Fritz Hormann — MATH 316: Complex Analysis — Fall 2010
Exercise sheet 7

1. Using the residue theorem (3 points): Let ¢(t) = 3exp(2rit), t € [0,1]. Compute the
following integral using the residue theorem:

(a) J, 22(6%(;2—2)(&'

where a € C.
Let ¢(t) = bexp(2mit), t € [0,1]. Compute the following integral using the residue theorem:

(b) Jf, f;(srfl((zz)) dz.

Let ¢ be a path describing a rectangle with vertices (3 + 3i, —3 + 3i, —3 — 3,3 — 3i) in this
order. Compute the following integral using the residue theorem:

(c) J, EEm .

(a) We can write (completing the square):

exp(az) exp(az)

fz) = 22(22 + 22+ 2) N 2z+it+1)(z—i+1)

This implies that the function f has singularities at 0, —i — 1 and ¢ — 1. By the residue theorem,
we get,

/ f(z)dz = 27Ti(R€S()(f) + Res_i_l(f) + Resi_l(f)),
@

because the winding number is 1 for all of the singularities (they all lie in the interior of the circle
of integration).

Let us compute the residue at 0. We can write f(z) = %, where g(z) = Z%TQ(Z?Q is holomorphic
at 0. We get Reso(f) = # = ¢'(0). We have
, aexp(az)(2? 4+ 2z 4+ 2) — exp(az)(2z + 2)
g(z) = 5 5 :
(22 +22+2)
hence 9 -9 1
/ _a—a L.
g0)=2"2 = )
and 1
Reso(f) = i(a —1).
Let us compute the residue at —i — 1. We can write f(z) = zi(ii)l, where g(z) = % is
holomorphic at —¢ — 1. We get
, _900) _ oy exp((=1—i)a) _ exp((=1—i)a)
Res_;—1(f) = o 9(0) = (—1— ’L)2(—22) = 4 :
Similarly
Resi 1(f) = exp((—1+1i)a) B exp((—1+ i)a).

(—1+4+14)2(2i) 4



Putting everything together and using the formula for cos(z), we get

[pf(z)dz — 2mi <a 5 Ly %exp(—a) cos(a)> .

(b) The function cosh(z) = cos(iz) has a zero, if and only if iz is of the form 17 + kr with k € Z.
All these zeros are simple because sin(iz) = £1 at these points. In the circle of radius 5, there are
therefore 4 singularities, namely at the points :l:%m' and :l:%m'. Let s be one of these zeros. We
can expand cosh(z) = (z — s)(a1 + ag(z — s) + ...). This shows: Ress(—+—) =a;" (property ii of

cosh(z)
the residue). But observe that a; = cosh’(s) = sinh(s).

Applying property ii again, we get Ress(g{sl;((zz))) = :;};I})l((?)

we see that the residue is always equal to 1. Hence

. Inserting the 4 values in this expression,

/ f(z)dz = 2mi4 = 8mi.
%)

(¢) The function
2 4 3sin(mz)
1&) ==
has singularities at 0 and 1. Both lies inside the rectangle around which we integrate and have
winding number 1. Hence applying the residue theorem, we get:

2+ 3sin(mz) 2 + 3sin(mz)

dz =2mi(R R .
/wf(z) z = 2mi(Reso( 1) ) + Res ( Ep— )
We have (property iii of residues):
2 + 3sin(mz) 2 + 3sin(7z)
= - 2

Reso 2(z —1)2 ) (z—=1)2 | _,
" () (r2)Y’

2 + 3sin(mz 2 + 3sin(mz

L e (i L T = -2 - 3.

Res; ( P ) ( ; >Z1 3r

Everything put together:

/ 24 381n(7rz)dz — 2
o 2(z— 1)2

2. Winding number: Let ( = exp(27i/5), a bth root of unity. Let ¢ be a path describing
the polygon with vertices 1,¢2,¢*,¢,¢3,1 in this order. C\ image(¢) decomposes into several
regions with different winding numbers. Draw a picture of the path, indicating these different
regions and their winding numbers.

Yields a pentagram, where the points outside have winding number 0, the points in the middle
pentagon have winding number 2, and all other points (those in the little triangles) have winding
number 1.

3. Residues and primitives: Let U be an elementary domain, S C U a finite set of singularities
and f: U\ S — C a holomorphic function.
Prove that f has a primitive on U \ S if and only if Ress(f) =0 for all s € S.

Hint: Use exercise 4 on assignment 4 and the residue theorem. Remember also to explicitly
show the only if direction!



Exercise 4 on assignment 4 states that on any open connected subset (domain) V of C the following
are equivalent:

e f has a primitive on V.
e For any closed path ¢ : [a,b] — V, we have fw f(z)dz =0.
Applying this to V := U \ S, we are left to show the following two statements:
= If Ress(f) = 0 for all s € S then for any closed path ¢ : [a,b] — U\ S, we have fso f(z)dz =0.
< If for any closed path ¢ : [a,b] — U\ S, we have f@ f(2)dz = 0 then Ress(f) =0 for all s € S.

Proof of =
/ f(z)dz = QWiZN(cp, s)Ress(f),
¥ seS

by the residue theorem. If all residues are zero, this expression is 0.

Proof of <=: Assume that Res;(f) # 0 for one s € S. Then consider the path ¢(t) = s+e exp(2mit),
t € [0,1] (a small circle around s). If € is small enough, because S is finite, we get f‘p f(z)dz =
2miRess(f) for this ¢, which is not zero. A contradiction.

4. Existence of logarithms of holomorphic functions: Let U be an elementary domain,
S C U a finite set of singularities and f : U \ S — C a holomorphic function with f(z) # 0
for all z € U\ S. Assume no s € S is an essential singularity.

Prove: There exists a holomorphic function g : U \ S — C with

f(2) = exp(g(2))
if and only if ords(f) = 0 for all z € S (in particular all s € S are removable).

Hint: Use exercise 8 applied to % and the argument principle.

The construction of a function g(z) with f(z) = exp(g(z)) is equivalent to the task of finding a

primitive for % This is seen as follows: Let G be a primitive for % We have then
<eXp(G(Z))>' _ exp(G(2))G'(2)f(2) —exp(G())['(2) _
= 5 =
f(2) f(2)
using G'(z) = ]},((j)). Hence exp(G(z)) = af(z) for an a € C*. Choosing a  with exp(8) = «,

we see that the function g(z) = G(z) — f is indeed a logarithm of f because exp(G(z)
exp(G(2))/ exp(B) = af(z)/a = f(2).
Conversely, if f(z) = exp(g(z)), the same calculation shows, that ¢'(z) = BR

Now by exercise 3, a primitive of % exists, if and only if all residues of ! /((ZZ)) vanish. But we have

p) =

~

(property iv of residues or argument principle):
f'(z)
f(z)

Therefore a primitive of f—,, and accordingly a logarithm of f exists, if and only if ords(f) = 0 for
all s € S.

Res,( ) = ords(f).



*5. Existence of roots of holomorphic functions: Let U be an elementary domain, S C U
a finite set of singularities and f : U \ S — C a holomorphic function with f(z) # 0 for all
z €U\ S. Assume no s € S is an essential singularity. Let n be a positive integer.

Prove: There exists a holomorphic function g : U \ S — C with

if and only if njord,(f) for all s € S.

Choose some pomt 2o € U\ S and a root (wg)™ = f(z0). Consider the function g(z) =
exp(2 . f(z) dz Jwo, where @, : [a,b] — U \ S is some fized path with p,(a) = zo and

gpz(b) = z. Use the argument principle to see that g(z) is independent of the choice of path.
Then vary z in small discs D C U \ S, such that on D a primitive of % erists.

for all s € S. Consider the function

)
o) = el [ B,
¥z

as given in the hint. Why is it independent of the path chosen?

Let us define
1 / z
= exp(— wo
n Jgz, f(2)

/@ zz / . J;/g)) 4z))

/ / !/
/ f(Z)dZ_/ 1o, [ 16,
. f(z) . f(2) o f(2)
where ¢ is a closed path. (It is the path following ¢, and then @, back in the opposite direction.)
By the argument principle, we get:

J'(2) = 2m s)or

Since N (i, s) is an integer and ords(f) is divisible by n by assumption, this is an integral multiple
of 2min. Therefore ,
'),

(2)

We show first that a root function exists, if njords(f

using a different path @,. We get

= exp(

Q‘Q
S\H

We have however

g(z) is therefore independent of the path.

Now we have to see that indeed f(z) = g(2)™. Let us look at a small disc B:(z1) C U\ S around a
point z; and take a point z € B.(z1). Since f(z) is non-zero everywhere on the disc, we get a F'(z)
with f(z) = exp(F'(z)) (last exercise) and know:




Therefore writing ¢, as a composition of a path ¢, and a linear path from z; to z, which lies
entirely inside B.(z1), we get (independence of path!):

(o) = expl([ s+ FE) G
£(2)

= eX f,(Z) zZ — z ex z Zp) = ex
- p([azl f(Z)d F( 1)) p(F( ))f( 0) p( oo f(Z)

dz — F(z1))f(2) f(20)

This shows that g{gl is locally constant on U \ S, hence constant because U and also U \ S are

connected. But obviously f(z0) = g(z0)", hence f(z) = g(z)" everywhere.
Conversely assume that f(z) = g(2)". It is easy to see that g cannot have essential singularities
because otherwise also f would have. At each pole or zero s of g, g has an expansion:

(z— ) (ap + apgr1(z —s) +...)
with ap # 0. Therefore f has an expansion
(z — 8)*((ag)™ + bengr(z — s) + ... ),

that is, ords(f) is divisible by n.



