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The measure algebra.

(X,d, ) a Polish measure space, i.e. (X,d) is an uncountable
Polish space, and 1 a o-finite Borel measure on X which is
nonsingular (i.e. u({x}) =0 for all x € X) and non-null (i.e.

u(X) # 0).

MEASs the y-measurable sets, NULL the ideal of measure 0

sets. Sets that are neither null nor co-null are called nontrivial.
MEAS/NULL = BOR/NULL = MALG

MALG is unique up to isomorphism, that is it does not depend
on u or X. MALG is a Polish space with distance

5([A], [B]) = n(AAB)

AC,B<A\BeNuLL,andA =, B AC, BC, A.
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The Lebesgue density theorem

(X,d) a metric space, ;» a Radon measure, i.e. Borel measure
such that 0 < u(B(x;¢)) < oo for all x € X and all sufficiently
small e.

x € X has density r € [0;1] in A € MEAS if

def imw _
2 e Be)

Definition

(X,d, 1) has the Density Point Property (DPP) iff

VA € MEASVx € X (Z4(x) = xa(x) almost everywhere)
equivalently iff

®(A) = {x € X | x has density 1 in A} is in MEAS and
u(AAP(A)) =0.

xa is the characteristic function of A.
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The Lebesgue Density Theorem

Theorem (Lebesgue)

IfX =[0;1] orX =R, d is the usual distance and . is the
Lebesgue measure, then (X,d, 1) has the DPP.

... this is what we teach in first year calculus: the Fundamental
Theorem of Calculus says that if f is continuous then

X+e
2 | 105

The Lebesgue Density Theorem generalizes this to the
characteristic function f = x4 of a measurable set A.
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Examples of DPP spaces
The Lebesgue Density Theorem remains true when the space
Xis
m the Euclidean space R" with the ¢, distance, and any
Radon measure,

= the Cantor space “2 with the coin-tossing measure,
pe({xe“2|sCap) =271
and the usual distance

dc(x,y) = 27" if nis least such that x(n) # y(n),

m any Polish ultrametric space [Mil08].
The metric plays a central role in these questions!
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Properties of ® for a general (X, d, )

mAC,B= ®A) CPB), henceA=,B= P(A) = P(B).
The map MALG, — Z(X), [A] — ®(A), is well-defined.

H PANB)=PA)NPB), ®(0) =0and (X) =

®(CA) C CP(A) and ®(AUB) 2 ®(A) U ®(B). More
generally,

D(U;es Ai) 2 Ui ©(A:), provided | J;; Ai € MEAS,,.
®(U) 2 U, for U open, and (C) C C, for C closed.

A ©(C,UGC) =P(C)UP(Cy), if Cy, C, are disjoint closed
sets.

If X is separable, then ®(A) is Borel.

®: MEAS — MEAS is not a homomorphism.
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Properties of ® on “2 [AC13]

ran ® C IIJ, (also true when the ambient space is R” with
the Lebesgue measure and usual distance),

®: Bor — IIJ is Borel-in-the-codes,

®(U) can attain any complexity in the Wadge hierarchy
below I13, for U an open set or a closed set,

for all B € TI3 with () # B # “2, the set {[A] | ®(A) =w B} is
dense in the Polish space MALG,

{[A] | ®(A) is complete T3} is comeager in the Polish
space MALG,

@ {[A] | ©(A) is complete I13} is dense in the complete
Boolean algebra MALG.
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Key result:

Proposition

If K C “2 is compact, non-null, with empty interior, then ®(K) is
T19-complete.

G. Carotenuto has shown that the Proposition is still true when
the Cantor measure pc is replaced by a i such that there is

0 <p<1/2suchthatp < u(Ne~3)/p(Ns) < 1 —p, withi=0, 1.
In particular it holds for all Bernoulll measures.

Is this result true for all nonsingular probability measures on “27?
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What about R?

A Cantor set K C R is of the form [a; b] \ J,c<w, Is With I; open
interval. It is uniform if at stage »n the intervals I, with Ihs = n
have all the same length; it is centered if each I; is centered in
the interval from which it is removed.

Theorem (G. Carotenuto)

If K C R is centered and uniform Cantor set of positive
measure, then ®(K) is TI3-complete.

If the result can be extended to all Cantor sets of positive
measure, then {[A] | ®(A) is complete TI3} is comeager in the
Polish space MALG.
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Failure of DPP

Theorem (Kdenmdki-Rajala-Suomala [KRS])

There is a complete metric 6 on “2 compatible with the
standard topology, a Borel finite measure v, and a compact C of
positive measure such that ®(C) = ().

Thus the density point property fails in (2,4, v). By [Mil08] §
cannot be an ultrametric. In fact the DPP can fail in any Polish
Space (if you perturb the metric).

Ifv is a Borel measure on“2 and . is a Radon measure on X
Polish such that (X) > v(“2), then there is a continuous,
injective, measure preserving map F: “2 — X.
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When does the DPP hold?

Let (“2,6,v) be the Finnish counterexample, let X be Polish and
p a Borel measure on X, with u(X) > v(“2). Let K C X be
compact and F: “2 — K be measure preserving
homeomorphism. Copy the distance § onto K. Thus

(K,d,u [ K) is not DPP and there is a closed set C C K such
that x(C) > 0 and and @5%) # 1 for all x € K. By a theorem of
Hausdorff from 1932 [BP75], 6 can be extended to a complete
metric 6 on X compatible with the topology. Since

u(BX¥3(x; 1)) > u(BX9(x; 7)), then 259(x) # 1 for all x € X.
C

For any Polish measure space (X, d, 1) there is a compatible
metric § such that (X, ¢, 1) does not have the DPP.
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Proof of the Lemma

Since every Polish space is the continuous injective image of a
closed subset on the Baire space “w, we may assume that u, v
are measures on X = “w and “2 respectively, and that

u(“w) > v(¥2). Write v(s) for v(N;) with s € <2, and similarly
for . Choose ¢ > 0 such that u(“w) > v(¥2) + ¢.

We want a continuous F: “2 — “w that is measure preserving.

Pick incompatible #1, ..., 6, tyt1, - - ., them € ““w such that
n n+m

> u(t) > v(0) +¢/2, D out) > (1) +¢/2
i=1 i=n+1

and declare that F(N\,) C U, N, and F(N)) € U7, N,.. This
construction preserves the measure, but does not guarantee
that the diameters shrink to 0.

(continued)



Density
L The Density Point Property
L Failure of DPP

Proof of the Lemma

Choose a maximal finite antichain .4 below (0) so that
A=|]_, A;and

> wls) <plt) (i=1,...,n).

XE.A,'

Similarly choose A’ a maximal finite antichain below (1) so that
A =" A and dosea V(s) <plt)fori=n+1,...,n+m.
Declare that

F(N;) CN, forse A,i=1,...,n+m.

This guarantees that the diameters get smaller. We can now
repeat the argument as before.
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Complexity of DPP

(U, dy) Urysohn metric space,

P(U) Polish space of all probability Borel measures on U.

Let (X,d, u) be a Polish measure space with n(X) = 1. There is
an isometric copy of (X,d) in (U, dy), so we can extend p to
measure on U.

Conversely, given any u € P(U), consider

supp(12) = [ 1{C € X | C closed and p(C) = 1}.

Then (supp(u), du, 1) is a Polish measure space.
Therefore P(U) can be see as the Polish space of all Polish
measure spaces.

Question
What is the complexity of the collection of DPP spaces?

—
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Solid and dualistic sets

Work in a DPP space (X,d, p).

Definition
The oscillation of x in A is

: 1(ANB(x;€))
oA =l = B e)
Thus Z4(x) exists iff 04(x) = 0.
The setAis
m solid iff 04(x) = 0 for all x € X,
m quasi-dualistic iff Vx (04(x) = 0 = Z4(x) € {0,1}), i.e.
ran 74 C {0, 1},

m dualistic iff it is quasi-dualistic and solid iff
Vx € X (Za(x) € {0,1}).

_ limjnf 24N B&;E)
e n(B(x;€))
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Exceptional points in R

Work in R with the usual metric and the Lebesgue measure .

Let 0 <6 < 1/2. Apoint x € R is j-exceptional for A iff

§ < Emint 24N =g +e))
el0 2e
< lim sup AMAN(x—gx+¢e))

<1-09.
=) 2e

In other words x is J-exceptional for A if
m either Z4(x) exists and belongs [§; 1 — 4],
morelse 0 < Ox(x) <1-—20.

If A is an interval, the the endpoints are 1/2-exceptional, while
the others are 0-exceptional.
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A surprising result
Let #(6) be the statement:
VA nontrivial 3x (x is 6-exceptional for A).
If ; > 9, then H(6,) = #H(02), hence define
dy =sup{d | H(J) holds} .

It seems reasonable to conjecture that if this constant is
nonzero, then it should be 0.5.

V. Kolyada [Kol83] showed that 1/4 < 63, < (v/17 — 3) /4. These
bounds were successively improved in [Sze11, CGO12], and

in [Kur12] O. Kurka obtained the exact value:

6y = the unique real solution to 8x* +8x*+x—1 ~ 0.268486.. . ..
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A surprising result

Corollary

There are nontrivial sets A C R such that
ran(Z4) N (0y; 1 — 0y ) = 0. In other words, for any real x either
Oa(x) > 1 — 20y orelse Z4(x) € [0; 0] U [l — dy; 1].
In particular:
m there is a set A that does not have points of density 1/2
m there are no nontrivial dualistic sets.

Is there a solid A C R such that Z4(x) € [0; 9] U [1 — d3;1]?

The Kolyada-Kurka theorem does not seem to generalize to R”.
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Intermezzo: the density topology

Given (X, d, n) a Polish metric space, let
T={ACX|ACDA)}.

If (X,d, ) is DPP then ¥ is the density topology on X. But
there are spaces which are not DPP, yet ¥ is a topology.

m T is finer than the topology induced by d,

m A=®(A)iff Ais regular openin %,

m A is T-clopen iff A is dualistic,

m (R, %) is connected,

m there is a Borel measure on R? such that (R?, ¥) is not
connected.
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Given (X, d, u) we say that i is continuous if the map

X xRy - Ry, (x,r) — u(B(x;r))

is continuous.

The Lebesgue measure on R" and on 2% is continuous.

Proposition

Suppose u is continuous and A is solid. Then 9,: X — R, is
Baire class 1, and ®(A) € TI).

Moreover if 1 is an isolated value of 9,, that is to say

ran Z4 C [0;7] U {1} for some r < 1, then ®(A) € AY.
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The influence of the metric

Two equivalent metrics d; and d, on X can give rise to very
different density notions.
both metrics give rise to DPP-spaces, and 29 = 9%,
0h = 0%, and % = p%,
both metrics give rise to DPP-spaces, but 7 # 2 for
some A, although &% (A) = &% (A),
both metrics give rise to DPP-spaces, ®% (A) # &% (A) for
some A (hence 7' # ), yet the density topologies are
the homeomorphic,
both metrics give rise to DPP-spaces, but the density
topologies are not homeomorphic,
one of the two metrics gives rise to DPP-space, the other
does not.
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For every S C [0; 1] in X! then there is a set A C “2 such that
ran(Z4) = SU {0, 1}.

Moreover A can be taken to be open or closed.

Furthermore A can be taken to be solid.

Corollary

{K € K(¥2) | ran(Zk) = {0, 1}} and
{K € K(“2) | K solid and ran(Zx) = {0,1}} are
I1} -complete.

{K € K(“2) | ran(Zx) = [0; 1]} and
{K € K(¥2) | K solid and ran(Zx) = [0; 1]} are
I1}-complete.
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Proposition

There is a set A C [0; 1] which is quasi-dualistic, i.e.
Vx € R(Ox(x) = 0= Za(x) € {0,1}).
Moreover A can be taken to be open or closed.

Such set is highly non-solid. . .

Theorem

Work in R" with the ¢, metric (1 < p < oo) and the Lebesgue
measure.

IfA C R" is nontrivial and solid, then Z,(x) = % for some x € R".

In particular, there are no nontrivial dualistic sets.

Theorem

For everyn > 1 there is a solid set A C R" such that
ran(%,) = [0; 1].
Moreover A can be taken to be open or closed.
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What is ran 94 when A C R is solid?

LetS C [0;1] beF,. Then there is a solid set A C R such that
ranZ4 = SU{0,1/2,1}.
Moreover A can be taken to be open or closed.

Is the result true if S is G5?

For any S C [0; 1] which is 31 there is a (non-necessarily solid)
setA C R such thatran 24 = S U {0, 1}.
As before, A can be taken to be open or closed.
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Would you like to see a proof?

% NO WAY MAN! %OK, just a sketch. .

For every S C [0; 1] in 3{ then there is an open set A C “2 such
that ran(Z4) = SU {0, 1}.

Let F: “2 — [0;1], F(x) = Y22 2. so that F~[s] is the
projection of a closed subset of “2 x “w. Since “w is
homeomorphic to N' = {y € “2 | 3°ny(n) = 1}, thereis a
pruned tree T on 2 x 2 such that

Vxe“2 (F(x) €S < JyeN(x,y) €[T])

"Homer and Lisa Simpsons appear by courtesy of Matt Groening and
Raymond Chen’s package simpsons
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Sketch of a proof

Let ®: “2 x “2 — “2 be some standard pairing function.
CE{ze“2|Vnz(3n+2) =0}isnulland z — Z is the
homeomorphism between “2 and C.

We shall construct an open set A C “2\ C such that

¢ C = Z4(z) €{0,1},
xe FUS| = Zu(x&y) = F(x),
x¢ FUS| = Ou(xDy) > 0.
The idea is to add clopen sets U, inside the neighborhoods of

the form N,~, where lhr = 3k + 1 so that the requirements
above are satisfied: if z € C, then z=x® y and

m either (x,y) € [T] and Z4(z) = F(x),
m or else (x,y) ¢ [T] and Z,(z) does not exist.



Thank-you for your attention!
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