there is some array (a;; : 4,j < w) such that {¢(z,a;;) : j < w} is k-inconsistent for
every i < w and 7(x) U{p(x,a;;)) : i <w} is consistent for every f :w — w. We say that
7 has NTP; if it does not have TPy. A theory T has TP, if the empty partial type has
TPy in T'. Similarly for NTP5. As shown in Lemma 7.4, this definition agrees with the one
given in [7] (where we required k = 2).

Remark 6.8 Nothing changes if in the definition of NTPy type one requires that {¢(x, a;j) :
Jj < w} is k-inconsistent relatively to w(z), namely, p(z) U {p(x,aij,),...,o(z,a; )} is
inconsistent for all j1 < ... < jr < w. The reason is that in an array witnessing TPy of
m(x) with this weaker requirement we can assume all rows have the same type over A and
hence adding the same formula 6(x) of w(x) to ¢(x,y) we get k-inconsistency. If 0(x) has
parameters in A we can add the parameters to each tuple in the array.

Lemma 6.9 Let m(x) a partial NTPy type over A. If the array (a;; : i,j < w) is very
indiscernible over A and the first column {@(x,a;) : 1 < w} is consistent with w(x), then
m(z) U{p(x,a;j) 1 4,j <w} is consistent.

Proof: Let n < w and let us check that m(x) U{¢(z,a;;) : 4 <n,j < w} is consistent. Let
bij = Ginjy- -y Qint(n-1),;- Then the array (b;; : i,j < w) is also very indiscernible over A.
Let @™ (290, - -, Un—1) = Nicy, (x5 y5). We need to check that m(z)U{p" (z,bo;) : j < w}is
consistent. We know that 7(z)U{"(x, b;o) : ¢ < w} is consistent. By mutual indiscernibility
over A (see Remark 5.5), for every f : w — w, the set 7(x) U {p"(2,b; i) : i < w}
is consistent. If w(z) U {¢"(x,by;) : j < w} is inconsistent, then (see Remark 6.8) we
may assume that {¢"(x,by;) : j < w} is k-inconsistent for some k < w. Then every
{¢™(z,b;;) : j < w} is k-inconsistent too for every i < w, and therefore ¢™ witnesses that
m(x) has TPs. O

Lemma 6.10 Let w(x) bea NTPy type over A. If the array (a;; : 1,7 < w) is indiscernible
over A and the diagonal {¢(z,a;;) : i < w} is consistent with w(z), then m(x) U {p(x,a;;) :
1,7 <w} is consistent.



Proof: Assume 7(z)U{p(x,a;;) : i,j < w} is consistent. We can extend the array to an A-
indiscernible array (a;; : i < w,j < w-w). By indiscernibility of columns, w(z)U{p(x, @i w.;)
i < w} is consistent. Let b;; = a; «.i+;. By Remark 5.7 (b;; : 4,7 < w) is very indiscernible
over A. Since by = a;.;, by Lemma 6.9 w(x) U {¢(z,b;;) : 1,j < w} is consistent. If
we define ¢;; = (@;n.j+x : k < n), we get an A-indiscernible array (c;; : 4,j < w). If
©"(23Y0s -+ Yn—1) = Nicn ©(@;%:), then the diagonal {¢(z,cs) : @ < w} is consistent with
m(x). Interchanging rows and columns and applying again this fact, we see that for each
m < w, {\;cn @"(T,¢iy4,i) : j < w} is consistent with 7(x). In particular, this implies that
{o(z,a;;) : i < n,j < m} is consistent with m(x). Hence w(x) U {p(x,ai;) : 4,7 < w} is
consistent. O

Proposition 6.11 If w(x) is a NTPy type over A, then for any formula ¢(x,y) € L(A),
for any tuple a, w(x) U{p(x,a)} divides over A iff it array-divides over A.

Proof: Assume w(z) U {p(z,a)} does not divide over A and let (a;; : ,j < w) be an
A-indiscernible array with a = ago. Since (a;; : @ < w) is A-indiscernible, 7(z) U {¢(x, ai;) :
i < w} is consistent. By Lemma 6.10, 7(x) U {¢(x, a;5) : 1,j < w} is consistent. This shows
that ¢(x,a) does not array-divide over A. m

Corollary 6.12 If T is NTPy and A is an extension base, then T has the chain condition
over A, the weak independence theorem holds over A and T is G-compact over A.

Proof: By Proposition 4.3, the weak independence theorem follows from the chain con-
dition. Since in a NTP, theory forking and dividing coincide over extension bases, by
Proposition 3.3 the weak independence theorem implies G-compactness. Hence we only
need to check the chain condition over extension bases.

Consider first the case of A = M. As indicated in Remark 6.5, there are universal
indiscernible sequences in any type over M. By propositions 6.11 and 6.6, T has the chain
condition over M. Consider now the general case of an extension base A. We use point 3 of
Proposition 4.2. Let k > |T|+|A| + |z| and assume ¢;(x, a;) does not fork over A for every
i < (2%)*. Choose a model M D A such that M | (a; : i < (27)"). Then no ¢;(z,a;)
forks over M and hence ¢;(z,a;) A ¢;(z,a;) does not fork over M for all i < j < (2%)*. By
Lemma 4.8 of [7], pi(z,a;) A ¢;(x,a;) does not fork over A. a

7 Burden
Based on [1] and [10].

Definition 7.1 An inp-pattern of depth s in a partial type m(x) is an array (a;; : ¢ <
K,j < w) together with numbers k; < w and formulas ¢;(z,y;) € L for i < k such that

1. {pi(z,ai;) : j <w} is k;-inconsistent for every i < k.

2. m(x) U{pi(x,a;5;)) : i < K} is consistent for every f:r — w.

The burden of m(x) is the supremum bdn(w) of all depths of inp-patterns in 7(z). We write
bdn(a/A) = bdn(tp(a/A)).

Remark 7.2 The fact bdu(n) = w means that there are arbitrarily large finite depths of
inp-patterns in © and none of depth wy. This is compatible both with the existence and the



inexistence of patterns of depth w. Perhaps it would have been better to define the burden
as the first cardinal k for which there is no inp-pattern of depth k. With this definition one
would have bdn(rw(x)) > k iff there is some inp-pattern of depth k in w(x). But then the
difficulty is that with this notion we would have bdn(w) = 1 iff m is algebraic (and there
would not exist types of burden zero). This could be repaired by defining the burden as the
least K for which there is no inp-pattern of depth k + 1 (this does not change the burden if
it is > w).

Remark 7.3 1. bdn(n(z)) = 0 iff n(z) is algebraic.
2. If w(x) b «'(x), then bdn(n(z)) < bdn(x'(x)).
3. bdn(n(z)) < oo iff bdn(rw(x)) < |T|"

Proof: 1. Assume 7w(z) is not algebraic and let (a; : i < w) be a sequence of different
realizations of m. The inp-pattern of depth 1 defined by the formula x = y, the number
k = 2 and the parameters (a; : i < w) shows that bdn(7) > 1. Assume now bdn(w) > 1, and
let p(x,y) with k and (a; : i < w) be a inp-pattern of depth 1 in 7(z). For each i < w choose
a maximal subset I; C w such that ¥;(z) = 7(z) U{p(z,a;) : i < w} is consistent (any such
set has cardinality < k) and choose a realization b; of ¥;(x). If j & I; then ¥;(x) UX;(x) is

inconsistent and therefore b; # b;. Now choose inductively i,, € w ~\ |, <n Li,,- 1t follows
that by, b;,, ..., are different realizations of 7(X), which proves that m(x) is not algebraic.

3. In an inp-pattern of depth |T|* there is some k < w and some formula ¢(x,y) which
are used in infinitely many rows. By compactness we can then extend the pattern with &
and ¢ to any possible depth. O

Lemma 7.4 If w has TPy, then for any set A there is some very A-indiscernible array
(aij =i, <w) and some formula @(x,y) € L such that {¢(x,a:;) : j < w} is 2-inconsistent
for every i <w and w(x) U{p(r,a;¢;)) : 1 <w} is consistent for every f € w®.

Proof: Start with an array (a;; : 4,7 < w), a natural number k and a formula ¢(z,y)
witnessing TPy, choose A large enough and extend the array to (a;; : i < A, j < w) with all
paths consistent with m(x) and with k-inconsistent rows. We can extract using Erdés-Rado
an array with A-indiscernible sequence of rows and locally like the previous one. Next,
we extend its rows to width A and we apply Proposition 5.8. After all this, we end up
with a very A-indiscernible array witnessing TPo with ¢(x,y) and k. We denote it again
by (a;; : 1,j < w). Now we want to reduce k to 2. We may assume k is minimal, that
is, no array and formula witness TPy of 7(xz) with a smaller number. Consider the set
{o(z,a;0),p(z,a;1) : i < w}. If it is consistent with m(x), then (by indiscernibility of
the array) the formula ¢(z;yoy1) = ¢(x,y0) A p(x,y1) and the array (a;2.;Gi2.j+1 @ @ <
w,j < w) witness TPy with a smaller number. If it is inconsistent with m(x), we choose
n < w such that {¢(z,a;0),¢(z,a;1) : 4 < n} is inconsistent with 7(x). Then the formula
V(@5 Y0, -+ Yn—1) = Nicn (@, 9:) together with the array (an.ij,...,0n.i41)-1,; * 1 <
w,j < w) witnesses TPy with k = 2. m|

Remark 7.5 T is NTPs iff all types have burden < oo. In fact, if T has TPy, then for
every set A there is a type p(z) € S(A) with bdn(p(x)) = co.

Proof: Assume T has TP; and let A be any set. Use Lemma 7.4 to witness this with ¢
and an array (a;; : 4,7 < w) with mutually A-indiscernible rows. Let b = {¢(x, ai0) : i < w}
and let p(z) = tp(b/A). By Remark 5.5, (aj : i < w) =a (a;54) : ¢ < w) and hence
p(z) U{p(x,a;f0:)) : @ < w} is consistent for every f € w®. By compactness, bdn(p) = oo.
O
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Definition 7.6 The rows of an array (a;; : ¢ < o, j < ) are almost mutually indiscernible
over A if each row a; = (a;; : j < ) is indiscernible over Aa;(ay : I > ¢). Notice that in
such arrays, (a0 : i < @) =4 (a;f¢ : i < ) for every f:a — .

Lemma 7.7 If the rows of the array (a;; : i < a, j < ) are almost mutually indiscernible
over A, then there is some array (agj D < a,j < fB) with rows mutually indiscernible over
A and such that (aj; 1 j < B) S (aij 1 j < B) for every i < a.

Proof: As a first step we extend the width of the array to a conveniently large cardinal A
preserving almost mutual indiscernibility. We apply then Proposition 5.8 and compactness
to obtain an array (a;j 14 < «,j < ) which is locally like our previous array and has
mutually A-indiscernible rows. We claim that (a}, : i < a) =4 (a0 : i < a). To check
this, assume ig < ... < 4p < a. There are jo,...,jr < A such that aj,...,a; , =a
Qigjor - -+ > Qigjp- BUb Qigjos- -3 Qi =A Qigos- - - a40- This proves the claim. Now take
(af; 14 < a,j < B) such that (a}; : i < a,j < B)(ajy : i < a) =4 (afj 10 < a,j <
B)(aip : i < «). The rows of the new array are again mutually A-indiscernible and moreover
(ai; 1§ < Blaio =a (aj; : j < B)ajy =a (aij : j < Bajo for every i < a. a

Lemma 7.8 Let A be a finite set of formulas of L(A), let (ai; : i < n,j <w) be an array
and let k < w. For each i < n there are ji < ... < ji < w such that the rows of the array
(amz 2i < n,l < k) are A-indiscernible, meaning that for each p(x1,...,z,;y) € A, each
row is o(x1,. .., 2; a)-indiscernible for any tuple a of elements of the remaining rows.

Proof: By Ramsey’s Theorem, there is an infinite subset I C w such that the sequence of
columns of (a;; : ¢ <n,j € I) is indiscernible with respect to all formulas in A, letting the
variables range over elements of any row. By the trick explained in the proof of Remark 5.7
it suffices now to take n consecutive segments of length k£ + 1 in the increasing enumeration
of I, obtaining this way a diagonal of tuples lying in disjoint columns. O

Lemma 7.9 Assume the rows of the array (a;; : i < o, j < B) are mutually A-indiscernible
and let b be any tuple. Let p;(x,y) = tp(bao/A) and suppose Ui<a7j<5 pi(x,a;;) is consis-
tent. Then there is some array (a;»j D1 < a,j < fB) with rows mutually indiscernible over
Ab and such that (aj; : j < B) =aa, (aij 1 j < B) for alli < a.

Proof: Let V' = U, j<5Pi(,aij). Fix a finite set A of formulas of L(Ab'), a finite subset
S C «a and some k < w. Choose with the Lemma 7.8 a finite array (ai,jlf, ci e Sl <k)
with mutually A-indiscernible rows. By Remark 5.5, this array has the same type over
Aas (a; : i € S, < k). Let f € Aut(€/A) send the first array to the second one,
and let A" = f(A). Then (ay : i € S, < k) is A’-indiscernible, A’ is over Af(b') and
f(0)aio =a V'a; ji =4 bajg for every i € S. By compactness, the rows of (a;; : i < o, j < 3)
are mutually indiscernible over Ab” for some b such that b” =4,,, b for every i < a. By
conjugation over A we obtain the array with the required properties over Ab. O

Proposition 7.10 The following are equivalent for any partial type w(x) over A and any
cardinal K:

1. There is no inp-pattern of depth k in w(x).

2. If b |= m(x) and the rows of the array (a;; : i < K,j < w) are almost mutually
indiscernible over A, then for some i < k there is an Ab-indiscernible sequence (a;- :
J < W) =aq, (@i 1 <w).

11



3. If b = w(x) and the rows of the array (a;; : i < k,j < w) are mutually indiscernible
over A, then for some i < k there is an Ab-indiscernible sequence (a} : j < w) =aq,,
(aij 1 j <w).
Proof: 1 = 2. Assume b |= w(x) and the rows of (a;; : i < k,j < w) are almost mutually
indiscernible over A. Let p;(z,y) = tp(baio/A) and let q;(z) = U;., pi(z,ai;). If each
qi(x) is inconsistent, we can find in each case some p;(x,y) € p;(z,y) and some k; < w
such that {¢;(z,a;;) : j < w} is k;-inconsistent. Notice that b = {@;(z,a:0 : ¢ < k}. By
almost mutual indiscernibility over A, (ai : i < k) =4 (a;f(;)) : @ < k) for each f: k = w.
Hence m(z) U {@i(x,a;f¢;)) : @ < k} is consistent for each such f, which shows that we have
obtained an inp-pattern of depth k in 7(x). If, on the contrary, some g;(x) is consistent,
then we can apply Lemma 7.9 to the array consisting in this single row and we obtain some
Ab-indiscernible sequence (a} : j < w) =, (aij 1 J < w).

2 = 3. Clear.

3 = 1. Assume there is an inp-pattern of depth « in 7(z), with array (a;; : ¢ < k,j < w),
formulas (¢;(z,y;) : ¢ < k) and numbers (k; : ¢ < k). By an application of Proposition 5.8
(after extending the width of the array) we can assume that the rows are mutually A-
indiscernible. Let b |= m(z) U{g;(z,ai0) : ¢ < k}. Then = ¢;(b, a0) and {p(z,a;5) : j < w}
is inconsistent. This means that we can not find some i < k as in point 3. O

Proposition 7.11 If there is an inp-pattern of depth k1 - ko in tp(biba/A), then either
there is an inp-pattern of depth k1 in tp(by/A) or there is an inp-pattern of depth ko in
tp(ba/Ab1).

Proof: We assume that there is no inp-pattern of depth 7 in tp(b;/A) and there is no inp-
pattern of depth kg in tp(b2/Aby), and we will apply Proposition 7.10. Let (a( jyx : (4,7) €
K1 X Ko,k < w) be an array with mutually A-indiscernible rows. We consider the cartesian
product sy X k2 lexicographically ordered and we use the notation a(;jy = (a¢ ) : ¥ <w).
We inductively obtain some sequence a; = (a;; : j < w) and some ordinal a; < k2 for each
i < K1 in such a way that

1. a! is indiscernible over by D;, where D; = Aa'@vaz(iﬂ’o).

/
[
/ = a .

i =Diag ;)0 Uian)-

3. The rows of the array a’Si U as(i+1,0) are mutually A-indiscernible.

By the assumption (in case ¢ = 0) and the inductive hypothesis applied to 3 (cases i successor
or limit), the rows (a(; j) : 7 < x2) are mutually indiscernible over D;. Note that there is no
inp-pattern of depth kg in tp(be/D;). By Proposition 7.10, for some «; < kg, there is some
D;bs-indiscernible sequence a; =Diai ;)0 Yiai)- Clearly, all conditions of the construction
are satisfied. It follows that the rows of (a} : i < k1) are almost mutually indiscernible
over Aby. By Proposition 7.10 there is some i < ko and some Ab;bs-indiscernible sequence
(aj 1 j < w) Zapyar, a;- Then (a; 1 j <w) Zaag,. 0 Aia) and again by Proposition 7.10
we conclude that there is no inp-pattern of depth k1 - ko in tp(b1be/A). O

Remark 7.12 If the burden of a type ™ were defined as the least cardinal k for which there
is mo inp-pattern of depth k in w, then Proposition 7.11 would read as follows:

bdn(b1b2/A) S bdn(bl/A) . bdn(bg/Abl)
With our official definition we have for successor cardinal numbers ki, ko < w:

bdl’l(bl/A) <k & bdn(bg/Abl) < Rg = bdn(ble/A) < K1+ K2
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Corollary 7.13 If T has TPa, then this is witnessed by some formula p(x,y) where x is
a single variable and the number is k = 2.

Proof: If T is TPy, then (by Remark 7.5 and Proposition 7.11) for some single element
b, for some set A, bdn(b/A) = co. Let p(x,y) witness it. Then z is a single variable. As
shown in the proof of Lemma 7.4, we can then take k = 2. O

8 dp-rank
Based on [1], [10] [14] and [11].

Definition 8.1 An ict-pattern (meaning independent contradictory types pattern) of depth
k in a partial type 7(z) is an array (a;; : ¢ < K, j < w) together with formulas ¢;(z,y;) € L
for ¢ < K such that for every f: x — w, the set

Lp(x) ={pi(x,a;50)) 1 < K} U{npi(z,a:5) 11 <k, # f(i)}

is consistent with 7(x). The dependence rank (also called the dp-rank) of 7(x) is the supre-
mum dprk(m) of all depths of ict-patterns in 7(z). We write dprk(a/A) = dprk(tp(a/A)).

Proposition 8.2 1. bdn(n) < dprk(n).
2. If w is NIP, then bdn(m) = dprk(w) < oco; otherwise dprk(m) = oo.

Proof: 1. Let w(z) be a partial type over A. We show that we can obtain an ict-pattern
of depth  in 7(z) from an inp-pattern of depth x in 7(z). Let (¢i(z,y;) : i < k), with
(aij i < k) and (k; : i < k) define an inp-pattern in 7(x). We can assume that the rows of
the array are mutually indiscernible over A. Choose a realization b of 7(z) U {¢;(x, a;o) :
i < k}. If i < K, there are at most k; < w indexes j < w such that = ¢;(b, a;;) and we can
delete them of the array. Hence we can assume that = —;(b, a;;) for every j # 0. This
means that 7(z) U {pi(z, i) : i < } U{-g;i(z,a;;) 1 i < k,0 < j < w} is consistent. By
mutual indiscernibility over A, the same happens for any other path f : K — w. Therefore
we have an ict-pattern in 7(z).

2. Let m(x) be a partial type over A. If w(x) has IP, witnessed by ¢(z,y) and (a;; : j <
Kyt €w), (by:J C Kk xw) such that b; = 7(z) and |= @(by,a:;) < (i,7) € J, then we can
obtain an ict-pattern in m(x) defining ¢;(x,y;) = ¢(z,y) for all i < &, j < w.

Now assume 7(z) is NIP and let us check that bdn(r) > dprk(n). Let (vi(z,v:) : i < k),
with (a;; : 4 < K,j < w) define an ict-pattern in w(z). We can assume that the rows
of the array are mutually A-indiscernible. Let o;(x;y1y2) = @i(z,y1) A —i(x,y2) and
let bi; = a;2.5a;2,41. Since w(x) is NIP, w(z) U {¢;(x;b;;) : j < w} is inconsistent.
Then for some 6;(z,z;) € L for some tuple ¢; € A, for some k; < w, 0;(z,¢;) € n(x)
and {0;(z,¢;) A ¥i(x,b;5) < w} is k;-inconsistent. Then the formulas x;(x; y1y2,2:i) =
Yi(z;3192) A 0;(x, z;) with parameters (b;jc; 1 ¢ < Kk, j < w) and numbers (k; : ¢ < k) define
a inp-pattern of depth x in 7(x).

Finally, assume that dprk(m) = oo and let us show that = has IP. We may find an
ict-pattern of length w in 7(z) with constant formula ¢;(z,y;) = ¢(z,y). Look at the first
column (a0 : ¢ < w). Given J C w choose f : w — w be such that f(i) = 0 < i € J.
Since m(x) U {@(z, ;1)) : @ < K} U{=p(x,a:5) 1 i < K, f(i) # j < w} is consistent,
m(x) U{p(z,ai0) 1 i € J} U{-p(z,a,) : i € w~ J} is consistent. Hence ¢(z,y) and
{a;0 : i < w} witness that m(x) has IP. O
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Remark 8.3 1. dprk(w(x)) = 0 iff n(x) is algebraic.
2. If w(x) b «'(x), then dprk(w(z)) < dprk(#'(z)).
3. dprk(m(z)) < oo iff dprk(w(x)) < |T'|T

Proof: 1. If w(x) is not algebraic we easily find an ict-pattern of depth 1 in 7(x) using
the formula x = y. On the other hand, if there is an ict-pattern of depth 1 in w(x), it is
clear that 7(z) has infinitely many realizations.

2 is clear.

8. Similar to the proof of & of Remark 7.3. |

Proposition 8.4 let w(x) be a partial type over A. The following are equivalent:

1. There is no ict-pattern of depth k in 7(x).

2. If (ai; 1 < K,j <w) has mutually A-indiscernible rows and b |= w(x), then some row
(aij 1 j <w) is Ab-indiscernible.

3. If (aij 11 < K,j < w) has mutually A-indiscernible rows and b |= 7(x), then for some
i< K, aij =ap aq for all j,l < w.

Proof: 3 = 1. Assume there an ict-pattern of depth x in m(z), given by formulas
(pi(z,y;) i < k) and some array (a;; : ¢ < K,j < w). We may assume that the rows are
mutually A-indiscernible. Let b = w(x) U {p;(x,a,0) 1 i < K} U{=pi(z,ai;) 11 < k,0 < j <
w}. Then a;p and a;; have different type over Ab, contradicting 3.

1 = 3 Assume (a;5 : i < K,j < w) has mutually A-indiscernible rows, b |= m(x) and
in each row there are elements with different type over Ab, say for each i < k there are
vi(z,y;) € L(A) and k,l < w such that |= ¢;(b, a;r) A (b, a;). Adding the parameters of
©; to each element of the row if necessary, we can assume that ¢;(z,y;) € L. By compactness
we can find such an array where the rows have the order type of the integers. Hence it is
of the form (a;; : i < K, j € Z). Let us look at some ¢ < k. Either {j € Z :[= ¢;(b, a;;)} is
cofinal or {j € Z :[= =;(b, a;;) : j < w} is cofinal and similarly, either {j € Z :}= ;(b, a;;)}
is coinitial or {j € Z :}= —;(b, a;5) : j < w} is coinitial. Deleting some elements of the row
we may assume that either = ¢;(b, a;0) A —p(b, a;;) for all j > 0 or = =, (b, aio) A (b, a;j)
for all j > 0; and similarly we may assume that either = ¢; (b, a;0) A (b, a;;) for all j <0
or = —;(b, ajo) A (b, a;;) for all j < 0. There are four possible cases. The first case is that
E ©i(b, aio) A (b, a;;) for all j # 0. In this case we take ¢;(z,y;) = i(z,y;). The second
case is similar, with ¢ and —¢ switching its roles. Here we take ¢;(z,y;) = —@;(z,y;). In the
third case we have = ¢;(b, a;;) for all j <0 and = ¢;(b, a; ;) for all j > 0. Then we replace
the row by (b;; : jZ) where b; = as.; 2.14+1 and we take ¢;(z;yly?) = @;i(z, y}) A —pi(@,y2).
The fourth case is similar (exchanging ¢; and —p;(z,y;)) and has a similar solution. In
any case, after modifying the row we obtain a formula 1; such that m(x) U {t;(x, aip) : i <
Kk} U{i(x,a;5) 11 < K,0# j € Z} is consistent. By Remark 5.5 any other path produces
a corresponding set also consistent with 7(z). Hence (after restricting the row to indexes
> 0) this array and these formulas provide an ict-pattern of depth & in 7(x).

2 < 3. In fact we only need to check & = 2. Assume we have a counterexample to
2, given by the array (a;; : i < k,j < w) and b = 7(z). Consider some row ¢ < k. For
some n < w there are jo < ... < jp—1 <lop < ... <lp—1 < w such that a;, ...ai,_ , Fav
Qily - - - Gil,,_,- Without loss of generality, jr = k and I = n + k. We define a new row
(bij : j < w) putting b;; = Qinj,---s0injtn—1. We do a corresponding modification in
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every other row. That way we obtain an array (b;; : ¢ < k,j < w) with mutually A-
indiscernible rows. Note that in each row there are two elements with different type over
Ab. Hence we have a counterexample to 3. O

9 Simple types in NTP, theories
Based on [10].

Definition 9.1 Recall from [7] that a partial type 7(z) is simple if there are not parameters
(by: few?), (as: s € ws¥), formula ¢(z,y) € L and number < w such that

1. by =m(x) for all f € w®.
2. by = o(z,ayp,) for all f € w® for all n < w.
3. {p(z,a4~,) : n <w} is k-inconsistent for all s € w<¥.

The same notion is defined if we allow ¢(z,y) € L(A) since the additional parameters of ¢
can be added to the nodes a, of the tree.

We say that the partial type X(u) is co-simple if there are no such objects as where each
as is a tuple of realizations of 3(u) (this replaces condition 1 on 7) and ¢(z,y) € L(A). In
this case this does not seem to be equivalent to ¢(z,y) € L since adding the new parameters
to the branches by is not enough (k-inconsistency might be lost). Note that y is a tuple of
the form u; ...u,, where each u; has the length of u.

Proposition 9.2 The following are equivalent for any partial type 7w(x) over A:

1. 7(x) is simple.
2. D(m, Ak) <w for all A, k.

3. For any completion p(z) € S(B) of n(x) there is some C C B such that |C| < |T|+|x|
and p(z) does not fork over C.

4. IfACC,aET andbica, thenaicb.
Proof: See Proposition 7.3 in [7]. o

Remark 9.3 1. Any extension of a simple type is simple.

2. If m(x,y) is simple, then the type Jym(x,y) is simple. Therefore, if m(x,y) is a simple
partial type over A, then m | © = {p(z) € L(A) : n(z,y) b o(x)} is simple.

3. tp(a/A) and tp(b/Aa) are simple if and only if tp(ab/A) is simple. More generally,
tp(a;/Aa<;) is simple for all i < « if and only if tp((a; : i < «)/A) is simple.

4. If the types m;(x;) are simple for all i € I, then \J;c; mi(x;) is simple.
5. If the types w1 (x), ma(x) are simple, then the type mi(x) V ma(x) is simple.

Proof: See remarks 7.2 and 7.5 in [7]. O

Remark 9.4 Simple types are NTP,.
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Proof: Assume 7(z) is a TPy type over A, witnessed by ¢(x,y), k < w and the aray
(aij = 4,j < w). Put ay = agp and a = apspn-1) if n > 1 and s € w". Note that
m(z) U{p(x,a};,) 1 n < w} is consistent for each f € w”. Hence (aj : s € w*) with k and
o(z,y) witness that 7(z) is not simple. a

Note the parenthesis in next proposition. They mean that each statement can be read
relatively to dividing or forking. Equivalence between 1, 2 and 5 with forking was known
for us.

Proposition 9.5 The following are equivalent for any partial type 7w(x) over A:

1. 7 is simple.

2. For any completion p(x) € S(B) of w(x) there is some C C B such that |C| < |T|+|z|
and p(x) does not divide (fork) over C.

3. If B2 A, (bj:i<w) is a Morley sequence in tp(b/B) and 7(z) U {¢(x,b)} divides
(forks) over B, then w(x) U {p(x,b;) : i < w} is inconsistent.

4. If B2 A, a7 and (b : i < \) is B-independent, where X = J(or)+ and £ >
d .
|Bl + [T+ |a| + |bi|, then a |5 b; (a | 5b;) for some i < .

d
5. IfACC,al=mandb | a, thena | ;b (a | ,b)
Proof: 1 = 2. Non forking implies non dividing. The rest is in Proposition 9.2.

2 = 3. Let k = |T|+]|z|, let I be of order type (kT)* (the reverse ordering of £1) and let
(¢; : i € I) be a B-indiscernible sequence with the same Ehrenfeucht-Mostowski type over B
as (b; : i <w). Then (¢; : ¢ € I) is Morley over B. If w(z) U {p(z,b;) : i < w} is consistent,
then 7(z) U{¢(z,¢;) : i € I} is consistent too. Let a be a realization of this set of formulas.
By 2, there is some Iy C I of cardinality < & such that tp(a/B(c; :€ I)) does not divide
(fork) over B(c; : i € Ip). Choose j € I such that j < Io. Then (¢; : i € Iy) | ,c; (this is
due to a version of Lemma 5.14 of [8] for forking independence which holds because forking
independence has left transitivity; see Remark 12.15 of [8]). By Proposition 4.9 of [8] and
Lemma 4.8 of [7] ¢(x,c;) divides (forks) over B(c; : ¢ € Ip), which is a contradiction since

F e(a,cj).
8 = 4. Assume a j/% b; for all ¢ < A. By the choice of A we can extract a Ba-

indiscernible sequence (b; : ¢ < w) which is locally like (b; : ¢ < A) over Ba. Then it is a

Morley sequence over B and there is some ¢(x,y) € L(B) such that = ¢(a,b}) and ¢(z, b))
divides over B for all ¢ < w. This contradicts 3. Similar for the forking version.

4 = 5. Since b |, a, there is a long Morley sequence (b; : i < A) in tp(b/Ca) which is
independent over C' and b = by. By 4, a \L(é b; for some i < A and by Ba-indiscernibility,
a J/g b. Similar for forking.

5 = 1. Like the proof of the corresponding implication in Proposition 7.3 of [7]. a

Remark 9.6 Let w(u) be a co-simple partial type over A. If each b € B is a tuple of
realizations of w(u), then any extension ©'(u) of m(u) over B is co-simple.

Proposition 9.7 Let w(u) be a partial type over A, o(x,y) € L(A) and k < w,where y is
a tuple uy,...,u, and each u; is a tuple of the length of u. The following are equivalent:
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1. w(u) is not co-simple, witnessed by ¢(x,y) and k.

2. There is a sequence (a; : i < w) where each a; is a tuple of realizations of mw(u) and
o(x,a;) divides over Aa<; with respect to k for all i < w and {p(x,a;) : i < w} is
consistent.

3. There is a sequence (a; : i < w) where each a; is a tuple of realizations of mw(u) and
there is some b such that = (b, a;) for alli < w, (a; 1 i < w) is Ab-indiscernible and
o(x,a;) divides over Aa; with respect to k for all i < w.

Proof: See the proof of Proposition 12.23 in [8]. a

Proposition 9.8 The following are equivalent for any partial type 7w(u) over A:

1. w(u) is co-simple.

2. If B is a set of realizations of w(u) and q(x) € S(AB), then for some B' C B of
cardinality < |A| + |T| + |u|, q(z) does not divide (fork) over AB’.

3. If B is a set of realizations of w(u), (a; : i < w) is a Morley sequence over AB,
every a; is a tuple of realizations of w(u) and @(x,ap) divides (forks) over AB, then
{p(x,a;) : i < w} is inconsistent.

4. If B is a set of realizations of w(u), and (a; : i < X) is an AB-independent sequence of
tuples of realizations of w(u), where A = Jor+ and k > |AB|+|a;|+b|, then b J/ZB a;
(b L ,5ai) for somei <A

5. If B is a set of realizations of w(u), a is a tuple of realizations of m and a J_,AB b,
d
thenb |, za (b ] ,50a)
Proof: Like the proof of Proposition 9.5. For 1 = 2 use also Proposition 9.7. O

Proposition 9.9 Let 7(x) be a simple partial type over A and assume the chain condition
over A holds with respect to w(x). Let (a; : i < w) be a Morley sequence in w(zx) over A
and for each i < w let a; be an indiscernible sequence over A of length w starting with a;.
Then we can find b; =Aq; @i for each i < w such that the array (Bi 24 < w) has mutually
A-indiscernible rows.

Proof: By Lemma 7.7 it suffices to find such array with almost mutually A-indiscernible
rows. We construct the sequences b; by induction on ¢ in such a way that

=l

1.

=l

2. b; is indiscernible over Ab.;a~;

3. b<iasiv1 L, @i

4. a>i41 \LAESi'

Since (by 1) the first element of b; is a;, 2 implies that the rows will be almost mutually
A-indiscernible. We use the chain condition in the form of point 6 of Proposition 4.2. Note
that simplicity of 7(x) allows us to use symmetry and transitivity of independence when
working with tuples composed of realizations of 7. Hence 8 follows from 4 (and the fact
that a;41 J/A as;+1, which holds because the sequence is Morley over A).
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We start noticing that a~o | 440 and then the chain condition gives us some by = Aao 00
which is indiscernible over Aasg and such that asg | N by (which is condition 4 for i = 0).
Now assume inductively 4 and & for ¢ — 1, namely, a>; J/AB<7; and bo;a; J/A a;. With
Ehe chain cgndition we choose now b, = Aa; @; indiscernible over Ab ;a; and such that
beias; | A b;. Then as; | N b; and this together with the induction hypothesis gives 4:

<i

A>; \LABSZ" O

Proposition 9.10 Let w(x) be a simple partial type over A and a = w. If the chain
condition holds over A with respect to m(x) and tp(b/A) is NTP, then a | ,b implies
b \Lj a.

Proof: Sincea | , b, there is a Morley sequence (a; : i <w) over Ab in tp(a/Ab) which is
also Morley over A (see Lemma 5.11 in [8]). We can assume a = ag. Assume p(z,y) € L(A),
= ¢(b,a) and p(x, a) divides over A and let @y = (a? : i < w) be an A-indiscernible sequence
witnessing it, namely, {¢(z,a?) : i < w} is inconsistent and a = af. Hence {p(z,a?) : i < w}
is k-inconsistent for some k < w. Choose @; such that a;a; =4 apag. By Proposition 9.9
we may assume that the rows of the array (@; : i < w) are mutually A-indiscernible. Notice
that b = {¢(z,a;) : i <w} and hence the first column {¢(x, a;) : ¢ < w} is consistent with
tp(b/A). By Remark 5.5 all paths give similar consistent sets of formulas. Since each row
is k-inconsistent, this array shows that tp(b/A) has TPs. a

Proposition 9.11 Let w(z) be a simple partial type over A.

1. For any ¢(z,y) € L(A), for any tuple a such thata | , A, m(x)U{p(x,a)} forks over
A iff it divides over A.

2. If A is an extension base, the chain condition holds over A with respect to mw(x).

Proof: 1. Assume 7(z) U {¢(z,a)} forks over A . Since a | , A, there is a Morley
sequence (a; : i < w) in tp(a/A). By point 3 of Proposition 9.5 w(z)U {p(x,a;) : i < w} is
inconsistent. This implies that 7(z) U {¢(z,a)} divides over A.

2. By 1 and Proposition 6.11 w(x) U {¢(z,a)} forks over A iff it array-divides over A.

Hence we can easily adapt the proof of Proposition 6.6 (choosing a Morley sequence as
universal indiscernible sequence). |

Proposition 9.12 Let 7(u) be a partial type over A. If w(u) is not co-simple, then for some
model M D A, for some tuple a of realizations of 7(u), for some b, tp(a/Mb) coinherits

from M but bj/;iw a.

Proof: Fix some formula ¢(x,y) witnessing the failure of co-simplicity. Let T** be some
skolemization of T. Then ¢(x,y) witnesses the failure of co-simplicity of m(u) in T**. By
point 8 of Proposition 9.7, after extending the indiscernible sequence to length w+ 1, in 7%
there are a sequence (a; : i < w) of tuples a; of realizations of 7, some b and some number
k < w, such that E ¢(b,a;) for all i < w, (a; : i < w) is Ab-indiscernible and ¢(z, a;)
divides over Aa.; with respect to k for all i+ < w. Let M be the Skolem hull of Aa.,. By
indiscernibility, tp(a,,/Mb) is a coheir of tp(a,/Mb) (in T** and in T). By construction
b j/ja@ a., witnessed in 7% by ¢(x,y) € L. Since M is definable over Aa,,, ¢(z,y) also

witnesses in 7% that b \X/(jw ay. Since p(z,y) € L we have b j/j/l a,, also in T. O

Corollary 9.13 Let w(x) be a simple type over the extension base A and let tp(b/A) be
NTP;. If a = 7(x), then: a |, b iffb | ,a.
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Proof: By propositions 9.11, 9.10 and 9.5. O

Corollary 9.14 Let T be NTP,.

1. Simple types are co-simple.
2. If m(x) is a simple partial type over A and a = w(z), then for every b: a | , b iff
b \I/A a.
3. If m(x) is a simple partial type over A and a |= w(x), then for every B,C': if a \LA B
anda | ,,C, thena | , BC.
Proof: 1. By Proposition 9.12 and Proposition 9.10, since in a NTPs theory the chain
condition holds over models.
2. By 1, and propositions 9.2 and 9.8.
3. By 2. O

Remark 9.15 We could define the notion of co-NTPy type similarly to the way co-simple
types were defined, requiring that the parameters of the array realize the type (or perhaps
are tuples of realizations of the type). Then the proof of Proposition 9.10 would give:

Let w(x) be a simple co-NTPy partial type over A and a |= 7. If the chain condition
holds over A with respect to m(x), then a | , b implies b J/i a.

Moreover parallel to Corollary 9.14 we would have:

1. Simple co-NTP4 types are co-simple.

2. If n(x) is a simple co-NTPqy partial type over A and a | 7(x), then for every b:
a LA biff b J/A a.

3. If n(x) is a simple co-NTPq partial type over A and a |= w(x), then for every B,C':
ifal ,Banda | ,,C, thena | , BC.

The question is then whether simple types are co-NTPs.

10 The triangle-free random graph

Definition 10.1 The theory of the triangle-free random graph is the theory of an irreflex-
ive, symmetric binary relation R without triangles and such that for any disjoint finite sets
A, B if no R-relations holds between elements of A ( A is an anti-clique), then there is
some ¢ € AU B such cRa for all a € A and —¢Rb for all b € B. This can be written as
a set of first-order axioms. In this section T" will be this theory. We will use here a, b, c, x
for elements (points, singletons) and a, b, ¢, # for (possibly infinite) tuples. The following
notation will be also convenient: R, (A) is the set of all b € A such that R(a,b).

Remark 10.2 T is complete, is w-categorical and has quantifier elimination.

Proof: We do a back-and-forth between models M, N of T'. The set of partial isomorphism
is the set of all isomorphisms between finite substructures. It is clearly non empty. Assume
f is such an isomorphism and let a € M be a new element. Let AU B be the domain of f,
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where a is R-related to all elements in A and to none in B. Let A’ = f(A) and B’ = f(B).
A’ is an anti-clique. By the axioms of T there is some b € N which is R-related to all
elements of A’ and to none of B’ and it is not in the range of f. The mapping f U {(a,b)}
works. O

Proposition 10.3 All non algebraic types p(z) € S1(A) are TPs.

Proof: For i,j < w choose a;;b;; such that a;;Rb;, for all j # k and no other R-
relation holds between all them and between them and A. This array can easily obtained
by induction on i. Now let p(x;yz) = cRy A zRz. Note that {p(z;a;;b;;) : j < w} is
2-inconsistent for all i < w and {@(7;a;73)bif;)) : @ < w} is consistent with p(x) for every
f:w — w. This witnesses TPy of p(z). a

Remark 10.4 In T, acl(A) = A.

Proof: Let a ¢ A. Construct inductively ag, a1, ... such that a = ag and a;+1 & Aag . .. a;,
R, (A) = R,(A). This shows that tp(a/A) has infinitely many realizations. a

Remark 10.5 If (a; : i < w) is indiscernible, then ~R(a;, a;) for alli < j < w.

Lemma 10.6 Ifa,b,b’ & C, R(a,b), R(a,b’), Ry(C)NRy (C) =0 andb £V, thena j/é by'.

Proof: Notice that =R(b,b"). Let p(z,b,b) = tp(a/Cbb'), with p(z,y,z) € S(C). We
will find some sequence (b;b; : i < w) with b’ =¢ b;b; and X(z) = U, p(z,b;, ;) 2-
inconsistent. We start with bgb, = bb’. We want now to choose b; such that R,(C) =
Ry, (C), ~R(bg, b1) and R(b}, b1). This is possible since Ry(C)U{b}} is an anticlique. Since
bp =c¢ b1, we can now choose b} such that boby =¢ bib; and —R(b),b[). By iteration, we
obtain the sequence with the additional property that —R(b;, b;), ~R(b;b}) and R(b}, b;) for
all i < j < w. Since X(x) contains R(z,b;) A R(x,b;) for all i < j, it is 2-inconsistent. O

Lemma 10.7 Assume a ¢ C and BN C = (. If for all b,b" € B such that R(a,b) and
R(a,b') it happens that Ry(C) N Ry (C) # O, then a \Lg B.

Proof: Let b enumerate R,(B) and let b’ enumerate B\ R,(B). Let p(z,b,b') = tp(a/BO)
with p(x,7,7') € S(C). Assume (b;b) : i < w) is C-indiscernible, with bb’ = byb) and let
us check that X(z) = U, p(x,b;,b}) is consistent. For this it is enough to check that
R,(C)U{b; : i < w} is an anti-clique. Clearly there is no R-relation between elements of
R4 (C) and elements of b;. Let b; = (b’ : j € J). By indiscernibility —R(b%, b%). If i <k < w

and j,l € J are different, then Ry (C) N Ry (C) # 0 and therefore —R(b%, b) . O

Proposition 10.8 A | &, B iff ACNBC = C and for alla € A~ C for all bt € B~ C:
if R(a,b) and R(a,b’) then Ry(C) N Ry (C) # 0.

Proof: Recall that A | {, B AC | {, BC & ANC |\ B~C.

=. If a € AC N BC then a J/(é, a and therefore a € acl(C) = C. The rest follows from
Lemma 10.6.

<. We can assume A \ C' to be finite and the proof can be realized by induction
on |[A~ C|. Using the fact that a J/?jB together with B\L(éaB implies ab LdCB, it is
enough to check it for the case of a single element a. And the case A = {a} follows from
Lemma 10.7. O
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Proposition 10.9 InT | , = Li‘.

Proof: It is enough to check that dividing has the extension property. Let a = a1,...,a
and assume A C B C C and a J/i B. We want to find some @ =g a such that a’ J/A C.
We can assume that a; ¢ B for all i = 1,...,n. Let p(Z) = tp(a/B) and let X(x) =
p(Z) U{z; #cA-R(x;,¢) :c€ C~ B, 1 <i<n}. Itis consistent and if a’ = ¥(x) then
al ,C.

3

O

Proposition 10.10 Let p(x) € S(A) be non algebraic and such that for some a € A,
R(z,a) € p(x):

1. If B is a set of realizations of p(x), then A |, B iff ACNBC =C.
2. p(x) is co-simple.

Proof: 1. By Proposition 10.8.
2. By 1 and point 4 of Proposition 9.8. O

11 Strict nonforking

Based on [12].
Recall from [7] the following definition and facts:

Definition 11.1 1. A global type p(z) is Lascar invariant over C' iff for every p(z,y) €
L, for all tuples a EC b, if p(z,a) € p then p(x,b) € p.

2. a LIC b iff for some global type p(x) 2 tp(a/Cb), p(z) is Lascar invariant over C.

3. a J/gt b iff for some global type p(x) D tp(a/Cb), p(x) is Lascar invariant over C' and
for every B D Cb, for every c =p(z) [ B, B | ,c.

4. A sequence (a; : i < ) is strictly invariant over A if for all i < «, a; J/ijt ;.

Fact 11.2 1. J/i is a preindependence relation with extension, right-normality, anti-
reflexivity and algebraicity properties.

2. a LiAb implies a | , b.
3. Ifa \LIA I and I is an A-indiscernible sequence, then I is Aa-indiscernible.

4. \LM is invariant, monotone and has the extension property.

Definition 11.3 A sequence (a; : i € I) is strictly independent over A if for all (a; : i € I)
where each a; is an A-indiscernible sequence, there is a mutually A-indiscernible sequence

(b; : i € I) such that b; =4 a; for all 4 € 1.

Remark 11.4 By propositions 9.9 and 9.11, if (a; : i < «) is a Morley sequence of real-
izations of a simple type over an extension base A, then (a; : i < «) is strictly independent.

Lemma 11.5 (Shelah’s lemma) Any strictly invariant sequence is strictly independent.
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Proof: By compactness, it is enough to check this for a sequence (a; : ¢ < n) where n < w.
By Lemma 7.7 it is enough to obtain an array with almost mutually indiscernible rows.
The proof is by complete induction on n. Assume we have obtained an array (b; : i < n)
with almost mutually A-indiscernible rows and such that b = Aq; @ for all 4 < n. Since
an J/i:t a<pn, We may assume that a, J/i:t bon. Hence by, \Lian and therefore there is
some b, =Aq, Gn which is Ab_p-indiscernible. If i < n, then b; is indiscernible over

Ab;a., and a, L b; and therefore b; is ABiaSn—indiscernible. O

Abciac
Lemma 11.6 Let T be NTPs and (p;(x,y;) : i < |T|T) a sequence of L(A)-formulas. If
(a; -1 < |T|T) is a strictly A-independent sequence and each p;(z,a;) divides over A, then
{pi(z,a;) i < |T|*} is inconsistent.

Proof: Choose for every i < |T|* an A-indiscernible sequence a; = (a;; : j < w) starting
with a;0 = a; and such that {¢;(x,a;;) : j < w} is inconsistent, hence k;-inconsistent for
some k; < w. Some formula ¢; and some number k; occur jointly |T|* times, so we may
assume p; = ¢(x,y) and k; = k for all 7. Since the sequence is strictly A-independent, we
may assume that the rows of the array (a;; : ¢ < |T|",j < w) are mutually A-indiscernible.
If we assume that {¢(x,a;) : i < |T|T} is consistent, then {¢(x,a;74)) @ i < |T|*} is
consistent for every f : |T|* — w. This shows that T has TPs. O

Definition 11.7 An infinite sequence (a; : ¢ € I) is a witness of a over A if a =4 a; for all
i and for every p(x,y) € L(A) such that ¢(z,a) divides over A, for every infinite countable
J C I, {p(z,a;) : i € J} is inconsistent. If the sequence is A-indiscernible, this is equivalent
to {¢(z,a;) : i € I) being inconsistent and in this case this coincides with the notion of
universal indiscernible sequence introduced earlier.

Proposition 11.8 Let T be NTPy. Any infinite strictly A-independent sequence is a wit-
ness over A.

Proof: Let (a; : @ € I) be strictly independent over A, and assume a;, =4 a; for all
1,7 € I. We can assume 0 € I. Assume ¢(z,y) € L(A) and ¢(z,aq) divides over A.
Choose some A-indiscernible sequence (ag; : j < w) starting with agp = agp and such that
{p(x,a05) : j < w} is inconsistent, hence k-inconsistent for some k < w. For any other
i € I choose (ai; 1 j < w) =4 (agj : j < w) with a;o = a;. Clearly {¢(x,a;;) : j < w} is
k-inconsistent. By strict A-independence, we may assume the rows of the array (a;; : 7 €
I, j < w) are mutually indiscernible over A. If (a; : ¢ € I) is not a witness for ¢(x,y), then
{¢(z,a40) : © € J} is consistent for some (infinite) countable J C I. As in the proof of
Lemma, 11.6, this contradicts NTP5 of T O

Corollary 11.9 In a NTPs theory, if A is an extension base for J/iSt then forking over A
coincides with dividing over A.

Proof: Assume A is an extension base for | ™, o(z,y) € L, o(z,b) b ¢1(x,a1) V...V
on(z,a,) and each @;(x,a;) divides over A. We will show that ¢(z,b) divides over A.
Let a = bay...a, and let (a; : i < w) be a strictly A-invariant sequence starting with
ao = a. Write a; = b'a...a’,. Since (aé- 14 < w) is a strictly A-invariant sequence, by
Proposition 11.8 it is a witness of a; over A and hence {i;(z,a}) : i < w} is inconsistent.
We claim that {¢(x,b%) : i < w} is inconsistent. Assume not and let ¢ realize this type. For
some j, ¢ realizes infinitely @;(x,a’), a contradiction. a

The previous result was exposed in Proposition 4.5 of [7] with a different proof. Propo-
sition 4.9 of [7] shows the same for the case that A is an extension base for | .
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Fact 11.10 1. If T is NTP,, then A is an extension base for \Li iff it is an extension
base for | *°.
2. If T is NIP, then A is an extension base for | iff it is an extension base for J/iSt.
Proof: See Proposition 4.11 and Corollary 4.12 in [7]. O

Proposition 11.11 The following are equivalent.

1. a ijtb,

2. For every c there is some ¢’ =4y ¢ such that a J/lA bc’ and b’ J/A a.

3. For every c there is some o’ =44 a such that o \L; be and be |, a'.

4. If p(x) = tp(a/Ab), the following is consistent:
p@)U{p(z,e) ¢ pz,¢) e Za ¢ oley) € L(A),e,¢ € € U{=p(,b,0) :

o(x,y,2) € L(A),c € € and p(a,y, z) forks over A}
Proof: By automorphism, 2 < 3.
1 = 3. Fix the global extension p(x) D tp(a/Ab) and take a’ |=p | Abe.

3 = 4. Consider a finite fragment 7 (z) of the partial type and let ¢ be a tuple containing
all parameters of w(z). The tuple a’ given by 3 realizes m(x).

4 = 1. Extend the partial type to a complete global type. O

Definition 11.12 Strict nonforking is defined in the same way as strict invariance except
that we require only the global extension p(x) 2 tp(a/Cb) does not fork over C' instead of
requiring that is Lascar invariant over C'. We write a ch?f b for this. Note that | "™ = | ™
if T is NIP.

Remark 11.13 1. a J/gt b implies a \Lsc?f b.

2. \J/Sﬂf has the extension property.

snf ist

A
Lsnf and defining the set of formulas as

3. There is a characterization of a b as in Proposition 11.11, exchanging | = with

p(x)U{—~p(x,b,c) : p(x,y,2) € L(A),c € € and p(x,b,c) forks over AYU{—¢(x,b,c) :

o(x,y,2) € L(A),c € € and p(a,y,z) forks over A}

Lemma 11.14 « lef b iff for each p(z) € S(Ab) the following is consistent:

p(z) U{—p(a,b,2) : p(z,y,z) € L(A) and ¢(z,b,c) forks over A for some (all) ¢ = p}U
{~p(a,b,2): p(x,y,2) € L(A) and ¢(a,y, z) forks over A}

Proposition 11.15 1. If (b; : i < «) is a witness of b = by over A and all b; have the
d
same type over Aa, then a J/A b.
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2. Assume forking and dividing over A coincide. If a = (a; : i < «) is a witness of

a=ag over A, a | ,b, and all a; have the same type over Ab, then a J/S;f b.

3. Assume forking and dividing over A coincide. If a = (a; 11 < @) is an A-indiscernible
witness of a = ag over A, a | , b, andb ', a, then a J/f:f b.

Proof: 1. Assume = p(a,b) and p(z,b) divides over A. Then | ¢(a,b;) for all i < «,
contradicting inconsistency of an infinite subset of {¢(z,b;) : i < a}.

2. Let p(z) € S(Ab). By Lemma 11.14, we must check the consistency of p(z) U
{—p(a,b,2) : p(z,y,2) € L(A) and ¢(z,b,c) forks over A for some ¢ = p} U {—¢(a,b,z) :
o(x,y,2) € L(A) and ¢(a,y, z) forks over A}. If it is inconsistent, then p(z) b ¢(a,b,2) V
Y(a,b, z) where p(z,y, 2),¥(z,y,2) € L(A) and p(z,b,c), ¥ (a,y, z) fork (and divide) over
A and ¢ = p. Since a is a witness, {¢(a;,y, 2) : ¢ € I} is inconsistent and so is {¢(a;,b, 2) :
1 € I} for some infinite countable I C «. To simplify notation, assume I = w. Since
a; =ap a, p(z) b @(a;,b,z) V (a;, b, z). By compactness p(z) - I, ¢(as,b,z) for some
n <w. Since a | , b, there is some ¢’ |= p such that @ | , bc’. Then [= ¢(a;, b, ¢’) for some
i < n. This shows that ¢(x,b,¢’) does not fork over A. Hence ¢(z,b,c) does not fork over
A, a contradiction.

3. By 2, since b LIA a implies that a is also indiscernible over Ab. O

Proposition 11.16 If T' is NTPy and A is an extension base, then 1 = 2 = 3. If

moreover, T is NIP they are all equivalent and equivalent to b J/ijt a.

1. aj/ijtb

2. (a,b) is a strictly A-independent sequence.

3. b J/f:f a
Proof: 1 = 2. By Shelah’s Lemma 11.5.

2 = 3. Since T is NTPy, A is an extension base for J/iSt and we can find strictly

A-invariant A-indiscernible infinite sequences @, b starting with a and with b respectively.
Since (a,b) is strictly A-independent, we may assume that a is Ab-indiscernible and b

is Aa-indiscernible. By Proposition 11.8 @ and b are witnesses over A. By item 1 of
Proposition 11.15, b J/i a. Since forking and dividing over A coincide, b | , a. By item 2

of Proposition 11.15, b J/f:f a.
£ 7 is NIP then | ™ = | " and hence b | Ta=b L a=b | a=a 50 0

12 Resilient theories
Based on [4] and [12].
Definition 12.1 Let SPM(A) = {tp(a/A) : a is an A-indiscernible w-sequence }. The
length of the tuples a; in all the sequences @ is the length of x. For p € SEM(A), let 14V (p) =
{p(z,y) € L(A) : for some (all) (a; : i < w) = p, {¢(a;,y) : i < w} is consistent }. For
p,q € SPM(A) we define

1. p ~aiy ¢ iff ¥ (p) = c1¥(g)
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2. p <aiv q iff A (p) D ™V (q).

Definition 12.2 Let p(z) € S;(M), where A C M. The class of p over A in the fundamen-
tal order is defined as cly™(p) = {o(x,y) € L(A) : o(x,m) € p for some tuple m € M}.
For p(z) € S, (M), g(x) € S;(N), where A C M N N we define the fundamental order over
A by

L p "4 g iff el (p) = L™ (q)

fund

2. p < aqiff d}™(p) 2 c™(q).

0, (A) is the class of all types p(x) over models M O A modulo "'4. We endow O, (A)

fund

with the induced partial order < 4.

fund

Fact 12.3 Let T be stable, A C M NN, p(z) € S(M) and q(z) € S(N). Thenp ~ 4 q
iff (M,dp) =4 (N,dq), where (M,dp) is the expansion of M obtained after adding for each
o(x;21,...,2,) € L(A) some n-ary relation symbol R, for the relation {(ai,...,a,) €
M": p(z;aq1,...,a,) € p} (and similarly for N and q).

Proposition 12.4 Let T be stable.

fund

1. (SEM(A)/ ~aiv, <aiv) = (04(A), < 4).
2. For any p,q € SPM(A): p ~aiv ¢ iff p = g

Proof: Without loss of generality, A = ().

1. Let p(z) € S(M). Choose a Morley sequence @ = (a; : i < w) in p(x) over M and
let P = tp(a) € SPM. We claim that o(z,y) € 1™ (p) iff (ag,y) does not fork over
M iff p(z,y) € cldiV(P). On the one hand, any Morley sequence in a stable theory is a
witness and therefore ¢(ag,y) does not fork over M iff {¢(a;,y) : i < w} is consistent. On
the other hand, it is straightforward that if o(z,y) € cI™™(p) then = ¢(ag,b) for some
b € M and therefore ¢(ag,y) does not fork over M. Finally, if ¢(ag,y) does not fork over
M, then |= ¢(ag,b) for some b | ag. If p is the global nonforking extension of p then

o(z,y) € I™(p) and since p is the heir of p, cI™4(p) = 1™ (p).
It follows that c1™4(p) = c1!"(P) and hence the mapping p — P induces an embedding

of (Om,ﬁgd) into (SEM / ~4iy, <aiv). We check that it is onto. Let @ = (a; : i < w) realize
P € SEM and extend it to an indiscernible sequence (a; : i < w +w). Let @’ = (a; : w <
i < w+w) and choose a model M containing @ and such that M | ~a’. By Erdés-Rado
we can assume that @’ is M-indiscernible. It follows that a’ is a Morley sequence over M
in p(z) = tp(an/M). Clearly, p goes to P in the embedding.

2. Let P,Q € SFM and assume P ~g;, Q. Choose p(z) € S(M), q(z) € S(N) such
that p — P and ¢ — @ in the isomorphism. By Fact 12.3 there are global types p(z) and
q(x) extending p(z) and gq(z) respectively with c1™(p) = c1™d(p), I™d(q) = c1™(q)
and some isomorphism f : (& ,dp) = (€,dq). Notice that p/ = q. There is a one-to-
one correspondence between global types non forking over a model and types (over @) of
Morley sequences over the model constructed with the global type. This correspondence is
preserved by automorphisms. Hence P/ = Q. But Pf = P since they are types over the
empty set. Hence, P = Q. O
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Definition 12.5 For p,q € SEM(A) we define: p <# ¢ iff there is some array (a;; : i,j < w)
such that each row (a;; : j < w) realizes p and each vertical path (a;f¢; : i < w) realizes q.

Proposition 12.6 Let p,q € SEM(A).

1. If p <V ¢, then p <# q.
2. T is NTPy iff if p <# q, then p <1V ¢.
Proof: Without loss of generality, A = ().
1. Assume p <%V ¢. We will inductively construct (a;j : i < n,j < w) such that each

row a@; = (a;; : j < w) realizes p and there is some b |= ¢ such that for each ig, ..., i,-1 < w,

(@0igy - - - s An—1i,_,) b is indiscernible. In the case n = 0 we have not constructed yet any
row and it suffices take as b any realization of q. Now, in the general case, choose some
w-sequence ¢ such that b7¢ is indiscernible. We define

r(Zo, ..., Tn-1,Y,2) = U p(Z:)Uq(z) U U (Zoigs - - »Tn—1i,_,,Y) " Z is indiscernible

i<n 10,0 yin—1<wW

We know that (J,_, 7(Zo, ..., Tn_1,¥i, Z) U q(y) is consistent (where g = (y; : i < w)) since
ao, - - - ,a, b ¢ realizes it. Since p <1V ¢, it follows that Uico (@0, - -+ s Tn-1,9i, 2) Up(Y)
is consistent and this is what we need for the inductive construction.

2. From left to right. Assume p <# ¢ but not p <4V q. Let (a;; : 4,7 < w) be an array
where all rows satisfy p and all vertical paths satisfy q. If p(z,y) € cldiv(q) ~ cldY (p), then
{p(a;f@),y) : i < w} is consistent for each f :w — w and for some k < w {¢(ai;,y) : j < w}
is k-inconsistent for all 4 < w. This shows that T is TP5. The other direction is similar:
if T is TPy there is an indiscernible array (a;; : 4,j < w), some k < w and some formula
o(x,y) € L witnessing it. If p is the type of a row and ¢ is the type of a column, then
p <# ¢ but not p < g. O

Definition 12.7 For p,q € SFM(A) we define: p <t ¢ iff there are @ = (a; : i € Z) = ¢
and b= (b; : i € Z) = p such that ag = by and b is indiscernible over A(a; : i # 0).

Remark 12.8 p <# ¢ implies p <* q.

Definition 12.9 T is resilient if there are no indiscernible sequences @ = (a; : i € Z) and
b= (b; :1 € Z) and a formula ¢(z,y) € L such that

1. ag = by

2. b is indiscernible over (a; : i # 0)
3. {p(z,a;) : 1 € Z} is consistent.
4. {¢(z,b;) : i € Z} is inconsistent.

Remark 12.10 If T is resilient, T(A) is resilient.

Proof: Add the extra parameters of the formula to each element in the sequences a and
b. i

Proposition 12.11 The following are equivalent:
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1. T is resilient.
2. If p<* q, then p <aiv q.

3. If a = (a; : i € Z) is indiscernible, p(x,y) € L, and p(z, ap) divides over (a; : i # 0),
then {p(x,a;) : i € Z} is inconsistent.

4. There is no array (a;; : 1,j < w), number k < w and formula ¢(x,y) € L such that
{p(z,a0) : i < w} is consistent, {o(x,a;;) : j < w} is k-inconsistent for each i < w
and each row a; = (a;; : j < w) is indiscernible over (ajo : j # ).

5. There is a cardinal k such that for each sequence (a; : i < k) of finite tuples a;, for

each finite tuple b there is some i < k such that b J/((ia ) i

Rkl
Proof: 1 < 2 is clear.

1 & 3. Assume p(z,a9) divides over ao = (a; : i # 0) and let b = (b; : i € Z) be an
a0 -indiscernible sequence with ag = by witnessing it. This means that {p(x,b;) : i € Z}
is inconsistent. By 1, {¢(x,a;) : @ € Z} is inconsistent. This proves I = 3. The other
direction is immediate.

1 & 4 Leta=(a;:i€2Z)and b= (b; :i € Z) and ¢(x,y) € L witness that T is not
resilient. Put ag; = b;. For ¢ > 0 choose an automorphism f; sending a—;,...,a_1,ao(a; :
l > i) to (a; : 1 > 0) and put a;; = f;(apj). Since b is indiscernible over a_;,...,a_1(q; :
[ > 1), it follows that (a;; : j > 0) is indiscernible over (a; : 0 < j, j # ¢). The array
(@ij : 1,7 > 0) with the formula ¢(z,y) provides a counterexample to 4. This proves 4 =
1. The other direction is immediate.

4 = 5. Choose k large enough and assume (a; : i < k) and b provide a counterexample
. . d
to & for k. Let i < k. Since bj/(aj:j;ﬁi)
some ji < ... < jy, different from i, &= ¢;(b;ai,a;,,...,a;, ) and pi(z;ai,05,,...,a;,)
divides over (a; : j # i). By choice of k, we can assume that all these formulas are the same
(Y, Y1, - -, Yn)- Put @, = a;,aj,,...,a;, and choose a (a; : j # ¢)-indiscernible sequence
(aj; + j < w) starting with aj, = a} and witnessing that (z;a;) divides over (a; : j # i).

a;, for some formula ;(x;y,y1,...,yn,) € L and

5 = 4. Let k be as in 5 and assume (by compactness) that the array (a;; : i < K,j < w)
and the formula ¢(z,y) € L contradict 4. Choose b = {p(x,a,0) : i < k}. Let i < k. Note
that {¢(z,a;;) : j < w} is inconsistent and (a;; : j < w) is indiscernible over {aj : | # i}.
This shows that ¢(x,a;0) divides over {ajo : I # i}. Since | (b, ay0), it follows that

b j/?am:l#) a;, in contradiction with 5.

O
Proposition 12.12 1. NIP theories are resilient.
2. Simple theories are resilient.

3. Resilient theories are NTPs.

Proof: 1. Let T be NIP but not resilient. Witness the nonresilience of T by a = (a; :
i €Z),b= (b :i € 7Z) and some formula ¢(z,y). By NIP there is maximal k < w for
which {—p(z,a;) :i=1,3...,2k+ 1} U{p(z,a;) : i € Z~{1,3,...,2k + 1}} is consistent.
By indiscernibility {—p(z,a;) : ¢ = 2,4...,2k + 2} U{p(z,a;) : i € Z~ {2,4,...,2k + 2}}
is also consistent and we can realize it by some d. Since {p(z,b;) : i € Z} is inconsistent,
= —p(d, b;) for some i € Z. By indiscernibility of b over (a; : j # 0), {~p(z,a;) : i =
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0,2...,2k+ 2y U{p(x,a;) : i € Z~{0,2,...,2k + 2}} is consistent. This contradicts the
maximality of k.

2. We use item 5 of Proposition 12.11. Let x = |T|" and assume (a; : i < k) is a
sequence of finite tuples and b is finite. By simplicity there is some I C k of cardinality

< |T'| such that b J/?a_:iel)(ai 11 < k). Choose i < k, i ¢ I. Then b J/((ia‘:j#) a;

3. Assume T is TPy, witnessed by some array (a;; : 4, j < w) and some formula ¢(z, y).
As shown in section 5, we may assume that the array is very indiscernible. By item 4 of
Proposition 12.11, T is not resilient. O

Proposition 12.13 Let T be resilient, A an extension base, and a = (a; : 1 < w) an
A-indiscernible sequence. Then a is a witness over A iff a; J/A a; for every i < w.

Proof: Since T is NTP; and A is an extension base, forking over A and dividing over A
coincide.

=. Note that we can assume @ = (a; : ¢ € Q). Suppose = ¢(a;,,...,a;,;a;) for some
J1 < ... < i <i<jiy1 <...<jn and some formula o(z1,...,z,;2) € L(A). Let I be
the interval (ji,ji+1). By indiscernibility, = ¢(a;,,...,a;,;aq) for all ¢ € I and therefore
{p(z1,...,2n5aq) : ¢ € Q} is consistent. Since @ is a witness, ¢(z1,...,2Zn;a;) does not
divide (and does not fork) over A. Hence ax; | , a;.

<. We can assume a = (ai 24 € Z). Let o(x,y) € L(A) and assume ¢(z,ap) divides
over A. Since axo | , ao, ¢(x,ap) divides over Aa7go Since T'(A) is resilient, by item 3 of
Proposition 12.11, {(pl?ac a;) : i € Z} is inconsistent. Hence @ is a witness over A. |

13 Weight

Section finished on April 16, 2014. Based on [1]. For more information on weight, see [13]
and [15].

Definition 13.1 The preweight of a type p(z) € S(A) is the supremum of all cardinals & for
which there is an A-independent sequence (a; : i < &) such that for some a = p, a J, 4 @i for
all i < k. The weight of p(x) is the supremum of preweights of all its nonforking extensions.
The preweight of p is pwt(p) and wt(p) is its weight. If p(z) = tp(a/A) we can also write
pwt(p) = pwt(a/A) and wt(p) = wt(a/A).

Lemma 13.2 If w(x) is a partial type over A, then bdn(w(z)) = sup{bdn(p(z)) : w(x) C
p(z) € S(A)}.

Proof: Given an array (a;; : i < K,j < w) witnessing that bdn(r) > k, we may assume
that the rows are mutually indiscernible over A. Hence if we choose some completion
p(z) € S(A) of m(x) which is consistent with the first vertical path, it is consistent with
every path in the array. Consequently, the array witnesses that some completion of 7(x)
over A has burden > k. O

Proposition 13.3 Let T be simple. Let p(z) € S(A), a = p, (a; : i < k) A-independent
and assume a f , a; for all i < k. There is an array (a;; : 1 < K,j < w) with a; = a;
witnessing that bdn(p) > k. Hence, bdn(p) > sup{pwt(q) : p C ¢}.

Proof: We inductively construct Morley sequences I; = (a;; : j < w) in tp(a;/Aas;I;)
and in tp(a;/A) (i.e., A-independent) with a; = a;o and such that a>; | , I<;. Assume I;
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has been constructed for all j < i. Notice that a; J/A asil<; and choose I; = (a;; : j < w)

(see, for instance, Lemma 5.11 in [8]) as a Morley sequence in tp(a;/Aas;I<;) and in

tp(a;/A) starting with a; = a;0. It follows that I \LA ail-; and hence I; J/AI as;. By
<i

the inductive hypothesis I.; J/A a; and therefore I<; J/A asi.

For each i < &, since a [ , a; there is some ¢;(z,y;) € L(A) and some k; < w such
that ¢;(z,a;) divides over A with respect to k;. Adding some parameters of A to each a;
if necessary, we may assume that ¢;(x,y;) € L. Since I; is a Morley sequence in tp(a;0/A),
{pi(x,a;;) : j <w} is k;-inconsistent.

Since each I; is indiscernible over Aas;I;, the rows of the array (a;; : ¢ < K, j < w) are
almost mutually indiscernible over A and hence for every f : x — w, p(x) U {@i(z, a; 5(;)) :
i < K} is consistent.

This shows that bdn(p) > pwt(p). The rest follows from Lemma 13.2. a

Proposition 13.4 Let T be simple. Assume that the array (a;; : i < k,j < w) witnesses
that bdn(a/A) > k. Then for some set C 2 A such that a J/A C, some sequence (b; 11 < K)
witnesses that pwt(a/C) > k. Hence, for any p(xz) € S(A), wt(p) > bdn(p).

Proof: We may assume that the rows of the array are mutually indiscernible over A and
we may extend the rows to the order type w + w™* preserving mutual indiscernibility over
A. Let C = AU{a;; 1 i < k,j € w'}. We may assume that a | , C. For each i < k
there is some ¢;(z,y;) € L and some k; such that {¢;(x,a; ;) : j < w} is k;-inconsistent.
By indiscernibility over C, p;(x,a;) divides over C. Hence a } o @io for every i < k. Now
we show that (a0 : ¢ < k) is C-independent: by choice of the order type w* and mutual
indiscernibility over C, tp(aio/C(ajo : j < i)) is finitely satisfiable in C' and therefore
;0 \LC(OJ]’O 17 < Z) O

Corollary 13.5 If T is simple and p(z) € S(A), then

bdn(p) = wt(p) = sup{pwt(q) : p C q}.
Proof: By propositions 13.3 and 13.4. O
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