THE MINIMAL COFINALITY OF AN ULTRAPOWER OF
w AND THE COFINALITY OF THE SYMMETRIC GROUP
CAN BE LARGER THAN b™"

HEIKE MILDENBERGER AND SAHARON SHELAH

ABSTRACT. We prove the statement in the title.

1. INTRODUCTION

We show that b is neither an upper bound on mef nor on cf (Sym(w)). In
all models known formerly the two cardinals were bounded by b™ and since
the related cardinal g is bounded by b™ in ZFC the possibility that also these
two cardinals be bounded by b™ was not excluded before our research. We
provide forcing constructions to increase these two cardinal characteristics.

We recall the definitions:

Definition 1.1. By ultrapower we mean the usual modeltheoretic ultra-
power: (w,<)¥/% is the structure with domain {[fle : f € “w} where
flaw = {9 € “w : {n : f(n) = g(n)} € %} and [flo <a l9lu if
{n : f(n) < g(n)} € . The minimal cofinality of an ultrapower of w,
mcf, is defined as the

mef = min{cf((w, <)*)/%) : % non-principal ultrafilter on w}.

Definition 1.2. Sym(w) is the group of all permutations of w. If Sym(w) =
Uicr Gi and £ = cf(k) > No, (G; : i < k) is strictly increasing, G; is a
proper subgroup of Sym(w), we call (G; : i < k) a decomposition. We call
the minimal such k the cofinality of the symmetric group, and denote it
cf(Sym(w)).

We recall some related cardinal characteristics and some estimates: For
fig € “w we write f <* g and say g eventually dominates (bounds) f if
(3n)(Vk > n)(f(k) < g(k)). A set B C “w is called unbounded if there is no
g that dominates all members of B. The bounding number b is the minimal
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cardinality of an unbounded set. A set D C “w is called dominating if for
every f € Yw there is a ¢ € D such that f <* g. The minimal cardinal of a
dominating set is called the dominating number, 9. A set 4 C [w]* is called
groupwise dense if it is closed under almost subsets and for every strictly
increasing sequence 7, i € w there is A € [w]“ such that J;c 4 [mi, mit1) € 9.
A groupwise dense ideal is a groupwise dense set that is additionally closed
under finite unions. The groupwise density number g (groupwise density
number for filters gs) is the minimal size of a collection of groupwise dense
sets (ideals) whose intersection is empty. A set D C “w is called finitely
dominating if for every f € “w there is k € w and there are g;, ¢ < k, g; € D
such that f <* max{g; : ¢ < k}, where the maximum is taken pointwise.
The cardinal invariant cov(Dgy,) is the smallest cardinality of a collection
of non finitely dominating sets whose union is dominating. An equivalent
definition of cov(Dgy,) (see [14]) is the smallest x such that there are non-
principal ultrafilters %, on w, a < &, and sequences g, 3, 8 < K for a« < K
such that for every f € “w there are o, 8 < s such that f <4, g.3-

Obviously mef > b. By Canjar [6], cf(?) > mcf. ZFC also implies mcf > g
[4, Theorem 3.1] and mcf > g (with the same proof) and mef > cov(Dgy) >
gy [11]. There is it shown with an oracle c.c. forcing that mcf = cov(Dgn) =
b = Ny > max(b,g) = N; is consistent. A model of mef = cov(Dgy)
Ny > max(gs,u) = Ny is given in [10] (u is the minimal character of a non-
principal ultrafilter on w.) Shelah [13] showed that gy < b" in ZFC. This
consequence of ZFC lead to the question:

Question 1.3. Are there cardinal invariants “slightly” above gy that still
are bounded by bt ?

Here we show that there is no such upper bound on mcf. A similar proof
works for cov(Dgy).

Theorem 1.4. Suppose that X1 < 0 = cf(9) <0 =cf(f) < k = cf(k) < A
and GCH holds up to A. Then there is a notion of forcing P of size A that
preserves cardinalities and cofinalities and that forces MA_ g5 and b = 0 and
mef > Kk and ¢ = .

We write the proof here for = = X and xN0 < \. The cardinal preserving
forcing P from the proof of the theorem gives a model of k < mcf and
¢ = A= put > k. Our constructon gives that » is a successor. With the
collapse Coll(k, ) we can arrange k = A in the end. Since the collapse is
(< k)-closed it does not destroy the cardinal invariant constellation of 9,
0 and k. If we want for example that the continuum is a limit afterwards
(or even a weakly inaccessible) then we assume the existence of a strong
limit cardinal (or of a strongly inaccessibel cardinal) v, carry out the forcing
P with k < g, A < v as in the theorem and thus v stays a strong limit
cardinal (or strongly inaccessible). Then after the forcing P we collapse v
to k with conditions of size < k. k = ¢ is a limit cardinal afterwards (or
weakly inaccessible).
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Sharp and Thomas [12] showed that cf(Sym(w)) = b™ is consistent and
also cf(Sym(w)) < b is consistent, and Mildenberger and Shelah [9] showed
that g = ¥y < cf(Sym(w)) = b = Ny is consistent. Brendle and Losada
[5] showed that the inequality g < cf(Sym(w)) follows from ZFC. Simon
Thomas [15] showed that cf(Sym(w)) < cf*(Sym(w)) < 9. For the definition
of cf*(Sym(w)) and more results on this useful intermediate cardinal we refer
the reader to [15]. So also cf(Sym(w)) is a candidate for the question above.
Again we prove that it is not bounded.

Theorem 1.5. Suppose that ¥ < 0 = cf(0) <0 =cf(f) < K =cf(k) < A
and GCH holds up to . Then there is a notion of forcing P of size A that
preserves cardinalities and cofinalities and that forces MA.g and b = 0 and
mef > £ and cf(Sym(w)) > Kk and ¢ = A.

The same remark about using Lévy collapses afterwards apply. The forc-
ing Coll(k,\) might add new short sequences of subgroups. However, it
does not introduce new witnesses decompositions of length < x. Our forc-
ing in the proof of Theorem 1.5 uses only the witness to define an iterand
destroying the witness and at the same time all decompositions that have
this witness. So Coll(k, \) preserves cf(Sym(w)) > k.

2. FORCING ARBITRARY SPREAD BETWEEN b AND mcf

In this section we prove Theorem 1.4.

For a set of ordinals C, the set of accumulations points is acc(C) = {J €
C : 6 =sup(Cnd)}. If C is closed then acc(C) C C. For a set C of
ordinals, otp(C') denotes its ordertype, the unique ordinal « such that there
is an order preserving bijection from («, €) onto (C, €).

Hypothesis 2.1. GCH holds up to A\, Xy < 0 = cf(9) <0 =cf(f) < k =
cf(k) <\, put =\

Lemma 2.2. By a preliminary forcing of size A that preserves cofinalities

and cardinalities starting from the hypothesis we get a forcing extension with

the following situation:

(a) 0 =cf(0) <k =cf(k) <p< A=A put =X\ o<

(b) < is a family of size X of subsets of [u]<*, (VA € ) (VB € 4 )(ANB
is finite).

(c) if k1 < k and (ug,u1) is a partition of y then there is £ € 2 and there
are X\ many A € < such that A C uy and |A| > K;.

(d) there is a square sequence C = (Cy : a € A, limit) in X\ = p* that is
club guessing, i.e., C has the following properties
(1) Cq C a is cofinal in o and closed in «, i.e., acc(Cy) C C U{a},

otp(Ca) < p,

(2) for B € acc(Cy), Cp = Co N,
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(8) for every club E in X there are stationarily many o € X\ with
cf(a) = p and C,, C E. We call this “C is club guessing”.

(e) There is an <*-unbounded sequence (g, : o < 0) in “w.

Proof. We first add by forcing an almost disjoint family o/ C [u|<" as in
Baumgartner’s work [3]. We recall some of the main steps of Baumgartner’s
forcing in Section 6 [3]: Let </ (k’, A\, k', V) be the following statement: There
is a family &/ of size \ such that each A € < is a subset of ' of size x’
and for A # B € 4/, the intersection A N B is of size less than v. Let
F = (F, : a <)) be a sequence of members of [+/]*', repetition is allowed.
A basic forcing factor is Q'(k/, A, v, F') consisting of conditions p = f that are
partial functions f: A\ — |J Fy, |dom(f)| < v, f(a) C Fy, |f(a)| < v and
[ <@warr 91t f(a) C g(a) for a € dom(f) and for all a # 3 € dom(f),
fla)n f(B) = g(a) Ng(B).

Now let K = {u : v <V <k, u regular cardinal} and let

QW A\ F)={{fy : VeK)e [[ Q& AV, F):
v'eK
(VV// <V e K)(dom(fyu) - dOm(fV/) AN (Va S dOm(f,//))fV//(Oé) - f,//(a))}.

This forcing has size A, forces the desired witness & of &7 (x', \, k', V), and
it preserves cardinalities and cofinalities by [3, Lemmata 2.2. to 2.6].

Now we let ' = & in the successor case, and if x is a limit, take ¥’ = k.
Forcing with Q(x’, \, v, F) gives a v-almost disjoint family </ C [']<*. We
take v = Rg. We fix pr > k. Now we show that (c) is true. Let ((uf,u{)) :
a < A) enumerate all partitions of p such that each pair appears A times.
Let {Ay : a < A} enumerate /. Then, given the task (ug,u{") we choose
t* € 2 such that |ufs N Ay| = |Aq|. In the end we let & = {uw N A, -
a € A\, t* =/}, So we have the desired <), o/ and even more: o U .2 is a
family of almost disjoint sets.

Now, in this forcing extension by Baumgartner’s forcing we force again, by
a p-distributive (so no new p sequences are added, and A = u™ is preserved)
forcing of size A: This forcing combines the forcing for adding a square
sequence by approximations (as in [7, Exercise 23.3]) with a component
that makes the sequence club guessing.

A forcing condition has the form p = ((Cy : a < 7,acc(a)), %) = (Ch :
a < v(p),lim(a)), €P) with the following properties. C, C « is club in «,
otp(Cq) < p, v < A, for g € lim(Cy), Cg = Co N G and 67 is a set of size p
of clubs in A\. A condition ¢ = ((Dy : a < 7/,lim(«)), 2) is stronger than
p=((Cq : a <~ lim(a)),?) iff (D, : a <+, lim(a)) is an end extension
of (Cp : a <, lim(a)), € C 2, and there is a € 7/, D, C (€.

By density arguments, the generic G of this forcing gives rise to

Ca=|J{C : 3¢(C,%) € G}

a square sequence with built in club guessing.
We now show that the forcing is indeed p-distributive.
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Let f be a name for a function f: p — V, f € V[G|. By induction on
a < p we choose p,. Let pg be any condition. Let pat1 > pa such that pa i
decides f(a) and such that C,,,_ .,y has order type < y. Now assume that
a < pis a limit ordinal. Let limg_,o v(pg) = 0. Now let ¥(pa) =70 +w - j
for a sufficiently large j < A. We define €' (po) = U{€(p3) : 5 < a}. The
square sequence part (C’g" : B < 7(pa)) of pa is the union of the C-parts of

the pg, B < «, together with the additional elements: C’% = U5<a Csfpg) is
of ordertype < p. Then we prolong the C-part of the condition p, coherently
by some additional elements CP*, i < j, so that the last element CP,
again has ordertype < u and such that there is i < j with C'I;(?er-i CNE(pa)-

Since £ > N9 in the ground model and since all the forcings so far are
(< K)-closed, after the Baumgartner forcing and the square with club guess-
ing forcing we still have the CH. Now we extend by an iteration of length 6
of Hechler reals (see, e.g., [2, Def. 3.1.9] for Hechler forcing, called D there)

and thus get a sequence (g, : a < 6) that is <*-unbounded. -

Now we assume that we have families <%, @4 and a square sequence
with built in club guessing C' and an unbounded sequence (g, : a < )
as described in the conclusion of Lemma 2.2 in the ground model, and will
now describe the final two forcing orders in the proof of Theorem 1.4. For
ease of notation, we consider the model after the forcing from the proof of
Lemma 2.2 now as the ground model V and argue over it.

The first step is a forcing K = (K, <k) of approximations q € K, where
K = U{Kq, : @ < A} and K, is the set of a-approximations. The relation
<k denotes prolonging the forcing iteration and taking an end extension
of the partition of the iteration length and of A. Once we have a generic
Gy for this forcing by approximations and end extension, we force with the
direct limit

(2.1) Pg, = J{P? : q € Gk}
We let
(2.2) P:= K Pg,.

Definition 2.3. Assume that <y, £ = 0,1, \, i, k, 9, § and C have the

properties listed in the conclusion of Lemma 2.2. A finite support iteration

together with three disjoint domains and a sequence of subsets of u, q =

(P, %Y, U2, U1, A), is an element of the set K, of a-approximations iff

it has the following properties:

(a) P9 =P, where Q4 = <]P’$,@g : B < a(q),y < alq)) is a finite support
iteration of c.c.c. forcings of length a = a(q) = lg(q) < A.

(b) U = U are the odd ordinals in o and %, U is a partition of the
even ordinals in o, %, contains only limit ordinals, and A = (Ag : B €

Oéﬁ%2>.
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(¢) For B € %, Qp tis the Cohen forcing (*~2,<) and we call the generic
real 3.

(d) For B € 7, Qg is a c.c.c. forcing of size 05 < 0.
(e) For 3 € %, there is Mg = (npi : i < kg) of length kg < K, that is a
Pg-name for a sequence of functions from w to w.

Moreover there is a sequence (£ : i < kg) =: &g of g4 = €(B,1) €
Uy N B, increasing with i, of Cohen reals relevant for time B, and there
are Az C p and a sequence of conditions pg = (pg; : i < Kg), and
tg € 2 with the following properties

{&s, 1 i< kgt C{e+1:¢ee€acc(Cp)}, and

(AﬁE&thﬁ/\Aﬁg{Afy Dy € BN U}
A Ag D {otp(e Nacc(Cp)) : (e € acc(Cp)
(2.3) Ne+1e{&s; :i<rg})}) and

ng,i s a Pe, -name, and
Ps = (Ppi 0 < Kp),psi € P ity

(f) With the objects named in (e), for B € % we define Pgy; as follows:
Weletp € Pgq iff p: B+1—V,p| B €Pg and

plBlFe, p(B) = (n, f,u)
AneEew
ANfin—w
ANu C kg is finite
A (Vi € u)(ps. € G(P3)

A|{i e Kg : Pgi € G(Pﬂ)}’ = Kg.

P <ps, ¢ iff

q 1 B1Fps np) < ng(p)
A Tp(8) € fa)
A (V1 € [ny(8),1(8))) (Vi € ()
(0g5,(n) =tz — ngi(n) < foz)(n)).

(9) For B < a we define P} to be the set of the p € Pg with the following
properties: If v € dom(p), then p(vy) € V (is not just a name) and if
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~ € dom(p) N % then
p Iyl € upny — (pyi <, p 1Y
A&, i € dom(p)
Ap | &y forces a value to 0y [1g(p(&y.0)),
Ay <1(p(€y)))-

Remark: We call (p(§,,:), 7+, I 18(p(€,:))) in our indiscernibility argu-
ments hy, ~ ;.

(2.4)

The objects whose existence is presupposed in Def. 2.3(e) are free pa-
rameters. There is no book-keeping involved, but the forcing K with the
approximations does a similar job: In Lemmata 2.7, 2.8 and 2.10 we invoke
density arguments. Since A< = X is regular and since Pgy is a finite sup-
port iteration of c.c.c. forcings, since K does not add sequences of length
< ) and since k < A, each sequence (1; : i < k') of k' < k reals in V¥ has
a Pg-name for some # < \. For cf(8) = y, once (ngi = 1 < rp) is fixed, it is
easy to find suitable Ag, &g, g, t5 that fulfil (2.3), as we see in the proof of
Lemma 2.7.

We outline the purpose of the properties (a) to (g) listed in Def. 2.3:
Item (e) is to keep the Cohen part {{3; : ¢ < rg} of the supports in the
definition of the iterand Qg almost disjoint from that of another iterand Q¢
with tc # tg, ¢, 3 € %. The sequence (7751 : 1 < Kkg) is a possible cofinal
sequence in a reduced product. We do not name the ultrafilter, just the fact
that a Cohen real g¢(g) or its complement will be in the ultrafilter 7 will
be used to produce a fast growing function f and a collection of domains
d; = Qg&m{tg}, i € Ug, Ug cofinal in kg, such that f dominates ng; on
d; € @ for i € Ug. So f shows that the sequence 73, © < kg, is not cofinal
in the reduced ordering. Starting with p € K, 7 € VI, and a P-name 2
for a non-principal ultrafilter on w, there are a 3> o and q7 >k q >k p,
q € K3, g7 € Kg;1, such that Qq adds a <g-dominator to 775 = 7 (this
will be shown in Lemma 2.7). Item (g) together with equation 2.3 will be
used in the “negative theory” (Lemma 2.10): K * Pg, does not destroy the
unboundedness of the sequence (g, : o < ) from the preliminary forcing.

Definition 2.4. We let K = (J{K, : o < A} be the set of approximations.
For q = (P, %, %, %, A) € Ky and 3 < a we letq | B = (Pg, % NG, 241N
B, % NB,A| (). Welet the forcing with approzimations be K = (K, <g)
with the following forcing order: q >k qo iff q | @(qo) = qo-

Lemma 2.5. (1) For a <\, each q € K, has the c.c.c.
(2) Ifa <X andqe K, and B < o then q | B € Kg.

Proof. (1) We prove by induction on « that P, has the c.c.c. For limit
ordinals 3, the c.c.c. is preserved because we are iterating with finite sup-
port. In the case of @« = § + 1, if we wish to put 8 € % or in 724 we
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have the c.c.c iterand Qg and P, = Pg * Q. If a = §+ 1 and we wish
to put 8 € % we prove directly that P, has the c.c.c. Suppose that
{py : 7 € w1} are conditions in P,. By induction hypothesis we can take
a Pg-generic filter G such that A = {y € w1 : p, | f € G} is uncount-
able. Now by the definition of P,, there are n € w and f: n — w such that
B={yeA:p,|BIF(n,@p)fp») = (n f)} is uncountable. Now we
take v # 0 € B such that p, [ 8 L ps [ B. Since 7,0 € B, also p, L ps.
Hence P, has the c.c.c. Now Qg is the Pg name of P /Pg. =

Lemma 2.6. (1) K= (K, <g) is a (< \)-closed partial order.
(2) Fk Pg, satisfies the c.c.c.

(3) Forcing by K x Pg, does not collapse cofinalities nor cardinals and it
forces 280 = X\ = X<* and the power p* for p > X does not change.

Lemma 2.7. In the generic extension by P = K x Pg,, MA.y holds and
mef > K.

Proof. MA .5 holds because of the iterands attached to %) and by Lemma 2.6
as cf(\) = A\. Now let a P-name for an ultrafilter 2 and P-names 7;, i < &/,
for some k' < k, and (p,p) € P be given. )

As Pg, is c.c.c, and K is (< \)-closed we can assume that 7; is a PP-name
of a member of “w and p = p € PP.

We show that there is a stronger (q,p) >p (p,p) that forces that 7,
i < K, is not cofinal in w* /2. ) ) )

We choose (qq : @ < A) continuously increasing in <g such that qy = p

and qq1 forces a IP’E{E?H)—name to 7N P(w)qua. For this we use (Va <

A)(a¥ < X) and known reflection properties of finite support iterations of
c.c.c. iterands of size < A\. Then F = {lg(qs) : o < A} is a clubin A. So
by Lemma 2.2, there are 8 > Ig(p), # € E, cf(f) = p and C3 C E and
otp(Cpg) > p. Let g be that q, with Ig(qs) = 5. Let {e(4) : i < p} enumer-
ate the accumulation points of Cg and note that ¢ — otp(acc(Cg) Ne(4)) is
injective and independent of 3, by the coherence of the square sequence C.
For i < p we choose t(i) € 2, p; € PE, p; > p such that

{n : geya(n) =t(i)} € 2.

Since kg < k < i, for some pg < p

-
pi Plit1)

up = {i < p : (i) =4, (Vj < kg)(n; is a P} -name)}, £ =0,1

is a partition of i~ g into two parts, and hence by conclusion (d) of Lemma
2.1 there is some t3 € 2 such that thereis A = Ag € o ,~{A, : v € %'NG}
such that

{i € uy, : otp(e(i) Nacc(Cp)) € Ag}

has size at least «/'.
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Now we thin out {e(i) + 1 : i € w,,otp(e(i) Nacc(Cp)) € Ap}, to a
sequence (§(i) : 7 < w') such that £(i) € {€(i) : 7 € uy,,otp(e(i)Nacc(Cp)) €
Ag}, £(i) > £(j) for j < i, and &(4) increasing with 4, such that a there is a
strengthening pg; >p, p;i with pg; € (P’ )g( We define g™ >k q by

(a) q+ € K,@+la

qt _
Aﬂ = A,

i+1)°

q+

K5 =K,

(€ i<k )= (6 +1:iew),
+ +
Phi = Ppi € (P)gg,41):

So (N@g+ is defined by (d), (e), (f).

Now P9" has the c.c.c., hence there is P ZPqu D,
G+1

P rpgr “W ={i <k’ : p; € G(P9)} has cardinality «'”.

)
)
() (% ci<wd )= (g i<#),
) K
)

So (qt,p’) forces for the @g+—generic real g5 that

i€ W —mnilog, {ts} <" gs I o, {ts}-
_|

Since i — otp(acc(Cg) Ne(i)) is by the coherence of the square sequence
independent of 3 and injective, equation (2.3) has an important consequence:
If tg, # tp,, then {(i,)) € rg, X kg, : &aoi = Epugt S {(,7) + otp(€p,i N
acc(Cg,)) € Ag, Notp(&s,,j Nacc(Cg,)) € Ag )}, and this is finite, since
Ap, € o3,, £ =0,1. This finiteness will enter in Claim 2.11 part (2).

Now in the remainder we prove that in the generic extension b = 6.

Lemma 2.8. If q € K, and 8 < o then Py = (P’)g is a dense subset of
Py = P,

Proof. Let for 61 < (s < a, ]P’/’leg2 = {p € Pg, : the demands from Defini-
tion 2.3(g) hold for v € dom(p) \ B for all i € up,y N\ B1, and if i € uy) NG
then we only demand p,; <p [ v and &, ; € dom(p)}.

So we prove by induction on 5 < « for every (5 € [B1,«a) for every
pel .5, there is g € IP”B2 such that p <p, ¢ andp | [B1,52) = q | [51,52)-

Case 1: 81 = 0. Since IP’/'32 =P}, 5, we can take p = g.

Case 2: [ is a limit ordinal. We let Gy = sup(dom(p) N 31)) < B1 and
use the induction hypothesis for Gy + 1.

Case 3: f1 = fBp+ 1 and By € %" If By ¢ dom(p) we use the induction
hypothesis. If fy € dom(p) we let v = {y € B2 : v € % Ndom(p1) \ [1
and for some i < kg, fo = &,i}. For v € v let i(y) witness it. Let
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N = sup{nyy) : 7 € v}. Let qo € Pg,, qo > p [ Bp and force a value to p(),
a Cohen condition. As usual w.lLo.g., Ig(p(50)) > n.. Now {1,y : ¥ € v}
is a finite set of Pg,-names so some q; € Pg,, q1 > qo forces a value to
Ny.iy) | 18(p(Bo)) for v € v. W.lo.g. p [ fo = ¢1 and we are done.

Case 4: 31 = fBp+ 1 and By € 2. If By ¢ dom(p) we use the induction
hypothesis. If §y € dom(p), p(fo) is a Pgy-name of a member of Qg, i.e.
an ordinal < dg. Now p | By € Pg, hence there is q1 € Pg, as in the
induction hypothesis and such that p [ By < ¢1 and ¢; forces a value to
p(Bo). Now let dom(g) = dom(g1) Udom(p), ¢ [ Bo = q1 and ¢(f) = ¢ and
gl [Bo+1,62) =p | [Bo+1,02). Now easily ¢ is as required.

Case 5: 31 = fp+ 1 and By € % . If By ¢ dom(p) we use the induction
hypothesis. If 5y € dom(p), p(fp) is a Pg,-name of a member of Qg, and by
strengthening p [ By we can assume that p [ Gy forces a value to p(fy), say
(n, f,u). Since By € % it is a limit ordinal.

Choose q1 € Pg, such that (p [ fo) < q1 and for every i € wuyg,),
£po.i € dom(qr) and g1 > p [ Bo and q1 [ Bo > pg,i- W.lo.g.,, q1 =p | fo and
p(Bo) = (n, f,u). Let B« = sup(dom(p) N By) + 1. Now apply the induction
hypothesis to p and S.. -

Definition 2.9. Let a and b be finite sets of ordinals and |a| = |b|. By
OP(a,b) we denote the unique order preserving bijection from a onto b.

Lemma 2.10. Let g = (g- : € < 0) be a <*-increasing sequence in V that
does mot have an upper bound, 0 < 0 < k. Then, for every & < X\ and
q € K., after forcing with P2 the sequence g is still unbounded.

Corollary 2.11. After forcing with P, g is unbounded.

Proof of the lemma. Towards a contradiction assume that q € K, and
there is p, € P% and there is a P4-name g such that p, IFpa (Ve < 6)(g- <* g).

Hence we can choose for ¢ < 6, (p;,ng) with the following properties:
pe € (P9, py <pa pe, ne € w and pe IF 1 € [ne,w) — ge(n) < g(n). We let
Pe(7) = (Nepys fory, Uey) for v € dom(p.) N %. We let ue = J{uey + 7 €
dom(p:) N % }.

Now by the A-system lemma and by Fodor’s lemma there is a stationary
S C 0 and there are

(TL*, My, m§, Uiy U, (n’ya fv)vEU*ﬁ”//gv (pf;*)ryev*n(%u%l))
with the following homogeneity properties:
(1) For e € S, |dom(pe)| = ms and n. = n, and |u.| = m3.

(2) For e € S, Bop # B € dom(p.) N % with tg, # tg,, the finite set
{&8p,i0 1 0 < kgt N{&p,i1 © %1 < Kp, } is independent of e, just
dependent on the position of Gy and 3 in dom(p,).

(3) Fore # (€S, dom(p:) Ndom(pe) = vy and ue N ue = Us.
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(4) For g,¢ € S the function OP(dom(p,), dom(p¢)) maps v, to itself and
(ﬁ()af,@o,io) to (ﬁl,fghil), that means: if 19 € Up,(Bo)s then 11 € upc(gl)
and hpaﬂo,io = hpgﬂhir

(5) ForeeS,if vy € v, N %, then n. , =n, and f., = fy.

(6) Fore €S, if y € v, N (% U72) then p.(v) = p3".

We fix € = (e(k) : k € w) with the following properties: The sequence
(e(k) : k € w) is increasing (k) € S and there is n > ny,n, v € vy, such
that p.x) IF g-() (n) > k for every k. It is important that n is indendent of k.
Since (g : € € §) is <*-unbounded, there is such a countable subsequence
that has such an n.

Now take ¢ € P;,, ¢ > p (o) such that g I g(n) = ¢ for some ¢ € w.

Since dom(p;), € € S, is a A-system with root v, there is k(*) > ¢ such
that dom(p.(i(«))) N dom(q) C vi, w.lo.g., = ve and ug = (Huy) @ 7 €
dom(q) N %}.

Now here is the critical claim, leading to a contradiction:

Claim 2.12. The conditions p.(x(+)) and q are compatible in P9.

Proof. The obvious candidate for a condition witnessing compatibility is r
with

a) dom(r) = dom(q) U dom(pe(k())),
B) = a(P)
(

(B) =a(B),
(c) for B € dom(pe(r(x))) ~ dom(q), r(B) = Pe(i(x))(B)s
d) for g€ v V(% VUY) , 7(B) = 4(B) = et (),

(e) for B € v. N U, 7(B) = (ng(s)s fa(8)> Ua(B) Y Up.iuion (8))-

Does r belong to P, ? Is it > g, pe(r(+))? The critical case is r > p.((«)), and
herein the critical case is

(V6 € v N %)(Vi € upe(k(*))(ﬂ))(\v/n € [ng, lg(fq(ﬂ))))
r 1B 0g, . (n) = ts = for)(n) > 1p.:(n).

Fix 3 € v.N%. Let i € Up iy (3)- Lt §=Egrir € dom (pe((s))) N % ~
dom(q). We consider

we ={B € v N : (30)(Epi = ).

(
(b) for 8 € dom(q) ~\ dom(p.((x))), T
(

(2.5)

There is ¢ € 2 such that § € we — tg =tg. Why?

If By # 41 € we and tg, # tg,, then {gﬂo,i T < Hﬁo} N {5@17i <
kg, } = F' is finite and non-empty and by item (2) independent of ¢ € S.
Since vy is the heart of the A-system {dom(p;) : € € S}, thereis e € S
such that dom(p:) \ v is disjoint from F'. By the indiscernibility (2) also
dom(pe(k(x))) \ v is disjoint from F’, in contradiction to the choice of £ €
dom(pg(r(+))) N % ~ dom(q) € dom(p,(r(x))) \ v+ and § € F'.
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Well, equation 2.5 is not quite correct. We correct r to a stronger condi-
tion 7" by letting for & € dom(p.(k(x))) N % ~ dom(q),

(&) =€) (1 - te, 1 —15,...),
and otherwise 77 (&) = 7(£). Now r* > ¢, po((x)). We prove
(Vﬁ E vy N 02/2)(VZ S upe(k(*))(ﬁ))(Vn S [ng,lg(fq(ﬁ))))
rT B 0g () =t5 — fo()(n) > np.a(n).

First case: n € [ng,1g(p:(k(+))(£)))- Then fyg) is big enough as demanded
in the definition of p.())(8) < 7(8). Why? The point is that we look
at §o = OP(dom(p.(x(x))), dom(pe(0)))(§) and recall we we have the same
h and that p [ &; forces a value to 1, | 1g(p(&y,)). Since § € vy, and

i € Up, () S0 = &g, for some i€ Up,oy(8)- S0 we have from g > p(g)
that

(2.6)

q [ BIF og(n) =15 — fyp)(n) > ngu(n).
Now since n < 1g(pe(x(x)) (§)) = 18(P(0) (o)), already p.(g) forces this:
Peo) | BIF 0g5(n) =5 — foep)(n) > ngir(n).
Now from the requirement (d) about the same h we get
Pe(k(x) | BIF 0e(n) =5 — fo(p)(n) > 15:(n)
and hence
r [ BIFoe(n) =15 — fyp)(n) > npi(n)).

Second case: Now we look at 1g(pe(kx))(§)) < n < lg(fys) We show
that f,(g) is big enough as demanded in the definition of pe (i) (3) < 7(8).
Now by our thinning out procedure by the requirements we imposed on OP,

De(0)(&) = Pe(r(=))(§)-

Now ¢ ¢ dom(g) and hence (&) = p-(0)(§) = Pe(r(+))(§)- So for any § € wy
we get tf = tg and
and since p(0)(§) = Pe(r(x))(§) We get

rt Bk 0¢5,(n) = tg — fo3)(n) >npi(n).

3. INCREASING cf(Sym(w)) AT THE SAME TIME
In this section we prove Theorem 1.5.
Definition 3.1. (1) For h € Sym(w), let supp(h) = {n : h(n) # n}.
(2) Foru Cw let H, = {f € Sym(w) : supp(f) C u}.
(8) Let w; ={k € w : k=17 mod 3}.
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(4) Letu;={k €w : k#1i mod 3}.

Definition 3.2. (1) We say € is a witness for the decomposition G =
(Gi ri<k)iffe= (e :i<k)ande; € Git1 \ G; and e; is of order
2 and e; € Hy, .

(2) € is a witness iff there is a decomposition G such that € is a witness

for G.

Since there are only countably many recursive permutations and since
all decompositions have uncountable lengths [8], we have: If there is a de-
composition G then there is a decomposition G’ with the same length such
that all recursive permutations are in Gf. So for increasing cf(Sym(w)) by
forcing it is sufficient to show that there are no short decompositions with
all recursive permutations in the first subgroup.

Lemma 3.3. Every decomposition G such that all recursive permutations
are in Gy has a witness.

Proof. We first show that |J; 4 H,, generates Sym(w). Let f € Sym(w) be
arbitrary. There is ¢ € 3 such that vg = {n : n =0 mod 3 A f(n) =4
mod 3} is infinite. We take ¢; € 3 \ {0,¢}. There is g1 € Hy, such that
Vn € vy, g1 o f(n) = n. There is go € Hy,, g2 maps vg onto wy and
g2 [ {n : m =2 mod 3} =id, so g2 € Hy,. Sofgzggogl_lofog;1 is
the identity on {n : n =0 mod 3}, so fa € Hy,. So f is a composition of
permutations in (J; 5 Hy,.

Now let (G; : i < k) be a decomposition such that all recursive per-
mutations are in Go. Since |J; 5 Hy, generates Sym(w), for every a < &
there is i(a) such that that there is go € (Gat+1 N\ Ga) N Hy,,, # 0.
Now since supp(ga) C Uj(o) there is a recursive gq o of order 2 such that
g:x = 9a,0 © Ya © Ja,0 € H{6n+1:n6w} N (Ga+1 ~ GO&): Jo,0 MAPS Uj(q) bi-
jectively to {6n +1 : n € w} and ¢, € Got1 ~\ G, imitates g, after
this bijection. Now there €1, €a2 € Gat1 N Hyy, of order 2 such that
Jh = €a,10€0,2" €q,1(6n+1) = g, (6n+1)+3, eq1(3n+1i) = 3n+i fori = 0,2,
ear(6bn+4) = (g))"1(6n +1). eqa(bn+1)=06n+4, eao(3n+i)=3n+i
for i =0,2, eq2(6n+4) =6n+1. So eq1 € (Gay1 \ Go) N Hy, is of order
2, and put it into the witness. -

We explain why we work with permutations of order 2. At the very end
of the proof we will use the following:

Lemma 3.4. Suppose e, f are permutations of order 2 and supp(e) C w
and supp(f) C wo and both supports are infinite. Then there is g of order
2, supp(g) C ug such that

e=gofog.

Proof. supp(e) is the union over a collection of pairs {i,e(i)} for i from a
set called Ey. Note that i # e(i). supp(f) is the union of a collection of
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pairs {i, f(i)} for 7 in a set called Fy. Both Ey and Fy are infinite and
w\ (EgU Fp) is infinite. Let g: EgUe”"EqgU Fy U f”Fy — w be defined such
that for every i € Ey, g(i) = j iff g(e(i)) = f(j), and for every j € Fyp,
g(j) = ¢ iff g(f(j)) = e(i). Such a g exists, since there is a bijection from
{(i,e(i)) : i € Ep} to {(i, f(i)) : i € Fo} and both e and f are of order 2.
Let g identity on w ~\ Eg U e"EqU Foy U f"Fy. -

We have a preliminary forcing similar to the one from the proof of Theo-
rem 1.4. This time the preliminary forcing establishes a little more almost
disjointness in the family 7. This family .7 will be used as previously to find
the Cohen supports in the history for the iterands adding <g-dominating
reals, and now as well to find (disjoint from the former ones) Cohen support
in the history for a new kind of iterands that destroys a given decomposition
of length < k.

Lemma 3.5. By a preliminary forcing of size A that preserves cofinalities
and cardinalities starting from the premises of Theorem 1.5 we get a forcing
extension with the following situation:

(a) 0 =cf(0) <k <p<A=APN=cf(N), pt =\, pfo < ),
(b) < is a family of almost disjoint subsets of [u]<",

(c) if (ugp,u1) is a partition of u, then there are £ € 2 and A\ many sets
A € of such that A C uy,

(d) there is a square sequence C = (Cy : a € A\ lim(a)) in A = u* that is
club guessing (so as in Lemma 2.2),

(e) there is an <*-unbounded sequence (g, : o < 0) in “w.

Proof. We do the Baumgartner forcing first, as in Lemma 2.2. However,
then we do not water down the resulting almost disjoint family <7 C [x/ ]’4
as we did in the proof of Theorem 1.4. Let 't = k. How do we modify
o/ in order to get item (c)? Let o/ be {A, : o < A}. Enumerate by
{(uf,us) : a < A} all partitions of p into two parts, each of them appear-
ing A times. Then we choose t* € 2 such that |4y Nuw.| = |Ay|. We set
Al = Ay Nuge. Now o7/ = {Al . a < A} has also property (c). The rest of
the proof is like in Lemma 2.2. =

Now we use the forcing framework as described in equations (2.1), (2.2)
and we use the same letters as there. However, we define a richer notion of
a-approximation, K.

Fix a bijection h: “72 — {3n : n € w}, e.g., K'(n) = >{3-2" : n(n) =
1,n <lg(n)}, and h(n) = b(1g(n), h'(n)) for some bijection b: w x {3n : n €
w} — {3n : n € w}. The purpose of this bijection is to interpret one Cohen

real as 2“ almost disjoint Cohen reals that operate on branches of the tree
w>9
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Definition 3.6. q = (Pa(@? (%)€<5>A7W) = (qu@qa (%Q)£<5’Aq’wq) €
H()\) is an a-approximation iff

(@)

(B)
()

(%)
()

P9 = P2, where Q4 = <IP’3,@% : B < alq),y

vy < «a(q)) is a finite
support iteration of c.c.c. forcings of length a(q) =

lg(q) <A
(%) <5 is a partition of 1g(q).

Uy U Us is the set of odd ordinals below lg(q), % U % is a subset of
the limit ordinals.

Clauses (c) to (f) from Definition 2.3 hold with <7 instead of </pU <} .

If B € U then Qg is actually a Cohen forcing but interpreted a bit
differently. p € Qg iff

(a) p=(n,g,b,0) = (np, gp, bp, 0p),

(b) b C {3k : k € w} is finite, n € w, p € "2,

(c) {h=*(m) : m € b} C{v : v <o},

(d) g is a permutation of dom(g) = max(n + 1, max(b) + 1),

(e) g is the identity on dom(g) ~ (bUwy), remember wy ={k : k=1
mod 3},

(f) g has order 2,
(9) g interchanges (n + 1) Nwy and b,
(h) p < q ifn, Cng and b, C by and g, C gq and o, < gq.

€) w=(wg:p € U N a) is string such that for f € %N a, wg =

(k3,GB,88: €8, 73, P3) has the following properties:

(a) K = cf(rg) € [Ra, ),

(b) CZg is a Pg-name,

(c) ke, “C_iﬂ = (Gp; : i < Kg) is a kg decomposition”,

(d) there is a string {€g; : @ < kg} C Y3N{e+1 : e € acc(Cp)}

(the latter has size pu by induction hypothesis) and

(Age I NAg € {Ay : v BN (%UVU)}
AN Ag D {otp(e Nacc(Cp)) : (€ Cane+1€{s,; : i <rg})}).

e) IFp “eg is a witness for Gg.”. So ég = (eg; : i < K
mln(Cﬁ) ~ﬁ Nﬁ Nﬁ /67 /6

/

€541 pg is a A-system, see later

(f) g = (ppi = @ < K@), pgi € P
for P,

(9) jp = (g : © < Kg) is increasing, jg; < Kg,
(h) pp.i - ge(s) € Gpijsi-
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For B € % we define Pgq as follows: First we have wg as in item
(n) B+ 5
(€). WeletpePgyi iffp: +1—V,p[BecPsand
plBIFe, p(B) = (n, f,u)

Anew
ANfin—w
ANu C kg 1s finite
A (Vi € u)(ps,; € G(Pg))

ANi e Kg t Dpg,i € G(Pg)H = kg

A f is a permutation of order 2

AVYm e n~ (w; U U{bp(éﬁ,i) cieul)f(m)=m

N 0¢gi) | My i € u, are pairwise different.

P <py, ¢ iff
q [ B1Fpy np(s) < 1g(s)

N o(a) S fatp)
A (Vi € p()) (V1 € [np(9): () N b )
((ges. ©€8,i © ges)(n) = fop)(n)).

(0) For a < lg(q) we let P, = (P")a be those p € Py such that for 3 €
dom(p) p(B) is an object from V and not just a name and for v €
dom(p) N %, the requirements for P., from Definition 2.3(g) hold and
for v € dom(p) N %

p 1 IFpyi € upyy — (pyi <p, P |7
N &y, € dom(p)
A | &, forces a value to €y Ig(p(&y,))s
Ay < lg(p(§4.)))-

Again we call (p(&5,), €45, [18(p(§,,:))) in our indiscernibility arguments

(3.2)

h’pz’Y:i'
Notation/Observation 3.7. For{ € %3 we get the generic objects (o, g, B) =

(06,96 Be) = (UTh~(n) = n € by.p € Gla0)}, Ulgy - p € G(Q)}, Ulhy
p € G(Qg)}) € “2 x Sym(w) x P(w) and B¢ is an infinite subset of {n <

w: h71(n) < ¢}, it is considered as a branch by the identification h.

Notation 3.8. For 3 € %, Let (Ug, fg) = (U{up : p € G(@g)},U{fp :
p € G(Qs)}),

Now we show that the forcing P is as desired.
Lemma 3.9. For q € K,, P, is dense in P,.
Proof. Like in Lemma 2.8.
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Lemma 3.10. For 8 € %, if (ng; : i < kg) 1s such that kg is not cofinal in
3 there aretg € 2, Ag € A, and {€5; : i < Kg} such that Equation (2.3) in
the Definition of Pgiy are true. Then Qg # () and for every n € w, iy € kg,
the q € Py with Ng(g) = N and 3i € u~q(5) N [ig, kg) are dense in Pgy;.

Proof. The first statement follows from Definition 2.2 (c) and (d), applied
to uy = {otp(eUacc(Cp)) : (1, : i < Kg) is a Peyi-name} and p~\uy = ug:
Since |ug| < p there are &g, pg, tg and Ag for u; as in Def. 3.6(¢). This
is shown as in the proof of Lemma 2.7. So we can define Pg;;. Now for
the density argument: Let p € I% 41 be given. We assume n > ny,g) and
up(g) < i0. We show that there is ¢ > p such that for n, < m < ng for
1€ Up(3)> ifme bp(fﬁ,i)’ then

q - fap (m) = 9es.i (m) o €B.3p,: ° gfﬁ,i(m)
and such that f,(3) is a permutation of nyg) and such that it is the identity
on 1) (1t UULby(e,s,) * 7 € up(p)}). Now uy(g) is finite. Fix for a moment
a Pgi1 generic G with p € G. First choose i € {i : pg; € G} \ip. Since Pg
has the c.c.c. and since pg; € Pz such an i exists. We let ug(g) = upz) U {7}
h=1(m) > ¢, | mp for just one i € wy(g), since gg;; [ ny(g) for @ € uyg) are
pairwise different. We can choose f;(m) so that the equation is true. The
c.c.c. for Qg is proved by induction on Ig(q) as in the proof of Lemma 2.5. H

Remark 3.11. In Section 2 finding a bound g for many {ng; : i < kg} is
easier than showing that for 8 € %4, Gg is not a decomposition since we
have to put together permutations on the almost disjoint (by the last clause
in Def. 3.6(n)) sets (Bg,, : i € Ug). The set Ug is not all of {i < kg : pg,; €
G(PP3)} but as in Section 2, an unbounded subset of kg suffices.

Now we take the framework as in the previous section 2.4, 2.5, 2.6. We
let P = K% Pg,, now with the a-approximations from Definition 3.6.

Lemma 3.12. In the generic extension by P = K x Pg,, MAy holds and
mef > k and cf(Sym(w)) > k.

Proof. MA_.5 and mcf > k are shown as in Lemma 2.7. Now let a P-name
for a decomposition G = (G; : i < k') of length v’ < x and a P-name
(e; : i < k') for a witness for G, and (p,p) € P be given. As Pg, is c.c.c.
and K is (< A)-closed we can assume that p = p € PP. We show that there
is a stronger (q,p) >p (p,p) that forces that G is not a decomposition.

We choose (q; ta< )\>~ continuously increasing in <k such that qg = p

a+1 AV da+1
nd an for P -nam ; nd a P -nam
and and q,41 forces a la(qu s 1) AT0E to G;NP(w) and a I (qu 1)~ AE

to e; € (“’w)qua for each i < &'

For this we use 2¥ = # < X\ and known reflection properties of finite
support iterations of c.c.c. iterands of size < A\. Then F = {lg(qa) : o < A}
is a club in A\. So by clubguessing property of C, there are 3 > lg(p),
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B € E, cf(8) = pand Cg C E and otp(Cg) > «'. Let q be that qu
with 1g(qa) = (. Let {e(i) : i < p} enumerate limits of Cs, and note
that i — otp(acc(Cg) Ne(i)) is injective. We choose {¢'(i) : ¢ < &'} C
U N {e(i) +1 : i< p} and we choose A = Ag such that

(A NAZ{AY : v e BN (U2 UUY)}

B3 4o {oth(eNCy) : (e€Cane+1e () : i <wIN}).

Now we thin out (¢/(¢) : ¢ < kg) to a continuous sequence (£(7) : i < Kg)
such that there are pg = (p; : i < Kkg), p; € IP’/S(HI), Dg is a A-system, and

jﬁ = (jg,i : @ < Kg) is increasing, jz; < kg, Pi II—Pg<i+1> 9e(s,0) € G@jﬁﬂ..

Now we define q* >k q and wg

(a) qt € Kgy1, js as above,

(b) AT =4,

() w3 =+,

(d) (GF, i<wd)=(Giti<n),
() (e si<rl)=lei:i<n),

(f) 52: = ¢a’ (6,1) = £(i) + 1 as above,
(&) P, =pi €PL5 00

So @g+ is defined by (a) to (g).

Now P9" has the c.c.c., hence there is p’ >pat P
P g “U={i<r :pieGPY),ic U:ﬁ} has cardinality &'”.
So (q™,p’) forces for the @g+-generic real fg that (by Def. 3.6(n)(b))

(Vi € U)(V*m € Bﬁ,@,i)(fﬁ(m) = (Q&a,i © €8,z ° Qﬁm)(m)

We take a Pq+—generic filter G with p’ € G and let 2[G] = x. We can invert
the composition of permutations and together with ggﬁ Bes, = w1 we get

€B.ig,i (n) = (ggs, © fao gﬁﬁ,i)(n)

for all n € wy but finitely many. Since outside w1, egj,; and the righthand
side are the identity and w; is recursive, we so have that eg ;g ) is in the
step of the decomposition as the righthand side. Note that by Def. 3.6(¢)(h),
9pi € Ggjz,- Now Up is cofinal in kg and jg; is cofinal in kg and Gg
is a decomposition. Hence there is ¢ € Ug such that fg € Ggjup- A
permutation with finite support making up for the finitely many mistakes
isin Ggp. So also egj,, € Gpgj,,. So fz shows that (eg; : i < Kpg) is not a
witness for the decomposition Gﬁ.
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How did we refer to Gg? Only j(83,-): kg — kg entered the forcing Qg.
So if an iteration covers all possible j and all witnesses, then it covers all
short decompositions. This argument is used for the remark from the end of
the introduction, that Coll(k, \) does not destroy the achievement of Theo-
rem 1.5. -

Now in the remainder we prove that in the generic extension b = 6.

Lemma 3.13. Let g = (g- : € < 0) be a <*-increasing sequence in V that
does not have an upper bound, 0 < 6 < k. Then, for every a < X, after
forcing with P2 for q € K, the sequence g is still unbounded.

Corollary 3.14. After forcing with P, g is unbounded.

Proof of the lemma. Towards a contradiction assume that q € K, and
there is p, € P4 and there is a P9-name g such that p. IFpa (Ve < 0)(g: <* g).

Hence we can choose for ¢ < 0, (p.,n.) with the following properties:
pe € (P')a, p« <pa pe, 1 € w and pe IFpa n € [ne,w) — ge(n) < g(n) and let
Pe(7) = (Nery, ferys Uey) for v € dom(p) N (% U ). We let ue = (JH{ue -
v € dom(ps) N (% U %)}.

Now by the A-system lemma and by Fodor’s lemma there is a stationary
S C 0 and there are

(n*a M, M3, Vs Use (n% f’y)vév*ﬁ(%gﬂ%;)v (P:*)wev*n(%u%u%))
with the following homogeneity properties:

(1) For e € S, |dom(pe)| = my and n. = n, and |u.| = mb.

(2) For e € S, By # B € dom(p:) N (% U %) the finite set {&g,, :
io < Ky} N{&p,i, 1 < kg, } (as in equation (3.1), that together with
Definition 3.6(d) ensures the claimed finiteness) is independent of ¢,
just dependent on the position of Gy and 3; in dom(pe).

(3) Fore # (€S, dom(p:) Ndom(pe) = vy and ue N ue = Us.

(4) For €,( € S the function OP(dom(p.),dom(p¢)) maps vs to itself
and (0o, &ay,i0) t0 (B1,€p,,i,), that means: if iy € Up (), then i1 €
Up(B1)> and if 0 € %% U %, and i € Up, (g0 then hy, gy = hpg,ﬂw'l-
OP(dom(p.),dom(p¢)) preserves the predicates %;.

(5) Foree S, ifyev.N(%U%), then n.., =n, and f., = f,.

(6) Fore €S, if v € v N (% U2 UU) then p-(y) = p3*.

We fix € = (¢(k) : k € w) with the following properties: The sequence
(e(k) : k € w) is increasing (k) € S and there is n > n,,n, v € vy, such
that pe(x) - ge(r)(n) > k for every k.

Now take ¢ € P;,, ¢ > p, (o) such that g IF g(n) = ¢ for some ¢ € w.

Since dom(p), € € S, is a A-system with root v, there is k(x) > ¢ such

that dom(p.(k(«))) N dom(q) C vi, w.lo.g., = ve and ug = (Huy) @ 7 €
dom(q) N %}.
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Now here is the critical claim, leading to a contradiction:
Claim 3.15. The conditions p,(x(x)) and q are compatible in P9.

Proof. The obvious candidate for a condition witnessing compatibility is
r with the properties (a) to (e) from the proof of Claim 2.12. As in the
proof of Claim 2.12, we let we for { € % be defined as there for 8 € v,
§ = E&p,i € dom(pe(i(x))) N % ~ dom(q). Since &7 consists of almost disjoint
sets, the proof in Claim 2.12 shows that we is a singleton so tz is well

defined. We correct 7 by to a stronger condition r* by letting, for 3 € v,
§=¢&3, € dOm(pE(k(*))) N % ~ dom(q) with We # 0,

(&) =€) (1 - te, 1 —1tg,...),

and otherwise 77 (§) = r(£). Now r+ > ¢, p.(k(+)) in the old cases.
Does r* belong to P,? Is it > g, Pe(k(x))? The new critical case in

rt > Pe(k(x)) is
(Vﬁ € Vs N %4)
rt [ B (Vie Up, (1)) (B) UQ(ﬁ))
(Vm € [ng, lg(fq(ﬁ))) N bps(k(*)(ﬁ,e,i))
Fa(3) (M) = ges.: © €8s 1 © 9. (M).
Fix 3 € v.N%. Let i € Upo oy (8)- et &= Egrir € dom (pe((s))) N %~
dom(q). (For & € dom(q), (3.4) is true as ¢ is a condition.) We consider

ve={Bev.nN : (3i)(¢s: =}

(3.4)

Since 7 is a family of almost disjoint sets, and £ = g 7 € dom(pe(r())) N
WU ~ dom(q), ve is a singleton: If Gy # (1 € ve, then by Definition 3.6 (d),
{€8p,i + 1 < Kgy} N{&p,i + i < K, } is finite and non-empty and by item
(2) independent of € € S. Since v, is the heart of the A-system dom(p.),
e € S, there is ¢ € S such that dom(p.) \ v, is disjoint from this finite set.
By the indiscernibility (2) also dom(p,((«))) \ v« is disjoint from the finite
set, in contradiction to the choice of £ € dom(p.((x))) N % ~ dom(q) C
dom (Pe(r(x))) \ Vs

First case: m € [ng, lg(pa(k(*))(5)))ﬂbps(k(*)(§ﬁ’i). Then f,(3)(m) is the shift
of the witness eg; to the branch b+, ) by ge, , as required in Pek()) (B) <

7(8). Why? The point is that we look at §o = €5 = OP(dom(pe(x(x))), dom(pz(0))) (§)

and recall we have that p | &, ; forces a value to p(§,,) and we have the
§fxme p.(&,.) for v € v,. Since § € v,, and i € Up, (1 (8)> §0 = &g, for some
i E Up, ) () So we have from g > p. (g that
q | BI-(Ym € [ng,lg(fp8<0)(g))) N bpe(k(*)(gﬂi))
(fQ(ﬁ) (m) = ggg,i/ ° gﬁng,i/ ° gfg,i/ (m)>
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Now since 7 < 1g(pz k() (§)) = 18(P(0)(§0)) and pe(i())(§)) = Pe(0)(60),
already p, (o) forces this:
Pe(0) [ 6 H_(vm € [nﬁ’ lg(fps(o)(ﬁ))) n bp5<k<*)(£g,i))
(fay(m) = ge, s 0 €85, © Ge, ., (M)).
Now from the requirement about the same h in item (4) of the homogeneity
properties we get
Pek() | BIF(YmM € [ng, 18(fp. .00y (8))) N Op. iy (€5.0))
(fa(8) (M) = 9e5: © €635 s © 9e5.:(M)),
and hence
rt [ G II—(Vm € [ng, lg(fp€<k(*))(5))) N bps(k(*)(ﬁﬁ,i))
(f‘J(ﬁ) (m) = Y9ep.: © B, © 9Ep.i (m))

Second case: Now we look at 1g(p.(x())(§)) < m <lg(fyp), m € Dpe ey (€5.0)

and £ = £;. Now we can change neither f,3) nor eg ;3. However, we
can make them conjugated by correcting, i.e., strengthening, our condi-
tion T once more to a condition called r**: Note v is a singleton, and

§ € U3 ~ dom(q) and hence 7% (&) = (&) = p=(0)(§) = Per(=))(§)-

So for £ and the unique 8 € v, such that v¢ = {3}, we have that also
there is just one ¢ such there is § € ve with {5, = £ We let 77 (&) =
(Tt (£)s Grt ()5 Ort (£ Ot (6))s 30 18(rF(€)) = 18(Pe(r(x)) (§)) = Myt (e)- We let
rHH(E) = (Nptt(g), Grtt(e) b+ (e)s Ort+(g)) 50 that for m € [Ig(Pe(r(s)) (€)), 18(fo(3)))N
bps(k(*)(ﬁﬁ,i))’

Grt+(€) © €8, © Irt+(e) (M) = fo(z)(m).

Note that such an r** exists by Lemma 3.5, since supp(eg;) C wo and
supp(fq(s)) € w1. So for any 3 € v, with {8} = ve we get
P B IR (Ym € [ng,18(fa(9))Nbr+ g5, (Fa9) (M) = 9g5,,9€8,55,.°9¢5, (1)

_|

4. OPEN QUESTIONS

Question 4.1. Is cf(Sym(w)) < mcf a consequence of ZFC?

Remark: If there are no Q-points, the answer is positive, even for c¢f*(Sym(w)),
see [1].

Question 4.2. Is cf(Sym(w)) > g¢ a consequence of ZFC?
Remark: The answer is positive for g, by Brendle and Losada [5].

Acknowledgement: We thank the referee for a detailed and careful
report.
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