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1. The set of formulas is absolute across well founded
models of Set Theory.

2. The satisfaction relation is absolute across models of Set
Theory.

3. The set of validities is absolute across models of Set
Theory

4. Compactness: A theory has a model iff every finite sub
theory has a model

5. Downwards Lowenheim-Skolem-Tarski property
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1. Whether a given structure like the natural numbers
((N,0,1,+,-)) satisfies a given sentence © depends very
much on the universe of Set Theory in which we live.

2. The set of validities of second logic depends very much on
the universe of Set Theory in which we live. (i.e. one can
find a sentence of second order logic which is valid iff the
Continuum Hypothesis holds and another one which is
valid iff the continuum hypothesis is false.)

3. Many model theoretic properties of second order logic are
independent of Set Theory. Example: consider the
question whether two countable structures which are
second order equivalent are isomorphic. This problem is
independent of Set Theory!

Is it Logic or is it Set Theory?
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2. Arelation ("The satisfaction relation")

A li <b(ao, a ... an¢_1)

between a model A of vocabulary r, a formula ¢ € F and
a sequence of elements of A (ap, a1 ... an,—1)-

It is assumed that this relation is invariant under
isomorphism , that is if 7 : A — B is an isomorphism then
A ': d)(ao,a1 .. .an¢_1) iff B ): ¢(7Tao,7i'a1 .. .7Tan®_1)
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Definition

Let £ be a logic in a vocabulary 7. Let A be a structure in the
vocabulary 7,8 a substructure of A. B is an £ substructure of A
if for every formula ¢ of £ and a sequence (b, by ... bp,_1) We

have

A ®(bg, by ... bny—1)
iff

B = ®(bo, b1 ... bny—1)
Definition

The logic £ has the Lowenheim-Skolem-Tarski property (LST
property) if there is a cardinal x such that every structure A in
the vocabulary of £ has a £-substructure of cardinality less
than . Such a « is called an LST cardinal for the logic L.
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Compactness

Definition

Given a logic in particular vocabulary 7. A cardinal x is compact
for this logic if a set of sentences in this logic has a model iff
every subset of cardinality less than  has a model.

Whether a logic is more logic or whether it is more Set Theory
in disguise will be determined according to the absoluteness of
satisfaction , of the set of validities, of whether it has LST
property , the size of its minimal LST cardinal, and the size of
its minimal compact cardinal.
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A natural logic in which one can express statements like: (D, E)
is an equivalence relation on an uncountable set D with
uncountably many equivalence classes is first order logic with
the an infinite list of additional quantifiers Q, where

Qnxy, X2, ... Xn®(X1, X2, . .. Xp) means: There is an uncountable
set R such that Vxq, X2, ... Xy, € R®(Xy, X2, . .. Xpn).

Satisfaction and validities are not absolute (One can express
the property essentially equivalent to being a Souslin tree.) But
assuming the combinatorial principle ¢ validities are absolute
and the logic is countably compact.

In fact the validities one gets under ¢ is included in the set of
validities in any other well founded model of Set Theory.

It has LST property with X, being the first LST cardinal for this
logic.
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Theorem (Woodin)

Suppose there is a proper class of Woodin cardinals then
statements about L[R] (even with real parameters) are absolute
under (set) forcing extensions. i.e. If (x) is a formula in the
language of Set Theory then for a real a V |= ®(a) iff

VP E ¢(a).
Corollary

If there is a proper class of Woodin cardinals then the set of
validities of countable structures is absolute under forcing
extensions.

Corollary

If there are infinitely many Woodin cardinals and a measurable
cardinal above them then there are two non isomorphic
countable models which are second order equivalent.
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LST and compactness for second order logic
Theorem
The following are equivalent:
1. There exists a supercompact cardinal
2. Second Order Logic has the LST property.

3. Any Logic whose satisfaction relation is definable in the
universe of Set Theory by a ¥, formula has the LST

property.
The minimal LST cardinal for second order logic is the smallest
supercompact cardinal.
Theorem
The following are equivalent:
1. There exists an extendible cardinal
2. There is a compactness cardinal for second order logic

The minimal compactness cardinal for second order logic (if it
exists ) is the smallest extendible cardinal.
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Question

What about logics in which one express properties like the
space X, O is a metric space? The Abelian group (G, +) is
free? The radical of (G, +) is trivial?

Theorem ("First generic theorem")

Let L is a logic for which there is simple argument for the
existence of "small" LST cardinal . Let S be stationary subset of
k (a regular cardinal) which does not reflect (that is to say SN
is not stationary in 8 for every 8 < k and such that the cofinality
of all its members is w then an LST cardinal for L , if it exists,
must be larger than
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Let k be a regular cardinal and let S C k be a non reflecting
stationary subset of x such that cof(o) = w for all « € S then:

e There is a space of topological space of cardinality . such
that every subspace of cardinality less than r is metric but
the whole space is not metric.One can get such a space
which is 1st countable.

e There is an Abelian group of cardinality v which is not free
but every subgroup of smaller cardinality is free.
e There is an Abelian group of cardinality v whose radical is

not trivial but every smaller cardinality subgroup has a
trivial radical.
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L kills LST

Theorem (Jensen)

Assume that V = L. Then for every successor cardinal k has a
non reflecting stationary subset whose members has countable
cofinality. (In fact this is true for every cardinal which is not
weakly compact.)

Corollary (V =L)

Any logic in which one can express any one of the properties
"The space (X, O) is metric", "The Abelian group (G, +) is free"
or "The Abelian group (G, +) has a trivial radical” does not
have the LST property.
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The bad metric space

Let x be a regular cardinal. S a stationary subset of x such that
cof(a) = w . For each « € S fix an w sequence (fx(a))
converging to . We can assume that g«) ¢ S for every

a€ S new.

Define a topological space O on x by W C & is open iff for every
a € Wn Sthereis n € w such that g(a) € W forall n < k.

Lemma

e The space (X, Q) is not metric.

e Every subspace of (X, O) of cardinality less than  is
metric.
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Theorem

Let x be supercompact. Then there is a forcing notion P such
thatin VP & is still supercompact but the set of regular \ < «
such that \ has a non reflecting stationary set all of its points
has cofinality w is unbounded in

Corollary

In the model obtained by the previous theorem for every logic in
which one can express any one of the properties "The space
(X, 0) is metric", " The Abelian group (G, +) is free" or "The
Abelian group (G, +) has a trivial radical” etc. the smallest LST
cardinal is the first supercompact cardinal.
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The Hartig Quantifier

Consider the quantifier which expresses equality of cardinality
i.e Ixy®(x)W¥(y) means that the cardinality of the set {x|®(x)}
is the same as the cardinality of the set {y|V(y)}.

Its LST cardinal must be at least the first inaccessible.

Theorem (M.-Vaananen)

If it is consistent that there exists a supercompact cardinal then
it is consistent that the first LST cardinal for the Hértig logic is
the first inaccessible.

What about compactness? it is at least the first compact
cardinal for QYF the quantifier of well foundedness, which is at
least the first measurable.
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The logic of freedom

Let £F be first order logic with the additional quantifier QF
where QF x, y, zd(x, y, z) means "The formula ®(x, y) defines
an Abelian group operation and the resulting group is free"

Theorem (M,Shelah)

Let k be the first cardinal fixed point . (i.e. the minimal cardinal
such that X, = k) then there are unboundedly many cardinals
A < k such that there is an Abelian group (G, +) of cardinality
which is not free but every smaller cardinality subgroup is free.
Hence every LST cardinal for Lr is greater than the first
cardinal fixed point.

Theorem (M.,Shelah)

If the existence of w many supercompacts is consistent then it
is consistent that the successor of the first cardinal fixed point is
a LST cardinal for L.
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The trivial radical case

Definition
A cardinal « is said to be \-strongly compact if every x complete
filter on any set / can be extended to a A complete ultrafilter

Theorem
The following are equivalent for a cardinal k :

e « ISwy Strongly compact
e The logic L., .., is x compact.

Theorem (Bagaria, M.)
The following are equivalent
e K IS wy Strongly compact
o Ifthe Abelian group (G, +) has a non trivial radical then it
has a subgroup of cardinality less than k with a non trivial
radical.
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Let £r be first order logic with the quantifier Q" where
Qfix,y, z®(x, y,z) means "The formula ®(x, y, z) defines an
Abelian group operation and the resulting group has a trivial
radical

It follows from the above results that if « is the first wq-strong
compact then the first LST cardinal for the logic Lg is « if k is
regular and it is x* if  is singular.

Theorem (Bagaria,M.)

If the existence of a supercompact cardinal is consistent then it
is consistent that the first w1 -strong compact is singular.
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The first wy strong compact is an interesting cardinal

Theorem
The following are equivalent

e kIS wy strongly compact
e First order logic with the quantifier QVF is k- compact
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Theorem
Let x be an wq-strongly compact cardinal then
o If(X,0) is a first countable non metrizable topological

space then there is a subspace Y C X of cardinality less
than « which is non-metrizable.

e The quantifier which expresses that a graph is countably
chromatic is k-compact.

e The Freedom logic is k-compact.
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New Axiom?

Consider the following principle as a potential axiom for Set
Theory:

Every logic has the LST property.

Vopenka'’s Principle

Let C be a proper class of structures in the same vocabulary .
Then there are A, B € C such that A # B and B can be
embedded into A.
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Vopenka’s principle and LST properties of Logics

Theorem
The following are equivalent:

1.

Vopenka'’s principle

2. Every Logic has the LST property.
3.
4. Every class of structures in the same vocabulary T which is

Every Logic has a compactness cardinal.

closed under isomorphism and substructures can be
characterized by a (universal) sentence of Lo



Conclusion

The study of the Set Theoretical properties of generalized
logics can shed light of the relative strengths of different
extensions of first order logic, but also can generate insights
about the axiomatics of Set Theory.
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