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Problem 1 (4 Punkte)

(a) Let (X, d) be an ∞-pseudo-metric space. Show that the relation x ∼ y ⇔
d(x, y) < ∞ is an equivalence relation, and the restriction of d to each equi-
valence class is a (finite) pseudo-metric.

(b) Let (X, d) be a pseudo-metric space. Show that the relation xRy ⇔ d(x, y) = 0
is an equivalence relation, and d̂([x], [y]) = d(x, y) is metric on X̂/R.

Prolem 2 (4 Punkte)

(a) The diameter of a set S in a metric spaceX is defined by diam(S) = supx,y |xy|.
Prove that the metric space X is complete if and only if it possesses the
following property. If {Xn} is sequence of closed subsets ofX such thatXn+1 ⊂
Xn for all n, and diam(Xn) → 0 as n → 0, then the sets Xn have a common
point.

(b) Prove: a metric space is compact if and only if every sequence has converging
subsequence.

Problem 3 (4 Punkte) Let X be a metric space. Prove that

(a) 1. If X is compact, then diamX < ∞.

2. There exist two points x, y ∈ X such that |xy| = diamX .

(b) Define radX = infx∈X supy∈X |xy|. Show that radX = inf{r > 0 : X ⊂
Br(x) for x ∈ X}.

(c) For two subsets A,B ⊂ X define d(A,B) = inf{|xy| : x ∈ A, y ∈ B}. Show
that there exist x ∈ A and y ∈ B such that |xy| = d(A,B) if A,B are compact.
Does d satisfy the triangle inequality?

Problem 4 (Bonus) (2 Punkte)
Let X be a complete metric space, 0 < λ < 1 and f : X → X a map such that
|f(x)f(y)| ≤ λ|xy| for all x, y ∈ X. Show that there exists a point x0 ∈ X such that
f(x0) = x0.
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