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Summary. The local homogeneity property is defined as in [Mak]. We show that
Z.(@,) and some related logics do not have the local homogeneity property,
whereas cofinality logic %, ,(Q¥®) has the homogeneity property. Both proofs use
forcing and absoluteness arguments.

1 Introduction

Our modeltheoretic notation is standard, see e.g. [Eb85]. Let &, ¥;, ¥, denote
regular logics. The local homogeneity property of a pair (&,, %,) of logics gives an
aspect of the strength of ., with respect to £, : Suppose (¥, ao)=4,(U, a,). Has
any ¢p€Thy (W, ay,a,) amodel (B, by, by) with an automorphism f of B such that
f(bo)=b,? If the answer is ‘yes’, (£;, ¥,) is said to have the local homogeneity
property [in short: locHom(%;, %,)]. If there is even a (B, by, by) =, (W, a¢, a,)
with an automorphism of B such that f(b,)=b,, then (¥;, ¥,) is said to have the
homogeneity property [in short: Hom(¥,, ¥,)]. Of course, in the case of #; being
compact both notions coincide. % has the homogeneity property means that
(¥, %) has the homogeneity property.

The paper is organized as follows: In Sect. 2 counterexamples to the local
homogeneity property of &, .(Q,) and £, are constructed via forcing. In the
Sect. 3 we show that many cofinality logics have the homogeneity property. In the
rest of the introduction we shall show that many familiar logics do not have the
homogeneity property unless they are compact.

The homogeneity property together with a small occurrence number implies
strong compactness properties. To be more precise: [x]-compactness is relative
k-compactness, i.e. £ is [k]-compact iff for any sets 2, 4 of ¥-sentences with
|X| =« the following holds: If for any subset %, of X’ with |Z,| <k the theory Z,u4 is
satisfiable, then Yu4 is satisfiable. The occurrence number of £, o(%), is the
smallest cardinal k such that any ¢ € £[1] depends on less than x symbols in 7 [if
such a cardinal exists, otherwise we write o(.Z)= co]. Using techniques similar to
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those in the proof of the abstract amalgamation theorem [3.3.1 in Mak; 5.2 in
Mak-Sh; H.2.8 in Sh 85] we show

Proposition 1.1. Let k be a regular cardinal. If Hom(%,, %,) and o(#,) <, then
&, is [k]}-compact.

As a corollary we get, e.g.,

Corollary 1.2. (i) 7" Hom(%Z,,,(Q1)).
(i) " Hom(%,,, &L,,) unless k is compact (in which case Hodges and Shelah
show Hom(%,,, &,.), see [Ho-Sh] ).

Proof of Proposition 1.1. We assume o(%,) <« and that .#, is not [x]-compact,
and give a counterexample (U, a,, a,) for Hom(#;, %,). k is cofinally characteriz-
ablein &,, i.e. there is a t-structure M= (M, PM, <M (c¥),.,, ...) such that for any
9=, M, the sequence (c}),., is increasing and cofinal in the linear ordering
(PY, <M. Fix such an M, set p=card(M\{c,|oa€ek}), and assume that
Tm\{c,| 2 €k} is relational. Then expand the branches of the partial order

1 +({0,1} x 5°Z, {(G, £, (> 2))|i=0,1, f, g =*Z, £ initial segment of g})
with copies of M|zy\{c,|x€x} such that

mi, f : =(."L*U({l} X {fi(x I aEe K+ 1})a (Qmi’ f)Qetm\{cala €K, (la fl“)rzex)
>

via isomorphisms k; , with the following properties:

For any f, g:x—Z, ack, ye =*Z, zep*, i=0,1:

ho, f(0> J’)=h1,f(1,)’) and hO,f(Z)=h1,f(Z)
and, if fla=gla, then ;
(s, )" {xeM|x<™a}=(h;, )" '{xe M| x<"a}.

We let U contain this expansion to a tgq\{c,|x€x}-structure and interpret
additional relations and constants

ST:={((1—i, ), G, ) i=0,1, f, g: k> Z, {x| f(0)+g(e)}
is finite and ¥ (g(e) — f(2)) =i mod(2)},

a;:=ct:=(,fp), where f,=(0,0,...)e*Z, i=0,1,

RY:={(0, folo). (1, fola)}, for aex.

o(#,)<x and an automorphism argument yield: (2, ag)=4,(%, a,). Since I
cofinally characterizes x in %y, for any (B,by,b{)=4, (U, a4,4,) and for any
automorphism f of B we have f(by)=b, iff f(b)=b,. But as (B,b,,b,) and
(A, ag,a,) satisfy —1Scycq AScice, there is no automorphism f of B with
flbo)=b,. O

Proposition 1.1 together with the finite dependence theorem [Theorem 4.3 in
Mak-Sh] and with the properties of the least cardinal x such that & is
[«x]-compact of [Theorem 1.5 in Mak] lead to

Proposition 1.3. Hom(%) and o(L) < the least measurable cardinal (if there exists
one, otherwise o(#)e CARD is enough) imply the compactness of &.

In what follows, we investigate the local homogeneity property.
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2 Some counterexamples

Proposition 2.1 collects some easy counterexamples. They are based on the
existence of EC g -classes of rigid structures which contain a structure with two
clements of the same .#-type. The main part of this section, however, deals with
Z.,.(Q,) and infinitary logics for which this method of providing counterexamples
does not work.

Propesition 2.1. The following logics do not have the local homogeneity property:

(i) stationary logic Z,, . (aa) (see [Ba-Ka-Ma]);

(ii) under CH the Magidor-Malitz logic %, (Q%) (“1” means the N -inter-
pretation, “2” means the arity of the quantifier, see [Mag-Mal] );

(1ii) o%m(Q“)

(V) (Zyor L) unless p is strongly inaccessible.

Proof. (i) Otto [Ot] gives an &, (aa)-sentence ¢ that has only rigid models and
that has models of arbitrarily large cardinality.

(i) [Ot; Mil] give Z,,,(Q3)-sentences ¢ which are satisfiable under CH and
have only rigid models. A sentence that says “¢ is extensional and W= ¢” and that is
true in (P(P(A)); P(A); U, ¢} has a model with two elements of the same type and
has only rigid models, too.

(iii) [Ot, Lemma 6.6(2)].

(iv) Easy, with the same method as in (ii). [

Ebbinghaus [Eb 71] shows that there are no %,,,(Q,)-sentences having infinite
but only rigid models. Nevertheless, Z,,,(Q,) does not have the local homogeneity
property. This fact and some results on &, will be proved in the remainder of the
section. The counterexamples are provided by a modification and expansion of a
forcing construction given in [Claim 3.5 in Sh 85].

Theorem 2.2. (Z,,.(Q,), L,.(aa)) does not have the local homogeneity property.

The proof of 2.2 will be finished with 2.10. We give an overview: Definition 2.3
and Lemma 2.4 describe a sentence ¢,,.,., €-Z,,(Q,) that forbids automor-
phisms f with f(co)=c;. 2.5 up to 2.10 deal with a forcing notion P such that
for P-generic G, in V[G] there is a model (2, cg,c}) of ¢y, With (U, cd)
=4, (U, c}) for certain logics Z,. If Mod(¢,,.,) is a PC-class in %, with
symbols of 74, then for suitable .#, we have the consistency of " Hom(.%,, 3’2)
If addltlonally satisfiability of #,-theories is absolute —Hom(%y, %,) is
true in V.

We consider a class K of structures (4,P,U, <, /, co,cl), where
A=PLUU{cy, ¢}, < is a linear order on P, P is uncountable, U is countable,
[P x P—U satisfies for any a, b, ¢, d: if f(a,c)=f(b,d), then a<b iff c<d. This is
nearly the same class Shelah used in Claim 3.5 in [Sh 85]. The square of a linear
order (4, <) is the structure (4 x 4, £?), where (a,a,) <*(by, b,) iff a;<b, and
a, £b,. The restriction to P of the {S} reduct of any member of K is an order,
whose square is the union of countably many chains, and hence does not have any
anti-automorphism. We introduce a 3-ary relation R and a 4-ary relation F,
expand the members of K and forget <, such that any anti-automorphism of the
unchanged structure corresponds to an automorphism of the new structure that
carries ¢, to ¢;. The resulting class can be described as the model class of some
¢peZ,(Q,) To be precise we fix such a sentence.

Definition 2.3. Let U, R, F be relation symbols of arity 1, 3, 4, respectively and cq, ¢,
be symbols for constants. 6:={U, R, F, ¢y, ¢, }. Let §,,,,., denote the Z,,.(Q,)[c]-
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sentence ¢,,,,.,= /\ ¢;, where
i<s ¢o:="10,xUx;

¢1:=01xx=X;

¢, says, that the relation R(c,, -, -) is a linear ordering, whose

field is the universe with the exception of the Uu{c,, ¢, }-part;

¢3 : =ny(R(CO, X, y) A R(cls Y, x)) ;
¢, says that F is the graph of a function
f: {(ci’ a, b) | l=09 17 R(Cio a, b)} g U>
such that
Y xy(R(co, X, ¥)=> f(Co» X, ) = f(C1, ¥, X)) A VXX1 Y0¥ 1(f (o> X 05 X1) =f (0 Vo5 1)
—((R(co, X, Yo) V Xo=y0) <> (R(Co» X1, Y1) V X1 = 1))
Lemma 2.4. Let (B, ¢y, ¢ doyy e, Then the square of (B,R®(c3, -, ) is the union
of countably many chains. Hence there is no automorphism g of B with g(cg)=cT.

In [Sh 76] on the base of ZFC Shelah constructs orders whose squares are the
unions of countably many chains. In [Sh 857, he gives a rather brief sketch of a
partial order that forces, for generic G, the existence of such ordersin V[ G]. We use
the expansion of a suitable ¢.c.c.-suborder of that partial order. In a generic V[G]
this gives us a 7-structure Wk=d@,,,,,., such that for certain logics #,> % the
Z,-theory of (U, a,) equals the £,-theory of (U, a,). The following definition
collects some properties of a logic %, that are suitable for the intended forcing.

Definition 2.5. (%, =) is an X,-definable logic with small syntax iff there are a
parameter ¢S and formulas p,,,(x, y, 2), Peem(X, ¥, 2) € £,,,[ {£}] such that for any
pair of transitive models M=(M, ) SNR=(N, &) of ZFC with ce M the following
holds: '

(i) For any y, 7€M, e N:

(M= g e L)) < M= pgalr .l

and (M= yy,[0,7,¢] and Oe M) < R=1p,,,[0,7,c]).
(ii) For any ¥, e M and any z-structure € in M:

m”: ((¢'=.S!’X) < (wsyn[x’ T, C] A 1pseml:x’ Q:, C])) .

That means: y € Z[t] and C}=, x are definable with parameters ¢ C w in set theory.
The relation ye.#[t] satisfies the strong absoluteness property (i): for any
universe M, even in larger universes there are no new .#[7]-sentences for 1€ M.
The relation €=,y may be not absolute.

For technical reasons we take t=¢U{H}uU{n|new}, where the arity of His 3.
The consideration of t-structures allows us to use the following main theorem also
for logics that do not contain @,,,,.,, €.g. for infinitary logics in Theorem 2.11.

Theorem 2.6. Let ¥ be an ¥-definable logic with small syntax. Then thereisac.c.c.
partial order P=(P, <*,17), such that:

1P||E “There is a t-structure (A, a,, a,), such that
W, ap,a,)=4,W,a,,a,) and
(U, ay, ay)= ¢£‘0V—)01
AVxEy¢(Uu{cy, ¢, })Tue UH(x,u,0) A TH(y,u,0))
/\Vx<Ux—> \Vi x=1_1>”.

REW



On the homogeneity property for certain quantifier logics 449

Proof. Let P=(P, £, 1%) be defined as follows:

P:={p=(w,, <,, f,,h,)| p satisfies the conditions (P0) up to (P5)}, where

(PO) w, is a finite subset of w,;\w.

(P1) =, is a nonstrict linear ordering on w,,.

fp{ p)ew,xw,|a<,B}—w has the following properties:

(P2) For any (x, f), (o, fye dom(f): If f (o, B)=/f,(«', f'), then (a, B) and («, §)
are comparable in <2.

For o, Bew, let [o, B], denote the set {yew,|a<,7<,8}.

Fora=few, let u— f be the y with f+y=a, if f >0 set « — f=0. The distance
of « and f, d(e, p), is the maximum of a—j and f—o.

(P3) Vo, B, B ew,
(<, B<,B A [, p)=fp(o, B>V e[ B, Bl a—d<w)

and
Va,of, few,
(<, <, BA filo, B)=Ff, (o, B))=Vée[a, 0] ,f—d<w).
(P4) Va,of, B, B ew,

(<, Bra <, A <, 0 AB<,B A fila, B)=1,, B))
—(Vyeloa],36€[B,f1,d(,0)<waVyelB,pl,A0e[a,a],d(y,d)<w)).

(P5) h,:w, xrg(f,)—{0,1}.
For p,qe P let q<*p iff

WpEW, s

ép: _S_qf'\(Wp X Wp) s
Jo=Tdwyxw,,

hy,=hglw, x1g(f,).
17:=(9,0,0,0).

Remark. Shelah’s forcing just has properties (P0), (P1), and (P2) except that the

domain of his f, is w, x w, rather than a proper subset. It collapses w,: Let G be

generic with ordering <, and function f;. If a= f§, then for any new there is at

most one y such that o, f<g7y, and f4(f,7)=/fe(®,7)=n. Put h(y)=n. Then a

denseness argument shows that h maps a subset of w into a cofinal subset of w,.
Conditions (P3) and (P4) will be used to prove the c.c.c.

Claim 2.7. P has the c.c.c.

Proof. Let P,C P be uncountable. By the A-lemma and the pigeonhole principle
there are finite sets r Cw,\®, sCw and a limit ordinal £ € », and an uncountable
P, <Py, such that for any p+qe P, the following is true: r=w,nw,=¢nw, and
s=rg(f,) and

(wyurg(f)u{0,1}, <1 |(w,urg(f)u{0,1}), £,, fpr 1)
;over rusui{o, 1}(unrg(fq)u{0= 1}’ <wl | (Wqug(f;l)U{O: 1})’ éq, f;p hq) .

We shall show that any two elements of P; are compatible in P. Let r be
Fo<®ry<®...<®r,_,. Given p*qeP,, we define a(p,q) a sort of amalgam
of p and ¢, which is in general not an element of P.
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If , <®w)=lp <®ry <1 _y <P'gg <8, <®L..&,—y) and (W, <“w,)
=(ro <™y <P, o << <o), then a(p,q)i=(w,uw,, <, £, h),
where <, is the transitive closure of <,u =<, U <" with (g;<'(; iff there is no j<n
with { < ;< ,¢). Let f,:=f,0f,uf’, where f has the appropriate domain and
is an arbitrary injective function with rg(f")nrg(f,)=9. For h, take a continua-
tion of h,Uh, with domain (w,uw,) x rg(f,).

a(p, ¢) satisfies the defining properties of P except of (P4). (P0), (P1), (P5) are
obvious; checking (P2) and (P3) is easy but tedious. Let us consider (P2).

Let ffo, f)=f(a,f). The only interesting case is (, f)ew,x w,\r xr and
(o, f)ew, xw,\r xr. Let g be an isomorphism between p and g. Then

S B =1{e(), g B) =1, B)=F{g~ ().~ (B)).
We prove by cases that (, ) is <2-comparable to (o, §).

Case 1: (o, ))<;(g™ ('), g~ (B)).

The transitivity of <2 and g(y)=,7 yield (&, f) <2(«, B).

Case 2: (g~ () g™ {(B))<2(% B).

Subcase 2.1: [g~ (o), a] ,nr 0.

nge we have o <, o If g~ }(a) =, then o« =« and (a, f) is comparable to (o, )
in <.

If g~ (o) <,0 then [g ~ (), o] ,nr +0 and f,(o, B)=1y(g ™ '(«), g~ '(B) and (P3)
[in case g '()=p] or (P4) [in case g '()<,B] show [g~(8), B1,nr+9,
and hence ' <,p.

Subcase 2.2: [g~ (), o] ,»r=9. The proof is similar to that of Subcase 2.1.

We make a(p, g) “thicker” in order to get an o(p, 9) < p, g: (o, B) e w, X w, is said
tobea jump of p, qiff fisadirect <,-successor of xand not (e, ferora, few,\ror
a, few,\r). For each ye(w,uw,)\r and each jump (a, ) of p,q we take a new
countable ordinal d=4d(y, a, f) ¢ w,uw,U¢, such that d(y,d)<w. Let <., h='5,
be any linear ordering such that a <,0(y, o, f) <, p for all «, B, y. Choose f,,h,in a
similar manner as above. Then it is lengthy but easy verify that o€ P. Thus the
claim is proved. [J

Let V be a countable transitive model of ZFC, P defined in V as above, G be
P-generic over V. Since D,:={peP|aecw,} is dense in P for all acw,, the
structure (JG=({J{w,|peG}, U{=Z,IpeG},...) has support @, (=w]). We
denote it by (0, <g, fo, he)- In V[G], we define the z-structure (g, aq, a;) by
Agi=0,0{—1, -2},

R¥:=({~1} x Sg)u({—2} x 2¢),
F¥%:=({—1} x Graph(fs))
w({—2} x{(2 B,7)| B<go and fo(B,0)=7}),
HYs:=graph(hy), U%:=w, n%:=n, new,
cHortom): =g = —1—i for i=0,1.

We, a0, A1) oy e, follows from the definition of P. The existence of suitable
dense subsets of P shows

(W, ag, a)l=Vx+y ¢ (Uv{cy, cq})Iue UH(x,u,0) A T1H(y,u,0)).

It remains to show that (g a0)=4(Wg,a,); we shall even get (Qlé, Ao, 0y}
= (Wg, ay,a0). Let L, (X, ¥, 2), Yeem(X, ¥, 2), and cSw be as in Definition 2.5.
For xe V let X be a canonical P-name for x, for xe V[G] let x be a P-name for x.
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The names should be chosen in an obvious manner such that (g, ay, a,) is
computable from (U, 4, a,). We suppress the dots in the following and show
1P “L vy(IPsyn(y’ f’ é)_}(u)sem(.}h (QIG, ay, al)’ Cv) hind lpsem(y’ (QIG: a aO)’ é))) .

Let G be a P-generic filter over V, y be in V[G] and V[G]lEw..(y,7.c)
APeemy, (Wg, ag, a4), ¢). Since the syntax of & is small, we have ye V. We fix
a pe G such that

14 ”l Uszn(ia fa é) A WSem(is (Q’Ir do, al): él)
and show in 2.8 up to 2.10 that
D:={qeP|q|2 Py, (W, ay,a0),¢)} is dense in P below p.

The idea is that the order-reversed version of p forces ... (V, (2, ay,ay), ).
Unfortunately, if card(w,)=2, its order-reversed version is incompatible with p
and hence cannot be a member of D. So we introduce besides the order-reversing
automorphisms of P automorphisms of P which shift the supports of the p’s alittle
bit. Given g <Fp, by reverting a suitably shifted version of p and joining it to ¢, we
getanreD, r<Pq.

Definition 2.8. (i) Perm{w,, <w):={g:w;—>w,|g is bijective and glw=id|w and
d(e, g(o)) < for all aew,}.
(ii) Each gePerm(w,;, <) induces a mapping ind(g): P—V via

ind(g)(p):=(g"(@,), {(o, Peg"(w,) x g"(w,) g™ (@) <,2™ "(B)},
{( B flg™ (@, 2" (P (P eg"(w,) x g"(w,), g~ o) <,8~ ()}
{(o, B), b~ (@), B)) e g"(w,), Bexe(f,)}).

It is easy to see that for g € Perm(w 1 < ) the function ind(g) is an automorphism
of P. For p € P let mirror(p) =(w,, _1,, {(o, B,7) o>, B, fp(ﬂ )=y}, h,),and for i any
automorphlsm of P define i* : V- V7, i*(1) = {<i*(0), i(p)) | {5, P er} see [VIL12
in Ku]. The next lemma will enable us to use the isomorphism lemma for forcing
[VIL13.c in Ku] to find the required members of D.

Lemma 2.9. (i) For gePerm(w,, <) we have:
17 (g~ IU{(%a ao)s(a1,a1)})" : (U, ao, a;) =ind (g)*(U¢, ag, ay)) -
(i) 1712 (U, a,, ag) = mirror* (W, ag, ay)) -
Proof. (i) Each peG gives a finite substructure p, of the generlc structure
(Ug,a9,a;) by  pr=w,urg(Hu{0,1}u{ag.a,},  ({ao} x < )u{a} x 2,),

({ao} x Graph(f )u{(a;, o, B, IS B, )=y}, graph(h,), ao,a,).
To prove (i), we show for P-generic G, that

(g™ 'u{(ao, ao) (a1, a,)}): (Ug, ap, a;) =(ind (g)*(Us, a9, 1))
(ind (g)*(Us, ao, a1)))e=(ind(@/*(U{p.| P G}))s
=((U{p.|ind(g)(p)e G})¢
= U{p:|ind(g)(p) € G} = {(ind (g™ ")(p)) | P€ G},

and g_ ! U{(aO: aO)a (ala al)} 2 = (lnd(g_ 1)(p))r
(ii) is proved in a similar way. []

Now let g<Fp be given. We show
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1. For all re P, if there is a ge Perm(w,;, <) such that r <Pind(g)(mirror(p)),
then reD.

2. There are r<Pq and g with these properties.

Ad1: By the isomorphism lemma for forcing we have:

ind (g)(mirror(p)) £ y,em(¥, ind (g)*(mirror* (Ws, ao, a1))); ¢). (+)

2.9(i) applied to mirror*((Wg, ay, 4,)) yields

1Pty {(aOa do) (ay, ‘11)})v :mirror* (W, ao, a1))
~ind(g)*(mirror* (g, ay, a,))) -

Together with 2.9(ii) we get
11 (g ™ 1 U{(a0, a0} (a1, 1)}): (U, a4, a0) = ind(g)*(mirror* (W, ag, a,))) -
Hence (+) and the isomorphism property of =, give

ind (g)(mirror (P) I yem(Vs(Ws, a1, ao), ).

Ad2: Take a gePerm(w,, <w) such that g"(w,)nw, (D Let w=g"(w)uw,.
Then fix an he Perm(w,, <w), such that A"(W)nw' =0. Let p:=ind(g) (m1rror( p))
Then g"(w,)=w,. Now take an r with w,=w,Uh"(w)ug’(w,); let <, be some
linear ordering on h'(wy) and £,=<,0 g,,u gp,u(wqx(h”(wq)ug”(wp)))u(h”(wq)
x g"(w,)); £, be a prolongation of f,u f, to w, x w, with new and pairwise different
values for the new arguments, h,2h,Uh,,.. It is easy to see that re P. Now 2.6 is
proved. []

™~

As a corollary, we get

Corollary 2.10. Let &, be an X,-definable logic with small syntax, c asin 2.5 a fixed
element of V. If ¢.ypc, €%, then

(i) Cons(—loc Hom(%;, %,)).

(ii) If additionally the satisfiability of

Ty,:= {¢c0mc1}U{X(co) o ylc)lxe 32[0'\{00, 01}]}
is absolute for c.c.c. forcings (see [Va]) then —loc Hom(%, &,).

Proof. (i) In V[G], (We, ag,ay), gbm,ﬁcl) is a counterexample.
(ii) The satisfiability of Ty, in V[G] implies the satisfiability in V. [

(ii) finishes the proof of Theorem 2.2. The same forcing technique and a suitable
expansion of (U, ao,al) provide an example for —1loc Hom(%,,,(Q%"*¢)), where
Q%™ xyd(x, y) says “¢ is a dense linear ordering with a countable dense subset”,
see [Mil].

The main step for the next theorem is to show the existence of a model
(QI’ (u)ueUﬂ[s Qo, a1)|= ¢:‘ol+>c1 such that (QL aO) EJoom(aa) (QI’ al)s where qon—»ci € gmzm
satisfies Mod (¢, ,,.,)loc EMod(¢.,,,.,)-

Theorem 2.11. —1locHom(%,,,.,, & .(aa)), and therefore —1loc Hom(Z,, ,(Q9*)),
—locHom(%¥,.,,) etc.
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Proof. Set

T: = {¢COI—/—>C1}
u{“H is the graph of a binary function h:(Uu{c,,¢,})x U—{0,1}”
AV, yE(Uu{cq, ¢1})Jue U(H(x,u,0) A —1H(y, u,0))}

v {V;Cl (i/<\n Ux;—(x(co, €15 X) > xleq, Con 7'5))) \
x(Cos €1, X) € Lpo(ar)[cU{H,0, 1}]} .

By the proof of 2.10, and by absoluteness of satisfiability of countable £, (aa)-
theories T has a model. Starting with such a model the use of back-and-forth
techniques as in [Ca] and a compactness argument yield a (B, (), ys, ¢g, CE T
such that

(EB’ (u)ue U%s C%;’ cﬁls)ngm(aa) (%7 (u)ue UBs C?a c%i) .
There is an uncountable F CU®{0, 1} such that (B, (), ye, ¢3, cP) b= ¢ 5, Where ¢ 5
= A Ix¢Uu{cg,cq} /\BH(x, u, fu). Let ¢p:=Vx (Ux—> i x=y) and
feF uell -

ucli®
Deoprc =P AP rA N\ ¢ Then Mod(9,,,,. JloEMod(¢,,,.,.,), and hence
i=2,3,4
(B, (U)ye v, Cos €T), Prpoe,) forms a counterexample. [J

3 A positive result

Let I' be a class of regular cardinals. Q9Txy(x, y,¢) means ¢(-, -,¢) is a linear
ordering whose right cofinality is in I". In this section the homogeneity property of
the cofinality logic .Z,,(Q¥") is shown.

The proof proceeds in two steps. In the first one, for a given (%, a,)
=g (2, a;) with 14 countable, we give a notion of forcing such that for
generic G, in V[G] there is a model (B, by, b,) =g, (gere(W, o, a;) With (B, cF)
=y an(B,c}). Then we apply Shelah’s result on Hom(%,,(Q9), £,,.(aa))
[Sh 85, Sects. 5, 61, compactness of Z,,,(Q9") and the transfer theorems of [Sh 72]
to get Hom(%,,,(Q9")).

Theorem 3.1. Let (W, ap)=g, ooy, a1), tau=7 be countable. Then
T:=Thy, geron((¥, do, 4,)) U1 Blae) < Blay) | Hx) € 2, (aa) <]} is satisfiable.

Proof. The methods of Proposition 2.1 in [Me-Sh] provide an %, ,(Q09*)-w-
homogeneous model (€, cq, ¢} =g (gera (¥, 4o, a;) such that for any new there
are only countably many £, (Q%)[t]-n-types over @ realized in (€, ¢, ¢,). We fix
such a (€, ¢, c,). W.Lo.g. let 7 contain an n-ary relation R(¢) for any Z,, (09 *)[1]-
definable relation ¢(X). There is a countable £, -w-homogeneous substructure
D<€ with the following properties:

1. All Z,,[t]-types over §, that are realized in €, are realized in D, too.

2. For any new, §(z,x,y)€2L,,(Q7%), ceD: If €ERQY*xyd(zx,y)[¢],
then (R(¢)[¢, -, - ) is a cofinal suborder of (R(¢)[C, -, - D%

Taking such a D, we define a forcing P=(P, <¥ 1¥) by

P=(P, <%,17), where P:={9|M is a t-structure, M is a countable limit
ordigal and M=D}u{l};

1 _

H
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for M, NeP let M<FPR I N=1 or N=IM or the following conditions are true:
N<y M and for any deN, peZ,,(QY") the conditions (i) and (ii) are
equivalent, where:

(i) (R(P)[&, -, - 1)™is a linear order without last element, and thereisaye M\N,
such that (R(§)[&, B,7])™ for any B in the field of (R(¢)[&, -, - )™

(i) NE=ROQYxyd(Z, x, YYA“P(Z,+,-) is a linear order without last
element”)[&].

Let G be P-generic over V, and in V[G] define Bg;:= )G, the union over the
semilattice of structures in G. We shall show that for suitable b,,b,, in V[G],
(B, by, by) is a model with the desired properties. Since satisfiability of countable
Z,.(aa)-theories is absolute (we consider T as an %, (aa)-theory, see [4.4 in
Sh85]), 3.1 will be proved.

Because of the density of D,:={eP|aeM}, acw,, (/G has support w,,
which is equal to {9, as P is w-closed.

An induction over ¢ € £, ,(Q¥”) shows that for any &€ w, we have:

(B L))
iff there is an MMe G, such that xeM and MER(P)[].

The crucial Q9“-step is based on the definition of <P,

There are dy,d,; €D such that DE={R(@)[do,d,]1¢ such that Wk ¢lag.a, ]}
Therefore, there are by, b; €, such that (Bs,bo,b)=4,  gero)(Ws, do, @) in
V[G]. For any such by, b; we have (B4,bo)=g¢,_ _ gerw) (B, by). The fact (Bg, by)
=g, .an(Be by) now follows from:

Lemma 3.2. In V[G], for any 75,7, €w7®: If (B To)=g,, goro)(Bgs71) then
(B 7o) E.‘?m&,(aa)(%G’ 70
Proof. Let (Bg, Vo) =2.,.07)(Bg, 77)- We take I, € G such that M, 2 (B, 75)
=% uioer)(Be T1) A BelE[To] and 7o,71€M,. By the last lemma, (M, 7)
=g, M, 71), and because of the homogeneity, there is an h,
h : (EUED %)E’(EIRD %) .

h induces an automorphism of

P :={MeP| MMM, }
by stipulating h; =huidyy,,, and ’

AR =M via h, .

The second claim in 2.1 in [Me-Sh] yields for any ¢ €.%,, (aa) and MeP,:

m ”P‘1$G|= ol7] = H(Em) ”&SBG|= LA (D]
Since A(#t,) =M, we get M, |£ Bg=y[7;] and Bgly[r] O
Theorem 3.3. Hom(%,,,(Q¥®), £,,.(aa)).

Theorem 3.3 can be proved along the lines of [Sh85, Sects. 5, 6]. A more
detailed elaboration is given in [Mil]. Indeed, (£,,,(QY°), £.,.(aa)) has a stronger
property: One may replace the points ay,a, in the homogeneity property by
arbitrarily long strings of relations R,S§ of the same arities: If (2, RY)
=Zu0igero) (W, SY), then there is a (B, R, 8%) = gere) (W, R%, 5 with (B, R®)
~(B,5%). Z,.(0Y?) does not have this stronger property, as can be shown by a
modification of a counterexample to the Robinson property of £, (09®).
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Theorem 3.4. Hom(%,,,(0%")).
Proof. Let (U, ap)=g,, err) (AU, a;). We have to show that
T:=Thg, gerr) (W, ag, a)u{f(ag)=a,}u{"f is an automorphism”}

is satisfiable, where f¢ 7y is a symbol for a unary function. By compactness it
suffices to show that any countable subset 7" of T has a model. Given such a T, we
have T'C Z,,(QY)[cu{f}] for a suitable countable ¢ Ct. We use the transfer
theorem in [Sh72] to get a model (€,¢co,¢;) of Thy gerr (W, ag,a.) in the
w-interpretation. By 3.2 and 3.3 we can assume that there is also a model (B, b, b,)
of Thg,  (gerey((€,co,ci)lo) With an automorphism f of the required kind. A
further application of the transfer theorem leads to a model of
Thy (gera((B, by, by, f)) in the I'-interpretation, ie. to a model to T". [

Acknowledgements. The results are a part of the author’s doctoral thesis. I would like to thank
Peter Koepke for helpful discussions on forcing and for the hints leading to (P3) and (P4). Most
especially I would like to thank my thesis advisor Ebbinghaus for his friendly guidance.

References

[Ba-Ka-Ma] Barwise, J., Kaufmann, M.J., Makkai, M.: Stationary logic. Ann. Math. Logic 13,
171-224 (1978)

[Ca] Caicedo, X.: Back-and-forth systems for arbitrary quantifiers. In: Arruda, A.J,
Chuaqui, R., da Costa, N.CR. (eds.). Mathematical Logic in Latin America.
Amsterdam: North-Holland 1980, pp. 83-102

[Eb71] Ebbinghaus, H.-D.: On models with large automorphism groups. Arch. Math.
Logik Grundlagenforsch. 14, 179-197 (1971)

{Eb85] Ebbinghaus, H.-D.: Extended logics: The general framework, Chap. I1. In: Barwise,
J., Feferman, S. {(eds.) Model-theoretic logic. Amsterdam: North-Holland 1985,
pp. 25-76

[Ho-Sh] Hodges, W., Shelah, S.: Infinite games and reduced products. Ann. Math. Logic 20,
77-108 (1981)

[Ku] Kunen, K.: Set theory: An introduction to independence proofs. Amsterdam:
North-Holland 1980

[Mag-Mal] Magidor, M., Malitz, J.: Compact extensions of L(Q). Part (1a). Ann. Math. Logic

] 11, 217-261 (1977)

[Mak] Makowsky, J.A.: Compaciness, embeddings and definability, Chap. XVIIL In:
Barwise, J., Feferman, S. (eds.) Model-theoretic logic. Amsterdam: North-Holland
1985, pp. 546-716 )

[Mak-Sh]  Makowsky, J.A., Shelah, S.: Positive results in abstract model theory: a theory of
compact logics. Ann. Pure Appl. Logic 25, 263-299 (1983)

[Me-Sh] Mekler, A., Shelah, S.: Stationary logic and its friends. I. Notre Dame J. Formal
Logic 26, 129-138 (1985)

[Mil] Mildenberger, H.: Zur Homogenititseigenschaft in Erweiterungslogiken.
Freiburg: Dissertation, 1990

[Ot] Otto, M.: Ehrenfeucht-Mostowski-Konstruktionen in Erweiterungslogiken.
Freiburg: Dissertation, 1990

[Sh72] Shelah, S.: On models with power-like orderings. J. Symb. Logic 37, 247-267 (1972)

[Sh76] Shelah, S.: Decomposing uncountable squares into countably many chains. J.
Combin. Theory Series A 21, 110-114 (1976)

[Sh85] Shelah, S.: Remarks in abstract model theory. Ann. Pure Appl. Logic 29, 255-288
(1985)

[vi] Véadndnen, J.: Set theoretic definability of logics, Chap. XVIL In: Barwise, J.,

Feferman, S. (eds.) Model-theoretic logic. Amsterdam: North-Holland 1985,
pp- 599-643



