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•Whenever the set [ω]2 of 2-element sub-

sets of ω is partitioned into 2 pieces,
there is a set H ∈ U such that [H ]2 is
included in one of the pieces.
Abbreviations: ω → (U)22;
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of 2-element subsets of ω is partitioned
into c pieces, there is a set H ∈ U
such that [H ]d is included in one of the
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ω → (U)dc .
•Whenever the set [ω]ω of infinite sub-

sets of ω is partitioned into an analytic
piece and a co-analytic piece, there is a
set H ∈ U such that [H ]ω is included
in one of the pieces.

ω
analytic−→ (ω)ω2 .
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The generic object is a selective ultrafilter.

We sometimes say “forcing with respect to
a filter” when we mean the forcing whose
conditions are the sets of positive measure
with respect to that filter.

The intention is to adjoin an ultrafilter ex-
tending that filter.

In this sense, forcing with [ω]ω is forcing
with respect to F .
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Assume that κ is a Mahlo cardinal.

Use Lévy forcing to collapse all cardinals be-
low κ to ω.

In the resulting Lévy-Mahlo model, every
selective ultrafilter U satisfies

ω
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If [ω]ω is partitioned into two HVDR pieces,
then

• either there is H ∈ U such that H and
all its subsets are in the first piece,
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Weaker: If [ω]ω is partitioned into two HVDR
pieces, then

• either there is H ∈ U such that H is in
the first piece,
• or there is H ∈ [ω]ω such that H and

all its subsets are in the second piece.

Equivalently: U is [ω]ω-generic over HVDR.
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Force with the poset P of subsets of ω2 that
have positive measure with respect to F2,
ordered by ⊆.

The separative quotient is P(ω2)/F2.
It is countably closed, so there are no new
reals.

The generic object G is an ultrafilter on ω2

extending F2.

“The next best thing to a P-point” — joint
work with Natasha Dobrinen and Dilip Ragha-
van.

Every function on ω2 is, on some set in G,
exactly one of

• one-to-one,
• constant,
• a one-to-one function of the first pro-

jection p1 : ω2 → ω.

p1 is neither finite-to-one nor constant on
any set in G.
So G is not a P-point.
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Let G be F2-generic over V . Then in V [G]
we have:

• G is (2, 4)-weakly Ramsey, i.e., when-
ever [ω]2 is partitioned into finitely many
pieces, there is some H ∈ G such that
[H ]2 meets at most 4 of the pieces.
Abbreviation: ω → [U ]25.
• For each n ∈ ω, G is (n, T (n))-weakly

Ramsey, where T (n) is as small as pos-
sible for a non-P-point. That is, ZFC
proves that all (n, T (n)−1)-weakly Ram-
sey ultrafilters are P-points.
• G is a weak P-point, i.e., not a limit

point, in β(ω2), of countably many other
non-principal ultrafilters.
• G is not at the top of the Tukey ordering

of ultrafilters on ω, even though it is not
basically generated.
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that each of them intersects every condition,
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This also shows that all (2,3)-weakly Ram-
sey ultrafilters are P-points.

So T (2) ≥ 4.

For the reverse inequality, use that every
partition of [ω2]2 into finitely many pieces
is constant on each of these four sets inter-
sected with [H ]2 for some condition H ∈ P.
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Suppose U and Vn for n ∈ ω are pairwise
non-isomorphic selective ultrafilters.

Then U -
∑

n Vn is a selective-indexed sum of
non-isomorphic selectives, which I abbrevi-
ate to “sisnis”.

Sisnis ultrafilters

• are not P-points,
• are not even weak P-points,
• are (n, T (n))-weakly Ramsey for every
n ∈ ω,
• are basically generated and thus not at

the top of the Tukey ordering

Many of the properties of F2-generic ultra-
filters are proved by combining genericity
with the corresponding properties of sisnis
ultrafilters.
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and Complete Combinatorics

for F2-genericity?

The optimum partition property, analogous

to ω
nice−→ (U)22 for selective U , would say:

If the forcing poset P is nicely partitioned
into 2 pieces, then there is H ∈ G such that
H and all its extensions in P lie in the same
piece.

This is extremely false.

There is a Borel partition of P into c pieces,
all of which are dense in P.

Color any X ∈ P according to the relative
order of

• the x-coordinates of the columns it meets
and
• the y-coordinates of the points in those

columns.
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Let P′ be the set of those X ∈ P such that,
if x0 < x1 < . . . are the x-coordinates of
the columns that X meets, and
if, for each n, yn0 < yn1 < . . . are the y-
coordinates of the points of X in column
xn,
then

x0 < y00 < x1 < y01 < y10 <

< x2 < y02 < y11 < y20 <

< x3 < y03 < y12 < y21 < y30 < . . .

Theorem. If P′ is partitioned into two nice
pieces, then there is H ∈ P′ such that H
and all its extensions in P′ lie in the same
piece.

In ZFC, “nice” means that one piece is an-
alytic and the other co-analytic,
In the Lévy-Mahlo model, “nice” means HVDR.
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Infinitary Partition Relations
and Complete Combinatorics

for F2-genericity (cont’d.)

Corollary. If G is F⊗2-generic and if P′ is
partitioned into two nice pieces, then there
is H ∈ G such that H and all its extensions
in P′ lie in the same piece.

In the Lévy-Mahlo model, this partition prop-
erty provides complete combinatorics forF⊗2-
genericity:

In the Lévy-Mahlo model, if W is an ul-
trafilter on ω2 such that every partition of
P′ into two HVD(R) pieces has a homoge-
neous set inW , thenW is F⊗2-generic over
HVD(R).
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Almost a Contradiction

Recall:
Theorem. If P′ is partitioned into two nice
pieces, then there is H ∈ P′ such that H
and all its extensions in P′ lie in the same
piece.

The proof consists of showing that any sisnis
ultrafilter on ω2 contains a homogeneous H .

“Showing” amounts to quoting “Selective
ultrafilters and homogeneity”.

But wait!

This implies that, in the Lévy-Mahlo model,
sisnis ultrafilters have the partition property
that makes them F2-generic,

therefore weak P-points,

and therefore not sisnis.

Where’s the mistake?

An F2-generic ultrafilter is a weak P-point
in the model V [G] that it generates.

In the case at hand, a sisnis ultrafilterW in
the Lévy-Mahlo model is a weak P-point in
HVD(R)[W ],

but not in the whole Lévy-Mahlo model.
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In the situation above,W is F⊗2-generic in
HVD(R)[W ],
hence not sisnis there,
but becomes sisnis in a further forcing ex-
tension,
namely the Lévy-Mahlo model.

This happens generally, not just in the Lévy-
Mahlo situation.

Theorem. If G is F⊗2-generic over V ,
then, in a suitable forcing extension of V [G],
there are no new reals, but G has become a
sisnis ultrafilter.

This provides alternative proofs of many of
the combinatorial properties of F⊗2-generic
ultrafilters, including their partition prop-
erties and their not being at the top of the
Tukey ordering.

Meta-mathematically, it accounts for the heavy
use of sisnis ultrafilters in the original proofs
of these properties.
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For selective ultrafilters, a weak-looking par-
tition property, selectivity, implied stronger-
looking partition properties, namely the Ram-
sey properties for finite exponents and even
for exponent ω when the partition is nice.

An ideal analog would say that, if W is an
ultrafilter on ω2 such that every function on
ω2 becomes, when restricted to a suitable
set in W , one of

• one-to-one,
• constant,
• a one-to-one function of the first pro-

jection p1,

then W is (n, T (n))-weakly Ramsey for all
n ∈ ω and has the partition property for
nice partitions of P′ as above.

That’s false in general, but the finite-exponent
part is true ifW has the additional property
that p1 is conservative.

F2-generic ultrafilters have p1 conservative.
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Conservativity

The projection p1 induces an elementary em-
bedding of Nω/p1(W) into N(ω2)/W , for
any structure N.
The embedding sends any [g]p1(W) to
[g ◦ p1]W .

Apply this to the structure N consisting of
the set ω and all finitary functions and re-
lations on it.

Use the embedding to identify Nω/p1(W)

with an elementary submodel of N(ω2)/W .

An elementary extension B of a model A is
a conservative extension if, whenever X
is a parametrically definable subset of B, its
intersection with A is parametrically defin-
able in A.

To say that p1 is conservative means that
N(ω2)/W is a conservative extension of Nω/p1(W).


