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Exercise 1 (4 points)

Let (M, g) be a Riemannian manifold, v : [a,b] — M be a smooth curve, and X
be a vector field along . Let ¢ = (z!,... .,z ) U — V be a chart. Then we have

X)) =>" lX’()axi ov(t) and ¢ o y(t) =: (v!(¢),...,7™(t)). Show that using
Exercise 3, Sheet 4, the definition
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is independent of the chart ¢.

Exercise 2 (4 points)

Let (M, g) be a Riemannian manifold, V be the Levi-Civita connection, and =y :
(a,b) — M be a smooth curve. Show that:

(a) If o : (c,d) = (a,b) and V € T(v*T M) is parallel along 7, then V () := Voy(t)
is parallel along ¥ := vy o ¢.

(b) For X € I'(T'M), we have
V’y’(s)AXV = 7 Pt’,ysX © V(t)
t=s
(The parallel transport determines the connection).

Exercise 3 (4 points)

Let X : U C R? — R3 be a regular C* map (a regular smooth surface), X; = %,
i=1,2 and N := XXXz where x denotes the cross product between vectors

|X ><X2|pucl

in R?®. For 4, j,k = 1,2, let T}, be defined as
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Show that the coefficients Ffj are the Christoffel symbols of the induced Riemannian
metric X*(*,)euq on U with respect to the chart ¢(x!, z?) = (2!, 2?).

Additional Exercise (4 extra points)

(a) Compute the Christoffel symbols of the standard connection V on TR? with
respect to the coordinates defined in Sheet 1, Exercise 1 (polar coordinates).



(b) Let (M, g) be a Riemannian manifold. Prove the statement in Lemma 3.6: Let
vyeC®(I,M), VW e I'(y*TM). Then we have

d

7| _ g (Ve W@) = g0 (ViV |, Vi o).
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