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ABSTRACT. We consider the motion of a generalized Newtonian fluid, where
the extra stress temsor is induced by a potential with p-structure (p = 2
corresponds to the Newtonian case). We focus on the three dimensional case

with periodic boundary conditions and extend the existence result for strong

solutions for small times from p > % (see [16]) to p > Z. Moreover, for

5
g < p < 2 we improve the regularity of the velocity field and show that
u € C([0,T], WLE®™D75(Q)) for all ¢ > 0. Within this class of regularity,
7

we prove uniqueness for all p > z. We generalize these results to the case

when p is space and time dependent and to the system governing the flow of
electrorheological fluids as long as % < infp(t,z) <supp(t,z) <2.

1. INTRODUCTION

In this paper we show existence of strong solutions to the following system
describing the motion of generalized Newtonian fluids’:

Opu —div(S(Du)) + (u-V)u+Vr=1f, onlxQ,
(1) divu=0, onl x{,
u(0) =ug, on Q.

We consider the three dimensional space periodic case, i.e. let €2 be the three
dimensional torus and let I = [0,7] with T" > 0. The functions u, 7, and f
denote the velocity, the pressure, and the external force. The function ug is a
given initial value. By Du we denote the symmetric part of the gradient Vu,
ie. Du = 2(Vu+ (Vu)"). We assume that the extra stress S is induced by a
p—potential F' as defined below. Standard examples for S are

S(Du) =(1+ |Du\2)p772 Du, S(Du) = (1 + [Du|)? 2 Du,

with 1 < p < co. We compensate the missing boundary conditions by restricting the
solutions to ones with mean value zero. This ensures that the Poincaré inequality
remains valid.

Mathematical results for the system can be found in [13, 15,119/12, 16, 18, 4]
We want to mention that the existence of global strong solutions to the problem
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1We refer to [16] for an extensive discussion on such fluids.

2In the monograph [16] the reader can find a detailed discussion of the problem (cf. [8][23] 10,
11,17,117] for more recent results).
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(1), i.e. ue L=(1,V,) N L2(I,W*%(Q)), dpu e L3(I, L?(R)), satisfies for almost all
tel,

(2) (Oru, ) + (S(Du), D) + (u-Vu,p) = (f,p) Ve eV,
is established for p > 3;1%22 (cf. [16, (19, 2]), where d is the dimension of Q. The

existence of a local in time strong solution for arbitrary data and the existence of
a global strong solution for small data is proved in the case p > 342 (cf. [18,16]).
Moreover, in [16] it has been shown that for p > % there exists strong solutions for

short time and large data
3) Vg r,z2(0) + 100l z2(r,22(0)) < C,
1Za (W)l L2y < €,

where Zg(u) ~ [,,(1 + [Du|)?~2|V?ul?dz. It has been shown in [20] that this
solution further satisfies

(4) 0cul| Lo (1,22(0)) + 1T (W) |21 (1) < C,

where Jg(u) ~ &&(1 + |Du|)P~2|Vo,ul? da.

In this paper® we prove the short time existence of strong solutions for large
data for all % < p < 2. Moreover, we show that the solution satisfies additionally
to (3) and

5 T Sp— <C.

6) Tl e, <

We refer to theorem [17] for the precise statement of this result. From (3) and
(4) we deduce that u € C([O,T],Wji’f(pfl)fe(Q)) for all € > 0, especially u €

C(1, Wdl{V% (Q)). We will show that every weak solution v € C(I, Wdl{V% (Q)) of
satisfies v = u, especially u is unique within its class of regularity (see theorem
19).

System (TI)) is usually studied under the assumption that p is constant, with
1 < p < 0. Motivated by the model for the motion of electrorheological fluids in
[21, 22] which has been further studied in [25], we are also interested in the case,
where p is a function in space and time. Electrorheological fluids are a special type
of smart fluids which change their material properties due to the application of an
electric field. In the model in [22] p is not a constant but a function of the electric
field E, i.e. p = p(|E|?). The electric field itself is a solution to the quasi-static
Maxwell equations and is not influenced by the motion of the fluid. Therefore it
is possible to consider (1) for a given function p: Q x I — (1,00). In this case we
speak of a time and space dependent potential. Due to the nature of the Maxwell
equations it is reasonable to consider smooth p. We define p~ := infox;p and
pt :=supq,; p- In [24] it has been proven that there exists a strong solution to (1)
for large time and data as long as p € W1 (I x Q) and?

L<p <pt<p +3
The extra condition p* < p~ + % is due to the use of classical Sobolev spaces. The

reason is that the energy [,|Dul? dz cannot be fully expressed in terms of classical
Sobolev spaces if p is non—constant. In that case the generalized Sobolev spaces

3This paper is based on the PhD thesis [4] of L. Diening
4The case of Dirichlet boundary conditions is treated in [25].
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WkP() provide the right setting. See [12, 5, 25] and the references therein for a
definition of these spaces and applications to fluid mechanics.

In section[8 we generalize our results on short time existence to the case, where
p is non—constant, i.e. we prove short time existence of strong solutions for large
data as long as % < p~ < pt < 2. Moreover, we show that the solution satisfies
and (4), while (5) will be replaced by

[Za(W)]] -6 <C.
L2=p= (I)

See theorem [21 and corollary 22 for the precise statement. As before we deduce
that the solution is unique within its class of regularity (cf. theorem[23). Finally we
also extend these results to the system governing the motion of electrorheological
fluids.

2. THE POTENTIAL AND THE EXTRA STRESS

We assumte that the extra stress tensor S is induced by a p—potential. In this
section we give a definition of a p—potential and derive basic properties of it. We
will consider only the case p constant. The case p non—constant will be covered by
section [8]

Since we are dealing with functions from Q x R™*" to R, we will distinguish
the partial derivatives by 0; and 0jk, a single index means a partial derivative
with respect to the i-th space coordinate, while a double index represents a partial
derivative with respect to the (j, k)-component of the underlying space of n x n-
matrices. By V we denote the space gradient, while V,x, denotes the matrix
consisting of the partial derivatives with respect to the space of matrices. In a few
cases we use d; instead of 9; to indicate a total derivative. Note that by Bs™ we
denote the symmetric part of a matrix B € R"*" ie. BY™ = %(B +BT). Further
let ngﬁl be the subspace of R™*" consisting of the symmetric matrices. Moreover
we use C' as a constant which is generic but does not depend on the ellipticity
constants. For the notation of the function spaces see section [4. We will assume
that 1 < p < 2 throughout the whole paper.

Definition 1. Let 1 < p < 2 and let F : RZ% — RZ0 be a convex function,
which is C? on RZ%, such that F(0) = 0, F'(0) = 0. Assume that the induced
function ® : R"*" — R29 defined through ®(B) = F(|B™|), satisfies

(6) > (05k0un®)(B)Cji.Cim > mi(1 + [BY™ )52 |C 2,
iklm p—2
(7) ’ (V2,,8)(B)| < 72(1 + [B¥™ )"

for all B,C € R™*™ with constants y1,7v2 > 0. Such a function F, resp. ®, is
called a p-potential and the corresponding constants 1,72 are called the ellipticity
constants of F, resp. ®.
We define the extra stress S induced by F, resp. ®, by
S(B) = Vs, ®(B) = F'(|B™™|) B22.
for all B € R"*™\ {0}. We will see in remark2 that S can be continuously extended
by S(0) = 0. Note that S(B) does only depend on the symmetric part of B.
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Standard examples are

S

Fi(s) :/(1 + a2)p772ada and Fy(s) :/(1 +a)P2a da.
0 0
Remark 2. Observe that for all B € R™*™\ {0}

By
(0,48)(B) = /(B ) ke
symy (Sikm _ BB symy Bi Bp"
(0110 ®)(B) = F'([BY™|) (8 — i ) + F7/(1B™"™|) iy ey

where 6;%% = %(5jl(5km + 0jm0ki). Hence

Y (0jk0un®)(B) By Bim = F" (B |)[ B2,

Jjklm
So by (6) and (7) we conclude that for oll B € R™*™\ {0}
(®) ML+ B < FY(BY) < a1+ [BY")

Since F" € C?(R=2%), this estimate also holds for B = 0. From the formula above
for (0;,®)(B), the continuity of F' at zero with F'(0) = 0, and the boundedness of
BT /IBY™ | in R ™\ {0}, we deduce

li x(B)= 1 +®)(B) =0.
) Jim $u(8) = Lim (0,9)(B) = 0
Remark 3. Let B,C € R"*™. Due to ®(B) = F(|B%¥™|), we have ®(B) =
O(B¥™), thus the 0j,01m® are symmetric in j,k and I,m and (4, k), (I,m). This
implies that

(10) > (050 ®)(B)Cii Cim = Y (Dj1,0m®)(B¥™)C R,
Jjklm Jjklm

(11) (Visn®)(B) = (Vixn®)(BY™),

(12) (Vs ®)(B) = (V5,,, @) (BY™).

Thus it suffices to verify (6), (7) for all symmetric matrices. Since later we will
mostly deal with symmetric matrices, we will in some cases leave out the sym-
metrization of the matrices, i.e. we will use B instead of B¥™ and restrict the
admitted matrices to the symmetric ones.

As in [16], one can deduce from (6) and (7) the following properties of S.

Theorem 4. There exist constants c1,co > 0 independent of v1 and ~2 such that
for all B,C € R2X™ there holds

Sym

(13) S(0) = 0,

> (8i;(B)=55(C))(Bi;—Cij) = cima (1 + B* + [C]*) "= [B-C[?,
ij

p—2
(14) > Si(B)Bij > cin (1 + B]>)7 B,
B

IS(B) — S(C)| < 2 72(1+ [B]> +|C1») " [B-C,

p—

S(B)| < c272(1+ Bf?) = [B.
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The same inequalities hold true for all B, C € R™"*"™ if B and C is replaced on the
right-hand side by B¥™ and C*Y™.

3. SPECIAL ENERGIES

Later in our a priori estimates we will encounter the following two important
expressions

(16)  Zo(t,u):= <Z 3 (Dapdiic®) (Du(t))arDagu(t),arDjku(t)>,
r jkapg

(17)  Jaltu) i= (3 (Gasds®) (Du(®) 9 Dagu(t), A Djru(t)),

Jkap
where ® is a p—potential and u denotes a sufficiently smooth function over the space
time cylinder. The brackets (-, -) denote integration over the space domain 2. These
two expressions will arise when we are going to test the equation of motion with
—Au, resp. “O?u”. Since Zp and Jp are very similar, it is useful to introduce
another functor Gg by

(18) Go(t, w,v) i= (3 (ap0in®)(DW(D) DasV (1), DV (1)),
Jkap

where w : I x Q@ = R¥and v : I x 2 — R? (or v : I x Q — R¥9) are sufficiently
smooth functions. Mostly we will simply write Zg (u), Jo(u), and Go(w, v) instead
Zo(t,u), Jo(t,u), and Go(t,w,v). We have

(19) Ze(u) = Go(u, Vu), Jo(u) = Go(u, dpu).
Due to the properties of ® we estimate
(20) Go(W,v) > /(1 + |Dw|2)pr2|Dv|2 dz.

Q

The expression (14 \Dw|2)% will appear quite often in all the chapters, so it is very
useful to introduce the shortcut

(21) Dw := (1+ |Dw|?)3.
AS a consequence
(22) Ze(u) > Cm /(l~)u)”—2|VDu|2 dx,
Q
(23) Je(w) > Cy / (Du)*2|,Dul? da.
Q
Note that
(24) 8j8kum = ajkau + akiju — aijku.

which implies |V*u| <3|VDu| < 6 |V?u|. Thus, |[VDu| can always be replaced by
|WV2u| (and vice versa) by increasing the multiplicative constant.

Closely connected to the quantities Zg(u) and Jg(u) is the function (Du)
which will be important when examining the regularity of solutions.

L
2
9
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Lemma 5. Let ® be a p—potential. Then there exists C > 0, such that for all
(sufficiently smooth) u and almost all times t € I there holds

(25) 71HV< (Du(t )H < CZs(t ).

(26) yluat( Du §>H < CJs(t,u).

Proof. Observe that

(27) V((Du)?) = 3" 5(D)*7 (D) (VDjeu).
ik

Raising this to the power of two and integrating over 2 proves the first inequality.
If we replace V in the calculations above by 9;, we get the result for Jg(u). O

In the following we will derive more useful estimates for Go(w,v), Zg(u) and

J@(u):

Lemma 6. Let ® be a p—potential. Then for all (sufficiently smooth) u and almost
all times t € I there holds

(28) W V3@l < CZo(t,u) + || Du(t)|f}.
(29) nloDu)|h < C Ta(t, ) + m|[Du(t)|?.
Proof. Note that for all ¢ € [1,2], a > 0, b > 1 there holds
(30) a? < a®b97% 4 b4,

Indeed, there is nothing to prove if ¢ = 2, solet 1 < g < 2. In this case 1 < % < 00,
and Young’s inequality gives

(2—q)q . YOung _
z ) < a?b?72 4+ b,

a? = (a®b?2)3 (b
Now (30) implies
|V2ul? < (Du)?~?|V2ul? + (Du)?.
Since in general |V*u| < 3|VDul| (see (24)) we deduce
IV2ulp < [ (Dwp 292 de + | Duly
Q
<9 /(f)u)p—?me2 dz + | Dul

Q

@ ¢ ~
< = Ta(w)+ | Dulf;

The estimate for 9;Du follows analogously. O

Lemma 7. Let ® be a p—potential. Then for all (sufficiently smooth) u and v, for
all 1 < q <2, and almost every t € I there holds:
(31) IDv()lq < 55 (5:Ge(t,w V) I(Dw(t) =" | 24

where 22qu =00 for ¢ =2.
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Proof. Observe that 1 < % <ooand 1< (%)' = ﬁ < oo. Further for 1 < g < 2

vl = [ ((Bwy 2 D) (Dw) 5 do
Q
%
< | [@wpr-2pvas | 5w | L
2—q
Q
%
~ _9 9 ~ (2-p) 1q
= (Dw)P2|Dv[dz | |[(Dw) = ||% .
2—q
Q
This and (20) prove the lemma for ¢ < 2. The case ¢ = 2 is similar. O

Note that this lemma is applicable to Zg (u) = Go(u, Vu) and as well to Jp (u) =
Go(u, 0iu). Analogously we have

Lemma 8. Let @ be a p—potential. Then for all (sufficiently smooth) u and v and
for all 1 < q < 2 there holds:

ID(u-v)[q < C(S(Du)~S(Dv), D(u-v))*|[(Du) T + (Dv)*** (=7

where 22qu =00 for ¢ =2.

Proof. Analogously to the proof of lemma

p)q

|D(uv)||q/((5u+5v)p2|D(uv)|2)%(ﬁu+ﬁv)(2 dz

q
2

< /Du—i—Dv” 2D(u—v)[*dx H(Du—i—Dv)
Q

p)q Hi

1s a ~ -p ~ -p
< £ (S(Du)~S(Dv), D(u-v))* | (D) “+" +(Dv) " ||,
2—q
This proves the lemma for ¢ < 2. The case ¢ = 2 is similar. O

Note that the following estimates for Zg and Jg will depend on the dimension
of the underlying space, which is in our case three dimensional.

Lemma 9. For all (sufficiently smooth) u and almost every t € I there holds
(32) nlDu@)lf, < € (To(t,w) + |1 Du)]3).
Proof. By lemma [5 and the embedding W12(Q) < L5(€2) there holds
nllDulf, = (D)2 [ < Cn(|V((Dw)?)[I3 + [ (Du)?|3)
< C (Ta(w) + m | Dulp).

This proves the lemma. O
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Lemma 10. For all (sufficiently smooth) u with (u,1) =0 and almost every t € T
there holds

(33) [} o, < C Ealtu) +1)
(39 omO)f L, < C Tl wf (Taltw) +1) 7,
(35) < C(Ta(t,u) + To(t,u) + 1).

Proof. From lemma[7 we deduce

1,,~ .2-p
IVDul| s < CZop(u)?|[(Du)"="| e

~ 2—p
< C'Zg(u)? || Dul|,?

2-p
2

< CZp(u)? (1 + |Duly,)
< CTp(u)*(1+C ||VDu||%)%p, since (u, 1) = 0.

This implies
|VDu|", <C(Zg(u)+1).
p+1

Since |V2u| < 3|VDu| (see (24)) and (u,1) = 0, we get
all3, s < € (Zo(u) +1).
Analogously we can use lemma [7 to get
|0Dul| 5 < C To(w)]|(Du) " || oo

<CJa(u)?(1+C ||VDu||%)Tp, since (u,1) = 0

@) 1 1,22

<CJs(w)?(1+C (Zo(u)+1)7) 2
< C Ja(w)? (1+ Ip(uw) = .

Now (u, 1) = 0 and Korn’s inequality imply

1 2-p
[9eully 2 < C0Du] 55 < C Ta(w) (1+ Za(w) 7,
which proves (34). The rest is an application of Young’s inequality. O

4. GALERKIN APPROXIMATION - THE CASE % <p<2

Let us introduce the spaces, which we will need later. As before let 2 be the three
dimensional torus. By (L4(Q), [|*|l4), resp. (W 4(2), ||||x.4), we denote the classical
Lebesgue and Sobolev spaces. For a Banach space X we denote by L4([0,T], X)
the Bochner space with g—integrability and values in X. We will also make use of
the space C(I, X) of continuous functions with values in X.

Due to the constraint divu = 0 of incompressibility we introduce spaces of
divergence-free functions. For 1 < ¢ < co and k € Ny let

Vi={p € Ce () : divp =0, (p,1) =0},

L&, (@) :== VT,
Wia(9) == W, )
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where (V,||]|) is the closure of V with respect to the given norm and (f,g) =
fQ f gdz is the scalar product with respect to the space.

In order to prove theorem [17 we will use a Galerkin approximation and derive
some a priori estimates for the approximative solutions u’v. In section [6 we will
pass to the limit N — oo showing the existence of a desired solution u of system

).

Let {w"} denote the set consisting of the eigenvectors of the Stokes operator de-

noted by A. Let ), be the corresponding eigenvalues and X x = span{w?,...,w™}.
Note that (w",1) = 0. Define PNu = Zi\;l(u7 w”) w". Then
(36) M (w"u) = (Aw”, u) = (Vw", Vul')

and PV : W*2 — (Xy,||*|ls.2) are uniformly continuous for all 0 < s < 3. (See [16,
24] for a proof.)
Let us define u? (t,2) = Z:,Vzl cN(t)w"(x) and £V = PNf, where the coefficients

cN (t) solve the Galerkin system (for all 1 <r < N)
(0pu™,w") + (S(DuY),Dw") + (0" - V)uV,w") = (fV, w"),

(87) u(0) = PN uy.

We will show that this Galerkin approximation has a short time solution u”, which
will converge to a solution of (1). Since the matrix (w;,wy) with j,k =1,...,N
is positive definite, the Galerkin system (37) can be rewritten as a system of ordi-
nary differential equations. This in turn fulfills the Carathéodory conditions and
is therefore solvable locally in time, i.e. on a small time interval I* = [0,7*). In
theorem [17 we assume that f € L>°(I, W12(Q)) and 9,f € L*(I, L?(2)) and thus
fN = PNf € L>(I,W12(Q)) and 0N = PN(9,f) € L?(I, L*(?)). This implies
N, owelN, 02N € L2(I*). Thus ul,9,ul,0?ul € L2(I*,Xy). (Note that the
norms may depend on N). To ensure solvability for large times at least for this
finite dimensional problem we have to establish a first a priori estimate.

Since uV, 9,u’, 02u € L2(I*, Xy ), we can test the Galerkin system (37) with
u® and get

3 a3 + (S(Du), Du) = (£, u),
Note that ((u’¥ - V)u®,u") = 0 due to divu® = 0. The coercivity of S (see (14)),
the continuity of P on L?(f2), and Gronwall’s inequality imply
T* T

Samaxa¥ 3+ [1Du” [at < € [83de + ol < C(T. £, o)
0 0

This implies

[eN]| o (1) < C(T, £, 1), 1<r<N.
As a consequence we can iterate Carathéodory’s theorem to push the solvability of
the Galerkin system (37) up to any fixed time interval I = [0,7T"). Hence, indepen-
dently of N
(38) Hu||Loo([7L2(Q)) + ||u||Lp(]’W1,p(Q)) S C,

where we have used Korn’s inequality.
We got the first a priori estimate by using u” as a test function. To derive our
second a priori estimate we want to use Au’v as a test function. The special choice
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of base functions w” ensures that we do not leave X, the space of admissible test
functions. More explicitly we multiply the r-th equation of the Galerkin system (37)
by A.cY and use (36) to obtain

(0pu, Au)) — (S(Du),DAuY) — (uV-V)u, Au’) = (VEV, val).
Due to the periodicity we have A = —A, so

1d,||vu|3 — (S(Du”),DAUY) — ((uV - V)u", Au") = (VY vu).
Using partial integration and the properties of S we deduce (cf. [16]):

(39) (W™ w)u, —Au) = Z / 6kuf\[8¢u§v6ku§v dx,
ijk &

(SMu"), -DAuY) = Y [(9;0.®)(Du™)d,, Diju" 9 Diyu™ da
(40) ijklm Q
CI.:} (UN).
Thus we have
(41) 3d Va3 + cZo (V) < || VuV ] + [(VEY, vu®)],

If p > & one can show that |[Vu®[|§ < Ce||Vul B[ Va3 4 eZgp(u) (see [16]),
which enables us to apply Gronwall’s inequality after absorbing eZg(u”) on the
left hand side. This would gives us a global estimate. If p > % we can show
that [[VuV[|3 < C.[[Va || Vu™ |5 + ¢ Zs(u®) for some constant 1 < R < oo
and thereafter absorb eZg(u”) on the left hand side and apply a local version of
Gronwall’s inequality (see lemma [24]). Instead of using Gronwall’s inequality it is
also possible to divide the inequality by (1 + [[Vu®|2)® as was done in [16] and
derive the same local estimates. This in turn implies enough regularity for u’v
to justify all the later testing of the Galerkin system with “0,u™” and “0,u™d,”.
Nevertheless we will not make use of these facts, since we are also interested in
smaller values of p than % What we do is, we test immediately with “0;u’N,”
to get in addition to another estimate. Then we will use the resulting two
estimates at the same time to derive quite strong a priori estimates for u? for
values up to p > % in this section and up to p > % in the next section.

Let us take the time derivative of the Galerkin system (37):
<8t2uN,w7'> + <8tS(DuN), Dw") + (0;(u - W)u?),w") = (9, £, w"),
for 1 < r < N. Since u?V € WQ’Q(I,Xn), this makes sense and we can even test
with gu € W2(I, X,,):
30”3 + (0:(S(Du")), 9,Du”)
+(@(u"-V)u"), gu") = (9£7, ou™).
Once again the second term on the left-hand side has a sign, namely

(0r(8(Du™)),0,Du™) =Y~ ((9;;0®)(Du™ )9, Dyju™, 0, Dyyu™)
ikl
> cJp(uV).
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This yields

(42) |03 + e Ta(u) < [(9((u™-V)u®), u™)| + [(9, Y, 9u™)].
Recall that

(43) 30| VuN |3+ cZo(u™) < Va3 + [(VEY, Vul)|.

By a first view we have gained nothing. We have to control one more bad term,
namely [(9;((u¥-V)u®),9,u’v)|, but we only got more information about the time
derivative of u’V. But the critical term ||WVu™||3, which gave the lower bound for p
has no time derivatives. The next lemma shows that Js(u'V) reveals indeed more
information.

Lemma 11. Let 1 < g < 0o, then for almost every t € I

d, (| Bu(t)9) < g C Ta(t, w? (| Du(t) |27

< eJa(t,u) + Cc || Du(t)|50-5,

(44)

where Du = (1 + |Du?)2.
Proof. Note that

8:((Du)?) = ¢(Du)?~2(Djxu) (9 Djru).
Hence

d,(|1Dul?) < ¢ [ (Du)r=!|8,Dul dx

=q [ (Du)*= |9,Du| (Du)?~ % dz

/
/

< qC Taw)} (| Dul227)?,

2q—p
where ||5u||§3:£ = [,(Du)?7? da even if 2¢ — p < 1. The rest is an implication of
Young’s inequality. (]

This lemma enables us to produce dy (|| Dul¥ [|4) on the left-hand side of (42) if we

add C' || Du™ ||§Z:Z to the right-hand side. We have three critical terms to control:
Va3, (G- 9)u), 0u™)], O DuN3iCE.

The first and the second one will be easier to estimate for large ¢, but the third

one for small g. The problem now is to find the optimal choice for q. We start

by examining which values of ¢ are needed for the first and the second term. In

the view of lemma[24, we will be able to control arbitrary powers of || Du |4 and

|0su™[|3. Note that we will skip the index N of u’¥ to keep the notations simple.

Lemma 12. Let g > %, then there exists a constant Ry = Ri(p) > q, such that
|Vu||3 < C.||Du|f + eZp(u) +e.
q

Proof. If ¢ > 3, then there is nothing to prove, so assume ¢ < 3. We can interpolate
L3() = [L4(R), L3?(Q)]s with
1 1-14 0 3— -1
1_0=0,0 L ,_B=adp , ,_ ab-1)
3 q 3p 3p—q 3p—q
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Therefore
IVl < Va3 Vull5
If 30 < p, there exists an § > 1 such that
IVulf3 < Ce|| Va7 + <[Vl
< CLl| Va9 4 O Vul?

1,22
< O V3099 4 O (Zg(u) + 1),

where we have used lemma [10. So by Korn’s inequality
IVull3 < Cy [ Duf30-% 4 23T (u) + 2.

We still have to verify 36 < p, but this is equivalent to

3(3 — 9-3
B-ap _ b o P
3p—q 2
which holds due to the assurnptions on q. ]
Lemma 13. Let ¢ > =2, then there exist constants Ry = Ra(p) > 2 and Rz =

Rs(p) > q such that
(O V), 0] < 2 (w) + Co (00 + | Dul 2 + 1)

Proof. Note that lemmal[7 (g — ) implies

2q
2—p+q

lo:Dul| 2, < C Ta(u JEII(Du) =" | 20

(45) _

< € Ja(w)* | Dul,*
Furthermore W 2773 (Q) — L6*gg+q( ). Since 9— < q is equivalent to qT <
G_gﬁ we can use the interpolation

La(Q) = [LX(Q), L5553 (Q)]s.
This and Korn’s inequality implies

(- V)u, 0r0)] < [|0pu]%2, [Vl

1-0
<c||atu||2< o] sy [Vl

< C||ul5" " ||atVu||29

—0 1, = 2=p
< C |93 >(J®<u>2|\Dunq2) |7ull,

< eJa(u) + Ce (|05 + | Dullf= +1).

[Vl

O

It is indeed interesting that both terms |<8t(( V)uM),0,u?)| and [|[Vu?|3
require the same bound for ¢, which is ¢ > 3p Now we have to find the upper
bound for g, in order to control ||[Vu® ng b. Unfortunately this requires extensive
calculations, so we will postpone this to the next section. Since the calculations
for p > % are a lot simpler, we will finish this section by outlining how to proceed
in this simpler case.
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So let us assume for the rest of this section that p > g Set ¢ := “Tp, then
2qg —p < 3, so

Va5 < C (Va3 +1).

That means that ||VuN||§g:£ can be controlled if ||[Vu?||3 can be controlled. But

the choice of ¢ and p > % ensures that ¢ > %. Hence by lemma [12, lemma 13,

Korn’s inequality, and the above calculations we get
d; (| V™ |3) + e Zo(u)
< C(1+ || Du || + [(wEN, wu?)),
d, (|00 |3) + di (| DN [2) + ¢ T (0
< C (1405 + [ Du 5 + @™, au)]).
The remaining terms involving £V are easy to control:
(VEY, Vu)| < [PV 12| VaNlz < Cf ]2 VuY |
< CflR, +C | DuV?,
(O™, 0eua™)| < [|PY(0eE) 2|00 |2 < C [|04F]|2]|0pu™ |2
< Cof)|3 + C|9,u™ 3.
Overall
a, (19N 3) + de (|00 [3) + de (| DU [9) + e Za (™) + ¢ T (u™)
< C (L [ Du® et fo) o |2 g, + (10,8]13).

Now lemma [24] ensures that for small times, i.e. T” is small, we get boundedness of
the following expressions (uniformly in N):

”atuNH%OO(I/,LQ(Q))v ||atuNH%oo(p,L2(Q))a ||V11NHQLOC(I,7LQ<Q)),
1Zo (™) 1.1y, 170 (@™)|| L2 (1),

where I’ = [0,7"]. Later in section [6] will see that these a priori estimates are
sufficient to pass to the limit N — oo to get a solution u of our original problem (1).
But beforehand we will show in the next section how to derive similar a priori
estimates in the more general case % <p<2

7
5. THE CASE p > ¢

If p is smaller than %, we have to do more subtle calculations. We cannot

just add (43) and (42) in order to get control of |\ﬁuN|\§g:§. Recall that we

need ¢ > 9;3p in order to control the terms ||[Vu™||3 and |[{(0;u- V)u, d;u)|. But

this implies 2¢ — p > 3. So ||5uNH§g:§ is worse than ||[Vu®||3. Since ||5uN||§Z:£

grows with respect to ¢ a lot faster than ||5uN||g7 the term ||5uNH§Z:Z requires

a preferably small choice of ¢. But since we cannot control |[Vu® |3 for ¢ = @,

2¢— _
N30 for ¢ = 9=32 and thus for

we certainly cannot control the worse term || Du 5
no q > Q_Qi. Hence we must proceed in a different way.
The central idea is that we have not made use of the term d;||Vu

contains less information than dq || Du™ |9, there is no need to extract information

N3 Since it
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out of it. So we try to transfer d;||Vu™ |3 in its original form (9;u”,—Au") to
the right-hand side of (43). This gives

(46) Tp(u™) < O (|Vu[3 + (VEY, V)| + [(9u”, —Au™))),

The disadvantage is that we have to control one extra term, but the advantage
is that we can raise this inequality to the r-th power. This gives, as long as we
can control the right-hand side, information on Zg(u¥)”, which can be used to
control ||511||§Z:Z for higher values of q.

Before we calculate the maximal allowed r and the resulting ¢ we will reduce

to a more suitable form: Lemma [12 implies that for ¢ > % there holds
Is(uV) < C (1 +||Du | B 4+ (VEN, Vul)| + [ (9u?, —Au))).
Since
IEN | ootz )y = 1PN Ell Lo r w2y < ClEllLoer w2y < C,
this reduces to
(47) Is(uV) < C (1 + [|Du™||B +](9pu?, —AuM))).

Since we can control arbitrary powers of || Du™ |l by the local Gronwall’s lemma[24,
we see that the convective and the force terms do not raise difficulties for ¢ > %,
even if we raise the inequality to the r-th power. The following lemma gives control

of the remaining term |[(9;u®, —Au)|.

Lemma 14. For 1 < p < 2 there holds

4(p—1)

(O, Au)| < C |9, To (w) 2552 Ty (u) + 1),
Proof. With the help of lemma [10/ we conclude
[{Oru, Au)| < [|0pul se_[ully, se

Zp—1

< C o] s (Zo(w) +1)7
< 9wully " 0ru]{ s (Zo(w) +1)7

< 0|y (To (W) (Zo(w) + 1))’ (Zo (w) + 1)

with
2p—1 1-6 0
p-1_1-6_ 0
3p 2 3p
Therefore § = 321)%]”2 and 1 — 60 = gg—:g and 22;pp -0+ % = 2(%722). This proves the
lemma. O

This lemma and (47) imply
Tp(u™) < C (1+ | Du? |

4'(1)71) 2-p b2
+ 10N, Ta (u™) T (Zg (u™) 4 1) 7@ ).
I 3 : 6
Thus by Young’s inequality for p > 2

2

~ 8(p—1) _p
(48) To(uV) < O (1+ | Du [ 4 9 7 Ta(u™)575).
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We are finally at the point where we can raise the inequality to the r-th power

. ~ ‘Sr(p—:l) 2-p
Zy(u™)" < O(r) (14 [IDuN [} + 9u™ [, ™ To(u™) 575).
Aslong as r < %, the last term can be broken up into a large power of ||9;u” |3

and Jp(u). We summarize

Lemma 15. Let % <p<2,qg> QEﬂ, and1l <r < %, then there exist constants
Ry = R4(p), Rs = R5(p), such that

T ()" < Ce (14 [ DuN | + |00V ]5) + e Ta(a™).
As in the case p > % we calculate from (42) by using lemma[13]for ¢ > %
di (100N 13) + ¢ Ja (™) < C (14 [[0pu™|[52 + | D™ |72 + [|0.f]]3),

where we have used [0V |2 = ||PY(0:f)||2 < C||0:f||2. Hence by lemma [11] and

lemma [15/for g > QEﬂ and r < %

To(u)" < Ce(1+ | Du|f + 00V |57) + e Ts(u),
(49)  de([00a™[3) +d (| DuN ) + ¢ Tp(u™)
< O (1+ 0™ |5 + | DuM[|F + [ DuN 5570 + 10:£]13).

Different from the case p>% we can use Zg(u™)" to control ||5uNH§Z:Z.

Lemma 16. Let 1 <p <2, p<qg< min{%, 2p} and r > 1, then there exists
a constant Rg > 1, such that
|Dul34-0 < C.|| Dul|* + &(Zp(u)" +1).
Proof. From the assumptions we know that p < ¢ < 2p, which implies ¢ < 2q — p < 3p.
Hence we can interpolate L247P() = [L4(Q), L3P ()] with 0 = % and
1-0= 2q(2p—q)
(29—p)(3p—q) "

~ 2q— =4 — _ = 0(2qg—
|Dul|32=0 < || Dul|{=9@a=P) || Dul|5 27"

Now we can estimate

9(29—p)

(33) ~
< ||Du||§1_9)(2q‘p)(1'¢(u)+1) »

If W < r, then we can use Young’s inequality with § := % > 1 to obtain
the desired result

IDull54=8 < C|| Du|| 0PI 4 (Zy ()" +1).

Still we have to verify the condition W < r. For this note that

0(2q — 3(q — 3 1
2¢-p) _ . 3l-p_ . < p(r + )7
P 3p—q 3+
which holds due to the assumptions on q. O

This lemma and (49) imply
di (00N 3) + de (|1 Du[19) + ¢ To (uV) + e To(u™)"

(50) max o
< O (1+ [ |5 fed gy DulmexUo Raofio) 4983 )
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as long as

(51) max{p,%}<q<min{%,2p} and r<%.

This is the crucial estimate, which will on the one hand provide us with the desired
a priori estimate and on the other hand restrict the value of admissible p. It is
therefore of importance to determine the exact range of p for which we can find
suitable ¢, which fulfill (5I). We will do so now: Since % is increasing in r
we can always find a suitable r if and only if p, ¢ fulfill

max {p, %} <qg< min{6(p — 1),2p}.

The existence of a suitable ¢ is in turn equivalent to p > % Hence we have shown

that for all p > % we can find suitable r and ¢, such that (51) is valid, e.g ¢ = 1—52 and

r= g Before we can apply lemma[24]to ensure uniform a priori estimates for u?,

we have to take a look at the initial data, namely ||(Vu®¥)(0)||, and [|(8;u™)(0)]|2.
The first one is easily bounded by

1(vu™)(0)]lq = [VPYuolly < C [P uol|r 2
< C|[PMugll22 < Cllugll22 < C.
To bound (9,u¥)(0) let ¢ € L?(2) with ||¢||2 < 1, then
(@™, )| = [(9ug’, PV o)

= |(divS(Duy")) + (ug - V)ug — £7(0), PYe)]
< [VS(Dug)|z + Clluof3 5 + £V (0)]l2
< C|[(Dug)P~>VDug [l2 + C lluol3 » + £V (0)]|2
< C(|luoflz2 + [[uoll3 2 + [£(0)]2) < C,

since p < 2. Here we have used that f € L>°(I, W12(Q)) and that 9,f € L?(I, L?(2))
implies f € C(I,L?(2)). Thus [|(8;u’¥)(0)|]2 < C. So we can apply lemma [24]
to (50) and get for small times I’ = [0,7"]

(52) 1000 || Lo (17, 12(02)) + I VUN | e 17, 1002
(53) H1Za (@) 111y + 1T (™) |3y < €
We use (48) to get rid of the r—dependence:
N
(54) I1Zo (@) gpms |, < C,
5p—6

Whereﬁ:ooifpzz

In the next section we will show that these a priori estimates are by far enough
to pass to the limit N — oc.

6. PASSAGE TO THE LIMIT

Theorem 17. Let % < p< 2. Let ® be a p—potential with induced extra stress S,
.. S =V, xn®. Assume that

€]l L (1 wr2(0) + 10:El] 221,220y + [lwollyz2 () < K-



STRONG SOLUTIONS FOR GENERALIZED NEWTONIAN FLUIDS 17

Then there exists a constant T' = T'(K) with 0 < T' < T, such that the system (1)
has a strong solution u on I' = [0,T"] satisfying

Ol zoe o) + M0l 1. )

(55) sl + 1Zs(w)

| sp-s <
L2=p (I')

Proof. In sections[4 and 5/ we have proven the existence of approximative solutions
u”, which solve (37) and satisfy

100N || Lo (17,22 (0)) + VUM | Lo (17,9 ()

56
(56) +||I@(UN)HL%(I’) + ||jq>(uN)||L1(p) <C.

Since ¢ = % and r = % was an admissible choice within the derivation of the a priori
estimates, we can assume q > %2 Estimate (56) especially implies || Zg (u™)|| 171y <
C, so by lemmal6 we get ||V2uN||§,I,XQ < C and therefore |[u™ || o(; w2r () < C,
since (u™,1) = 0. Overall we can pick a subsequence (still denoted by u”) with

(57) uV —~u in LP(I', W?P(Q)),
(58) u’ S in L®(I', W% (),
(59) opu¥ & 9pu in L>(I', L*(Q)),

where we have used that the weak limit of distributions on I x §2 is unique. Since
W2P(Q) < W2(Q) for p > £, the lemma of Aubin-Lions implies the existence
of a subsequence, such that

(60) vu — Vu in L2(I' x Q).

As a consequence we get convergence of the convective term

(61) WY . ¥)u¥ - (u-V)u in L3 (I' x Q).

Observe that

SO a1y £ € IBU P a1y
<CA+[IVuV|r2rxa) <C

(62)

On the other hand by (60) Du”¥ — Du a.e. in I’ x Q, so

(63) S(Du?) — S(Du) a.e. in I' x Q
due to the continuity properties of S. Now Vitali’s theorem, (62), and imply
(64) S(Du?) — S(Du) a.e. in L'(I' x Q).

Choose w™ and ¢ € C§°(I’), then we can conclude from (37), (59), (61), and
that

/go(<8tu,wr> + (S(Du),Dw") + ((u - V)u,wr>) dt = /cp(f,wﬂdt.

Il I/
Furthermore u fulfills

[0ul| 21 x0) + IS(D)|| 11 <) + [[(u- V)UHLg(I,XQ) <
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Since {w',w?,...} is dense in W52(Q) and Wi2(Q) — Wi °(Q) for s > 2, we
deduce that

/(p(<0tu,w> + (S(Du),Dw) + ((u - V)u,w>) dt = /go(f,w>dt
T 4
is fulfilled for all w € W;72(Q), especially for all w € V. Note that
(0u,w), (S(Du),Dw), ((u- V)u,w), (f,w) € L'(I')
(65) (8yu,w) + (S(Du),Dw) + ((u- V)u,w) = (f,w)

for all w € V and a.e. t € I'. It remains to show that u(0) = ug. But this follows
from the parabolic embedding

1PN 1o —u(0)]]2 = [lu™ (0) — u(0)]2

(66) < C ||uN — 11”22(1,71/2(9)) ||c9tuN - atu”zz(I’,LQ(Q)) — 0.

—0 <C

Since PNuy — ug in L2(Q) we get u(0) = ug. Overall we have shown by
and that u satisfies in the weak sense. It remains to prove the norm
estimates for u, Zg(u) and Jg(u). First of all, from and there follows

<C.

l0culleeqrrnzcon +ll o w2 o)) =

Define H : I x Q x R¥*? x R¥*4 R by

H(ta z,y, Z) = Z (aaﬁajkq))(ta z, Y) Zaf 2k,
Jkap
then
(a) H >0,
(b) H is measurable in (¢, ) for all y, z,

(c) H is continuous in z and y for almost every (t,x) € I’ x ,
(d) H is convex in z for all y and almost every (¢,z) € I’ x .

Furthermore
A N N N
(67) 173 @) 2 sy = [HDWY 0Du)|
d
A N _ N N
(68) 1Za A @)1y = | S HDWY oD

k=1

Due to lemmal[10 and Iq,(uN)Ll(I) + jq,(uN)Ll(I) < C we have

[|Ou™ || <C.

_3p_ >~
Le(I,W" P (Q))

Thus we can pass to a subsequence (still denoted by u¥) with

(69) 0, vu — 9,Vu in LP(I', L#%1(Q)).
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Note that (69), (57)), and (60) imply

ViV — v?u in LY(I' x Q),
atVuN — atVu in L (I/ )
vu¥ — Vu in L'(I' x Q).

Thus from the semicontinuity theorem of De Giorgi ([9], pg. 132), (56), and (67)
follows

(70) [Ta™ (W)l 22 (1) < C.

Furthermore H, Du’v, ,Du” fulfill all the requirements of corollary [26. Thus we
deduce from and corollary [26]

(71) IZa (w)ll,

This proves the theorem. ([l

(1’

The next corollary shows what regularity for u can be deduced from (55). This
justifies that we call u a “strong” solution.

Corollary 18. Let u be the solution of theorem[17, then

p(5p—6)

ue LU357 (1, Wit (),
d?u e LA(I', (de Q)),

12(P 1) 4(? 1)

(Du)? € C(I', L > ) (Lorentz space).
For all1 < s < 6(p— 1) there holds
we (I, Wh(Q)).

Furthermore there exists a pressure w with

2(5p—6)

Vre L =» (I',L*Q))

such that
(72) Opu — div(S(Du)) 4+ (u- V)u+ Vr =f
a.e. in I' x Q.
Proof. From (55) and lemma[5/we deduce that
(Dw)f € L7557 (1", W' 2(2),
at((f)u)%) e LA(I', L*(Q)).
Thus by theorem 35 with 6 =

4(p 1) we get

(Duw)f e C(I', [W2(Q), L*(Q)]y 3)

1
6

5p-6_,
=C(I',B;*=1) 7 (Q)) Besov Space
T2-p
, 12(p 1) 4(p—1)
— C(I',L 2= (1))  Lorentz Space.

For more details regarding Besov spaces and Lorentz spaces see Bergh, Lofstrom
[3] and Triebel [26]. Let 1 < s < 6(p — 1), then

12(p—1) 4(p—1)

(Dw)? e C(I', L™ 5 775 (Q) = O, L7 ().



20 LARS DIENING, MICHAEL RUZICKA

As a consequence ||(Du) ¥ H% e C(I'),so Du e C(I',L*(f2)). From Korn’s inequal-
ity we deduce
ue o', whs(Q)).
From |[(u- V)ul|2 < [[uf]; 12 and the choice s := 2 < 6(p— 1) we deduce
(u-V)ue C(I',L*(Q)).
From (55) and lemma [10 we deduce that

lall s s <C.
L 2-» (I',/W7pr+t1(Q)))

Further note that
|V(S(Du))| < C (Du)”~2|VDul,
SO
|V(S(Du))||2 < CZg(u)?.

2p(5p—6)

Thus S(Du) € L 75 (I', Wh2(Q)). We }g%xng?hown that all the terms O:u,
—div(S(Du)), and (u- V)u in are in L™=-p (I’,LQQ%D.G) Thus De Rahm’s
theorem ensures the existence of a pressure 7 with Vr € L™= (I’, L*(Q)). From

0:(S(Du))| < C (Dw)?*|9,Du]

and lemma 5] we deduce
10:(S(D))|3 < C Ta(u).
This and prove 92u € L(I', (W(}i’f (€2))"). This proves the corollary. O

7. UNIQUENESS
Theorem 19. Let % <p<2andlet u and v be weak solutions of (1) with
u,veC(I,Whs(Q)).
Then u =v.

Proof. Let e := u — v. We take the difference of the equations of u and v and use
e as a test function, then

(Ore,e) + (S(Du) — S(Dv),Du—Dv) + ((u- V)u— (v-V)v,e) =0.
This reduces to
(73) Ld;|le|3 + (S(Du) — S(Dv),Du—Dv) < [((e- V)u,e)|.
Since p > %, there exists g > % with
2-p 2 _12
2 2—q )
Thus

2

|(Dw)*+* + (Dv) " | 20 € LX(D).

Lemma[8 implies

[

IDe, < C (S(Du) — S(Dv), Du — Dv)*.
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Korn’s inequality implies HeHadiq < Cell1,q < C|Dellq. So by (73)
—q
ydillellz + ¢ llel’ss < (e V)u,e)| < Jlel3s[lully 2 < Clel3s.

Since ¢ > £ there holds 2 < 33—7‘1(1 < % and L7(Q) = [LQ(Q),L%(Q)]Q with
0 <6< 1. Thusfor§ >0

2(1—-0
biillell3 +cllell’s < Cllell;"llel%, < Cslle]3 + ble| s, -

Gronwall’s inequality implies e =0, i.e. u=v. O
Note that for p > % we have derived for small times the existence of a strong

solution u with u € C(I", W15(Q)) for all 1 < s < 6(p—1). Especially this solution
satisfies u € C(I',W% (Q)). Theorem [19] above ensures that this solution is
unique within the class of strong solutions in C(I’, W% (Q)). It is interesting to
observe that the uniqueness as proven above exactly holds up to the same bound
p> % for which we have derived the existence of such solutions.

8. SPACE AND TIME DEPENDENT POTENTIALS

In the previous sections we have assumed that S is induced by a p—potential,
where p is constant with % < p < 2. In the study of electrorheological fluids it
is necessary to admit p, which may vary in space and time. We are especially
interested in the model studied in [21, 22, 24, 25], i.e.

- divE =0,

(74) curlE =0,

(75) podiu — divS + po(u - V)u + Vr = pof + x¥ [VEJE,
divu =0,

where E is the electric field, P the polarization, py the constant density, u the
velocity, 7 the pressure, f the mechanical, x? the dielectric susceptibility and the
extra stress S is given by

S = ax ((1+ D> —1)E®E + (as1 + ass|E[?)(1 + D)7 D

+ a5 (1+|D]?)*= (DE®E + E ® DE).
Moreover, p is function of the electric field, i.e. p = p(|E|?). Note that (74) decouples
from (75). Thus, while solving (75) we can assume that E and p are given functions.
Due to the nature of the Maxwell equations (74) it is reasonable to consider smooth
E and p. We define p~ := infoxsp and pt := supq,;p. Here we study the
simplified model

(76)

du —div (S(Du)) + (u- V)u+ Vr =T,
(77) .
divu =0,
with
S(Du) = (1 + |Du/?)"2" Du,
where p is a given function with p € WH°°(I x Q). We will show that all the
results of the previous sections may be transfered to this model. Especially, we
will prove short time existence of strong solutions of (77) for large data as long as
% < p~ < pt < 2. We will also show, that this solution is unique within its class
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of regularity. Instead of repeating all the steps as in the case where p is constant,
we will indicate all necessary changes in the calculations.

Definition 20. Let p: I x Q — (1,2] be a Wh(I x Q) function with 1 < p~ :=
infp < pt :=supp < 2. Let F : I x QxR — R2% be such that for a.e.
(t,z) € I x Q the function F(t,x,-) is a p(t,z)—potential (see definition[1]) and the
ellipticity constants do not depend on (t,x), i.e. the function ® : R"*" — R0
defined through ®(t,z,B) = F(t,z,|B¥™|) satisfies

(78) > (950 ®)(t, 2, B)CixCim > 71 (1 + [BY™]?)
Jkim sym
(79) (Vi ®)(t,2, B)| < 72(1 + [BY™ )
for all B,C € R™ ™ with constants v1,v2 > 0. Further we assume that F' is
continuously differentiable with respect to t and x and that (0.F)(t,z,-) : RZ% —
R0 resp. (9;F)(t,z,) : RZ® — R2% is a Cl—function on R=°, resp. a C?-

pt,x)—2
2

|(~szm|27

p(t z)

function on R>%, for allt € I, x € Q. Moreover, assume that for j=1,...,d
(0 F)(t, 2,0) =0,
(0, F)(t,z, R) > for all R > 0,
(0, F)(t,z,0) =0,
(80) ,
(0;F)(t,z,R) > for all R > 0,
0V sn®) (8,2, B)| < (1 + [BY™2) 55 In(1 + [BY™)),

p(
[(VVxn®)(t,2,B)| < 35(1 + [BY™]?) In(1 + [B¥™),

with v3 > 0. Such a function F, resp. @, is called a time and space dependent
p-potential and the corresponding constants v1,72 and 3 are called the ellipticity
and growth constants of F', resp. ®. The function p is called the exponent of the
potential. As in definition |1l we define the extra stress S by S := V40 ®.

The standard examples of such S are
S(Du) = (1 + |Dul?)*= Du, S(Du) = (1 + [Du|)? 2 Du,

where p € Wh°(I x Q), especially (77) is included.

Assume for the rest of this section that F', resp. ® is a time and space dependent
p-potential and S := V,,»,,®. Then remark 2, remark [3, and theorem [4 still hold
true. We will now transfer the estimates of section [2/ to the case of time and
space dependent p—potentials. The involved generic constants C' may depend on
[pllw1.o(rxq)-

We define the functionals Zg, Jg, and Ge as in (16), (17), and (18). Then
and hold true without change, while (25) and must be modified to

(s1) WV (D)< (Tolw + [(Duy 1 (Du)de).
Q

(52) o (Bw)h)IE < € (Fotw) + [ (Bu)? o (Dw) ).
Q

In order to explain why there appears the logarithmic term, we will deduce (81)
explicitly: Note that

D

(83) |V((Du)?)| < C(Du)"= *1V2u| + |Vp| (Du)? In(Du).
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Now (83), [|Vp|l e rxo) < C, and (22) prove (81).
Furthermore, (28) and (29) hold true, if |||} is exchanged by pp(-), where

pp(+,9) : I — R20 is defined by

poltsg) i= / gt 2) P e
Q

Especially
(84) Y1pp(t, V2u) < CZo(t,u) + y1pp(t, Du).
(85) lep(taatDu) S qu’(tau) +P)/lpp(taﬁu)'

Mostly we will simply write p,(g) instead of p,(t,g). Moreover, (3I) and lemma
[8 hold true without change. The estimates of lemma [9] and [T0 will in our case be
modified to

1 (s (Dw) < € (Zo() + / | Duf? *(Du)de + (D).
Q

and
(86) [ul? - <C(Za(w)+1),

2, 3P
pT+1

— p— 2

87 oml? - <CTa()7 (Ta(w) +1) 7 < C(Ja(u) +Ze(u) +1).
Tpm 1

With all these estimates above it is possible to transfer all calculations of section

[4 and [5 to the case of a time and space dependent p—potential. Indeed, the test

function u can be applied without change. Especially we get

(88) 0™ 13 e 1 22 +//|DuN|P<””’t) da dt < C.
I Q

The estimates for the test functions Au and “9?u” involve additional terms of lower
order, which can always be estimated. As an example we will in analogy to
consider the nonlinear main part div(S(Du)) when tested with —Au, i.e.

(S(Du"),DAuY) = Y [ (9;01®)(Du" )0y, Diju™ 0, Dyu™ da

ijklm Q
+y / (O 0 ®)(Du™) 8, Dy da
klm Q
(16),(0)

> Tp(ul) - C /(f)uN)pT“ In(1 + |Du?|)| V3| dz
Q
> Tp(ul) — 5/(DuN)7”72 |V2u? |2 dx
Q
- C. /(EuN)P In%(1 + [Du’|) dz

Q

22 ~ ~

> %Iq)(uN) - C. /(DuN)p (1+ 1n2(DuN)) dzx.
Q
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Thus we can derive an analogy to (47) with an additional logarithmic term on the
right hand side. Repeating the calculations of section5 we get (compare with (47))

(89) Zgp(uM) < c(1+||f7uN||5l +](@pu”, AuN>|+/(5uN)P(1+1n2(5uN))dx).
Q

Note that for every d > 0 there holds

(DuM)? (1 + In*(Dul)) < C5(DulV)P+o.
Especially, if we choose p+ 6 < ¢, then we can hide the logarithmic term in (89) in
||DuN||g, ie.
(90) T (™) < C(1 + [|[Du”[|F + | (9pu™, Au))).
This proves that (47) holds even in the case of a space and time dependent potential.
The rest of the calculactions in section 5, e.g. testing with “02u”, can be carried out
in the same way, that is all logarithmic terms will be hiden in [|[Du®|[2. Overall,
this proves that the crucial estimates (50) and (51) remain valid, where p in (51)

has to be replaced by p~, the lower bound of p. Thus, we have the following result
for short time existence for the system (77):

Theorem 21. Let p € WL°(I x Q) with % <p~ <pt <2. Let S be induced by
a space and time dependent p—potential ®, i.e. S = V,,xn, . Let % <p  <pt<2
and

€1l ooz w2 () + 10l L2 2,22 () + 0lly22 () < K-

Then there exists a constant T' = T'(K) with 0 < T' < T, such that the system (77)
has a strong solution u on I' = [0,T’]. Further

10sa| o (17, 22()) + lul| 12

o1 cI,\whs (Q)
o1 B @l + 1To@] e <C
L2—p~ (I’

Corollary 22. Let u be the solution of theorem[21, then

p_(5p~ —6)

we L (1L WA (),
OPue LA(I', (W2 (),

12(p~ —1) 4(p~—1)

(Dw)% e C(I', L~ » 25 ) (Lorentz space).

For all1 < s < 6(p~ — 1) there holds
uc oI, whs(Q)).

Furthermore there exists a pressure w with

2(5p~ —6)

VrelL v (I')L*(Q))

such that
(92) Opu — div(S(Du)) + (u- V)u+ Vr =f

a.e. in I x Q.
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Proof. Using (91) we proceed as in corollary [18] The logarithmic terms that ap-
pear due to the space and time dependency of p (see (81) and (82)) can easily be

controlled due to Hu||C(I/’WL%(Q)) < 0. O

The following theorem shows that the solutions are unique within their class of
regularity.

Theorem 23. Let p, S be as in theorem[21. Let u and v be weak solutions of
with

u,veCI,WhHE(Q)).
Thenu=v.

We want to remark that the results of theorem 21} corollary, 22, and theorem
[23 can easily be generalized to the case of electrorheological fluids: In the model
(74) and (75) the equation of motion is the crucial one. The equations for E
namely (74) decouple, i.e. E is the solution of the quasi—static Maxwell equations.
These equations are well studied and we assume therefore that a smooth unique
solution E of (74) is given and we want to solve (75). We further assume that the
dependence of p = p(|E|?) on E is sufficiently smooth, such that p € Wh>(Q).
Since pg is a constant, we can simplify (75) to (77), which is exaclty the system we
have studied above. The only difference is that the extra stress defined in (76) is
not induced by a time and space dependend p—potential ® as defined in defintion
[20. Nevertheless under suitable conditions on as1, as1, ass, and as; (see [25]) the
extra stress S still satisfies the monotonicity conditions of theorem [4] Moreover, if
we generalize the definitions of Zg, Jo, and Gg by

To(t,u) := <Z 3 (aagsjk)(Du(t))@,«Dagu(t),8,«Djku(t)>,

r jkap
To(t,u) = < 3" (@apSje) (Du(t)) 9, Dagu(t), atDjku(t)>,
jkap
Go(t,w,v) i= (3 (asSjt) DW(1) DagV(t), Dyxv (1)),
Jkap

then it can easily be shown that (81) till (87) still hold. These estimates allow to
generalize theorem [21, corollary 22, and to system for electrorheological
fluids.

9. APPENDIX

Lemma 24 (local version of Gronwall’s lemma). Let T, o, co > 0 be given constants
and let h € LY(0,T) with h > 0 a.e. in [0,T], 0 < f € C([0,T]) satisfy

(93) F/(#) < h(t) +co F(E).
Let to € [0,T] be such that acco H(to)* to < 1, where

H(t) := f(0) +/h(s) ds.

Then for all t € [0,to] there holds
F&) < H@)+HE((1—aco HO® H - 1).
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Proof. Let § > 0 be small such that cco (H(tg)+0)“to < 1. Let ¢; € [0, to] be fixed.
Then Hs := H(t;)+ 9 satisfies aco (H(t1) +6)*tg < 1. Define y : [0,¢;] — R=20 by

ya>:1/f@f+ada

Then y € C1([0,t1]), y(0) =0, y > 0, and for all ¢ € [0,¢4]

t 14+« (93)
/ _ 1+a / s A c 1+«
oy VO=T0 <ﬂ®+Jf(M) < (H) + coy(t)

< (Hs +co y(t))1+a :

Further, let g € C'([0,¢1]) be given by

g(t) == —(Hs + coy(®))
Then

1w (99
g'(t) = aco (Hs + coy(t)) ) < ac.

Thus g(t) < g(0) + acot for t € [0,t1] and therefore

—(Hs +coy(t)) " < —H;“+acot.

Since arco H§' t1 < 1, we estimate

1

Hs+coy(t) < (Hy® —acot) *

and
y(t) < ¢t ((Hé_o‘ — acot)7é 7H5)
=cy' Hs ((1 — Hg‘acotfé — 1) _
The limit § — 0 implies for the choice t = t;
y(tr) < e  Ht) (1= Ht)  acots) = —1).

From (93) we deduce f(t1) < H(t1) 4+ coy(t1) . Since 1 € [0, t9] was arbitrary, this
proves the lemma. O

Lemma 25. Let Q be a domain in R and I := [0,T] C R, T > 0. Further let
F:ITxQxR™xR*— R with

(a) F>0,

(b) F measurable in t,x for a.a.y,z,

(¢) F(t,z,-,-) continuous for a.a. t,z,

(d) F(t,x,y,-) be convex for all'y and a.a. t,x.

If wV —win LL (I x Q) and VW — Vw in L}

loc loc

1<r<oo,1<s<ooorr=s=1 there holds

(I xQ), then for all r,s with

HF(t,aﬁ,w,Vw)‘

< limNinf HF(t,I,WN,VWN)‘

L7(I,L* () Lr(1,L*()
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Proof. It r = s = 1 the result follows immediately from theorem 1 (De Giorgi)
n [9], pg. 132. So let us assume 1 <r < o0, 1 < s < co. Since L*(12) is reflexive,
the dual of L"(I, L5(Q)) is L™ (I, L* (2)) (see [6]) and for all f e L"(I, L5(2))

/]

Lr(I,L3(Q) = sup [(fs o).
Ol 1 s @) <

For p € L (I, L¥ (2)) with ¢ > 0 and |||

R be defined by

L (1L () llet Fy : IXQXR™xR™ —

Fo(t,z,y,z) == F(t,2,y,2)p(t, v).
Then F, fulfills

(a) F<p >0,

(b) F, measurable in ¢,z for a.a. y, z,

(c) F,(t,z,-, ) continuous for a.a. t,z,

(d) Fy(t,z,y,-) be convex for all y and a.a. t, z.

Hence by theorem 1 (De Giorgi) from [9], pg. 132

//F(t,x,w, Vw)o(t,z)dx dt
10
(95) < limNinf // F(t,z,w" , Vw)o(t, ) dc dt

< HH}Vinf HF(t,.LwN, VWN)|

Lr(I,Ls())"

Since F' > 0, the norm formula for F' reduces to

HF(t,x,w,Vw)| L (I,L5(Q))

= // (t,z,w,Vw)p(t,z)dzdt.

n«:nL, az (<1

This and proves the lemma. O

Corollary 26. Let Q be a domain in R™ and I := [0,T) C R, T > 0. Let F :
IXxOQXR™XR" >R and G: I x Q x R™ — R" ™ with

n
F(t,z,y,z) = Z Gaﬁ(tvxvy)zazﬁ'
a,B=1
Moreover, assume G satisfies
(a) G >0, i.e. is positive semidefinite,
(b) G measurable in t,x for a.a.y,
(c) G(t,z,-) continuous for a.a. t,x.

Ifwl —win LL (I x Q) and VwY — Vw in LL (I x Q), then for all r,s with
1<r<oo,1<s< oo there holds

HF(t,I,W,VW)’

<hm1anFta?W Vw )’

Lr(I,L%(Q)) Lr(I,L5(Q))
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Proof. For % < g < 1 define F;, by

Fy(t,,y,2) = (F(t,2,y,2))1
then F, fulfills the requirements of lemma [25] Thus

HF(t,x,w, VW)‘ = HFq(t,:c,w, Vw) El s
L7 (I,Ls($2)) La(I,L1(Q2))
§limianFq(t,:c,wN,VwN) El P
N La(I,L1(2))
:limianF(t,x,wN,VwN)‘ .
N L7 (I,L3($2))
This proves the corollary. |

We will now prove an interpolation theorem, which is very useful in deriving
estimates for solutions of parabolic problems pointwise in time. Suppose that u is
a solution to a parabolic problem, such that u, resp. d;u, are in the Bochner spaces
LPo(I, Ag), resp. LP*(I,Ay), where Ay and A; are Banach spaces. Then we will
see that u is with respect to the time a continuous function with values in the real
interpolation space Ag , := [Ag, A1]p,q, Where 8 = 0(po,p1) and ¢ = q(po,p1). The
proof will be quite standard and we will mainly compile results which can be found
in [14], [3] and [1]. Nevertheless to the knowledge of the authors there exists no
exact statement of this result in literature. Since this interpolation result plays a
fundamental role in this paper it is indispensable to prove it in some detail.

Definition 27. Let Ay C Ay be two Banach spaces. Let 1 < p; < 0o, o; € R and
N = a; + % for j =0,1. Let X denote the space
J

X (Ao, A1) ={u : ue L (R2% Ay),u’ € L .(RZ°, A})}.
We shall work with the Banach spaces V.=V (pg, g, Ao; p1, 1, A1) with
V={u:ue X(Ay, A1), |ullv < oo},
[[ullv = max {[[t%°ul| Lyo (20, a,), [ '] L1 @20,4,) } -

These spaces have been introduced by J. L. Lions and J. Peetre [14], but
J. Bergh and J. Lofstrom have defined similar Banach spaces V(A,p,7) (see [3],

corollary 3.12.3). The interconnection of these spaces is that both V(A,p,7) and
V(po, a0, Ao; prav1, A1) are norm—equivalent, if we choose n; = o + % with j =0,1
(see [3], remark 3.14.12).

Lemma 28. Let u € X(Ag, A1) then there exists b € Ag+ A1 = Ay such that
t
u(t) = b+ /u'(r)dr, a.e. in R”Y.
1

Especially u is continuous on (0,00) with values in A;.

Proof. The proof of this lemma is standard. We refer to Adams [1], lemma 7.12,
for a similar result. ]

Hence every function v € X has a limit u(0") in Ag + A1 = A;. The lemma
still holds true if R>? is replaced by an intervall I = [0, T].
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Definition 29. By T = T (po, oo, Ao; p1, @1, A1) we denote the space of traces u of
functions v € V- =V (pg, o, Ao; 1,01, A1) equipped with the quotient norm

lulr = nf Jofv.
v(0t)=u

Then T (po, o, Ao; p1, a1, A1) is a Banach space.

Theorem 30. Let 1 < p; < oo, a5 € R, and n; = o5 + % with j = 0,1. Further
let 8 and p be given by

1 1-6 0
QZL’ + —.
no+1—m p Do D1

Ifng > 0 and m < 1, then

T(pO; Qp, AO;pl; g, Al) = ZG,;P

Proof. J. Bergh and J. Lofstrom have shown that their trace space T/(4,7p,6) is
under the stated conditions 19 > 0 and 71 < 1 equivalent to the trace space
T (po, o, Ao; p1, 1, A1) of J. L. Lions and J. Peetre (see [3], remark 3.14.12). Fur-
ther J. Bergh and J. Lofstrém showed that T'(A,p,0) = Ag,, (see [3], pg. 72-75).

O

Remark 31. Let 1 < pg < o0, 1 <p; <00 and ag = a1 =0, thennozpio>0
and m = pil < 1. Hence the requirements of theorem [30 are automatically fulfilled

for T'(po, 0, Ag; p1,0, A1). This case will later be of great importance. Hence we
define:

Definition 32. For 1 <p; < co with j =0,1, let

V(po, Ao; p1, A1) := V(po,0, Ag; p1,0, A1),
T'(po, Ao; p1, A1) := T(po, 0, Ao; p1,0, Ay).
Theorem 33. Let 1 < p; < oo with j =0,1 and

(96) /. o S—
p1 + P1po — Po

then

(97) T(po, Avipr, A1) = Ay

and

V(po, Aos p1, A1) = L=(R=°, 4, 1) N C(R=", 4, 1).

Furthermore
(98) [ull oo gzo 7, , ) < llllvs
)
(99) ”u”LOO(]RZU,ZQ%) < Cllull Lo wz0,ag) 1411 (m20, 4,

Proof. In the notation of theorem [30 we have g = plo >0and 7 = p% < 1 and

1
Tlo Po P1

Como+l-m pio-l-l—pi1 " p1+pipo—po
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Furthermore

17179+07 (p1—1)+1
Po pP1 P1+Pipo — Do

This proves (97).

Due to lemma 28 we can assume u € C(RZ%, A4y + A1 = A;). Let u € V =
V(po, 0, Ao; p1,0, Ay). For h > 0 we define tpu by (7hu)(t) = u(t + h), then Tu €
VNC(R=2 Ag + A1). By definition of T' and theorem (30| there holds

lu®llz, , = 1mw)O)llz, , < lmullv < fuflv.

<
| Dl

This proves the embedding V' — LOO(RZO,AQ,%) and estimate (98). In order to
show V — C(RZO,Z&%) let ¢ >0 and h — 0 (for t =0 let h | 0), then

lutt + ) = u@®lz, , = [(erne = )03,

Tl

< [(Tenu — Teu)||v

< max {||7e1nu — Teul| pro (R0, a0 ), ITe4 0t — Tt || Loy w20 4, }

».0 2.0

o,

Still we have to prove the logarithmic convex inequality for the norms of u. This will
be done by a scaling argument. For A > 0 let myu be defined by (mau)(t) = u(At).
Then we have

[z, , = I(mxw)O)llz, ,

< Cllmaullv

<
)

< C max {||7T/\u||LP0(RZU,A0)a ||(7T/\)U/||LP1(R20,A1)}
. 1— L
= (C max {)\ Po ||u||Lp0(RZU7AO), A P1 ||u/||Lp1(RZ°,A1)}'

The minimum of the right-hand side over all A > 0 is attained at A\g with

1 1—L
Ao 7 ||U||LP0(R20,A0) =X HU/HLPI(]RZU,Al)-

Hence

1,; 1

Pl Po

+1—
IOz, , < Cllull a1 i

<

= C Il oo a0 s 220,00

This implies the desired inequality for u(0). For h > 0 consider

lu(r)llz, , = I(mn)u0)ll%, ,

<
N

<C ||Thu||Lpo(]R>0 AO)HTilLHGLPl(RZU,Al)
< Ol 0 a0 1% g0 s

O

If w is the solution of a parabolic differential equation on an interval I = [0,7],
than u(t) is not defined for all ¢ > 0.
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Definition 34. Let Ay C A; be two Banach spaces and I = [0,T] with 0<T < oo.
Let 1 <p; < oo with j =0,1. Let X1 denote the space

X1(Ag, A1) = {u : u € Ll (I, Ap),u' € Li, (I, A1)}
We shall work with the Banach spaces Vi =V (I;po, ag, Ao; p1, a1, A1) with
Vi=A{u: ue Xi(Aoy, A1), ||ul|v, < oo},
l[ullv; = max {{[#*°ull Lo (1, a0)s 1% % | Lor (1, 4,) }-
Note that V(po, oo, Ao; p1, a1, A1) = Vg0 (po, oo, Ao; p1, a1, A1).

Theorem 35. Let 0 < T < o0, I =[0,T],1 <p; < oo with j =0,1 and

-
p1+ p1po — po’
then
Vi(po, Ao; p1, A1) — C(I, 4y 1 ).
Furthermore

-6 0
||U||Loe(1,29 S ¢ maX{H“HLFO(I,Ao), ||u||1Lpo([7A0)||u/||LP1(I,A1)}'
'8

Proof. Let u € Vi := Vi(po, Ao; p1,A1). Let ¢ € C§°(R) with 0 < p < 1, ‘P|[o,§T} =
1, and ‘P|[§T,oo) =0. Let w = u-¢, thenw € V := V(po, Ao; p1, A1). By theorem (33
we conclude w € C(RZO,ZG’%), hence u € C([0, %T],ZG’%). If we substitute u by
w with u(t) := w(T — t) and w by @ with W =T - ¢, we get u € C([3T, T]vze,%)-
Altogether we have proven u € C(I, Ay 1), which implies Vi — C(I, A4 1) (as a
linear mapping). Furthermore we know that

lull pora, ) < ”w”LOO([O,%],Ze,%) + ||@||L°°([%,T],ZG%)

< [lwllv + [[@llv-

9,%)

We will now show that the right-hand side is bounded independently of u. For
this we will only examine ||w]||y, for ||@||y can be handled by exchanging w by w
in the following calculations. Recall that ||ully, < 1, so by lemma [28] there holds

[0/l Loe (1,41) < Cllulvy-

lwll ro®=0,40) = U @l Lro@=0,40) < l@lloclltllLro(r,40) < Co llullLro(r,a0)-

W'l Lorm20,4,) = [[(w - @) || Lor @20, 4,)
<l - @llors@zo a0 + 1w @l @0, a,)
= |lu" - pllpr 20,4,y + 1w @' llLer(r,.ay)
< lloo 1t ox (1,40) FHll@ll,00 1wl Los (1,41
e <Cllullv,
(1+2C¢ll100) llullvy

<
< Co |lullvs-
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Hence

—0 0
||w||V S ||w||2p0(]R20’A0) ||wl||LP1 (R=9,A4)

—6
< Collull Tro 1, a0 I1ullY
< Collullv;-

This shows on the one hand that V; — C(I, Za,%) and on the other hand that

)

||U||Loo(1,29%) < ”w”LOO([O,%],ZQ%) + ||w||L°°([%,T],ZQY

=

-6 0
< Cllull a7, a0) IullY;

—0 0
= Cp ma {[ull rogr, a0y Nl 528 s oy 1 W -

This proves the theorem. O
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