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We first fix a notation: given two sequences s, t ∈ X<ω (where X can be any set, usually in our case
we deal with X = 2 or X = ω) we define

sat := 〈s(0), s(1), . . . , s(|s| − 1), t(0), t(1), . . . t(|t| − 1)〉.

1. Given s ∈ ω<ω we define

if k is even, then akn := 〈1, 1, , . . . , 1, 1, 0〉, with |akn| = n+ 1

if k is odd, then akn := 〈0, 0, . . . , 0, 0, 1〉, with |akn| = n+ 1

For every x ∈ ωω, let j(x) := a0x(0)
a
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Let C := {x ∈ 2ω : ∀n∃m0,m1 > n(x(m0) 6= x(m1))}, i.e., C consists of those binary sequences
which are not eventually constant.

Show that j : ωω → 2ω \ C is a homeomorphism.

2. Given s ∈ 2<ω, let w(s) := |{i<|s|:s(i)=1}|
|s| (intuitively w(s) counts the density of 1’s in the se-

quence). Let G<∞(AI , AII) be the following finite-unbounded game, for some given δ1, δ2, ε1, ε2 ∈
[0, 1]:

AI := {s ∈ 2<ω : |s| > 10 ∧ δ1 < w(s) < ε1}
AII := {s ∈ 2<ω : |s| > 10 ∧ δ2 < w(s) < ε2}.

Analyse these games for different δ1, ε1, δ2, ε2 ∈ [0, 1] and investigate in which cases the game is
decided or not, and which player has a winning strategy.

3. Given a finite unbounded game G<∞(AI , AII) and s ∈ 2<ω, let G∞(AI , AII , s) denote the game
in which player I starts playing x0, II replies with y0, then I plays x1, II replies with y1 and
so on, and player I wins the game iff there is n ∈ ω such that sa〈x0, y0, . . . xn, yn〉 ∈ AI , and
player II wins the game iff sa〈x0, y0, . . . xn, yn〉 ∈ AII . Prove that the game G<∞(AI , AII , s) is
the same as the game G<∞(BI , BII) where

BI := {t ∈ 2<ω : sat ∈ AI}
BII := {t ∈ 2<ω : sat ∈ AII}.
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