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Solutions Ubungsblatt 12

Aufgabe 1: Es sei g eine meromorphe Funktion auf C mit hochstens einfachen
Polen. Wir nehmen an, dass das Residuum an jedem Pol von g eine ganze Zahl ist.
Zeigen Sie:

(a) Es existiert eine meromorphe Funktion f # 0 auf C, so dass f'/f = g.

(b) Falls h # 0 eine weitere meromorphe Funktion mit h'/h = g ist, dann ist h/f

konstant.

Solution:
(a) Since ¢ is meromorphic with at most simple poles, and since the residues at
these poles are integers, the primitive f g(z)dz is defined modulo 27iZ. This makes

) = exp( [ (2}
well-defined on the entire C. Moreover, f is holomorph and f(z) # 0 for all z € C.
(b) Let wp,w; € C so that f(0) = e and h(0) = e“*. Define

7O
0™

Lf(z)woJr/Oz

and

Ln(2) = wy + / Pe)

o hO ™

Ly and Ly, are holomorphic. Moreover
exp(Ly(z)) = f(z) and  exp(Ln(z)) = h(z).

Since f'/f = g = h'/h, the difference Ly — L;, is constant; it is in fact equal to
wg — wi. Therefore

F(2)/h(z) = exp(L(2) = Li(2)) = exp(wo — wn)

for all z € C.
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Aufgabe 2: Man definiert die Bernoulli-Zahlen {B), },en durch die Potenzreihe

z i z
— :ZBnH. (1)

Zeigen Sie:

(a) (2 Punkte) Es gilt

Bo By B,_1 1 fallsn=1
2+ TR
n!1l (n-1)1 1 (n—1)! 0 fallsn > 1.

z . e—1

Hinweise: Betrachten Sie die Potenzreihe-Entwicklung von —*+ — und

benutzen Sie Proposition 1.7 (2).
(b) (1 Punkt) B, =0 falls n > 1 und ungerade ist, und B,, € Q fiir alle n € N.

(¢) (1 Punkt) Fiir alle n € N\ {0} gerade gilt es
(2mi)™

2¢(n) = —-B, py

Hinweise: Setzen Sie in (1) z = 2miw und vergleichen Sie die Koeffizienten.

Solution: (a) We have

Write

z > z e —1 g
ez—lzanﬁ and z :Z k!

n=0 ’ k=1
Multiplying these two series together we obtain

o0

> Bo By Beot Nom_
m! 1 (m—11 1 (m—1)! '

From here the desired formula follows.

(b) From the formula in (a) for n = 0, it follows By = 1. By induction on n, we
conclude that B,, € Q for all n € N.

Note that B; = —%. To show that Bgpy1 = 0 for all £ > 1, it is enough to show
that the function )
z
= —14=
fe) == ~1+32
is an even function. This is true, since
—z 1 ze? 1 z 1
—2) = —1-cz= —1—-z= —1— -z = f(z).
f=2) === 27T e 1 PR — AR

The series expansion for f(z) is



Funktionentheorie, SS 2014 3

Since

n>2
and f(z) even, we must have B, = (—1)"B,,. This forces B, = 0 for all n odd,
n > 1.

(¢) We have

e27riw -1 e27riw -1

= 7w (cot(mw) — 1)

Tw cot(rw) — imw.

From Beispiel 5.5. in Skript, we have

1 2w
7TIUCOt(7TU)):7Tw E—"_Zm
n>1
_1+2Z —leZwi
n>1 n>1 (n)
:17221022(&) 123 (Y s 2k+2 Wkt
n>1 k>0 n k>0 n>1n
=1-2)" Z# w?*
E>1 \n>1
=1-2> ((2kw*
E>1

On the other hand, using the power expansion for eﬁﬂ% given by formula (1), we

have
. 2miw
Tw cot(mw) = irw + W—l
=imw + Z (2miw)"
n>0 ’
=mw + Z (2mi)"
n>0 .
= imw + By + B1(271) —|—Z . (2mi)"w
n>2
=imw+ 1 —irw + Z Bar (277 ) 2Fw?*
(2k)!
k>1
given that By = 0, By = , and Bopy1 = 0 for all & > 1. Comparing the

coefficients of the two power series, we obtain the desired formula. O
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Aufgabe 3: Zeigen Sie (das letzte Gleichheitszeichen in Satz 5.22 im Skript):

n! n?

I'(z) :nhj%o 2(z4+1)...(z4+n)

Solution: Use the first equality in Satz 5.22 in Skript:

1 . Z
— T Yz ~ —z/k
2D(z) nh—>12<ze klzll (1 + k) €

Since by definition
N

1
v = lim E - —logN
J

N—o0 -
Jj=1

we have

]. N 2z n z
= lim eXi=17 .¢ logN:= (1 + *) e /K

We can think of this limit as the limit of a double sequence a,, v as n — oo and
N — oo. Since it converges, the limit is the same as the limit of the subsequence
obtained for n = N. Therefore

1 1 - —logn-z - < —z/k
(o) A e e kH1(1+k)e

n
— lm eXi=17F .e lognz,— 30 2/k H z+k

n—00 k
k=1
n
— lim e—logn~z Z—l—kj
n—oo k
k=1
n
= lim e~ logn= 2tk
n—oo k
k=1

1
= lim n™*—(24+1)... (2 +n).

n— oo n!

Multiplying the above by z we obtain the desired formula.
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Aufgabe 4: Zeigen Sie:

+oo +oo
(a) / L dm=2—7r und (b) / L —dr =2 m/n

oo 1428 3 oo L4z sinm/n

fiir alle geraden n € N\ {0}.

Hinweise: Nehmen Sie den Weg von 0 nach R, dann von R nach Re?™/™

, und dann

zuriick nach 0. Oder benutzen Sie den allgemeinen Satz 3.25.

Solution: We are going to use Folgerung 3.25 in Skript to compute these integrals.

The function R(x) = ﬁ
larities along the real axis. Since n > 2, the order of the zero at oo is also n > 2.

is a rational function which does not have any singu-

Therefore we are in the hypothesis of Folgerung 3.25.

Consider R(z) = 1-%%
1+ 2™ = 0. These are the points

as a function on C. Its singularities are at the points where

wi 2mi(k—1) (2k—1)mi

Ck:ene n =e n Wlthlékgn

From Folgerung 3.25 we know

+oo 1 )
/ dx = 2mi Z Res¢, R(z) (2)

n
oo 142 I o0

Since ¢}, is a simple zeroe for 1 + 2™, Proposition 3.21 (2) gives

1 1
ResckR(z) = . — = _EC’“ (3)
k

The (; with Im {; > 0 correspond to those with argument in (0, 7). This means

2k -1
n

0<

T

which is equivalent to

1<k<n+1
2 2

Given that n is even, this corresponds to

1<k<

(4)

|3

(a) In this case n = 6. Therefore, in formula (2) we only need to consider those k
that satisfy 1 < k < 3. This means (1, (2, and (5.

We have
¢1 = e™/% = cos(n/6) + isin(m/6) = V3/2 +i/2,

CQ = eﬂ.i/Q =1,

and
(3 =e"™/0 = _\/3/24+i/2.
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With this

oo 1 1 1 1
— de=2mill=-=¢ = Z¢,— =
/oo 1+ 26 x 7”( 6(1 6C2 6(3)

= —%m’ (GL+¢+E)

(b) In the general case n = 2m, the roots of 1 + 2™ = 0 that have strictly positive

imaginary part are (1,...,(n.

From formulas (2) and (3) it follows

—+o0 .
1 2w
de = ——
[ e
One way to compute Y ;" ; (j is to observe that ¢, = (1 - (12(’“71),
G TN (ko1 1—¢m
ZCkzglzgl( '=¢ 1 2
k=1 k=1 — G
1 1
=272 = 2ae et
g = g
- 1 11
- T2isinw/n  dsinm/n’
since
_ ]_ _ 1
nd :cosw—i—isinM = — oS~ +isin —
n n n n
and
1 1
C?Hzcosﬂ(n—’— )+isin7r(n+ )
= —cos — —isin —
Therefore N
< 1
/ dr =2 .w/n .
oo Lt sinm/n



