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Aufgabe 1. Let T be a theory such that for all models It and 91 of T" and all n € N, if a € M"
and b € N™ satisfy the same quantifier-free formulas (in 9t and 0N respectively), then they satisfy
the same formulas. Show that T" has quantifier elimination.

Hint: Given a formula ¢(x), consider the set
O(x) = {¢(x) : Y(z) is quantifier-free and T' | p(z) — ¢¥(x)}
and show that T'U ®(x) = p(z).

Aufgabe 2. 1. Let (K,0,+,—,1,-) be an algebraically closed field. Show that every subset of
K definable with parameters is finite or has finite complement.

2. Let (R,0,+,—,1,-,<) be a real closed ordered field. Show that every subset of R' definable
with parameters is a finite union of singletons and open intervals of the form (a,b) with
a,b e RU{—o00,+00}.

Definition. Let 9t be a structure and A a subset of M. A formula ¢(x) € L(A) is called algebraic if o(9N)
is finite. An element a € M is algebraic over A if it realises an algebraic L(A)-formula. The (model-theoretic)
algebraic closure of A, acl(A), is the set of all elements of M algebraic over A. The definable closure of A,
dcl(A), is the set of all elements b of M such that the singleton {b} is definable in 9% by an L(A)-formula.

Aufgabe 3. Let K be a model of ACF, of RCF or of DCFg and let A be a subset K. Prove that the
model-theoretic algebraic closure of A is

1. (ACF) the algebraic closure of the subfield generated by A,

2. (RCF) the relative algebraic closure of the subfield generated by A,

3. (DCFp) the algebraic closure of the differential field generated by A.
Aufgabe 4. Let K be a model of ACFy, ACF, for p > 0, of RCF or of DCFg and let A be a subset
of K. Prove that the definable closure of A is

1. (ACFg) the subfield generated by A,

2. (ACF)) the perfect hull of the subfield generated by A (the perfect hull of a subfield k of K is
given by {a € K : a?" € k for some n € N}),

3. (RCF) the relative algebraic closure of the subfield generated by A,
4. (DCFp) the differential subfield generated by A.
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