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The beginning: an infinite result

Theorem (Erd6s, Rado, (published in 1987))

Let r € w. Suppose that the edges of the countable complete graph
K, is coloured with r colors. Then there are r disjoint monochromatic
paths with different colours which cover all vertices of K.

K.  (Pathg, ..., Path;_;)



K, C (Patho, ce Pathr_l)
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Proof (Rado): ¢ : [w]z —r

T Cr is perfect iff 3 disjoint finite paths {P; = ...x; : t € T} with
c[Py] = {t} and 3A € [w]” such that c(x,,y) =t forally € A.

Let T be a maximal perfect set.

The vertices of K,, can be partitioned into monochromatic
disjoint paths {P{ : t € T} s.t. c[P{] = {t}.



Prelude

e K, C (Pathg,...,Path,_;)

Theorem (Gerencsér, Gyarfas, 1967)

Suppose that the edges of a finite complete graph K, is coloured with

2 colors. Then there are 2 disjoint monochromatic paths with different
colours which cover all vertices of K,.

Kn C (Pathg, Path;)
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More colors? Cycles instead paths?



Covers of finite graphs by monochromatic paths and cycles
e K, C (Pathg,...,Path,_1) e K, CC (Pathg, Path;)

Theorem (Kathy Heinrich)

Some 3-edge-coloured K, can not be covered by disjoint
monochromatic paths of different colours.

(Patho , Path]_, Pathz)
R
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Conjectures: Every r-edge-coloured K, can be covered with r
vertex-disjoint monochromatic

— paths (Gyéarfas, 1989): K, C (Path),
— cycles (Erd6s, Gyarfas, Pyber; Lehel for r = 2): K,, C (Cycle),
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Theorems:



Covers of infinite graphs

(Erd6és, Rado) Let r € w. Suppose that the edges of the countable
complete graph K, is coloured with r colors. Then there are r disjoint,
finite or one-way infinite monochromatic paths with different colours
which cover all vertices of K,,.

K. C (Pathg, Pathy, ..., Path;_;)

Theorem

Letr € w. Suppose that the edges of the countable complete graph
K., is coloured with r colors. Then there are r disjoint, monochromatic
two-way infinite paths and cycles with different colours which cover all
vertices of K,,.

K. C (Cycleg, Cycley, ..., Cycle;_1)

Need: ultrafilter argument



Covers of infinite hypergraphs

Definition

A loose path in a k-uniform hypergraph is a sequence of edges,

e1,€p,... suchthatfor|ejnej;1|=1andene =0fori+1<j.
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A tight path in a k-uniform hypergraph is a sequence of distinct
vertices such that every consecutive set of k vertices forms an edge.

Theorem (Gyarfas, G. N. Sarkdzy, 2012)

Given any r-edge colouring of K/ the vertex set can be partitioned
into monochromatic loose paths of distinct colors.

Theorem (M. Elekes, D. Soukup, -, Z. Szentmikléssy)

Given any r-edge colouring of K/ the vertex set can be partitioned
into monochromatic tight paths of distinct colors.



Covers by power of paths

Definition
Suppose that G is a graph and k € w. The k' power of G is the graph
Gk = (V,EX) where {v,w} € EX iff distg(v,w) < k.
What is a power of a path?
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Theorem (M. Elekes, D. Soukup, -, Z. Szentmikl6ssy)

Let k,r € w. Suppose that c is a colouring of the edges K, with r
colours. Then the vertices can be partitioned into < r(K=1r+1 jnfinite
monochromatic k™" powers of paths and a finite set.

For k = r = 2 we have a partition into 5 monochromatic squares of
paths.



K. C (PathSquare); s

e C: [w}2—>2 o Ng(x,i)={y :c(x,y) =i}

e ! ultrafilter on w o Aj = {Xx ew:Ng(x,i) eU}

e Ap el e Ag C PathSquare;  eA; C Path;
e Y ultrafilter on A eBi ={x €A :Ng(x,i)NA; €V}
e Bopcld e By C PathSquareq

B, C PathSquare;
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Covers of uncountable graphs
Definition (Rado)
P = (V,E) is a path iff there is a well ordering < on V such that any
two vertices is connected by a <-monotone (finite) path.
{Pa : @ < d} is a path iff
® {pa,Patrt €EEfora+1<$
e {a < f:{pa,ps} € E}iscofinalin g for all limit 3 < ¢

Theorem (M. Elekes, D.Soukup, -, Z. Szentmiklossy)
Given any 2-edge colouring of K,,, we can partition the vertices into
two monochromatic paths of different colors.
Ku, T (Pathg, Pathy).
Theorem (D. Soukup)

If G is an infinite complete graph and r € w, then for every r-edge
colouring of G we can partition the vertices into finitely many
monochromatic paths.

K. T (Path); <.



Problems

K! C (TightPatho, . . ., TightPath, ;).

Problem: K/ C (TightCycley, . .., TightCyle, ;) ??
K. T (Path); <.

Problem: K, C (Path) t(r).

K, C* (k™-PowerofPath), k-1

Problem K,, T (k™-PowerofPath), 4 r)

K. C (PathSquare), s

Problem K, C (PathSquare) 3

Infinitely many colors??7??



Thank you!



