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e Part I: Determinacy in analysis, or Z» Second Order Arithmetic.
e Part II: Determinacy of some related larger classes within Al



Part I Second Order Arithmetic, Zo

The structure of: A = (w,P(w), +, X, 0, 1, <) with an appropriate
second order language £, is the structure for Secord Order
Arithmetic.

e The I1!-Comprehension Scheme asserts, for ® € 1}, the existence

of sets
{new|®(nkY)}

e Z, is the axiom system of basic arithmetic, the induction scheme
and I1}-Comprehension, for all n. If we restrict to instances of IT}
Comprehension only, this is denoted IT}-CAy.

e A B-model of TT}-CAy, is a submodel of .A which is correct as to
which of its sets X are in WO.



Loci classici

Theorem
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Theorem
Zo Det(l_[g) (various authors, at various levels).

Theorem (H Friedman -71, Martin)
Z, ¥ Det(I19).

Theorem (Borel Determinacy - Martin 1975)

> ZFC~ + “PM1(w) exists” - Det(AY, ) (k < w)
> ZFC™ + “P%(w) exists” = Det(A}. 5) (w<a<w)



Hausdorff Difference Hierarchies

Definition (a-I")

Let I be a pointclass (e.g. T19, I}, . . ). Let @ < wy.

Then a set B C R is a-I" if there is a sequence of I'-sets (Ag | f < «)
with A, = @ so that:

x€B < pp(x ¢ Ag)isodd.



Hausdorff Difference Hierarchies

Definition (a-I")

Let I be a pointclass (e.g. T19, I}, . . ). Let @ < wy.

Then a set B C R is a-I" if there is a sequence of I'-sets (Ag | f < «)
with A, = @ so that:

x€B < pp(x ¢ Ag)isodd.

Theorem (Martin)

For everyn € N
Zo Det(l’l—Hg)



We may relate subsystems of analysis to the Godel L-hierachy as
follows.

Whereas:

® W N L, is the least 3-model of Al +1-CAg where L,,, is the least
Y.,-admissible (KP,) model,

one has:

® w¥ N L, is the least S-model of I1}, -CAg where L,, is the least
KP,, + X,-Separation model.

with o, < v, < apgq ... , further:

e w“ N Lg, is the least 3-model of Zp where Lg, is the least ZF ~
model.



Theorem (W-09)

The theories:
I1}-CAg >> AL-CAg + Der(I13) >> Al-CAg

are in strictly descending order of strength (meaning each proves the
existence of a 3-model of the next).



The Consistency of Zo

Theorem (Montalban-Shore-11)
(i) Hn+2—CA0 t Det(n- HO)
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Theorem (Montalban-Shore-11)
(i) Hn+2—CA0 t Det(n- HO)

(ii) RCAq + Det(n- HO) F “there is a 3-model ofAnJr2 CAqy”.
(iii) Z ¥ ¥n < w Det(n- HO)

Theorem (Montalban-Shore-11)
RCAg + Vn < w Det(n-119) = Con(Zy).
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Target Question: What if instead of looking at the determinacy
available in the least model of ZF~ + V = L, we looked at the least
iterable model of ZF~ + V = L* where i is a normal measure on k?

The context here are the results:

Theorem (Martin-70’s)
ZFC - Va < w?Det(a-I1}) « 07 exists.

Theorem (Martin-70’s)
ZFCFVYa € (W?- B,w? - (B+ 1)) Det(a-11}) +
< 34 for L' |=“There exists a 3 sequence of measurable cardinals”.
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e We may classify Det(w?-I11), Det(w? - B-I11) . .. also. For example:

Theorem (W. 96)
There is a clever (countable transitive) iterable model iff Det(w?-11}).

o I This model generates a certain kind of IM, W.

o II The proper class C of iteration points of the model form
indiscernibles so that for &, d € [C]* then if A” is the least admissible
set containing ¢, then

AE' =y, AJ



Definition
w?-II} 7T is w? + 1-I1} but where we require that A » € T' (and

w2+1 D).

Theorem (Martin)
In L* (the least inner model of a measurable cardinal),
Det(w*-I1} ™ Borel) holds.

With this we may formulate a higher order version of the other results
in analysis, which are simultaneously refinements of the last theorem.
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e We saw that L, |=*%-Separation” implies L, = Det(I13).

Theorem (Le Sueur-W)

There is an iterable model of Lk |=“Y,-Separation” implies
Det(w?-I1} 7 119).

Remark: it is not sufficient to merely require models of the theory of
V = L* + 3,-Separation. They must be iterable to get the
determinacy holding in V.

e The natural lift of Montalban-Shore would be the following:

Conjecture: If there is an iterable model Lg = ZF~ then

Vn<wlLj = Det(w*-I1} 7 n-%9).
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Montalban-Shore lifted

Theorem (Le Sueur-W)
For anyn > 0:

(i) an iterable model of the theory
“V = L* + KP + X, -Separation” implies Det(w*-1I{ ™ n-113).

(ii) Det(w?-11] " n-113) implies there is an iterable model of the
theory “V = L* + KP + X,,-Separation”.



