UNCOUNTABLE STRUCTURES ARE NOT CLASSIFIABLE
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ABSTRACT. Answering some of the main questions from | |, we show that
whenever k is a cardinal satisfying k<% = k > w, then the embeddability
relation between k-sized structures is strongly invariantly universal, and hence
complete for (k-)analytic quasi-orders. We also prove that in the above result
we can further restrict our attention to various natural classes of structures,
including (generalized) trees, graphs, or groups. This fully generalizes to the
uncountable case the main results of | s s , ]-

1. INTRODUCTION

The problem of classifying countable structures up to isomorphism and bi-em-
beddability has been an important theme in modern descriptive set theory (see e.g.
[ ) ) ) ) ) ) ) ) ) ) )
| and | , , , , , |, respectively). In this
framework, such classification problems are construed as analytic equivalence rela-
tions on standard Borel spaces, and their complexity is measured using the theory
of Borel reducibility.

If one wants to perform a similar analysis for classification problems concerning
uncountable structures, then the usual setup is of no use, as there is no natural
way to code uncountable structures as elements of a Polish or standard Borel space.
The natural move is thus to consider what is now called generalized descriptive
set theory. In this theory, one fixes an arbitrary uncountable cardinal x and then
considers the so-called generalized Cantor space, that is, the space “2 of binary &-
sequences equipped with the bounded topology, which is the one generated by the
sets of the form

Ny,={ze"2|sCuz}
for s a binary sequence of length < k. (The generalized Baire space "k is defined
analogously.) Notice that this naturally generalizes the topology of the (classical)
Cantor space, which corresponds to the case Kk = w; however, when x > w the boun-
ded topology no longer coincides with the product topology, and other unexpected
quirks suddenly show up.

Building on the topology just defined, one can in turn recover in a straightforward
way all other descriptive set-theoretical notions like (k-)Borel sets, (k-)analytic sets,
also called 37 sets, standard Borel (k-)spaces, and so on (see Section 2.4 for more
details).

Using characteristic functions of its predicates, every (relational) structure with
domain x can be naturally coded as an element of (a space homeomorphic to) *2.
For example, if G is a graph on &, then it can be coded as a point & € ©**2 ~ %2 by
stipulating that z(«, 8) = 1 if and only if a and 8 are adjacent in G. This coding
procedure allows us to construe the relations of isomorphism and embeddability
between structures of size x as (k-)analytic relations on a suitable standard Borel
(k-)space (see Section 2.5). Finally, by introducing the analogue of the notion
of Borel reducibility in this generalized context (see Section 2.6), one can then
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analyze the complexity of such relations mimicking what has been done for countable
structures in the classical setup.

The first two seminal papers exploiting this approach were | |, where the
complexity of the isomorphism relation between uncountable structures is remarka-
bly connected to Shelah’s stability theory, and | |, where it is shown that if &
is a weakly compact cardinal, then structures of size x belonging to various natural
classes (graphs, trees, and so on) are unclassifiable up to bi-embeddability. The
latter is a generalization of a similar result first obtained for countable structures
in [ ], and then strengthened in [ |

The fact that in | | only the case of a weakly compact cardinal k was treated
relies on the fact that in such a situation the behavior of the space "2 is somewhat
closer to the one of the usual Cantor space “2, while when we lack such a condition
its behavior is much wilder (see | ) , | for more on this). For
example, it is not hard to see that ©2, endowed with the bounded topology, is never
compact, but it is at least k-compact (i.e. every open covering of it can be refined
to a subcovering of size < k) if and only if k is weakly compact, if and only if #2 is
not homeomorphic to the generalized Baire space “k.

Nevertheless, we are going to show that the assumption that « be a large cardinal
is not necessary to prove that uncountable structures are unclassifiable up to bi-
embeddability, answering in particular Question 11.1 and the first part of Question
11.5 from | |. More precisely, we prove that

Main Theorem. For every uncountable cardinal k satisfying k<% = k, the embed-
dability relation on all structures of size k is strongly invariantly universal, that is:
For every (k-)analytic quasi-order R on "2 there is an L +,.-sentence @ such that
the embeddability relation on the k-sized models of @ is classwise Borel isomorphic'
to R.

In particular, this implies that all (k-)analytic equivalence relations on *2 are
Borel reducible to the bi-embeddability relation on structures of size k, so that the
latter relation is as complicated as possible. This technical fact proves (in a very
strong sense!) that uncountable structures are essentially unclassifiable up to bi-
embeddability. As done in | |, we also show that in the Main Theorem one
could further restrict the attention to some particular classes of structures, such
as generalized trees or graphs. Notice also that the required cardinal condition
k<f = k is very mild: in a model of GCH, the Generalized Continuum Hypothesis,
all regular cardinals satisfy it.

Our construction follows closely the one from | |. In the original argument,
the fact that x was assumed to be weakly compact was crucially exploited several
times:

e when providing a sufficiently nice tree representation for the (k-)analytic
quasi-order R on "2, it was used the fact that x is inaccessible and has the
tree property” (see | , Lemma 7.2]);

e when defining the complete quasi-order <.y, the inaccessibility of x was
used to provide the auxiliary map #, a key tool in the main construction
(see | , Proposition 7.1 and Theorem 9.3]);

e when constructing suitable labels to code up the quasi-order R, it was again
used the fact that  is inaccessible (see | , Section 8§]);

e finally, when proving strongly invariant universality of the embeddability
relation, it was used the fact that #2 is a k-compact space, which as recalled
is a condition equivalent to x being weakly compact (see | , Section
10, and in particular (the proof of) Theorem 10.23]).

LClasswise Borel isomorphism is a natural strengthening of Borel bi-reducibility, see Section 2.6.
2Recall that an uncountable cardinal is weakly compact exactly when it is inaccessible and has
the tree property.
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The main technical contribution of this paper is to show how to overcome all these
difficulties when « is not even inaccessible. This lead us to a substantial modifi-
cation of all the coding processes (Sections 3-5), as well as to a new argument to
establish the strongly invariant universality of the embeddability relation between
uncountable structures (Section 6).

In Section 7 we further show that in the main result one could also consider
groups of size k instead of trees or graphs, a result which is new also in the case
of a weakly compact x and generalizes to the uncountable case one of the main
results of | ]. This is obtained by providing a way for interpreting (in a
very strong model-theoretic sense) graphs into groups. Such technique works well
also in the countable case, and provides an alternative proof of | , Theorem
3.5]. Finally, in Section 8 we collect some further corollaries of our Main Theorem
concerning non-separable complete metric spaces and non-separable Banach spaces,
and ask some questions motivated by our analysis.

We conclude this introduction with a general remark. There is a common trend
in generalized descriptive set theory: the natural generalizations to the uncountable
context of any nontrivial result from classical descriptive set theory are either sim-
ply false, or independent of ZFC — their truth can be established only under extra
assumptions (in particular, large cardinal assumptions on & itself), or by working in

some very specific model of ZFC. Somewhat unexpectedly after | |, the results
of this paper constitute a rare exception: indeed, invariant universality results tend
to be quite sophisticated (see | , , , ]), vet here

we demonstrate that some of them fully generalize to the uncountable setup wit-
hout any extra set-theoretical assumption (and with the only commonly accepted
requirement that k<" = k).

Acknowledgments. The results in Sections 3-5 are due to the second and
third authors, while the results in Section 7 are due to the first and third authors.
Until September 2014 the third author was a member of the Logic Department of
the Albert-Ludwigs-Universitiat Freiburg, which supported him at early stages of
this research. After that, he was supported by the Young Researchers Program
“Rita Levi Montalcini” 2012 through the project “New advances in Descriptive Set
Theory”.

2. PRELIMINARIES AND BASIC NOTIONS

Throughout the paper, we will use the terminology and notation from | |.
For the reader’s convenience, we will recall in this section all the relevant basic facts
and definitions, referring him/her to | | for motivations and more detailed
discussions on these notions and results. For all other undefined notation and
concepts, we refer the reader to | , , ].

2.1. Ordinals and cardinals. We let On be the class of all ordinals. The Greek
letters a, 8,v,d (possibly with various decorations) will usually denote ordinals,
while the letters v, A, k will usually denote cardinals.

We let |A| be the cardinality of the set A, i.e. the unique cardinal k such that A
is in bijection with x. Given a cardinal x, we denote with ™ the smallest cardinal
(strictly) greater than k. Moreover, we let [A]" be the collection of all subsets of
A of cardinality r, and [A]<" = |J, ,[A]” be the collection of all subsets of A of
cardinality < k.

We denote by H: On x On — On the Hessenberg pairing function for the class of
all ordinals On (see e.g. | , p- 30]), i.e. the unique surjective function such that
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for all o, o/, 3,8’ € On
H((a, B)) < H((o,8')) = max{a, B} <max{a/, 5}V
(max{oz,ﬁ} = maX{O/a 6/} A (O‘MB) Slex (Oé/, ﬁ/))a

where <o, is the lexicographical ordering on On x On.

2.2. Sequences and functions. Given a nonempty set A and k € On, we denote
by <7A the set of all sequences of length < v with values in A, i.e. the set of all
functions of the form f: o — A for some a < v (we call « the length of f and
denote it by lh(f)). The set of all functions from v to A is denoted by 7 A, so that
<TA={]J,_ ., *A. We also set

a<y

Suce(<M A = {5 € <7 A | length(s) is a successor ordinal} = U atl g
a+1<y

When f € YA and a < 7, we let f [ a be the restriction of f to . We write s™t
to denote the concatenation of the sequences s and ¢, («) for the singleton sequence
{(0,a)}, and we write " s and s”« for {(a)"s and s”(a). For v € On and a € A,
we denote by a(?) the y-sequence constantly equal to a. If A = Ay x ... x Ay we
will identify each element s € <" A with a sequence (sg, ..., sx) of elements of the
same length such that s; € <7 A;.

If f is a function between two sets X and Y and C' C X we set

ffC={yeY|[JaeC(fla)=y)}

2.3. Trees. In this paper we will consider several kind of trees, so to disambiguate
the terminology we recall here the main definitions.

Definition 2.1. Let L be a language consisting of just one binary relation symbol
<. An L-structure T = (T, =<T) will be called a generalized tree if <T is a partial
order on the set T' such that the set

Pred(z) ={y €T |y <" Ay #2}

of predecessors of any point x € T is linearly ordered by <7 (in particular, any
linear order is a generalized tree).

A set-theoretical tree T' is a generalized tree such that (Pred(z), <T| Pred(z)) is
well-founded (hence a well-order) for every x € T.

A descriptive set-theoretical tree (on a set A) is a set-theoretical tree such that
there is an ordinal v such that T C <7A, T is closed under initial segments, and
<T = C is the initial segment relation between elements of T. Descriptive set-
theoretical trees will be sometimes briefly called DST-trees.

We often write just tree when we mean a generalized tree. The elements of a
tree (of any kind) are called indifferently points or nodes.
Given a tree T and a point « € T', the upper cone above z is the set

Cone(z) ={yeT |z <y}

Two distinct nodes x,y € T are said comparable if if x € Pred(y) Vy € Pred(z), and
are said compatible if there is z € Pred(z) NPred(y) (given such a z, we will also say
that 2 and y are compatible via z). A tree T is connected if every two points in T are
compatible. A subtree T” of a tree T is called mazimal connected component of T if
it is connected and such that all the points in 7" which are comparable (equivalently,
compatible) with an element of 77 belong to T” themselves.

Notice that if T,7T7 are trees and i is an embedding of T into 77 then for
every point z of Ty we have i“Pred(z) C Pred(i(z)) and i“ Cone(xz) C Cone(i(z)):
in particular, ¢ preserves (in)comparability. Notice however that compatibility is
preserved by 7 in the forward direction but, in general, not in the backward direction.
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BI-EMBEDDABILITY ON UNCOUNTABLE STRUCTURES 5

If T is a DST-tree on A, we call height of T' the minimal o« € On such that
Ih(z) < « for every x € T (such an ordinal must exist because by definition T is
a set). Let k be a cardinal. If T C <% A is a DST-tree, we call branch (of T) any
maximal linearly ordered subset of T. A branch b C T is called cofinal if the set
{length(s) | s € b} is cofinal in &, i.e. if | Jb € ®A. We call body of T the set

1] = {f €"A|Ya<r(f laeT)}
= {Ub | bis a cofinal branch of T}.
When X =Y x k we let

p[T]={fe"Y [Ige c((f.9) €[T])}
be the projection (on the first coordinate) of the body of T.

2.4. Standard Borel k-spaces. Given cardinals A < x, we endow the space "\
with the topology & = &/("\) generated by the basis consisting of sets of the form

(2.1) N,={ze"\|sCuz}

for s € <®X. Finite products of spaces of the form “\ will be endowed with the
corresponding products of the topologies &(%)\). The topology € is usually called
bounded topology, and when k > w differs from the product topology of the discrete
topology on A. If instead k = w, then &(*)\) is the usual topology on the Baire
space “w and its subspace of the form “n, which are all homeomorphic to the Cantor
space “2. Here we collect some basic properties of the bounded topology &/(*\).

Fact 2.2. (1) The intersection of fewer than cf(k) basic open sets is either empty
or basic open.

(2) The intersection of fewer than cf(k) open sets is open.

(3) Each basic open set is closed.

(4) There are exactly \<* basic open sets and 207 open sets in " A.

(5) For each closed subset C of "\ the DST-tree T = {s € <"\ : NyNC # 0} is

pruned (i.e. such that for all s € T and a < k there is some t € T such that
Ih(t) = « and t is comparable with s) and such that [T] = C. Conversely, for
every DST-tree T C <F\ the set [T is closed in .

When & is regular, the topology &'(%)) is also generated by the basis
(2.2) B ={Ng|s:d— ) for some d € [k]<"}.

This definition of & can be easily generalized to arbitrary spaces of the form ZA
where |B| = k and |A| = X in the obvious way, i.e. we can let & = (P A) be the
topology on ® A generated by the basis

(2.3) B={N,={zcBA|sCua}|s:d— A forsome dec [B]<"}.

It is easy to check that any pair of bijections between, respectively, B and x and
and A and ) canonically induce an homeomorphism between the spaces 54 and

R

As noticed e.g. in | |, to have an acceptable descriptive set theory on spaces
of the form "\ for A < k one needs to require at least that
(2.4) £<F = k.

For this reason,

unless otherwise explicitly stated we will tacitly assume throughout
this paper that k is an uncountable cardinal satisfying (2.4).

Definition 2.3. Let X,Y be a topological spaces and p be an ordinal.
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(1) The Borel p-algebra on X, B, (X) is the smallest subset of P(X) that contains
every open set and is closed under complements and under unions of size < p.
A set B C X is u-Borel if it is in the Borel u-algebra.

(2) A function f: X =Y is p-Borel measurable if f~1(U) € B,(X) for every
open set U CY (equivalently, f~(B) € B, (X) for every B € B, (Y).

(3) The spaces X andY are p-Borel isomorphic if there is a bijection f: X =Y
such that both f and f~' are p-Borel functions.

Remark 2.4. When p = x™ for some cardinal s satisfying (2.4), we will systema-
tically suppress any reference to it in all the terminology and notation introduced
in Definition 2.3 whenever k will be clear from the context (as in the rest of this
subsection): therefore, in such a situation the name Borel will be used as a synonym
of xkT-Borel.

Let B € B,(X) be endowed with the relative topology inherited from X: then
B, (B) € B,(X). Moreover, it is easy to check that any two spaces of the form "\
(for A < k and & satisfying (2.4)) are Borel isomorphic, but as noticed in | ,
Remark 3.5] there can be Borel (and even closed) subsets of “x which are not Borel
isomorphic to e.g. 2. Notice also that by our assumption (2.4), the collection
B,.+(*)\) coincides with the collection of all (k*-)Borel subsets of ®A when this
space is endowed with the product topology instead of &'(%)\).

Definition 2.5 (Definition 3.6 in | ). A topological space is called a k-space
if it has a basis of size < k. A k-space is called a standard Borel space if it is
(k¥ -)Borel isomorphic to a (k-)Borel subset of *k.

Thus, in particular, every space of the form “\ (for A\ < k) is a standard Borel
r-space when endowed with &(*X), provided that k satisfies (2.4).

When k = w, the notion of standard Borel k-space coincides with that of a
standard Borel space as introduced e.g. in | , Chapter 12|. The collection of
standard Borel x-spaces is closed under Borel subspaces and products of size < k,
and a reasonable descriptive set theory can be developed for these spaces as long as
we are interested in results concerning only their Borel structure (as we do in this
paper).

Definition 2.6. Let X be a standard Borel k-space. A set A C X is called analytic
if it is either empty or a continuous image of a closed subset of “k. The collection
of all analytic subsets of X will be denoted by X}(X).

As for the classical case k = w, we get that every Borel set is analytic by | ,
Proposition 3.10|, and that a nonempty set A C X is analytic if and only if it
is a Borel image of a Borel subset of “x (equivalently, of a standard Borel space)
by | , Proposition 3.11]. In particular, 31(B) C 21(X) for every Borel subset
B of the standard Borel s-space X. When X is of the form %S for some set S of
cardinality < k, then X is a Hausdorff space and hence a set A C X is analytic if
and only if A = p[T] for some DST-tree T on S x k. For a proof, see | , end of
Section 3]. We will work with this definition of analytic for the rest of the paper.

2.5. Infinitary logics and structures of size k. For the rest of this section, we
fix a countable languege L = {R; | i € I} (|I| < w) consisting of finitary relational
symbols, and let n; be the arity of R;. The symbol R denotes the interpretation
of R; € L in the L-structure X, so that RX C ™ X. With a little abuse of notation,
when there is no danger of confusion the domain of X will be denoted by X again.
Therefore, unless otherwise specified the L-structure denoted by X is construed as
(X,{R¥ |i € I}), where X is a set and each R is an n;-ary relation on X. If X is
an L-structure and Y C X, we denote by X [ Y the restriction of the L-structure
X to the domain Y, i.e., the substructure (Y, {RX N™Y |i € I}).
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For cardinals A < k, we let L, be defined as in | | (see also | , |
for more details): there are fewer than A free variables in every L,)-formula, and
quantifications can range over < A variables. Conjunctions and disjunctions can
be of any size < k. We will often use the letters x,y, z,z;,y;,2; (where the j’s
are elements of some set of indexes J of size < \) as (meta-)variables, and when
writing @({z; | j € J)) (JJ] < A) we will always tacitly assume that the variables
x; are distinct (and similarly with the y;’s and the z;’s in place of the z;’s). If
o((zj | j € J))is an Lyy-formula and (a; | j € J) € /X is a sequence of elements
of an L-structure X,

XE glla [ j€ )]
will have the usual meaning, i.e. that the formula obtained by replacing each variable
x; with the corresponding a; is true in X.

We naturally identify each L-structure X of size x (up to isomorphism) with an
element y* = (yX | i € I) of the space Mod} =[], ("*%)2_ which is endowed with
the product® of the topologies &({"#)2) (this is possible because |"i k| = ). When
K satisfies (2.4), any bijection v: I X k — k canonically induces a natural homeo-
morphism between Mod} and *2 (in fact, the requirement that x satisfies (2.4) is
not really needed when I is finite).

Definition 2.7. Given an infinite cardinal k and an L, .+, -sentence @, we denote
by Mod'fp the set of those structures in Mod} which are models of @.

By the generalized Lopez-Escobar theorem (see e.g. | , Theorem 4.7] and
[ , Theorem 24)), if x satisfies (2.4) then a set B C Mod7 is Borel and closed
under isomorphism if and only if there is an £+ .-sentence ¢ such that B = Mod';, A
Therefore, under the usual assumption on x the space Mod':;, is a standard Borel
k-space when endowed with the relative topology inherited from Mod7.

We denote by C the relation of embeddability between L-structures, and by =
the corresponding relation of bi-embeddability, i.e. for L-structures X and Y we set
X=Y < XLCYCLC X.5 The relation of isomorphism between L-structures will
be denoted by 2. In this paper, we will mainly be concerned with the restrictions
of C, =, and = to spaces of the form Modj, for suitable £+ .-sentences ¢.

2.6. Analytic quasi-orders and Borel reducibility.

Definition 2.8. Let X be a standard Borel k-space. A binary relation R on X
is called analytic quasi-order (respectively, analytic equivalence relation) if R is a
quasi-order (respectively, an equivalence relation) and is an analytic subset of the
space X X X.

When « satisfies (2.4) and @ is an L,.+,-sentence, the relations C [ Mod{, and
=N Modz are (very important) examples of, respectively, an analytic quasi-order
and an analytic equivalence relation.

Given a quasi-order R on X, we denote by E the associated equivalence relation
defined by © Er y <= = Ry Ay R x (for every x,y € X). Notice that if R is
analytic then so is Er. The partial order canonically induced by R on the quotient
space X/Eg will be called quotient order of R. To compare the complexity of two
analytic quasi-orders we use the (nowadays standard) notion of Borel reducibility.

Definition 2.9. Let R, S be quasi-orders on the standard Borel k-spaces X,Y re-
spectively. A reduction of R to S is a function f: X — Y such that for every

3The regular product or the < k-box product or anything in between are fine, since only the
Borel structure of the space matters.

4As discussed in [ , Section 4|, both directions of the generalized Lopez-Escobar theorem
may fail if k<% > k.

S5Here is a caveat for model theorists: The relation = is not the usual elementary equivalence!
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r,y€e X

tRy < f(x) S f(y)
When R and S are analytic quasi-orders, we say that R is Borel reducible to S (in
symbols R <p S) if there is a Borel reduction of R to S, and that R and S are
Borel bi-reducible (in symbols R ~5 S) if R <p S <p R.

By | , Lemma 6.8], every analytic quasi-order is Borel bi-reducible with (in
fact, even classwise Borel isomorphic to, see below for the definition) an analytic
quasi-order defined on the whole *2. Therefore, when we are interested in analytic
quasi-orders up to these notions of equivalence, as we do here, we can restrict our
attention to analytic quasi-orders on *2.

Definition 2.10. An analytic quasi-order S on a standard Borel k-space X is
said to be complete if R <p S for every analytic quasi-order R, and similarly for
equivalence relations.

Notice that under assumption (2.4) there are universal analytic sets by e.g.
[ , Lemma 3], and therefore the proof of | , Proposition 1.3] shows that
then there are also complete quasi-orders and equivalence relations on *2.

When S is of the form C | Mod’:;,, the notion of completeness can be naturally
strengthened to the following.

Definition 2.11 (Definition 6.5 in | ). Let k be an infinite cardinal sa-
tisfying (2.4), L be a countable relational language, and @ be an L.+, -sentence.
The embeddability relation = | Mody, is called invariantly universal if for every
analytic quasi-order R there is an L,+,-sentence b such that Mody, € Mody, (i.e.
such that p = @) and R ~p C [ Mody,.

Invariant universality of = | 1\/[0d'fp is defined in a similar way by replacing
quasi-order T with the equivalence relation =.

Notice: For ¢ such that C | Mod'fp is invariantly universal, also the relation
= Mod’:”p is invariantly universal as well, and both relations are complete.

If R and S are analytic quasi-orders such that R ~p S, then their quotient
orders are mutually embeddable, but not necessarily isomorphic. Based on this
observation, it is natural to introduce the following strengthening of the notion of
Borel bi-reducibility.

Definition 2.12 (Definition 6.6 in [ D). Let X, Y be two standard Borel k-
spaces and R and S be analytic quasi-orders on X, Y respectively. We say that R
and S are classwise Borel isomorphic (in symbols R ~p S) if there is an isomor-
phism f: X/Er — Y/Eg between the quotient orders of R and S such that both f
and =1 admit Borel liftings.

Replacing Borel bi-reducibility with classwise Borel isomorphism in Definition 2.11
we get the following notion.

Definition 2.13 (Definition 6.7 in | ). Let k, L and ¢ be as in Definition 2.11.
The relation of (bi-)embeddability on 1\/[0d'fp is called strongly invariantly universal
if for every analytic quasi-order (respectively, equivalence relation) R there is an
L.+ -sentence b such that Mody, € Mody, and R ~p C [ Mody, (respectively,
R ~p = | Mody,).

As for invariant universality, we again have that if ¢ is such that C [ Mody, is
invariantly universal, then so is = | Mod':”p.

3. THE QUASI-ORDER < ,ax

Following | , Section 7], we let p: OnxOn — On\{0}: (v,7) — Ha(v,7') +
1, so that in particular p“w x w = w \ {0}, and for every infinite cardinal x and
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7,7 < k one has 7,7 < p(v,7') < k. Then we define by recursion on v < k a

Lipschitz (i.e. a monotone® and length preserving) map @: <*(k x k) — ="k as
follows:
vy=0: 00 =0;

v=1: if s = (u) and ¢t = (v), then st = (p(u,v));
~v=7~"4+1 for v #0: let s,t € k. Then

sot=(d &) p (<sup 5(a) +w,p<s<v'>,t<v'>>) ,

a<y’
where s’ =s |7 and ¢/ =t | /;
v limit: s@t=,_ _. (s a®t]a).

Our next goal is to drop the requirement that x be inaccessible in the second
part of | , Proposition 7.1].

a<ly

Proposition 3.1. Let xk be an uncountable cardinal and let ® be defined as above.
(i) The map @ is injective.
(ii) If k further satisfies (2.4), then there is a map #: SU(<¥) g — k such that
a) for every s,t € Su(<K) g such that length(s) = length(¢
Y g g
#s < #H(sDt);
(b) for every v < K, # | 7"k is a bijection between Tk and k.
Proof. Part (i) follows from the injectivity of p. For part (ii), we define the function
# separately on each 771k (for v < k). The case v = 0 is trivial, as one can simply

take # to be the identity function, so let us assume that y > 1. Let (,: ""'x — &
be any bijection. Define

oy T 5 K X K s (02(5)70;(3))
by induction on the well-order of "*!x given by
s 2t <= sup(s) <sup(t) V (sup(s) = sup(t) A ¢y (s) < G, (t)).

Given s € 7'k, set 09 (s) = sup(s).By definition of @ we have for any r,t, 09 (r) =
sup(r) < sup(r @ t) = o9(r & t). Hence when considering a sequence of the form
r @t we may assume that ol (r) is already defined. Let

7(s) = sup{ai(t) | t € "k, sup(t) = sup(s), G(t) < Gy(s)}+1,

and set

a,

1(s) = {w(s) if s is not of the form r @ ¢

7 H(ok(r),n(s)) ifs=rat.

Then we have that o is injective and that for every r,t € 7x
JS(T) < 0'3(7’ ®t) and ai(r) < U}/(T D),
whence
H(oy(r)) < H(oy(r &1)).

Let # | "k be the collapsing map of H o 0., i.e. the map recursively defined by
setting for every s € Tl

#(s) = max (0, sup{#(t) + 1 | t € " r, H(o, (1)) < H(oy(5)}).
Then the resulting # is as required. O

6With respect to the end-extension order on <F(k X k).
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10 FILIPPO CALDERONI, HEIKE MILDENBERGER, AND LUCA MOTTO ROS

The following is a modification of known constructions (see | , Prop. 2.4]
and | , Prop. 2.1] for k = w, and | , Section 7] for a weakly compact &;
similar constructlons for uncountable k’s may also be found in | ]

Let x be an arbitrary uncountable cardinal. For @ # u € <*2 set v~ = u |
length(u) — 1 if length(u) is finite and v~ = u otherwise. Similarly, for v € On we
set v~ =~ —11if v < w and v~ =  otherwise. Moreover, consider the variant
@: =*(k x k) = ="k of @ defined by

s@t={0"s®07t)(1+7) |~ < length(s).)
Then & is monotone and on the infinite sequences it is lengths preserving (since ®
is such a function), and it is straightforward to check that for every n,m € w and
s,t € =Fg it holds
(3.1) (n5) @ (m™t) = p(n,m)"(s & ).
(This uses the definition of @ in the successor step: in fact, (n”s) ® (m~t))(1) =
p(s(0),t(0)) if one of s(0),¢(0) is infinite, and ((n"s) @ (m™t))(1) = w otherwise. In
any case, the value of ((n”s) @ (m™t))(1) is independent from the natural numbers
n,m we are using.)
Given a DST-tree T on 2 x 2 X k of height < k, let
T =T U {(u,u,07) € <2 x <F2 x <*x | length(u) = }.

Then inductively define S!" as follows:

ST Z{V)}U{(u v,07s) | (u™,v7,3) ET}
St ={0} U {(u,v,(n+1)"s) | (u,v,n"s) € SL}U
U{(u,w,(n+1)"s&t) | I [(u,v,n"s), (v,w,n"t) GSZ:]}.
Finally, set

(3.2) S = Un ST

Notice that | J,, ST and Sy are DST-trees on 2 x 2 x x (because an easy induction
on n € w shows that each SI is a DST-tree on the same space) of height < &, and
that if (u,v,s) € St \ {0} then s(0) € w.

Lemma 3.2. Let k be an uncountable cardinal, and R be an analytic quasi-order.
Then there is a DST-tree T on 2 x 2 X £ such that R = p[T] and the following
conditions hold:
(i) for any t € <Fk there is at most one (u,v) with (u,v,t) € T;
(ii) for every u,v € <¥2, (u,u,0"™™) € Sp, and if (u,v,0"™W) € Sp with lh(u) >
w, then u = v;
(iii) iof u,v,w € <F2 and s,t € <Fk are such that (u,v,s),(v,w,t) € St then
(u,w,s®t) € St;
(iv) for all s € <Kk of infinite length vy, either s = 00, or else there are finitely
many pairs (u,v) € 72 x 72 such that u # v and (u,v,s) € St;
(v) R=p[S7] ={(z,y) € "2 x"2| 3 € "x ((z,y,£) € [S7])}.
Proof. (i) Let R = p[T’] for some tree T’ on 2 x 2 X k. Let Hz: Onx On x On — On
be the bijection defined by Hs(«, 5,v) = H(a,H(B.y)) (so that, in particular,
H3(0,0,0) = 0), and let HJ be its (coordinatewise) extension to <%(On x On x On),
namely for all 7, s,¢ € <(On x On x On) of the same length let Hi(r,s,t) =
(Hs(rs, sisti) | 1 < lh( )). Set

T = {(u,v, Hj(w,0.5)) | (w,0,5) € T'}.
Then
(3.3) for all t € <"k there is at most one (u,v) € <2 x <"2 with (u,v,t) € T.
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BI-EMBEDDABILITY ON UNCOUNTABLE STRUCTURES 11

Namely, u, v are the unique sequences such that t = ’Hg(u, v, s) for some s € <"k,

Then we have p[T] = p[T’] = R. Indeed, if (z,y,£) € [T'] then (z,y, ’Hg(x, y,€)) €
[T], and conversely, using the fact that Hs is injective and the definition of T', from
any ¢ witnessing (z,y) € p[T] we can decode a unique & (namely, the unique &’
such that & = H}(x,y,£&')) witnessing (z,y) € p[T”].

For property (ii), observe that for all u € <*2 we have (u,u, 0("(®*)) ¢ T, whence
(u,u,0""W) € ST C Sp. Conversely, given u,v with lh(u) = lh(v) = v we have
(u,v,07) € Sy if and only if (u,v,07) € SI, if and only if (u=,v, 0" )) ¢ T.
Since (u~,v~, 0™ 7)) € T implies u~ = v~ = 0™®7) by Hz1(0) = (0,0,0), by the
definition of 7" we have v~ = v~, whence u = v because 4 = v~ and v = v~ by
lh(u) = 1h(v) > w.

To see that also satisfies (iii) is satisfied, we argue as in the proof of | ,
Lemma 7.2]. Clearly we can assume that both s and ¢ are nonempty, and hence let
s',t' € <Fk and n,m € w be such that s = n"s" and t = m™t', so that, in particular
(u,v,5) € ST and (v,w,t) € SL. Since” n,m < p(n,m) — 1 = k, we have that both
(u,v,k"s") and (v,w,k"t') belong to S{: hence

(w,w, (k+1)"(s' 1)) = (u,w, p(n,m)" (s & 1))
= (u,w,sBt) € Sy my €|, ST = 51

by definition of the SI’s and (3.1).

Let us now consider condition (iv). Fix s € <Fk of length v > w such that
s # 0. If (u,v,s) € Sy for some u,v € <2, then s(0) = n < w. Moreover, by
definition of the ST we have (u,v,s) € S¢ < (u,v,s) € ST, so it is enough to
prove by induction on n < w that the set
(3.4) {(u,v) €72 x 72| u#vA (u,v,8) € ST}
is finite. Let s’ be the unique sequence such that s = n”s’. The case n = 0 is
easy. Since s # 009, we have (u,v,s) € S <= (u",v",s') € T, and since
Ih(u) = Ih(v) = lh(s) = v > w we have that u = v~ and v = v~. By (3.3), there is
at most one pair (u,v) that can satisfy (u,v,s’) € T, hence we are done. Let now

consider the inductive step n = k + 1. By definition of ST, the set in (3.4) is the
union of

(3.5) {(u,v) €72 x 72| u#vA (u,v,k”s') € SF}
and
(3.6)  {(u,v) €72 x 72| u#vAIw((u,w, k" ty) € ST A (w,v,k"ty) € ST},

where ty,t; are the unique sequences in h(s) e such that s’ = to®ty. If k # 0 or
s # 0h(s) | the first set is finite by inductive hypothesis; otherwise it is empty
by (ii). Let us now consider the second set. By inductive hypothesis, if & # 0 or
to,t1 # 00h(s") then there are only finitely many w such that (u,w,k"ty) € SF,
and finitely many w such that (w,v,k"t;) € S, whence also the set in (3.6) is
finite and we are done. If k = 0 and t; = 00()) (so that k~t; = 00)), then by (ii)
any w such that (w,v, k" t1) € ST must equal v. Therefore the set in (3.6) reduces
to
{(u,v) €72 x 72| u# v A (u,v,0"tg) € Sg }.

If ty # 0Uh(s)  then the latter set is finite by inductive hypothesis; if instead
to = O(lh(s/))7 then by (ii) such set is empty, and thus so is the set in (3.6). The case
when k = 0 and to = 002G can be dealt similarly, hence we are done.

It remains only to prove (v). Arguing as in the proof of | , Claim 7.2.1], we
have R = p[T] = p[ST] C p[U,, SL] = p[Sr] because R is reflexive and R = p[T).

"Notice that p(n,m) — 1 is always defined because p(n,m) is by definition a successor ordinal.
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12 FILIPPO CALDERONI, HEIKE MILDENBERGER, AND LUCA MOTTO ROS

Since every branch (z,y,&) of |J,, ST is a branch of SgT(O), we have p[lJ, SL] =
U, plST]. Hence for the reverse inclusion is enough to prove by induction on n
that p[ST] C R. The case n = 0 is obvious because p[S¥] = p[T] = R, so assume
p[SE] € R, choose an arbitrary (z,y) € p[SI.,] and let ¢ € "k be such that
(z,y, (n+1)7¢) € [SE,,]. We distinguish two cases: if for cofinally many v < r we
have (z | v,y [ v,n € [ v7) € SL then (x,y,n"¢) € [SL], so that (x,y) € p[SL] C
R by inductive hypothesis. Otherwise, for almost all v < k (hence for every v < k,
since SI is a DST-tree) there is a v, € <*2 such that (@ | v, v, n & [ 77), (v4,y |
v,n € [ y7) € ST where® &, &1 € *k are such that € = & @ &.

Assume first that n = 0 and & = 0). Then by (i) we have vy = 2 [ 7y for
all v < k, and thus n"¢; is a witness for (z,y) € p[SI] C R (the latter inclusion
follows from the inductive hypothesis). The case n = 0 and & = 0% is similar,
hence we can assume without loss of generality that n # 0 or both & and &; are
different from 0%). Consider the DST-tree

V={we<2|Iy<r(y=wAn& 7 #0DAn & 7~ #00 Aw C o)}

generated by all large enough v ’s. It is a subtree of <*2 of height  (as length(v,) =
7). Let v > w be smallest such that n~& [ v, n"¢ [ 7~ # 0. Assume towards
a contradiction that there is v < a < & such that V_, = {w € V | lh(w) = a} is
infinite. Then infinitely many elements of V_, would be different from both z | «
and y | @, and since n°& [ a=,n & [ o~ # 0 and (z [ a,w,n"& | a~) € ST
and (w,y [ a,n ¢ [ a~) € ST for all such w (because all of them are restrictions
of the v,’s), this would contradict property (iv). It follows that all V—, with o >~y
are finite, and so V' C <72 is a tree of height x all of whose levels V_, are finite
(for levels < « notice that they consist exactly of the restriction of the sequences in
V_,, hence they are finite as well).

Claim 3.3. If T is a descriptive set-theoretical tree of height k and all of whose
levels are finite, then there is a cofinal branch z through T .

Proof. If cf(k) > w, this follows from | , Proposition 2.32Ac|. Assume now
cf(k) = w, and let (u; | i < w) be a strictly increasing sequence of ordinals which is
cofinal in p. Consider the set 77 = {z € T' | lh(z) = p; for some i < w} ordered by
the inclusion relation. By our assumptions, 7" is a set-theoretical finitely branching
tree of height w, hence there is an infinite branch 2’ through it. Then z =2’ is a
cofinal branch through 7. |

By Claim 3.3, let z be a cofinal branch through V. Then (z [ 7,2 | 7,n"& |
7)oz 1,y |y | 7)€ ST for every 7 < k. Therefore (z,2), (2,y) €
p[SL] C R, hence (z,y) € R by the transitivity of R. O

Recall that a map ¢: <"k — <"k is called Lipschitz if it is monotone and length-
preserving. Clearly, every Lipschitz map is completely determined by its values on

Succ(<k) K

Definition 3.4. Let k be an infinite cardinal. Given two DST-trees T, T C <F(2x
k), we let T <max T’ if and only if there is a Lipschitz injective function ¢: <"k —
<Fk such that for all (u,s) € <®(2 X k)

(u,8) €T = (u,0(s)) € T

Assume now that k<% = k. By identifying each DST-tree T' C <*(2 x k) with its
characteristic function, the quasi-order <,,,x may be construed as a quasi-order on
the space <n(2X"‘)2, which is in turn naturally identified to *2 via the homeomor-
phism induced by any bijection between <(2 x k) and k; it is easy to check that

83uch & and &) exist and are unique by the fact that & is injective and that clearly (s & t) |
a=(sla)® (t]a)for every a < length(s) = length(t).
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BI-EMBEDDABILITY ON UNCOUNTABLE STRUCTURES 13

once coded in this way, the quasi-order <.« is analytic. In fact, it can be shown
that it is also complete arguing as follows. Given a DST-tree T C <"(2 x 2 x &) of
height < &, let St be the DST-tree defined in (3.2). Then define the map sy from
®2 to the space of the DST-subtrees of <%(2 x k) by setting

(3.7 st(x) = S% = {(u,s) | (u,x | length(u),s) € Sr}.

Notice that by Lemma 3.2 (ii) the map sy is injective in a strong sense, that is for
every x,y € "2

(3.8) x £y = sp(x) NS (2 x g) £ sp(y) NS<R)(2 x k).

Indeed, if @ +1 < x is such that z [ @ +1#y [ @+ 1 then (z | o+ 1,0@*D) ¢
st(x) \ s7(y).

The proof of the following lemma is identical to that of | , Lemma 7.4]
(together with | , Remark 7.5]) and thus will be omitted here — the unique
difference is that, because of Lemma 3.2(ii), in the first part of such proof one should
systematically take &£ = 0(%) rather than an arbitrary & € *x with £(0) € w.

Lemma 3.5. Let k be an uncountable cardinal satisfying (2.4). Let R be an analytic
quasi-order on "2 and let T be the tree given by Lemma 3.2. Then for every x,y € "2
(i) if SF <max S%, then x R y;
(ii) conversely, if x R y and this is witnessed by (x,y,&) € St then there is the
Lipschitz map ¢ with p(s) = s @& | 1g(s) witnessing S5 <max S4. Moreover,
#s < #(s), where # is as in Proposition 3.1(ii) ).
In particular, st reduces R to <max, and thus <max is complete for analytic quasi-
orders.

4. LABELS

Recall that we fixed an uncountable cardinal x satisfying (2.4). Further assuming
that k be inaccessible, in | , Section 8] three sets of labels { %, = (D, =) | v <
kY, {Ls = (Ds, =s) | 5 € S0e(<Rg)and {ZF = (D, =%) | u € S1ee(<®)2} (called
respectively labels of type I, II, and III) were constructed so that the following
conditions were satisfied.

(C1) Each of the labels is a generalized tree of size < k.

(C2) If &, & are labels of a different type, then £ [Z £’. In particular, two
label ¢’ and " of different type cannot be simultaneously embedded into
the same label .Z.

(C3) If 7,7 < K are distinct, then .2, Z 2.

(C4) If v < k and s,t € "Flk, then F, C .4 <= +#s < #t, and moreover
L= L, < s=1tfor every s,t € Succ(<n)

(C5) If v < k and u,v € 7712 are distinct, then £ Z £, and moreover £, =
L¥ = u = for every u,v € Suec(<r)2,

Our next goal is to provide a construction of such labels for an arbitrary s
satisfying (2.4) so that conditions (C1)—(C5) are still satisfied. The definition of
the labels of type III required the inaccessibility of £ and now we replace it by a
different construction. As the reader may easily check, labels of type I and of type
IT are instead minor simplifications of the structures given in | | which do not
destroy their main properties.

We will use the following result of Baumgartner.

Lemma 4.1 (| , Corollary 5.4]). Let x be an uncountable regular cardinal.
Then there are 2%-many linear orders (L, = (k, <E7) | v < 2¥) such that L., Z L.,
for distinct v,y < 2%,
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For technical reasons, we replace each L., with (an isomorphic copy with domain
k of) 1+ 7Z + L, + 7Z: the resulting linear orders have a minimum but no maximal
element, and the minimum, that can be assumed to be the ordinal 0, has no imme-
diate successor. Notice that this modification does not destroy the property that
such linear orders are mutually non-embeddable.

Labels of type I. Take the first x-many linear orders (L, , = (1, <E=) | v < &)
from the modifications after Lemma 4.1, so that L, Z L. for distinct v,v" < k.
We let 2, = (D,, <) be defined as follows:

e D,=rkU{(a,) |0<a<kAB<al,

e =, is the partial order on D, defined by
(1) Vo, o < kla =, o <= a =<l o]
(2) Vo/ < kYO < a <k, VB < ald %, (a,B) <= o =, 4]
3) VO<a<k¥b, f <alla,B) 2y (a,f) <= < 5]
(4) no other <,-relation holds.

The restriction of %, to « (i.e. the linear order L, ) is called spine of -Z,. Notice
that each ., has size s, has a minimum, that is 0, and such a minimum has no
immediate successor. Moreover, a point z is in the spine if and only if Cone(x) is
not a linear order, and if x,y are incomparable in .Z, then at least one of Cone(x)
and Cone(y) is a linear order. Finally, we say that a tree is a code for ~ if it is
isomorphic to .Z,.

Labels of type IL. Let v < x. Given s € "1k, set 0(s) = H(dom(s), #s) with
# is as in Proposition 3.1(ii), and let .%, = (Ds, <s) be the tree defined as follows:”
e D, is the disjoint union of the ordinal 6(s), w* = {n* | n € w}, and
Ag={a,a™,a”,b,bT, 07}, ;
e =, is the partial order on D, defined by
(1) Va, < 0(s) [a 25 B <= a <]
(2) Vn,m € w [n* Xy m* <= n >m]
(3) z 25 at,z~ for x € {a,b,c}
(4) Ya < 0(s)Vn € wVz € Ay [a <5 n* An* =, 2]
(5) no other <;-relation holds.
Notice that each %, has size strictly smaller than k, and that there are two
incomparable points, namely a and b, whose upper cone is not a linear order. A
tree isomorphic to .%; is called a code for s.

Labels of type IIL. Fix another sequence (L, = (r, <%*) | u € Suec(<#)) of
pairwise non-embeddable linear orders of size x such that L, £ L. 4 and L , Z Ly
for every v < &, where the L ,’s are the linear order used to construct the labels
of type I (for example, we can choose the L,’s in the set {L, | K <7 < Kk + K}).
Then for every v < k and u € 7712, we let .£* = (D}, =¥) be defined as follows:

o D! =rkU{c,}U{(a,8) |0<a<kKAB<al,
e =¥ is the partial order on D} defined by
Va,of < kla =i o <= a =<l o]
0 < ¢, and ¢, is =} -incomparable with any other point of D}
Vo/ < kV0 < a < K, VB < afd =% (a,8) <= o =<} af
) Vo< a<krVYsp <alla,pf) 25 (a,f) < B<p]
(5) no other <%-relation holds.

Thus labels of type III are constructed exactly as the labels of type I, except
that we add a unique immediate successor ¢,, (which is also a terminal node in .Z})
to its minimum 0. As in the case of type I labels, we call the restriction of .Z" to
k (i.e. the linear order L,,) the spine of Z;. Points in the spine are distinguished
from the other ones by the fact that their upper cone is not a linear order. Similarly

(
(
(
(

O —

9Here we do not identify elements of 'k with .
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to the previous cases, we say that a tree is a code for u if it is isomorphic to .Z.
Notice that all the .Z’s have size exactly .

We now argue that also with our new definitions conditions (C1)—(C5) are sa-
tisfied. This is obvious for condition (C1). Conditions (C3)-(C4) can be proved
as in | , Lemmas 8.3 and 8.4] (the reader can easily check that our minor
modifications have no influence on the arguments used there). Finally, the follo-
wing proposition ensures that also the remaining conditions (C2) and (C5) are still
satisfied.

Proposition 4.2. (i) If £, &' are labels of different type, then £ L L.
(ii) If u,v € 5(<®)2 qre distinct, then L L L*.

Proof. (1) If &' is of type II (and £ is of a different type), then £ Z £’ because
|Z| = k > |.Z'|. Vice versa, if .Z is of type II and %’ is either of type I or of type
111, then ¥ IZ ¥’ because in . there are incomparable points whose upper cone
is not a linear order (e.g. the points a and b), while this property fails for .£”.

If & =2, 1is of type I and £’ = £ is of type III, then any embedding of .Z
into .’ would map the spine of . into the spine of ¢’ because in both cases the
points in the spine are characterized by the fact that their upper cone is not a linear
order. It would then follow that L, C L,, a contradiction. The case where .Z is of
type III and %’ is of type I is similar.

For (ii), arguing as in the previous paragraph we get that if .£* C £, then
L, C L, because these are the spines of £} and .Z*, respectively, whence u =v. 0O

v

5. COMPLETENESS

Following | , Section 9|, we now show that the embeddability relation on
generalized trees of size x is complete as soon as k satisfies (2.4), thus dropping
the previous large cardinal requirements from | |. The construction we use
here is exactly the one employed there (except that our labels are now defined
differently): indeed the reader may check that all proofs in | , Section 9| needs
only that the labels .Z,, .Z;, and .Z; satisfy conditions (C1)—(C5) — the appeal to
inaccessibility or weak compactness of k was necessary only because the construction
of the old labels .Z" required the first condition, while the proof of the analogue of
our Lemma 3.2 (namely, | , Lemma 7.2]) required the latter. For the reader’s
convenience, and because it will turn out to be useful to precisely know how the
involved trees are constructed, we report here the definition of the trees Gy and
G7 and state the relevant results related to them. Proofs will be systematically
omitted, but the interested reader may consult the analogous results from [ ,
Section 9] which are mentioned before each of the statements.

From now on, we fiz an uncountable cardinal k satisfying (2.4). Cousidering
suitable isomorphic copies, we can assume without loss of generality that for every
v < K, st €Swe(<8) g and u,v € S1e(<8)2 our labels further satisfy the following
conditions:

(i) &, Zs, and & have pairwise disjoint domains;

(ii) ZF and £ have disjoint domains if and only if u # v;
(iii) if length(s) = length(¢), then the domain of .Z; is contained in the domain of
%, if and only if #s < #t.
These technical assumptions will ensure that the trees G5 are well-defined avoiding
unnecessary complications in the notation.

Let us now first define the generalized tree G (which is independent of the choice
of the DST-tree 7). Roughly speaking, G will be constructed by appending to the
nodes of the tree (S“CC(<“)K7 Q) some labels as follows. Let 7: Suce(<k) e 3 ko g
length(s) — 1. For every s € S1e*(<#) g we fix a distinct copy of (Z, <) and append it
to s: each of these copies of Z will be called a stem, and if such a copy is appended
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to s it will be called the stem of s. Then for every such s we fix also distinct copies
Ly(s),s and Z s of, respectively, £, and Z, and then append both of them to
the stem of s. More formally, we have the following definition.

Definition 5.1. The tree G is defined by the following conditions:

o« Gy = Suce(<r) | Useslncc(<n)m({(8 1:) | xeZU DW(S U Dy }) where D’Y( )78
and Dy are the domains of, respectively, the labels £, of type I and the
label £ of type II;

o the partial order <¢° on Gq is defined as follows:

(1) Vs, t € Sueel<hly (s 20t = s Ct)

(2) Vs €Succl<mVz, 2" € Z((s,2) 29 (s,2') <= 2<2)

(3) Vs € Succl<mvr, 2’ € Dyq) ((s,2) 290 (s,2) < x <55 2)
(4) Vs € Swel<mVa, ' € D, ((s,2) 2 (s,2') <= z 2, ')

(5) Vs, t € Sucel<rlgVy € ZU Dy U Dy (s 260 (t,2) < s Ct)
(6) Vs € Succl<mVz € ZVx € Dy(s) U Dy ((s,2) 29 (s,2))

(7) no other <% -relation holds.

So the stem of s is Go | {s} x Z. Substructures of the form Gy [ {s} x D5 and
I {s} x Ds will be called labels (of type I and II, respectively).

Let now 7 be a DST-tree on 2 x k of height x. The tree G will be constructed

by appending a distinct copy of the label .Z* to the stem of s for every (u,s) € T.

Definition 5.2. The tree Gy = (D7, 37) is defined as follows:

¢ Dr=GoUU (us)er {(s,2) |z € D}}, where D}, is the domain on £ ;

Suce(<r)
e =7 is the partial orderﬁon Dy defined by:
(1) Vz yEGo(.r-<7—y = 3;‘-<G0y)

(2) V(u,s) € T [s € 510k = Va,y € D ((s,2) 27 (s,y) <= = <5 y)]
(3) Wt €Suecl<MV(u,s) € T [s € Succl<hlg = vz € D* (t =7 (s,z t
(4) Y(u,s) € T [s € 5uc(<® g = Vo € DiVz € Z((s,2) 27 (s,2))]
(5) no other <r-relation holds.

Substructures of the form G [ {s} x Z, G7 [ {s} X D), and G7 [ {s} x Dj
will again be called, respectively, stem of s, labels of type I and labels of type II,
and be denoted by, respectively, .7, fy(s) o> and fg;. Similarly, substructures
of the form G | {s} x D} (for (u,s) € T) will be called labels of type III, and be
denoted by .,ZZS. Notice that if .Z is a label of G+ with domain D¢ and x € D,
then Cone(z) C Dg.

For s € Stee(<f) g we let

Cone(.7) ) = ﬂ Cone((s, 2)).
z€EZL

Therefore, Cone(.#.]) consists of a disjoint union of labels of various type. In
particular, it contains exactly one label of type I (namely, XWT(S)VS), one label of
type IT (that is, .,2”57;) and, depending on 7, a variable number of labels of type 111
(namely, a label of the form .i”uT , for every (u, s) € T). Notice also that every label
Z C Cone(.) is a maximal connected component of G | Cone(.#.). The next
theorem is the analogue of | , Theorem 9.3] and can be proved in the same
way.
Theorem 5.3. Let k be any cardinal satisfying (2.4), let T, T’ be two DST-trees
on 2 X Kk of height k, and let # be as in Proposition 3.1(ii).

(1) Gr E Gy <= there is a witness ¢: "k — <Fk of T <max T’ such that

Vs € Suce(<k) (#S < #SD(S))7
(2) Gr =G = T NSuweel<h)(2 x g) = T' N Suee(<K)(2 x g).
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BI-EMBEDDABILITY ON UNCOUNTABLE STRUCTURES 17

Let x be any uncountable cardinal satisfying (2.4), R be an analytic quasi-order
on ®2, and T' a DST-tree on 2 x 2 X k as in Lemma 3.2. Recall that in (3.7) we
defined a map sp sending z € "2 into a DST-tree on 2 x k of height x denoted
by sr(x). Since each tree G, (;) can be easily Borel-in-T" coded into a tree with
domain r, henceforth G,.(,) will be tacitly identified with such a copy. With this
notational convention, the composition of sy with the map sending T into G gives
the function

(5.1) f:"2—>Mod;:z— G

sT(z)s

which will be our reduction of R to the embeddability relation C| Mod7, for £ the
language of trees.

Let now Three (E€rapn) denote the relation of embeddability between trees
(respectively, graphs) of size k. Combining Lemma 3.5 and Theorem 5.3 we now
get (see also | , Corollary 9.5]):

Theorem 5.4. Let k, R, and T be as above. Then the map f from (5.1) is a Borel
reduction of R to Chgee. In particular, the relation Thgee is complete for analytic
quasi-orders.

Finally, by | , Remark 9.7] we also obtain an analogous result for graphs
(see | , Corollary 9.8]).

Corollary 5.5. Let  be any cardinal satisfying (2.4). Then Cgpapy 5 complete
for analytic quasi-orders.

6. STRONGLY INVARIANT UNIVERSALITY

Let £ = {=} be the tree language consisting of one binary relational symbol, and
let k¥ be an uncountable cardinal satisfying (2.4). For the rest of this section, X,Y
will denote arbitrary L-structures of size < k. As a first step, following | ,
Section 10| we provide an L+ ,.-sentence ¥ such that G E W for every DST-tree
T on 2 x & of height , and, conversely, every X € Mody, is “very close” to being a
tree of the form G .

To simplify the notation, we let z <y, x Ay, x L y, and x £ y be abbreviations
for, respectively, t K yAx #y, ~(z 2y), e AyAy Az, andx S yVy 3 z. Let X
be an L-structure of size < k, and let i: X — k be an injection. We denote by

Tor(X)({va | @ € Range(7)))
the quantifier free type of X (induced by i), i.e. the formula

N Gi) Vi) A\ Vi) 2vi) AN\ Vi) 2 Vi)

z,yeX z,yeX z,yeX
Ty z=<xXy a£%y
Notice that T,¢(X)((va | @ € Range(i))) is an L+ -formula if and only if |X| < &.
Moreover, if Y is an L-structure and (a, | @ € Range(7)), (bo | o € Range(i)) are
two sequences of elements of Y such that both Y 7}¢(X)[(aq | @ € Range(i))] and
Y E Téf(X)Kba | @ € Range(i))], then Y | {aq | @ € Range(i)} and Y [ {bs | @@ €
Range(i)} are isomorphic (in fact, they are isomorphic to X). In order to simplify
the notation, since the choice of i is often irrelevant we will drop the reference to i,
replace variables with metavariables, and call the resulting expression gf-type of X.
Hence in general we will denote the gf-type of an L-structure X by

Tqr (X)((2: [ @ € X))

First let @y be the L, +,.-sentence axiomatizing generalized trees, i.e. the first
order sentence
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(@g) Vr(z=z)AVeVy(zr SyAySzx=zc=y)A
VaVyVz (z SyAy<z=z 3y AVeVyVz(yazAhz=<z=>y [t z2).
Let Seq(x) be the L, +,-formula
(Seq) -y, | n < w) /\ (T 2T ATy < T4),
n<m<w

and let Root(x,y) be the L+ ,.-formula
(Root) Seq(z) A =Seq(y) Az Ry A—Jw (z < wAw =y ASeq(w)) .

Remark 6.1. Note that if X is a tree and a € X, X F Seq[a] if and only if Pred(a)
is well-founded, and that Xseq = {a € X | Pred(a) is well-founded} is necessarily
=<X_downward closed. Moreover, if a,a’,b € X are such that X F Root[a,b] and
X E Root[d’,b], then a = o’. This is because X F Root[a, b] A Root[a’,b] implies
a,a’ <X b, hence, since X is a tree, a and a’ are comparable. Assume without loss
of generality that a <* a’: since Pred(a’) is well-founded, a # a’ would contradict
X E Root[a, b]. Therefore a = a’.

Let @; be the L, +,.-sentence
(@) Yy [Seq(y) V 3z Root(z, y)] .
Remark 6.2. Let X be a tree. Given a € Xseq, let X, be the substructure of X
with domain
X, = {bGX | a <% b/\ﬂElc(a <X =X b/\cGXseq)}
={be X | X F Root[a, b]}.
Assume now that X F @;. Then for every b € X either b € Xseq or b belongs to
X, for some a € Xseq. Moreover, each X, is obviously <X_upward closed (i.e. for
every a,b,c € X, if X F Root[a,b] and b =¥ ¢ then X F Root[a, c]). This implies
that:

o ifa,a’ € Xseq are distinct, b € X, and ' € X/, then b, b" are incomparable;
o for every a,a’ € Xseq and b € X,

ad =<%Xb —= o =<Xq
e by Remark 6.1, for a,a’,b as above b Z% a’ (otherwise b € Xseq, contra-
dicting b € X,,).
Consider now the linear order Z = (Z,<). Let Stem((z,z, | z € Z)) be the

L+ ,-formula

(Stem) T (Z)((z. | z € Z)) A /\ZEZ Root(x, z,)A

Yy {Root(x,y) = (\/ZEZy =z, V /\ZEZ zy < y)} .
We also let Stem€(z,y) be the L, +.-formula

(Stem®) e, |z € Z) (Stem((ac,xz [zezna\ = x) .

Lemma 6.3. Let X be a tree, a € X and (a, | z € Z),(b, | 2 € Z) € LX. If
X E Stem({a,a, | z € Z)) and X E Stem({a,b, | z € Z)), then there is k € Z such
that a, = b,k for every z € Z. In particular, {a, | z € Z} ={b. | z € Z}.

Proof. Fix z € Z. We claim that there is i € Z such that a, = b;. Since X F
Stem({a,a, | z € Z)), we have X E Root(a,a,). Suppose toward a contradiction
that b; <X a, for every i € Z (which in particular would imply b; # a; for every
1,7 € Z with z < j). Since X [ {b; | i € Z} has order type (Z, <), we have b; # a,
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BI-EMBEDDABILITY ON UNCOUNTABLE STRUCTURES 19

for every i € Z (otherwise a, <~ b;, 1, contradicting our assumption on a, and the
b;’s), and thus, in particular, a, A% b;. Moreover, since X | {a; | j < z} has order
type (w,>) # (Z,<), there is 7 € Z such that b; # a; for every j < z, and hence
also b; # a; for every j € Z. Since X F Stem({a,b, | z € Z)), then X F Root/[a, b;]:
this fact, together with the choice of 7, contradicts X F\/, ., br = a. VA, a. =2 by
Therefore, X 7 A\;.; b; < a.. Since X F\/ b; R a,, thereisi € Z
such that a, = b;, as required.

A similar argument shows that for every i € Z there is z € Z such that b; = a,.
Hence there is a bijection f: Z — Z such that a, = by(.) for every z € Z. Since
X Et(Z)[{as | z € Z)] ANTqf(Z)[(b, | 2 € Z)], f must be of the form i — i + k for
some k € Z. a

2EL

jez 0z =bi V /\iEZ

Let @5 be the L, +,.-sentence
(@2) vV (Seq(z) = Iz, | 2 € Z) Stem((z, z, | z € Z)) .

Remark 6.4. If X is a tree such that X = A,_; ®;, then at the bottom of each
X, (for a € Xseq) there is an isomorphic copy X of Z (which from now on will
be called stem of a) such that all other points in X, are <*-above (all the points
of) #X. To simplify the notation, we will denote by Cone(.#;X) the set X, \ ..
Notice that the stem of a is unique by Lemma 6.3, and for a € Xseq,b € X

X E StemS[a,b] <= bec .7X.

Let Min(z,y) and Min*(z,y, z) be the L+ .-formulee
(Min) Root(z,y) A =Stem®(z,y) AVz (Root(z,z) A =Stem®(z,2) Az Ly =y = 2)
and
(Min™) Min(z,y) Ay < z.

Moreover, let @3 be the L, +,.-sentence
(D3) VaVz (Root(z, z) A =Stem®(z, 2) = Jy Min*(z,y, 2)) .
Remark 6.5. If X is a tree such that X = /\i§2 @, and a,b,c € X, then X
Min[a, b] if and only if b is a <X -minimal element in Cone(.#), and X = Min*[a, b, c]
if and only if ¢ is <X above the minimal (in the above sense) element b. Thus
X = Ni<3 ©; if and only if every c € Cone(.7X) is <*-above some of these mini-

mal elements b. Notice that since X is a tree, such a b is unique, so {Cone(b) | X =
Min(a,b)} is a partition of Cone(.#;%) into maximal connected components.

Given s € S'e(<®) g we let Lab,((x,2; | i € %)) be the L+ ,.-formula

(Laby) Tqr(2) (i | i € L)) AMin(, z0) AVy [Min*(z, 0,9) =\, = x} .
We also let Lab$ (x,y) be the £, +,-formula

€ . : _
(Lab€) A, |i € .2) (Labs(<x, wilic Z)AN,_, v= x) .

Remark 6.6. If X is a tree, a € X, and (a; | i € %) is a sequence of elements of
X such that X F Labs[{(a,a; | i € Z,)] (which implies a; € X, for every i € %),
then the structure X [ {a; | i € %} is a label of type II which is a code for s.
Moreover, if X F \,.3®; then X | {a; | i € %} is above .#X and is one of the
maximal connected component of Cone(.7.X) with ag as its <*-minimal element.
In particular, X | Min*[a,a0,q;] for every i € % and X | {a; | i € L} is
<X_upward closed in both X, and X.
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Lemma 6.7. Let X be a tree, s,t € S'(<F and (a,a; | i € L), {a,b; | j € L)
be sequences of elements of X such that both X E Labs[{a,a; | i € Z5)] and X E
Lab:[(a,b; | j € Z)]. Then either the sets A= {a; |i € L} and B={b; | j € £}
are disjoint or they coincide (and in this second case s =t).

Proof. Assume AN B # 0: we claim that A C B (the proof of B C A can be
obtained in a similar way). Let ig € %5, jo € -Z; be such that a;, = bj,. Since X =
Min*[a, ag, a;,) AMin*[a, by, bj,], then ag = by. It follows that X = Min*[a, by, a;] for
any given i € %, whence a; = b; € B for some j € 7.

The fact that if A = B then s =t follows from the fact that X [ Aand X | B are
isomorphic, respectively, to % and %, and that ¥, & 4, < s=1tby (C4). O

Now let Seq,(z) be the L+ ,-formula

(Seq,) Ha; | i € L) (Labs((x, x; | i € Z5))) -
Notice that if a is a point of a tree X, X F Seq,[a] implies X E Seqla] (hence
a < XSeq)-

Let @4 be the L, +,.-sentence

(©4) vz )\ V(z; |i€ L)Yy | j € L)

S)teSIICC(<K,)K/

Labs((z,z; | i € L)) ALab((x,y; | j € L)) = \/iefs T = Yj
JjE€EL:

Lemma 6.8. Let X be a tree such that X E ®4. Then for every a € X there is at
most one s € SU(<M)y such that X F Seq,[a]. Moreover, if X F Seq,[a] then the
set of witnesses {a; | 1 € L5} C X of this fact is unique.

Proof. Let a € X and s,t € S'(<®) be such that X F Seq,[a] and X F Seq,[a],
and let (a; | i € Z),(b; | j € £44) be two sequences of points from X witnessing
these facts. Then by X F @4 the sets A = {a; | i € L} and B={b; | j € £} are
not disjoint. Therefore A = B by Lemma 6.7, and hence s = ¢, as required. O

If X,s,a,{a; | i € £} aresuch that X E A\,, ®; and X F Lab,[(a,q; | i € Z;)], we
denote X | {a; | i € £} by Z%,. Notice also that for a,b € X, X F LabSa,b] <
be £X.

Let ’(Dg, be the L, +,.-sentence

(©3) A o, FoSeai@ A Ve (Sea@) =\ L, Seau())

Remark 6.9. If X is a tree such that X F A,_; @;, then there is a bijection ox

between Succ(<x)

Seq,[a].
Let ®g be the L, +,-sentence

k and Xseq, namely ox(s) = the unique a € Xseq such that X F

(©6) Va,y |\, sesmeei<m . (Seq,(x) A Seq,(y) = z < y) A
sCt

/\s7t65ucc(<n>ﬁ(5eqs(x) ASeq,(y) =z A y)|.
st

Remark 6.10. If X is a tree such that X F /\i§6 @;, then the map ox defined in
Remark 6.9 is actually an isomorphism between (S“CC(<“)R, Q) and X [ Xseq.

Let ImSucc(z,y) be the L, +,-formula
(ImSucc) x<yA-Jz(z <z <y),
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so that if X is a tree and a,b € X, then X | ImSucc[a,b] if and only if b is an
immediate successor of a. Let also Spine(z) be the £, +.-formula

(Spine) JwIw' (z 2wAz 2w Aw Lw),

so that if X is a tree and a € X, then X = Spine[a] if and only if Cone(a) is not a
linear order.
Let Laby(x,%) be the L, + .-formula

(Labi€) Root(z,y) A —StemS(z,y) A\ —Lab$(z,y)A

seSuce(<r) g

Va' [Min*(z,2’,y) = Jw ImSucc(z’, w)] .

Remark 6.11. Notice that if X is a tree and a, b, ¢ € X are such that X F Laby[a, b]
and b <X ¢, then also X F Laby[a, c].

Given « < k, consider the structure o = (o, <). Let Laby*({z,y,2; | i € )) be
the L, +,-formula

(Labiy®)  Laby©(x,y) A Spine(y) A =Min(z,y) A /\46 (y < z)A
Tof (@) ((2i | 1 € ) AVw (y < wA \/ieaw Lzi= \/ieaw = z,-).
Let @7 be the L, +,-sentence
(D7) VaVy /\aﬂQiV(zi i€ a)V(w; | jep)

<Lab|||“(<x,y,2i |i € a)) ALabw’((z,y,w; | j € B)) = \/ze% z = wj) .
Jje€

Remark 6.12. The same argument contained in the proof of Lemma 6.7 gives the
following: Let a,b € X (for X a tree). Let a, 8 < k and (¢; | i € a),(d; | j € B)
be sequences of elements of X such that both X F Laby“[{a,b,¢; | i € «)] and
X F Laby?[(a,b,d; | j € B)]. Then the sets C = {¢; | i € a} and D = {d; | j € B}
are either disjoint or coincide. Therefore, if X F A\,, ®; then C' = D, and hence
a=f.

Let ®g be the L, +,-sentence

(D@s)
Va V' Vy[Min(x,:c') ALaby€(z, 2 Y A2 <y = ((ImSucc(m’, y) A =Spine(y))V
Spine(y) v3z\/ _ 3(wi|i€a) (Lab”.“((x, suwiliea)n\ _y= wi> )]

Notice that the three conditions in the disjunction after the implication are mu-
tually exclusive.
For a < k, let Laby~“(x,y) be the L, +.-formula

(Laby =) Iz | i € ) (Laby®((z,y,2: | 1 € a))) .
Let @g be the L, +,.-sentence
(Dg) VaVa'|Seq(x) A Min(z, ") A Laby < (z,2") = (Hly ImSucc(x’, y)A
/ - | / =
Vy(ImSucc(z’, y) = ~Jw(y < w)) A /\O<a<n Ay (" < y ALaby=%(z,y)) A
Vy(:z?' < y A Spine(y) = \/0<a<n Lab|||=°‘(:1:,y))>]

Let Lab; (z,2’) be the L,+.-formula
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(Lab}) Seq(z) A Min(x,z’) A Laby € (z, 2/)A

/\0<a75<,.C Yy Vz (ac' <yAz' <zALaby=%(z,y) A Lab|||:ﬁ(m7z) =y = z) A
axlfup

/\0<O¢7ﬁ<,€ Yy Vz (:v' <y Az’ <z ALaby™(z,y) A Laby ™ (z,2) = y £ z)
agtup

(®10)

Vo Vo' Vo' [(Seq(m) A Min(z,2") A Laby € (z,2") = \/ LabZ(m,m’)) A

ugSuce(<k)Q

/\ (Lab;(x,ac') ALab}(z,2") = 2’ = x”)]

ueSuce(<k)Q

Remark 6.13. Let X be a tree such that X £ A, ;, ®; and a € Xseq. Then some

of the points in X, belong to the stem .7X of a and Cone(.7;X) is partitioned
in maximal connected components each of which has a minimum. One of these
components is a label of type II (namely, to Xsﬁ, where s € Se(<f) g is the unique
sequence such that X F Seq,[a]). Suppose now that b is the minimal element of
some of the other connected components, namely Cone(b), and suppose that b has an
immediate successor. Then by X E ®@g there is a bijection [, from x onto the points
¢ € Cone(b) such that Cone(b) is not a linear order, namely l(«) = the unique
¢ € Cone(b) such that X F Laby~%[a,c] (for @ < k). By X | @19 we actually
get that [, is an isomorphism between L, and its range (for some u € Succ(<”)2),
and by X | ®g A @g each remaining point of Cone(b), i.e. each point ¢ € Cone(b)
such that Cone(c) is a linear order, either it is the unique immediate successor
of b (and it is terminal in X)), or else it belongs to the unique (by Remark 6.12)
sequence witnessing X F Laby=%[a, l;(«)] (for some @ < ). It follows that I, can
be extended to a (unique) isomorphism, which we denote by 1, 5, between .ZF and
X | Cone(b). Moreover, by X = @ for every u € 5'e(<*)2 there is at most one b
as above such that £ = X | Cone(b): therefore we can unambiguously denote the
last structure by .Z*X.

u,a

Using similar ideas, we now provide .Z,+.-sentences asserting that there is just

one maximal connected component of each Cone(.#;X) which is not of the form .£;¥,
or £*X and that such component is isomorphic to L (s), where s € Suce(<k)Q ig

u,a

unique such that X = Seq,[a]. Let Lab€(x,y) be the L, +,-formula

(Lab€) Root(x,y) A =Stem(z,y) A [\ -LabS(z,y)A

seSuce(<r)

Vz! [Min*(z,2',y) = —3w ImSucc(z’, w)] .
Let @47 be the L+ .-sentence
(1) Vz(Seq(z) = 3z’ (Min(z,2") A Lab € (x,2")).

Remark 6.14. Notice that also in this case if X is a tree and a,b,c € X are such
that X F Lab,S[a,b] and b =¥ ¢, then X F Lab,[a, c]. Moreover, if X = A,.,; ©;,
then for each a € Xseq there is a unique a <X b such that Cone(b) is a maximal
connected component of Cone(.#;X) but b has no immediate successor.
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Given a < &, consider the structure o = (o, <). Then let Lab“({x,y,2; | i € a))
be the L, +,-sentence

(Labi®) Lab€(x,y) A Spine(y /\/\ (y < zi)A

Tqf (@) ({2 | 1 € ) AVw (y <wA \/_€ w f oz = \/,€ w= z,)
Let @15 be the L+ -sentence

(D12) VxVy/\aB V(z | i€ a)yY(w;|jep)
(Lab.a«x,y,zi i€ 0)) ALab (29,1015 € B) = Vg 2 = wj) |
JjE

Remark 6.15. Arguing again as in the proof of Lemma 6.7 we have the following:
Let a,b € X (for X a tree). Let o, 8 < k and (¢; | ¢ € ), (d; | j € B) be sequences
of elements of X such that both X E Lab®[(a,b,¢; | i € )] and X E Lab’[(a, b, d; |
j € B)]. Then the sets C = {c; | i € a} and D = {d; | j € B} are either disjoint or
coincide. Therefore, if X F @7 then C' = D, and hence a = .

Let @43 be the L, +.-sentence
(®15) Va¥y [Labi® (2, y) = (Spine(y)V
(

\/ Hw; | i € @) (Labﬂ((m,z,wi |i€a>)/\\/i€ay:wi)>} .

For o < k, let Lab,™ O‘(z,y) be the L+ .-formula
(Lab ™) Az i€ a) (Lab™((z,y,2: | i € a))).
Let @4 be the L, +.-sentence

(014) Vz [seq(x) = ( A, 3lyLab = (z,y)A

Vy(Lab.e(:r7 y) A Spine(y) = \/0<a<m Lab = (x, y)) A )}
Finally, let @15 be the L+ ,-sentence

(D15)

Va /\ [Seqs(x) = (/\ a,B<n VYVz (Lab.za(:p,y) ALab =P (z,2) = y < z)) A

seSuce(<k) g ajL,—Y(s)B

</\ aB<n YYVz (Lab.za(x,y) AlLab =P (z,2) =y £ z))] .
agF3) B
Remark 6.16. Arguing as in Remark 6.13, we get that if X is a tree such that
X = Ni<io @i and a € Xseq is such that X F Seq,[a] (for the appropriate s €
Suce(<K) ), then among the maximal connected components of Cone(.#X) we find a
unique label of type II coding s and, possibly, some labels of type III coding certain
u € Suee(<®)2. If moreover X = A;<;<;5, then in Cone(.#;X) there is also a unique
maximal connected component Cone(b) (for some b minimal in Cone(.#;X)) of type
I coding exactly 7(s), which will be denoted by f X . To fix the notation, we let

l5,o denote the (unique) isomorphism between .25 and X S(s),a°
Definition 6.17. Let now ¥ be the L, +,-sentence given by the conjunction

(W) /\iSls ;.

Remark 6.18. Suppose X E W. Collecting all the remarks above, we have the
following description of X:
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(1) X is a tree (by X F @y);

(2) there is an isomorphism oy between (S“CC(<")/£, g) and the substructure of
X with domain Xseq = {a € X | Pred(a) is well-founded}, which is a <¥X-
downward closed subset of X (Remarks 6.9, 6.10, and 6.1);

(3) by Remark 6.2, for every point b in X \ Xseq there is a (unique) <*-maximal
element a® in Pred(b) which is in Xseq: denote by X, (s) the collection of all
b € X \ Xseq such that a® = ox(s), and notice that X, ()
upward closed. Moreover, for every s,t € S'¢(<%) g we have (see Remark 6.2):

(a) if s,t are distinct then for every b € X, (5,0 € X, (1), b and b are
incomparable;
(b) if b€ X, () then ox(t) =¥ bif and only if ¢ C s and b A~ ox(t);

(4) at the bottom of each X, () there is an isomorphic copy of (Z, <), called stem
of ox(s) and denoted by 5”0);(8): all other elements of X, (, are =<X_above
(all the points in) .7 ji (s) (Remark 6.4), and their collection is denoted by
Cone(y;i(s));

(5) call a substructure X’ of Cone(y;i (s)) mazximal if it is a maximal connected
component of Cone(.7 (fi (S)). Moreover, let UZX be the collection of all u €
Suce(<K)2 for which there is a maximal substructure of Cone(.7. U)i (S)) which is

is necessarily <¥-

a code for u. Then above the stem of ox(s) there is

(a) a (unique) maximal substructure ZSXUX(S) of X

s, 1.e. it is isomorphic to .%; (Lemma 6.8);
(b) for each u € UX, a (unique) maximal substructure f;fx(s) of X5 (s)
which is a code for w, i.e. it is isomorphic to .Z} (Remark 6.13);

(6) the remaining points above .7 g); (s) form a maximal substructure f;{)gs)ﬁgx(s)

of X, (s) which is a code for ¥(s), i.e. it is isomorphic to %%,y (Remark 6.16).

ox (s) Which is a code for

Therefore one immediately gets:

Lemma 6.19. Let k be an uncountable cardinal satisfying (2.4), R be an analytic
quasi-order on "2, and f be the function defined in (5.1). Then Range(f) C Mody,.

A structure X € Mody, may fail to be in Range(f) only because its substructures
of the form £ fx(s) (or, more precisely, the sets UX, see Remark 6.18(5)) are not

coherent with any of the z € *2. Indeed, if X = f(z) = G
X = f(x), then we have the following:

e by Lemma 3.2(ii) and the definition of f, for each w < v < & the set Ug((wl)
contains a unique element, namely x | (7+1); clearly, all the elements in these
singletons are pairwise comparable with respect to inclusion;

e by definition of f again, for all other s € Su(<¥)g the set UX can be canoni-
cally recovered from the unique element in UO)& +1y, Where v < k is any infinite
ordinal such that Ih(s) < v+ 1: in fact, UX consists of all u € "(*J2 such that
(u,s) € S¥%, where S¥. = sp(y) is as in (3.7), for some/any y € "2 such that
yl(v+1)==a | (y+1) (equivalently: y [ (y+1) € Ugfwﬂ)).

The above two conditions actually characterize the elements in (the closure under
isomorphism of) Range(f), and can thus be used to detect whether a given X €
Mody, is isomorphic to an element of Range(f) or not: First one requires that each
Ugt,+1) 18 a singleton {u,} with u, € 712, and that all the u’s are compatible (for
all infinite v < ). This allows one to isolate the unique candidate z = U, uy €
%2 for which it could happen that X = f(z). Then it only remains to check whether
all other UX are actually constructed coherently to the guess X = f(x).

We are now going to show that this “recovering procedure” can described within
the logic L,.+,. In what follows, we adopt the notation and terminology introduced
in this chapter, and in particular in Remark 6.18.

sp(z)s Or even just
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Given u € 51¢(<#)2 Jet Lab*(2) be the L, .-formula
(Laby") 3y Lab? (2, ).
Remark 6.20. Given X € Mody, and a € X, we have X |= Lab}"[a] if and only if
u € UX, where s = 03! (a).

Let now @14 and @7 be the L, +,.-sentences

(®16) /\ Vw(Sermm(:v): \/ Labz*(x))/\

w<y<K uev+12

N\ Va(Seqpen () A Labl (x) = —Lab}*(x)) |

w,WETTI2 utv

(@17) A /\  VaVy(Seqqe i () A Seqqsin (y) ALab* (z) — —Lab}*(y))).

w<y<6<k yertig
veltly

ufv
Remark 6.21. If a structure X € Mody, satisfies @16, then for any infinite v < k
the set U\, 4, is a singleton {u\ } with Ih(u) = v+ 1. If moreover X |= @7, then
u,)f - ug( whenever w <y <4 < K.

Finally, we introduce one last £+ .-sentence which, together with all the previous
ones, identifies the structures which are isomorphic to an element of Range(f). Let
R be an analytic quasi-order, and T be a DST-tree on 2 x2 X k as in Lemma 3.2, and
let St be the tree obtained from T as in (3.2). Finally, for every v < , s € 71k,
and v € 7712, let S7° = {u € 7712 | (u,v,s) € Sr}. Then @5 is the L, +,-sentence

@s) A A A Vx,y<5eqs(af)ASeqo<w+1>(y)ALabZ*(y)

Y<K sV tlgoerti2
;»( A\ Labi(z) A A —|Labi*(m)>>.

uesSy”® u@¢Sy®

Definition 6.22. Given an analytic quasi-order R, let @ be the L+ .-sentence

(or) YADg A D17 A Dis.
Define a map
. K K. X
(6.1) h: Modf, —2%: X — | ] u,
w<y<K
where uX is as in Remark 6.21 — the map h is well-defined because X E 0.

Y

Proposition 6.23. Let R be an analytic quasi-order, let @ the L, +,.-sentence

from Definition 6.22, and let f and h be defined as in (5.1) and (6.1), respectively.
(i) Range f C Mody, .

(ii) The map h is a right-inverse of f modulo isomorphism, i.e. f(h(X)) =2 X for
every X € Mody, ..

K

o 18 the closure under isomorphism of Range(f).

In particular, Mod

Proof. Part (i) directly follows from the definition of f(x) = G, () (see the pa-
ragraph after Lemma 6.19). For part (ii), notice that by Remark 6.18 there is an
isomorphism between

X X X
Ksea U550 U Lot U 2l

ox (s

(®) ‘ se Succ(<m)2}

sOX
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and Gg. Such an isomorphism can clearly be extended to an isomorphism between
X and f(h(X)) = Gop(n(x)) as soon as
UX = S;(X)flh(s)ﬁ

S

for all s € Swc(<®)y. But this is guaranteed by X = @5 (together with the
definition of h in (6.1)), hence we are done. O

Corollary 6.24. Let R be an analytic quasi-order, and let f and h be defined as
in (5.1) and (6.1), respectively. Then h is a left-inverse of f, and h reduces the
embeddability relation on Modg, . to R.

Proof. Towards a contradiction, assume that h(f(x)) # « for some = € "2, and let
v < k be an infinite successor ordinal such that h(f(x)) [ v # « | 7. Then

sT(h(f(2))) 132 x k) # sp(x) | 52 x R),

because by Lemma 3.2(ii) the former would contain (h(f(x)) | 7,00) while the
latter not. Thus setting X = f(z) we would get f(h(X)) 2 X by Theorem 5.3(2),
contradicting Proposition 6.23(ii). The fact that h is a reduction easily follows from
Proposition 6.23(ii) and the fact that f reduces R to C| Mod'pr by Theorem 5.4
and Proposition 6.23(i). O

Using essentially the same trick employed to obtain the £+ .-sentence @, one
can show that the map h from (6.1) is Borel. Indeed, notice that

{Nu | = Succ(<m)2},

where N, is as in (2.1), is a basis of size x for the bounded topology &'(*2) on *2,
so that it is enough to show that for each u € Su¢(<¥)2 the set h~'(N,,) is Borel.
By the (generalized) Lopez-Escobar theorem (see Section 2.5), this amounts to find
an L,+.-sentence @% such that h='(N,) = Modﬁ,%.

Proposition 6.25. Let R be an analytic quasi-order, let @ the L.+ .-sentence
from Definition 6.22, and let h be defined as in (6.1). Then for every u € Suce(<r)9

hH(N,) = Mod'fp%,
where @% is the L+ ,-sentence
@r A Jx (Seqganw) (z) A Lab}" (z)) .
Proof. 1t is enough to observe that for every X € Mody, .
h(X) € N, <= u€ Ufnw) < X 3z (Seqyumey () AlLaby (). O

We are now ready to prove the main result of this paper (compare it with | ,
Theorem 10.23]).

Theorem 6.26. Let x be any uncountable cardinal satisfying (2.4). Then the em-
beddability relation Cigep s strongly invariantly universal, that is: For every ana-
lytic quasi-order R there is an L+, -sentence @ (all of whose models are generalised
trees) such that R ~p C | Mod'fp.

Therefore, also the bi-embeddability relation =fgep 1s strongly invariantly uni-
versal.

Proof. Given an analytic quasi-order R, let ¢ be the L, +,-sentence from Defini-
tion 6.22, and consider the quotient map (with respect to Er and = [ Mody,)
of the Borel function f from (5.1). Such a map is well defined by Theorem 5.4,
and witnesses R ~p C | Mod':): indeed, it is an isomorphism of the corresponding
quotient orders by Theorem 5.4 again and Proposition 6.23(i), and the function h
from (6.1) is a Borel lifting of its inverse by Propositions 6.23(ii), Corollary 6.24,
and Proposition 6.25. |
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Finally, by | , Remark 9.7] again we also obtain the analogous result for
graphs (compare it with | , Corollary 10.24]).

Corollary 6.27. Let k be any uncountable cardinal satisfying (2.4). Then the
embeddability relation CErapy and the bi-embeddability relation =gapy are both
strongly invariantly universal.

7. EMBEDDABILITY ON UNCOUNTABLE GROUPS
Let C&roups be the embeddability quasi-order on the space of k-sized groups.

Theorem 7.1 (essentially | , Theorem 5.1]). For every infinite cardinal K, the
quasi-order E¢rapns Borel reduces to CEroups-

Theorem 7.1 was proved by Williams for k = w but the same argument works
for uncountable cardinalities. The proof of Theorem 7.1 produces a map sending
each graph G of cardinality x with set of vertices V = {v,, | @ < k} to the group
H(G) presented by

(V| Ra),
where R is the smallest set which is symmetrized (that is, closed under inverses
and cyclic permutations, and such that all of its elements are cyclically reduced)
and contains the following words

o v for every a < k;

o (vavp)t! for every (vq,v5) € Gj

o (vavp)!3 for every (va,vp) & G.

When G is in the space of graphs on x, we can identify H(G) with a corresponding
element in the space of groups on & in such a way that the map G — H(G) is Borel.

In view of Corollary 5.5, the following result is immediate.

Corollary 7.2. If k is a cardinal satisfying (2.4), then the relation Cgroyps @5
complete for analytic quasi-order.

In this section we strengthen Corollary 7.2 by proving the analogue of Corollary
6.27 for embeddability and bi-embeddability on groups.

Theorem 7.3. Let k be any uncountable cardinal satisfying (2.4). Then the embed-
dability relation Eggroyups and the bi-embeddability relation =¢royps are both strongly
invariantly universal.

We first point out a property satisfied by all H(G). Recall that a piece for the
group presented by (V | R) is a maximal common initial segment of two distinct
r1,79 € R. It is easily checked that for every graph G, the set R satisfies the
following small cancellation condition:

1
' () if u is a piece and u is a subword of some r € R, then |u| < 6|r|

Groups (V | R) whose set of relators R is symmetrized and satisfies the C’ (%)
condition are called sizth groups. The only fact that we shall use about sixth
groups is the following theorem.

Theorem 7.4 (| , Theorem V.10.1]). Let H = (V | R) be a sizth group. If w
represents an element of finite order in H, then there is some r € R of the form
r =" such that w is conjugate to a power of v.

In the next proposition we use the same terminology as the one of | ,
Section 5.3] on interpretations of structures. Recall the following definition.

Definition 7.5. If A and B are two structures over the languages K and L, re-
spectively, an interpretation I' of A into B is given by

(I) a L-formula Or(x);
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(II) a L-formula or(xo, . .., Ty) for each unnested atomic K-formula o(xq, ..., Tn);
and
(III) a surjective map fr: Or(B) — A;
such that for all unnested atomic K-formule o(zq,...,x,) and all b= by, ..., b, €

Or(B), we have
AEolfr(bo),....fr(bn)] < Bl er[bo,..., bl

We now show that every graph G of cardinality x can be interpreted into the
group H(G) in a strong sense. It may be worth pointing out that this fact is true
for any infinite cardinal .

Consider the following L, +.-formulee in the language of groups (where 1 is the
constant symbol for the unit of the group).

(Ord,, (z)) N\ 2P #ELA =1

1<k<n—1
Remark 7.6. If H(G) = Ordy[al], then a has order 7 and Theorem 7.4 yields that
a = wiFu~! for some u € H(G) and |k| < 7. Similarly, if H(G) & Ord,[a] for
n € {11, 13}, then a has order n and by Theorem 7.4 there are two distinct a, f < K

such that the group element v,vg has order n and a = u(vavg)**u~! for some
u € H(G) and |k| < n.

Let Same(z,y) be the L, +,.-formula

(Same(z,y)) Ordz(x) A Ord7(y) A[(Ordyi(x - y) A Ordy(y - z)) V
(Ordys(z - y) A Ordys(y - x))] .

If G(H) = Samea,b], we say that a and b are of the same type. Notice also
that the formula Same(z,y) is symmetric, i.e. for every group H of size x and every
a,b € H, one has H |= Same[a, b] if and only if H = Samel[b, a].

Lemma 7.7. If two distinct a,b are of the same type in G(H), then there exist
w € G(H), k € {~1,1}, and two distinct o, 8 < Kk such that a = wvkw™! and
b= wvgw’l.

Proof. Since the group elements a and b have order 7, it follows from Theorem 7.4
that a = wvfu™" and b = zvjz~" for some integer k, ¢ such that |k|,|¢| < 7. Then,
the product a - b equals

(7.1) uvﬁuilzvngl

and has order 11 or 13. By possibly applying an inner automorphism by some
w € H(G), we can assume that z = 1 and that u does not start with any power
of vg (which in particular implies that u=! does not end with any power of vg).
Therefore the product in (7.1) is cyclically reduced and equals to uvgu_lvé. By
Theorem 7.4 it follows that (7.1) is the power of v,vs for some v, < k. Since no
such words contain a generator and its inverse, we obtain that v = z = 1. So (7.1)
equals v’évg. It also follows that o # 8 because otherwise the order of this element
would be 7 and not 11 or 13. Moreover, the only possibility for k& and ¢ is that
they have the same value equal to 1 or —1 because otherwise the order would be
infinite. O

Let now gen(x) be the L, +,.-formula

(gen(z)) Jy(Same(z,y))

Remark 7.8. Notice that Lemma 7.7 implies that, whenever H(G) = gen[a], there
are a < k, k = 1, and w € H(G) such that a = wvkw™!. Viceversa, H(G) |=

gen[wvkw™1] for each «, k, and w as above.
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Proposition 7.9. Let K = {R} be the graph language consisting of one binary
relational symbol R. Then there exist three formule 0(x),(x = y)r, (R(z,y))r
in the language of groups such that for each graph G on k, there is a function
fa: O(H(GQ)) — G so that the triple consisting of

(D) O(x),
(ID) {(z = y)r, (R(z,y))r}, and
) fe,

is an interpretation T of G into the group H(G).

Proof. First let d(x) be gen(x), and for any graph G on x let fg be the map
sending each element of H(G) of the form wvfw=!, where a < k, k € {—1,1}, and
w € H(G), to the vertex a of G. Notice that by Remark 7.8 the elements of H(G)
satisfying d(x) are exactly all the elements of such form, so fg is a surjection from
J(H(G)) onto G.

Consider the following formula in the language of groups:
((x=vy)r) 32(Ordy (-2 -y -2~ ) VOrdy(z™t -2y - 271))
Claim 7.10. For every graph G on k and every a,b € O(H(G))

G fola) = fe(b) <= H(G) (a=Db)r.

Proof of the Claim. Let o, < k, k,£ € {—1,1}, and w,z € H(G) be such that
a=wvlw " and b= zvfz~", so that fe(a) = a and fa(b) = .
The forward implication is obvious, because G = fa(a) = fa(b) implies a = .
For the backward implication, assume that H(G) = (a = b)r and let ¢ € H(G)
be any element witnessing this. For the sake of definiteness, suppose that the first
disjunct is satisfied, so that

wviw‘lczvgz_lc_l
has order 7 in H(G). By possibly applying an inner automorphism, we can assume
that this element is cyclically reduced, and thus we can argue as in the proof of
Lemma 7.7 to obtain that &« = § and k = £. Then fg(a) = a = fe(b), which
implies that the formula fg(a) = fq(b) is true in G. O

Now consider the following formula in the language of groups:
((R(z,y))r) —(z = y)r A 3z[Same(z,2) A (z = y)r A Ordyy (z - 2)]
Claim 7.11. For every graph G on k and every a,b € O(H(G))

G E Rlfg(a), fa(b)] <= H(G) = (R[a,b])r.

Proof of the Claim. Let o, 8 < k, k,£ € {—1,1}, and w,z € H(G) be such that
a=wvkw™! and b = zvf2z7L.

Assume first that G |= R[fa(a), fa(b)]. Since fa(a) = a and fg(b) = 8 and the
graph relation is irreflexive, we have o # . By Claim 7.10, this implies in particular
that H(G) = —(a = b)r. Setc = wvgw’l, so that, in particular, fg(c) = 8 = fa(b).
Then H(G) = Same[a, c] A (¢ = b)r, and clearly H(G) &= Ordy1a, ¢] by construction
of H(G) (here we use again the fact that G |= R|«, f3]). Therefore ¢ witnesses the
existential statement in (R[a, b])r, hence H(G) = (R]a, b])r.

Suppose now that G = R[fa(a), fa(b)]. By the definition of H(G), it follows that
the group element v, - vg has order 13 in H(G). Consequently, for any ¢ € H(G) of
the same type of a such that [¢ = b]r holds in H(G), we have that a - ¢ cannot have
order 11, hence that H(G) = (R[a,b])r. O

This concludes the proof. O
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Corollary 7.12. For every formula ¢(Z) in the language of graphs there is a for-
mula or(Z) in the language of groups such that for every graph G on k

GEelfc@) < H(G)E era.

For the sake of brevity, we call a group H of size k a Williams’ group if it is
isomorphic to H(G) for some graph G of size k. We are now going to show that
when £ is an uncountable cardinal, there is an L, +,.-sentence ®@y; axiomatizing
the Williams’ groups of size k. The sentence @y will be the conjunction of some
sentences considered below.

Let @g be the L, +.-sentence

(90)

Vi, To, T3, T4 | T1 # T4 A /\ Same(xi, xi—&-l) A\ /\ Same(a:i, Z‘H_g) — Same(xl,x4)
1<i<3 1<i<2

and @, be the £, +,-sentence

(o1)

Jz, 2’ |Same(z,z") A Vy \/ Jzq,..., 2N /\ (Same(z, z;) A Same(a’, z;))A

1<N<w 1<i<N

/\ Same(z;, x;) Ny =1 TN A /\ xixj F£ 1

1<i<j<N 1<i<j<N

Let G be a k-sized graph. Although the relation defined by Same(z,y) on H(G)
is not transitive,'” it is not hard to check that H(G) = @g. Moreover, setting e.g.
x = v and &’ = v it is straightforward to check that H(G) = 1.

Remark 7.13. If H is a group of cardinality x and satisfies @¢ A @1, then there is
a set W C H such that W generates H, and all elements of W are pairwise of the
same type. Such W can be obtained by fixing any two witnesses a,b € H to the
existential quantifier at the beginning of 1, and then setting

W ={a,b} U{c € H | H = Same][a, c| A Same[b, c]}.

Since the cardinality of H is k, the set W has size x because it has to generate
the whole H by H = ;. The sentence @ takes care of the fact that distinct
elements in W are of the same type: if ¢, d are distinct elements of W\ {a, b}, then
all of (¢, a), (¢,b),(a,b), (a,d) and (b, d) are pairs of elements of the same type, and
thus H |= Same[c, d] because H satisfies @¢. Moreover, notice that, by the way
Same(x,y) was defined, a group element ¢ and its inverse are never of the same
type because their product does not have order 11 or 13. So the basic fact that
when ¢ has order 7 the inverse ¢! equals c%, plays a crucial role to argue that such
W is a set of generators. Finally, notice that when H = H(G) for some graph G of
size k, the set W defined in this way will be of the form W = {wvkw™! | a < &},
where w € H(G) and k € {—1,1} only depend on the initial choice of a and b — see
Lemma 7.7.

Recall that the relators of the group H(G), for any graph G, are of three possible
length: 7, 22, or 26. Define the following L, +,-formulze.

(Re|7($17...,$7)) /\ Ti = Lj41-
1<i<6

10Given distinct a,B,7 < K, set a = va, b =vg, and c = vngvﬁ_lz then H(G) = Same[a, b] A

Samelb, ¢], but H(G) [~ Samela, c] because a - ¢ has infinite order in H(G).
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(Rely(z1, ..., 222)) Ordiy(z1 - z2) A /\ (T2i—1 = T2i41 N T2i = Tai42).
1<<10

(Relag (21, . .., 226)) Ordia(zr-22) A N\ (T2i-1 = @aip1 A2 = 2i42).
1<i<12

Let now @2 be the L, +,-sentence

(92)

/\ Voi,...,xn (21 2y = 1A /\ gen(z;) A /\ Ti i1 F1Az - zy #£1 —
1<N<w 1<i<N 1<i<N-1

(Rel7(x1, T ,337) V Relzz(xl, e ,1}22) V Relzs(xl, e 71'26)) s

where for each n € {7,22,26}, we stipulate that Rel, (x1,...,2,) is a contradiction
if N < n. It is not difficult to see that, by construction, H(G) = @2 for every graph
G of size k.

Lemma 7.14. Let H be a group such that H = @2, and let a1 ---an be a product
of elements of H (for some 1 < N < w) such that H = gen[a;] for every 1 <i < N
and ay---an = 1. Then ay---an belongs to the normal closure ncl(R) of the set
R = R(ay,...,an) consisting of the elements

(i) a! for every 1 <i < N;

(ii) (a;-a;)' for every 1 <i < j < N such that H = Ordi1[a; - ajl;

(iii) (a;-a;)'3 for every 1 <i < j < N such that H |= Ordis[a; - a;].

Proof. Suppose towards a contradiction that the lemma fails, and let N be smallest
such that there is a product a; - - - ay satisfying the hypothesis of the lemma, but
such that a; ---an ¢ ncl(R), where R = R(ay,...,ay) is as above. By minimality
of N, we also have that a; - a;41 # 1 for every 1 < i < N, and that a; # aJ_Vl. Since
H E @2 and the premise of the implication is satisfied when setting x; = a; for
every 1 <4 < N, then there is n € {7,22,26} such that the product of the first n
factors is

(i) alif n=17, or

(ii) (a1 - a2)'! with H = Ordii[a; - ag] if n =11, or

(iii) ((ll . a2)13 with H ): Ord13[a1 -ag] if n =13.
In each of the three cases, it follows that the product of the first n factors equals 1.
As a consequence, the product

Uni1---an
still satisfies the hypothesis of the lemma, and thus a,,+1 - - ay € ncl(R(an+1,-..,an))
by minimality on N. But since R(an41,...,an) C R(a,...,an), this would imply
aj---ay € ncl(R(ay,...an)), a contradiction. O

Finally, let @g, the first-order sentence axiomatizing groups. Then ®wy; is the
L,.+,.-sentence

(Owir) ©Pgp A 90 A Q1A @o.
Remark 7.15. Notice that H(G) = ®@w; for every k-sized graph G.

Lemma 7.16. Let H be a group of size k. If H = Ow;, then H is a Williams’
group, i.e. H = H(G) for some graph G of size k.
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Proof. Given H such that H = Ow, let W be a set of generators for H as in
Remark 7.13, and let (w4 )a<, be an enumeration without repetitions of W. By the
universal property of the free group we have H = F(W)/N, where F(W) denotes
the free group on W and N is some normal subgroup of F(W). Denote by Ry the
smallest symmetrized subset of F(W) containing the words

o w’ for every w, € W;

(] (wa 'w,@)ll if H ): Ordll[wa . wg];

o (wy - wp)'? if H = Ordis[w, - wg.
For the way Ry is defined, the normal closure ncl(Ry) of Ry which is a (necessarily
normal) subgroup of F(W), is contained in N. Now we shall show that N C
ncl(Ry). Suppose that w € N, namely, that the group element w - N is the unity
1-Nof H Say w = Wq, *** Wa, [Or Wa,y,...,ws, € W. We can suppose that
Wa,,, # wy! for every i < n. It follows by Lemma 7.14 that w is contained in the
normal closure of R(waq,,...,Wsy, ), which is included in ncl(Ry) by definition of
Ry.

By the discussion above, it follows that N = ncl(Rpy), therefore H = (W | Ry).
We define a binary relation R“ on k by setting for o, 8 < K

a RC B — Wq - wg has order 11 in H.

The relation RY is irreflexive because for every a < k we have H |= gen[w,], so that
we has order 7 in H and thus w, - w, cannot have order 11 in H. Moreover, RS is
also symmetric because by definition of W, for any two distinct «, § < k the group
elements w, and wg are of the same type, and thus the order of w, - ws equals the
order of wg - w,. It follows that the resulting structure G = (k, RY) is a graph on
Kk, and it is easy to check that H & H(G) via the isomorphism wg, — vq. O

Remark 7.17. The construction given in the proof of Lemma 7.16 actually yields a
Borel map H — Gp from the space of groups on « satisfying ®wy; to the space of
graphs on « such that H = H(Gpg) for each H = Q.

Now we have all the ingredients to prove the main theorem of this section, namely
Theorem 7.3. Indeed, it immediately follows from Corollary 6.27 and the following
proposition.

Proposition 7.18. For every sentence @ in the language of graphs there is a sen-

K

tence ¢ in the language of groups such that °F ~p Cg
Proof. Given any sentence @ in the language of graphs, let ¢ be the sentence

@1 A Pwil,
where @r is as in Corollary 7.12. Let f be the quotient map of the Borel function
h: Modg, — Modg,: G — H(G)

with respect to the bi-embeddability relation (on both sides). The range of h is
contained in Mod'; by Corollary 7.12 and Remark 7.15, and its quotient map f
is well-defined because h witnesses Theorem 7.1. Moreover, by Lemma 7.16 and
Corollary 7.12 again, for every k-sized group H we have that H € Modg if and
only if there is G' € Mody, such that H = H(G), and by Remark 7.17 such G = Gy
can be recovered in a Borel way. It follows that f is an isomorphism between the
relevant quotient spaces, and that the restriction of the map H — Hg to Mod'&; is
a Borel lifting of f~!. Therefore the map f witnesses that Co ~B Cg- |

Remark 7.19. It must be stressed that all the results in this section, unlike the
preceding ones, are true for any infinite cardinal k. Therefore, setting x = w in
Proposition 7.18 and combining it with | , Theorem 3.9] we get an alternative
proof of | , Theorem 3.5].
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8. FURTHER RESULTS AND OPEN PROBLEMS

Generalized descriptive set theory not only provides a good framework to deal
with uncountable first-order structures, but it also allows us to nicely code various
kind of non-separable topological spaces.

For example, in | , Section 7.2.3] it is shown how to construe the space
of all complete metric spaces of density character x (up to isometry) as a standard
Borel k-space M. This is obtained by coding each such space M = (M,dy) as

the element x5, € ****Q"2 (where QT = {g € Q | ¢ > 0}) defined by setting
xM(avﬂvq) =1 dM(moum,@) < q,

where {m, | @ < k} is any dense subset of M of size k. Note that such a code
is not unique, as it depends on both the choice of a dense subset of M and of a
specific enumeration of it. The space M can easily be recovered, up to isometry,
from any of its codes s by taking the completion of the metric space (k,dy,, ),
where d,,, (o, 8) = inf{g € Q" | zps(a, 8,¢) = 1}. The space "***2"2 is naturally
homeomorphic to #2, and it can be straightforwardly checked that the set M, C
#xrxQ%9 of all codes for complete metric spaces of density character x is a Borel
subset of it, and hence a standard Borel k-space. It immediately follows that the
relation C¢, of isometric embeddability on 9, is an analytic quasi-order, whose
complexity can then be analyzed in terms of Borel reducibility. An easy consequence
of Corollary 5.5 is the following (compare it with the main results in | ,
Section 16.3.1], which deal with the case w < k < 2%0).

Corollary 8.1. Let k be any cardinal satisfying (2.4). Then T is complete for

analytic quasi-orders. Indeed, the same is true when T is restricted to the subclass
of M. consisting of all discrete spaces.

This result is obtained using and easy and somewhat canonical (continuous) way
of transforming a graph G on & into a discrete metric space (k,dg) (necessarily
complete and of density character x), namely: Fix strictly positive rg,7; € R such
that 0 < rg < r1 < 2rg, and set

0 ifa=p
da(a, ) =19 if a# B and a and 3 are adjacent in G
r1 if @ # § and a and § are not adjacent in G.

(The condition on rg and 71 ensures that dg satisfies the triangular inequality.)
Furthermore, the correspondence between graphs and discrete metric spaces just

described is so tight that it easily yields the following strengthening of Corollary 8.1

(just use Corollary 6.27 instead of Corollary 5.5, plus the fact that any discrete

metric space M on k isometric to some (k,dg) is of the form (k,dg/) for some
G Q@)

Corollary 8.2. Let k be any uncountable cardinal satisfying (2.4). Then the iso-
metric embeddability relation C° is strongly invariantly universal in the following
sense: For every (k-)analytic quasi-order R there is a Borel B C M, closed under
isometry such that R ~pg C!| B.

Moreover, the same applies to the restriction of C% to discrete spaces, and to the
isometric bi-embeddability relation on the same classes of metric spaces.

Besides discrete spaces, there is another subclass of 91, that has been widely
considered in relation to this kind of problems, namely that of ultrametric spaces.
(Recall that a metric d is an ultrametric if it satisfies the following strengthening
of the triangular inequality: d(x,z) < max{d(z,y),d(y, z)} for all triple of points
x,y,2.) The descriptive set-theoretical complexity of the restriction of C% to ul-
trametric spaces have been fully determined in | , , | for the
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classical case k = w, and some results for the case w < xk < 2% have been presented
in | |. Unfortunately, the completeness results obtained in this paper cannot
instead be used to obtain analogous results for the case when & satisfies (2.4). This
is because in our current main construction (Sections 4-5) we used generalized trees
with uncountably many levels, and we do not know how to canonically transform
such a tree in an ultrametric space in a “faithful” way.

A strategy to overcome this difficulty would consist in first proving the comple-
teness of the embeddability relation on a different kind of trees of size k, namely
combinatorial trees. A combinatorial tree is a domain equipped with a relation (not
a partial order) <7 such that (T, <7) is a graph (i.e. irreflexive and symmetric) re-
lation and T is connected and acyclic. This is exactly the kind of trees used in the
previously mentioned papers, and such trees can straightforwardly be transformed
in complete ultramentric spaces of density character  (in fact, even into ultrametric
and discrete metric spaces of size Kk — see e.g. | , 16.3.2] for more details on
this construction). A slightly weaker approach would be that of considering des-
criptive set-theoretical trees of countable height, namely DST-trees T C <%k for
some a < wi. The construction presented in | , Section 4] would then allow us
to transfer the results concerning these trees to the context of complete (discrete)
ultrametric spaces of density character x. This discussion motivates the following
questions.

Question 8.3. Let k be any uncountable cardinal satisfying (2.4). What is the
complezity with respect to Borel reducibility of the embeddability relation between
combinatorial trees of size k? What about descriptive set-theoretical trees of size k
and countable height?

A somewhat related, albeit weaker, question is the following:

Question 8.4. Let k be any uncountable cardinal satisfying (2.4). What is the
complexity with respect to Borel reducibility of the embeddability relation between
arbitrary set-theoretical trees of size k%

There are evidences that an answer to this question can be obtained if we replace
embeddability with continuous embeddability, where “continuous” means that the
embeddings f between set-theoretical trees T7 and T must satisfy the following
additional condition: If s € T} has limit height, then f(s) = sup{f(¢) | t € Pred(s)}.

We conclude this section by noticing that our completeness results can be trans-
ferred to many other settings. For example, an approach similar to that used in
the case of complete metric spaces of density character x allows us to construe the
space of all Banach spaces of density « as a standard Borel k-space B,,, see | ,
Section 7.2.4] for more details on such coding procedure. It follows that the rela-
tion CU of linear isometric embeddability on 9B, is an analytic one, and combining
Corollary 5.5 with the construction in | , Section 16.4] one easily gets

Corollary 8.5. Let k be any cardinal satisfying (2.4). Then Tl is complete for
analytic quasi-orders.

We do not know if this can be further improved to a (strongly) invariant univer-
sality result.
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