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Exercise 1 (4 points)

Let p: RT — R be defined by p(r) = r, and R x, S*~! denotes the corresponding
warped product where S"! = {z € R" : (z,x)cuq = 1} with the restricted Euclidean
metric. We define @ : RT x, S"' — R"\{0} by ®(r,w) = rw. Show that ® is an
isometry between the warped product metric and the Euclidean metric (-, -)euq on

R™\{0}.
Exercise 2 (4 points)

Let M be a submanifold of R", and i*(-, ). = ¢ be the Riemannian metric induced
by the embedding i : M — R". We denote by TM* = (J ), T,M* the normal
bundle with the corresponding projection map n+ : TM* — M, where T,M* =
veT,R"~R": (v,W)eya =0 Vw € TM. Show that a connection can be defined

on the normal bundle as follows:
(X,Y) € T(TM) x T(TM™*) = VLY := (VxY)" e [(TMY),
where V denotes the standard connection on TR".

Exercise 3 (4 points)

Let M be a smooth manifold, and V be a connection on T'M. Let (E;);—1,..
(Ei)izl ,,,,, = be smooth local basis vector fields for T'M on an open set U C M. There
exists a matrix-valued function A : U — Gl(m, R) with smooth entries A7 € C>°(U),
such that E; = Ag E;onU. Let FZ- and f‘f} be the corresponding Christoffel symbols.
Show that

% = (ADYFATATL, + (A™)FATE, (AL,

Jors
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