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Exercise 1 (4 points) Ezistence of convex neighborhoods.
Let (M, g) be a Riemannian manifold, p € M, and let U C T,M be open such that

exp, v : U =V = exp,(U) is a diffeomorphism. Let @ : V' — R be defined by
Q(z) = {(exp, [v) ™! (z), (exp, |U) ™ (2)).
Show that:
(a) For v € T,M, we have V?Q(v,v) = 2(v,v).
(b) There exists a neighborhood V' C V of p such that Q|V’: V' — R is convex.
(¢) There exists a neighborhood W of p such that for all x,y € W, there is a

unique shortest path between z and y in M, and it lies in W.
Hint: Exercise 1, Sheet 9.

Exercise 2 (4 points)

(a) Let (V, (-,-)) be an m-dimensional Euclidean vector space, and let b: V xV —
R be a symmetric bilinear form. Let S™™! = v € V : Ju| = 1 be the unit sphere
in V. Show that:
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—_— b dvol®" " = —Tr(b
vol,,_1(S™m1) /Sml (v, v)dvo m (0)

where dvol®™ " is the volume element on $™~! induced by (V, (-,-)).

(b) Let (M, g) be an m-dimensional Riemannian manifold, p € M, and v € T,,M
with |v| = 1. Show that

i = m— 1 an(u, v))d vol® (u
ric(v,v) = )/SK(SP (u, v))dvol” (u)
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where S = u € T,M : (u,v) =0, |u| =1 is the unit sphere in the orthogonal
complement of v € T, M.

Exercise 3 (4 points)
Let G be a Lie group equipped with a bi-invariant metric (-,-). Show that:
(a) For u,v,w,z € T.G, we have:
1 1
R(u,v)w = _Z HU,U],U]] and <R(u,v)w,z) = Z<[U7U]7 [va]>

[, 0]

If u and v are orthonormal, then K (Spanu,v) = %

(b) SO(3) equipped with the bi-invariant metric from Exercise 3, Sheet 3, has
constant sectional curvature. Calculate this constant.
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