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Abstract

Assuming the existence of @ compact cardinals in a model on GCH, we prove the consistency
of some new canonization properties on X,,. Our aim is to get as dense patterns in the distribution
of indiscernibles as possible. We prove Theorem 2.1.

Theorem 2.1. Suppose the consistency of “ZFC + GCH + there are infinitely many compact
cardinals”. Then the following is consistent: ZFC + GCH + and for every family (fn)o<n<w Of
functions on N,, such that f, is n-ary and regressive, there are sets S,,0 <n <w, such that
Sor all 0 <n < w, S C [Ny, Ny, |Si| = Ny, and o | ([T, S) is constant.

We generalize this to higher arities, and find that the following is consistent relatively to
the same large cardinal assumptions: Given a family of regressive functions (f%)o<n<w On N,
and a function r:®w — ®, there is a family of sets (S,)o<n<» that have a certain size and
that are indiscernible for values under f, for all 0 < » < @ simultaneously, if f, picks r(m)
increasing arguments from S, for 0 < m < n. We determine the locations of the sets S, in N,,.
This, together with some additional work on indiscernibility over as many smaller parameters as
possible, yields the consistency of the existence of free subsets with at least one point in every
infinite cardinal interval of W,,.
© 2003 Elsevier B.V. All rights reserved.
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0. Introduction

This works continues Devlin [1], Shelah [9—-11], Koepke [6,7], our own [8], and is
motivated by a long-standing question of Komjath on the location of members of free
subsets on the ordinal line.
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In this work, we strengthen a generalization of Shelah’s result of [10] by inserting
more sets of indiscernibles. This will be Theorem 1.2. It includes reworking Shelah’s
[10] and filling in numerous details, in particular, separating the various meanings of
n and assigning different names. In Theorem 1.9 we shall prove the consistency of a
different canonization property, which works with a polarized partition property instead
of the Erdos Rado theorem.

In Section 2, we continue proving consistency results for canonical forms. We work
with not so strictly separated Levy collapses, which necessitates numerous cut-offs
and naming conditions. We shall show that the following is consistent: For suitable
regressive functions there is a sequence (S,:n>1) of (1)(“)-indiscernibles such that
Sy C [N, N,11) and |S,| =N, _;. This result is sufficient to get the dense free subsets
up to one minor blemish: there is no member of a free subset in the interval [Ny, N;).
Then we prove two versions with higher arities. Working with indiscernibles for ex-
pressions that allow all ordinals before the cardinal predecessor of the smallest variable
as constants allows us to remedy the mentioned flaw and also to get dense free subsets
from indiscernibles with higher arities.

In Section 3, we show how to get free subsets with specified locations from the
canonization properties. We recall the known transition and then apply it to our canon-
ization theorems. Then we improve the transition procedure in order to show how to get
free subsets with one point in each interval from the higher-dimensional canonization
theorems.

Notation: Natural numbers are denoted by j,k,/,m,n,r ordinals by o, f, y, & (, n,
v, cardinals by /, k, u, y. We define Jo(1) =/, and :Ix()t):zﬁqzjﬁ(/l) for a>0.
Let A<t=3" _, A*. For a linear order < on 4 and B,CCA and ac A, we write
a<B if (VxeB)(a<b) and B<C if (VbeB)(Vce C)(b<c). For a finite sequence )
of ordinals 7 <o means that all entries of the sequence are smaller than o. (1)) denotes
the sequence (1,...,1) of length r. For forcing conditions p and ¢, p<g means that
q is the stronger condition. So, we follow the Israeli convention. But we also try to
stick to the alphabetical convention (see [3]) that the condition named by a later letter
will be the stronger one. For a regular cardinal pu, we say that a forcing notion P is
u-complete, if every ascending chain of length < u has an upper bound. We say that a
forcing notion P is u-directly closed, if every directed subset of size <y has an upper
bound. A filter D is pu-complete, if every subset of it of size <y has an intersection
in D. “Countably complete” means N;-complete. Filters may be improper, i.e. contain
the empty set, but when we say “ultrafilter” we mean a proper ultrafilter. A compact
cardinal is a regular cardinal x such that for every u>x for every x-complete proper
filter F on y there is a x-complete ultrafilter above it. Indeed, we use this only for
U<kt We also use a x-complete normal ultrafilter over x (see [5]).

1. Canonization theorems
The following definition is a generalization of Erdos’ and Rado’s polarized partition

properties to products of infinitely many factors and infinitely many functions working
on suitable parts of the products. The arity of each single function is finite, but the
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homogeneous sets will be the same for many functions, that can be seen together,
so that the union of their domains contains some [4]<® and such that there is a
homogenized subset of this which contains numerous finite compatible sequences, and
is a large part of some [B]<® for some B that lies cofinal in N,,.

History: Shelah introduced and worked with the canonization properties from Defi-
nition 1.1 and related notions in [9—11]. We do not change the content of this pattern
with several parameters, but write the tuples in slightly different form and add some
explanations. We will work with instances of the definition whose consistency is new.

Let (A(&):E<0) and (k(&):E<0) be two increasing sequences of length 0 € On of
cardinals. We assume that for every &, A(&)=x(&). The picture is: For £ €0 we are
given a set 4: of size A(¢). We assume that 4: C On and that for & <& <0, 4: <A4z. We
want to find S: C 4, £ <0, such that |Sg| =x(&) and such that all tuples from a certain
combination of the S;’s are indiscernible under the functions f; simultaneously for i <o.

First we describe the arity of each f;, its range, and the number of coordinates which
will not influence its value if f; is restricted to a certain combination of the Sg’s. So
we assign to f; a quadruple (7(i),Z(i), (i), &(i)) such that y(i) is a non-zero cardi-
nal, and 7(i) = (r1(i),...,r(i)), r;(i), 1 <j<k, and /(i) are natural numbers, and for
each 7= (ri,...,r) we denote w(F)= Y1) 7 (think of weight), k(F)=k, /(i)<
w(#(i)). f; will take an increasing argument of arity w(#(i)), which is subdivided
into arities 7;(i), j=1,...,k(i). Also &(i)=(&1(i),..., k(i) is a strictly increasing
sequence of elements of 0. The argument of f; in the j-block ranges over [dg, ;]\,
and under certain premises f; will be independent of the arguments in the jth block
when they range over [Sg/.(,-)]"f(i). In Section 1 and in the first part of Section 2 i will
be a pair (n,m), 1<n<m<60=w, and in the last part of Section 2 i will consist of
triples, because this allows an easy description where and how f; is working.

We shall ask for indiscernibility only in the last /(i) arguments, starting from the last
block of arguments and going to earlier arguments until /(i) arguments are named. Of
course one could think of a tuple of numbers that describe the indiscernible arguments
in each block of 7#(i) separately, but this imagined property can probably be proved
only in situations where the property with fewer parameters (i.e. those in Definition 1.1,
and the “fewer” is not a joke) is true.

Definition 1.1. (A(¢): <& <0) has (k(&): ¢ <0)-canonical forms for I' = ((#(i), Z(i), x(i),
&(i)):i<a) if for every sequence (4::&<0) such that [4;| = A(&) and 4; COn and
A: <4, for E<n<0 and every sequence ( f;:i<u),
k(i) .
fit [T 1Ae@)" = 2.

J=1

there are S; C A; such that |Sz| =x(&) such that for every i<a, f; is (7(i),/(i), x(i),
&(i))-canonical on (S;: &< 0). This means for every i <o, a, if

() = (D)2 j < k(D))

i) < - < &) < 0,
ar < -+ < ani € S¢a)
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iyl < o0 < A (i)anl) € Sei)

a<z/’€k(i>—l "/'(i))H < s A3 vy i) € Sékm(i)'
then fi(ai,...,awi))) depends only on &i(i),...,E¢kxn(0),ai,. .., awwu)y—rsa) and not
O @yy(7(i))~ /(i) 15 - - -» u(i(iy)- I case /(i) =w(#(i)) the independence means that f; |
H,]ill)[scj,(,-)]’f'(") is constant.

Remark. In our setting, we wrote ¢(i) as a parameter. In Shelah’s work, it is often
quantified over all ¢ such that

2(i) < k(&) (1.1)

or something similar, containing exponentiations. Since we do not want to assume that
r is an increasing function, we specified on which cells S,;), j=0,...k(i) — 1, the
function f; works, and in which arities it works. In some work by Shelah [10], the
range over which &(i) runs is not mentioned explicitly, but tacitly taken from [9]. As
in [10], also in this work /(i) will always be maximal, that is /(i) = w(7(i)).

In our applications o will not be quite an ordinal: In Section 1 and in the first part
of Section 2, i will range over [ ={i=(n,m):1<m<n<w}, and there will be one
function (r(n):1<n<w) such that for all i =(n,m), 7(i) = (r(n),...,r(m)). 0 will be
o and A, = Ry, o0—1, Ney (), and (ki(n): 1 <n<w) will be chosen possibly very small,
depending on » and on the difference between ky(n) and ky(n).

We set &(i)=(n,...,m). So the aim is to find large subsets S, of the 4, such that
1<n<m<o, fom S x - x[Sy]""™ be constant.

In this situation, we call (S,:1<n<w)(r,:1<n<w)-indiscernibles for f;, i€l.

A word on consistency strengths: The sets of indiscernibles for f( ., m=>1, will be
used in the application to free subsets and the running m are one be the source for the
strength of the instances of canonization we look at. For r(n)=1 for all but finitely
many 7, the known lower bound on the strength of the results of all our theorems is
one measurable [6], for larger » the best-known lower bound is 0" [7], and this is
derived already from r(n)=2 and |S,| >3 for infinitely many n.

For the last theorem of Section 2, i will even range over some triples. Combinatori-
ally this is not much harder, however, it is better suitable for finding free subsets (see
Theorem 3.7).

In order to avoid too many shifts, the indexing of sets to be thinned out starts only
with 1. We will work with countably closed filters and thus the search for homoge-
neous sets starts only with a normal filter on the first compact cardinal x;, and we
do not homogenize below k= . Since for technical reasons all forcings have to be
wi-closed for our proof, the first part of the forcing will collapse all cardinals be-
low the first compact cardinal to N; with countable conditions, and the first compact
cardinal will hence be N, in the extension. Now, in Theorem 1.2, we will thin out
starting with 4, and thin them out to (S,:0<n<w). Shelah’s original step was from
the A, to the Sy, in our indexing, and there where no sets of indiscernibles with odd
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indices. The generalization from n, the exponent in the nth block in Shelah’s work, to
r(n) for an arbitrary function »:® — » comes from separating the different meanings
of n. Between any two sets Sy,, S2,12 of indiscernibles there will be another type
of set Sy, of indiscernibles. On Sy, the arity for indiscernibility is ry,,; =1 for
each n.

Theorem 1.2. Suppose the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”. Let r: w\{0} — o\{0} such that for every n, r(2n+1)=1. Then
the following is consistent: ZFC + GCH + (Ry,(n):0<n<w) has (Niym):0<n<w)-
canonical forms for

T = {(({r(n),...,r(m)),£(i), Niy(my—1, (n,n + 1,...,m))
i=(nm),l <n<m< o),

(@)=r(n)+r(n+ 1)+ -+ r(m),

ki(2n) = > (1(2))+2),

I<j<n
lo(2n)= " (r(2j)+2)+3,
1<j<n
ki@2n—1)=k(Q2n—2)+2, k(0)=0,
ko(2n —1) = ky(2n — 1) — 2. (12)

Proof. Since the indexing and the statement of the theorem are complex, we draw a
picture which indicates the location of the N (,y’s and the §,’s.

s M S 5372 Sy 853

| | | X | | | | | | | X | | | | | | X
I I I | I I I I I I I | I I I I I I | .

No N Ny N3 Ny Nr(2)+2 Nr(2)+r(4)+6
gap gap gap

We draw the S5, towards the end of their interval. There are empty intervals which
we do not call gaps because the S, are for arity (2n) and hence under additional
premises can be spread out over an interval of »(2n) cardinal steps. We will do more
work on this in Section 3. Shelah’s work [10] gives a picture as the one above with
gaps instead of Sy,+1, <o, and r(2n)=n.

In Shelah’s work, »(2/)=/, and there are no »(2/ —1). For the proof, we first write
some definitions and claims separately.

Definition 1.3. For cardinals 4, p, y and r<m let D,(4, 1, x) be the following filter:
(a) It is a filter over the set Inc(4,p) of increasing sequences of length u of
ordinals < /.
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(b) The filter is generated by the set of generators, where a generator is

Ge(F) = Ger(Fa ;L, K X)
={aenc(lu): Gue pVi(0) < --- <i(r—1) < pu,
F(ayoy, ... air—1y) = o},

for some F :[A]" — y.

Claim 1.4. (1) If y=y=", then the intersection of < generators of D.(1, i, 1) is a
generator; hence the filter D.(1,u,y) is k-complete.
(2) If 22— (W), (the usual partition relation) then D,(2,u,y) is a proper filter.

Let />1. The objects indexed by / will be used for finding S, and S,,. Let

E, be a normal ultrafilter over ;. Let 1/:Inc(;<;r(2/),1<j') and J; =k, x I;. Note

that D,.(z/)(lcjr(y),rcfl,x/) is a k,-complete proper filter, as the Erdos Rado Theorem

(Trar—1 ()" = (1)1 together with the GCH yield ;" — (/1 )i*"). So, as &/

is compact there is a x,-complete ultrafilter D over I, extending D,(zg)(;c;rm), K/“, Kz).

We set
F/=E; xD; ={ACJs:{i <w,:{tel,: (i,t)e A} € D}} € E,;}.

We call f:J;, — K, regressive if (VO<oa<ik,)f(o,t)<o. We call it regressive on A
if f(o,t)<o for (o,¢) €A, and almost regressive if it is regressive on some A € Fy.
Similarly we define when f is constant, constant on 4 and almost constant.

Claim 1.5 (Shelah). Every almost regressive function f :J, — i, is almost constant.

Proof. Let f be regressive on B€ Fy. Let B, ={t €1, :(a,t) € B}. So, by the definition
of Fy, there is some B’ € E; such that for every a € B, B, € D.

For each w € B', we let Aj={t € B, : f(o, )= B}, and thus get a partition {4} : f<a}
of B, into || <x, parts. As D" is x,-complete, B, € D, there is for some ff=h(a) <o,
such that 4} ) € D",

So £ is a regressive function on B’. Since B’ € E; and E, is normal, there is some
y<k such that {o:h(a)=7y} € E;. By the definition of F;, we have

{(,t): f(o,t) =7y} € E; x D} = Fy. O

Continuation of the proof of Theorem 1.2. Assume that GCH holds and that there are

compact cardinals kg =w<K] <Ky < ---.

Let P, be the Levy collapse of k4 to K;r(2/)+2, i.e., P, collapses every 4, K/HWHZ

<A<Ks41, tO K?r( a , and each condition consists of Kjr( ) atomic conditions of

the form tli(oc):ﬁ (4 as above, oc<1<;”r(2/)+l, p<A4). See [4]. The order is inclusion.

Let

plré={H()=p:Hi(x)=pepl <}
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and

M p) = sup{4: G B)H(2) = B € p}.

Let P=]],_, Fr. Let G C P be generic, and set G, =GN PF,. Let ¢, € P, be the empty
condition. We identify (po,..., p/—1) €[], ., P with (po,... pr—1,¢s, Pr11,...) and
pEP/ with <(f)0,...,(f){,1,p, ¢{+1,...>.

The first w cardinals in V[G] are Ny = K, K0+ !, k1, (this differs from Shelah’s work)
...,KfLr(z)H,Kz,...,K/,...,K;'r(zf)H, K/+1,... . Also V[G] satisfies the GCH. Let for
i=(n,m), in V[G],

m

Fio T Rah-1Re ()™ = Re 1, (1.3)

J=n

where the cardinal value of x, in V[G] is Ny ), for /€w. W.lo.g., from the
value of f for o,...,0 we can compute its value on any subsequence starting
with oy. Now, in order to simplify the organization of the homogenization arguments,
we take:

foy = Smy:m = n),

S0, o00) = { fony(ctos. ..o ) mosth. Ny, < o),  for & € sup x,.  (1.4)

By the GCH we have that N,‘é;(n)_l =Np,m—1 and hence f(, ) has still small range,
which will be regarded as Ny,(,)—1. The value of f is a finite sequence of ordinals less
than Ny, ,)—1, where n is the minimal index such that o >Ny, 1, and hence the value
can be seen as one ordinal less than Rj,,)—1. So f is regressive in a strong sense that
will be used in the pigeonhole arguments to come. The sets S,, being indiscernible in
the matching arities under f on each realm where f is regressive, also witness that
there are canonical forms for f{,, ,,) and I from Theorem 1.1, because of the connection
given by Eq. (1.4).

Claim 1.6 (Shelah). If A€ F,1, pu,€F, for every (a,t) €A, then there is BCA,
BeF,.| and q € Py such that

(V(o,1) € B) (P [ o0 =q) (1.5)
and hence
(Vr)(g S r€P/ NAr) < aN(ot) €B — puntr). (1.6)

Proof. For (o,1)€AN{(p,0) €Jpir:cf(p)>1 Y, (0,0) = poun Lo € P e

({Iji(y) =fii<a,y< K;r(%)ﬂ, f<2}) can be coded as a regressive function, because,
by GCH, the respective powers of cardinals are sufficiently small. Since E,,; is a nor-
mal ultrafilter on x/,1, we have that (Vy <, 1 ({oa<rk,41:cf(a)>y} € E,1). (suppose
otherwise: {a <k, :cf(a)<y} € E/y for some y<i,y1 Then, by <k, i-completeness
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of E/, 1, there is some )/ <y such that C ={a <k, :cf(x)=9"} € E/y1. For each o € C
fix an cofinal sequence (x,(f):f<7"). For each f<y’ the function o+— x,(f}) is re-
gressive on C, and hence constant on a set Cp in E,y . The intersection of all Cg,
<y, is empty or a singleton, but should be a superset of some set in £, ;. Contradic-
tion.) So, by the previous claim there are some ¢ and some B € Fy; such that BC A4
and (Y(a,q) € B)(p(w1) | «=¢g). For the second equation: If A(r) <o, then p(, )\g has
disjoint domain form r\g. [

We add a lemma on compatible forcing conditions, that will be used to give the sets
of I-indiscernibles.

+r(20)+2

Lemma 1.7. If ACFy,y, qun €F, for every (o,t)€A, u<k, , W regular, then

there are C Ckyqy, |Cl=w and te€ {{t:(y,t)€A}:ye C} such that

(V7,6 € CY)quntaes) (1.7)
and hence, since Py is K;r(z/)”-directed closed,

U 460 € P (1.8)

yeC

Proof. First we take B € Fy,1, BC 4, as in Claim 1.6. Then we take the first 4 members
of {a<ispr:{t:(ont)€B} €D}, say they are {o;:i<p}. We take €, {t: (o,
t)yeB} €D . Then we take a subsequence o; of the o; by i;;1>i is such that
i(p(aij,t))<ocij+] and is = sup{i,:y<d} at limit 6. Now Eq. (1.6) of Claim 1.6 gives
the pairwise compatibility. [J

Now we continue the proof of the theorem.

Let, for n>1, 4, C Ry ,) be cofinal. In order to avoid clumsy notation, we identify
Ay with [Re )= 15 Ry (n))-

We prove that there are sets S,, n>0, S, CA,, |S;| =Ri,m), forall n>1, k=0, for all
Olns ﬁn, a:p ;,5 ooy Ontks ﬁ}’l+k’ a;//,+k7 ﬁ;[+k if Ontis OC;/1+[ S Sz(i’H»i)fl: ﬁn+[5 ﬁ;H»i € [Sz(n+i)]r(2(n+l))
(0<i<k), then

f2n71,2n+2k71(am ﬁna LR an+ka ﬁn+k) = f2n71,2n+2k71(a;p ﬁ/rp LR O{;H»k’ ﬁln+k )9

f2n,2n+2k—l(ﬁn> oy Uptks ﬁnJrk) = f2n,2ﬂ+2k—l(Fn’ EERR) OCI/1+k’ pnwtk)'

Remark 1.8. In the following, we treat explicitly only the first kind of these equations.
This will be enough. For the even first index, we can work with a dummy first variable
such that the function is regressive even together with this first variable (it is not total,
though, but defined on a set in the ultrafilter). Then we invoke Claim 1.5. Also, we
do not need to deal with arguments ending with a variable of kind o, because we will
get indiscernibility for an extended sequence of arguments.
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+r(20)+1

-complete, we can find p° = (p), p,...), p<

Since each F; is x, p° such that

for each /:
(0) p°Ip “f11,"® is determined by forcing with []

j<l
P‘-namefo P° T 120 f{;

2
P. So, for some [, _,

This is proved as in [11] property (5) there.
Now we define by induction on k, a condition p*=(pf, pf,...) and sets 4% € F,
(0</ <) and conditions g, , € P, for (¢,1) €4, 0</ <, such that for all />0:

(1) pf<p/t'in P, A}/ CAf.| and (a,t) €A, — K, <

() q(a’t)<q(k%+tl) for (o,1) eA/krll’
(3) p}‘:q(kM) [ o for (a, t)EA/H;

(4') for every />0, k=1 for some []

j<¢ Pj-name f for any (o 1,4711)€AS

(410
(oc/+2,t/+2)eA/H,...,(och,tHk)EAH,( and increasing sequences ﬂ/ﬂ from
range(t,4;) of length »(2(£ + j)) for j=1,...,k,

k
P u U Do ire)) I “for any increasing sequence j from K;Lr(z/)

j=1

[(’?5“/4—133/«%15'">“/+kaﬁ_/+k) = [k(?)”'

For k=0. p° 1s already defined. For />0, let ), | ={(a,t)€J, :0>1x,}, and for
(o, t)GA/H, set q(w) p/ Property (4") does not speak about k =0.

For £+ 1. For / <w, the inductive hypothesis for k=0 and /+ 1 according to (0),
and for k>0 according to (4) for k and /+1, says, that there is a || P-name f k+1

j</+1
. . . . . 2/+1
of a function whose domain are the increasing finite sequences from K;:(l “+D) and

whose range is /1. Property (4") for / + 1 and k says that p UUJ | q(mm i)

forces the f-indiscernibility c_)f the O‘/+1+1=ﬁ/+1+1»°€/’+1+2»/3/+1+2a oc/+1+k,ﬁ,+1+k if
(O(/+1+],t/+1+])€14/+1+j and fi, 1, ; €tr114; for j=1,...,k and that f describes f
on this set. y in (4) for /+1 is a sequence of length Zr<,</+1 (r(2])+ 1) but indeed,
without any harm could have any finite length, and now our aim is to get indiscerni-
b111ty in the uppermost block of 1+7(2(/+1)) coordinates. So in (4) with /+1 we have

2041
§=9"0s1" By, with oy <ty and B = {(Bri10s-.- ﬁ/+1,r(2(/+1))><76/++r(1(+ 2

Remember that the GCH holds and that each x, is regular and [[;_, P satisfies the
K/s.1-chain condition.

For each sequence oy ﬁ/+1 there are conditions 7; it Bran S H/</ %, z<i(oc/+1A[§,+1)
3 3 3
and a set {(rm’+l B R //*') i<i(o741"°B,, 1)} such that 7" P+t is & name for a func-
2/
ton b (@ B )= T G B T <) and such  that

O/ +1 Aﬁ/“

o Bray ~p . . S -
{rl.yHl Pen ti<i(oy41"By41)} is @ maximal antichain of [, _, P; above p* and 7

I l~1 (O!/+1 ﬁfﬂ) yw“ e . We define for a1 € x/41 an r(2(£ + 1))-place function
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‘ 2 1
G;ﬁy/ﬂ on K/_H(l (/+ ))

k, 0 /1B, B . . ~D
GE 1 (By) = {67 P i Py i < i By

k. . . . D
The range of G, has cardinality less or equal k.1, as i(a/+1"f, 1) <Ks+1 because
9‘/+1A/;/
1 Heng/ Pjs Hj</P‘ SK/11,

11 i< B satisfies the x/4;-chain condition, and
= k =/ ~Q : 3 : X
and for each /’I/H(/ SO Byiy) is a HK/ Pj-name of an ordinal less than /41,

and hence the number of possible @/kﬂ can also without loss be bounded by x| =

K¢41-
Let B,,,, ={t€l :G;C"”" has the same value, say h;+1(ot/+1), on all increasing
sequences of length (2(/ + 1)) from ¢}. By definition

+r(2(7))

*
By, € Dya (i, 0 ki) € DYy

Thus, B’ ={(q, t)eJ,H tEBy} EFy.
For every (a,t) EA ;1 choose an 1ncreasmg sequence of length »(2(/ 4 1)) from ¢,

call it f,,,, and find q(k:tl) such that ¢/, <q(') € P, and

k
k+1 k
G(nr) Y U DCopire)) forces
j=1

7, o an increasing finite sequence from /)
L) ToBr)): 7 g q
of length > @+ = f(m (1.9)
1<j<?t
for some J[;_, P-name f (possible as Py is K;V(%HZ complete). If (o, 1) € B’ too,

then the choice of [3/ 41 1s 1mmateria1 Now by Claim 1.6 applied to q(kjtl) and Af L NB,

we can find p}‘“ and A/kﬂl CH ﬂA 1 with property (3), and as the number of pos-
sible f* ) is </, we can choose some f;‘“ such that f( N, f/k+1 for every
~ (a,t) ~ ~ (o, ~
(a,t)€AST]
By now, f(’; ;) may depend, as written in Eq. (1.9), also on (o42,%),...,(%1kt1,

+r(20)+1

t/1rv1). But the number of possible f(a 0 is less or equal x, and Fyyp is
k+1

K/41-complete, and so we can assume that f(“) _f/’“rl for every (o,t) €4,/ . Fur-
thermore, since Fyis,...,Fsi4s1 are all x,o-complete, we can chose A/kjjl CA/"+],

A/kjjl € Fy; such that f(’;,t) is the same for all (oy42,%42) EA/kal,...,(ochH,tHkH)E

A,ﬁzl Hence, as required in (4’ ), there is indeed one name working for all conditions.

We define 47, _ﬂk<w Fotr 4Gy = U< 96y and pf = U, pf for (w.1)€
Ay. As each Fyyy is k/q1-complete, A7 | € Fy1y. It is also clear that p € F, and

q&t) € P, for (a,t) € A7, ;.
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Now choose for each />1, oté, i<Np,2/-1), and t, as in the proof of Lemma 1.7
such that qz*;,» ,) are pairwise compatible. Now let
i

1 _ 0} 0]
p —< U 9oy U q(%§~12)"">

i <Ny (1) i<Ny,3)

and Sy, = {oc} (i <Ngr-1)}, Sor =t. It is easy to check that they are as required.
Lo

Now we present a canonization theorem which was for some time the one giving
the densest free subsets. If Fact 3.3 is applied to it, it gives free subsets which contain
one point in each cardinal interval for infinitely many blocks of r(n) adjacent intervals.
Between two blocks there will be an interval of three cardinal steps. In the middle part
of the interval there is one point of a free subset. The canonization theorem leaves
it open whether the first and the third part of the three step interval can be hit by a
free subset.

In comparison to Theorem 1.2, we change the homogeneous blocks: Instead of
working in the (2/)th block S,, with arity r(2/) we want to get r(2/) sets S/,
0<j<r(2/), for arity 1, and (otherwise this would just be a weakening of the former)
S/ C Ry, (/)—r(r)+j- We also changed the indexing. The former S,,_; are now corre-
sponding to Sy, 1, #(2/) is now called »(/), and S,, corresponds to Syp,...,S/, /)1

Strictly speaking we could now search simultaneously for indiscernibles for a family
of functions

r(n)—1 m—1 r(/—1)—1
Lo [T BeoirRaemien) x [T T BacrRaciin)
J=h l=n+1  j=-1
j2—1
< T Beimin Reagms1)) = Riagugi) (1.10)

j==1

for I<n<m<w, j€{-1,0...r(n)— 1}, joe{—1,0,...,7(m) — 1}. But we dispense
with this and do it only for

m r(/—1)—1

Som: H H [Riy (29 Rey(2+1) = Riyn,—1) (L.11)

(=n j=—1

for 1 <n<m<w. This will again suffice for the purpose to find free subsets. Anyway,
the coding of Eq. (1.4) is applied to the f(, . so that we work with only one function.
But we could have applied a coding to the numerous functions as in (1.10).

In Section 3, we will show that homogeneous sets in these locations given by I" from
Theorem 1.9 are particularly useful for our application to the free subset problem. For
technical reasons another kind of cardinal gaps arises immediately after each collapsed
K, from the kind of Ramsey theorem we use in 1.9. We write commata instead of
concatenation symbols in the formulation of the next I.
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Theorem 1.9. Suppose the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”. Let r: o\{0} — o\{0}. Then the following is consistent: ZFC +
GCH + (Rpnj):0<n<w,—1<j<r(n)) has (Rinj):0<n<w,—1<j<r(n))-can-
onical forms for

= (1, (D) 1 (et (T 23, Ry 019,
((n,—1),(n,0),...,(n,r(n) —1),...

(m,—1),...,(myr(m) — 1))): i = (n,m),n < m < ),
() =20m —n+ 1)+ rQ2n) + rQn+2) + -+ r(2m), (1.12)

where for 0<n<w, —1<j<r(n), ki(n,j)= (ZKK" r(j)) +3n+j—1; and for
O<n<w, 0<j<r(n)—1, ka(n, )= (Zl<j<n r(j))—|—3n—1, ko (n, () —1) = ky (, ()
1), and finally, ky(n,—1)= (Zl<,-<n r(j)) 4304,

Again, we sketch a picture for indicating the locations but not the powers:

Si-1 SioSi - Sl,r(l)—is'z,—!1 S0 oS-t -
| | | —[ | | | | | | | | | | | | | x >
[ I I ' I I I I I I I I ' I I I I I '
No Xy Ny N3 Ny - Nair(1) Nagr(iyea oo N3r(1)1247(2)+2
gap  gap gap gap gap

Proof. Assume that GCH holds and that there are compact cardinals ko= <k <k
< ---. We use the same technique as in the previous theorem, but with different filters,
and there are now two kinds of gaps in the cardinal intervals where there are no
indiscernibles, one old kind: the second but last interval before the collapse of «,, and
one new kind: the interval starting with the collapsed x,.

Definition 1.10. For A; >y >y, let D({J4, w1 0<k <r), ) be the following filter:

(a) It is a filter over the set [], _, Inc(Ak, w).
(b) The filter is generated by the set of generators, where a generator is

Ge(F)=Ge(F; (e s k < 1), %)
={a=aya,"---"a,: a € Inc(A, ) for 0 < k < r and
(Foe € ) (Vi(0) < po)(Vi(1) < p(1))---(Vi(r — 1) < py—1)
F(aiy, - .- aigy—1) = o},

for some F: lg X -+ X A1 — .

Claim 1.11. (1) If y=x~%, then the intersection of <k generators of D({ g,y :
k<r),y) is a generator; hence the filter D({1y, p :k <r),y) is k-complete.
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) If
1Y
A0 Ho o
A M
. - .
)Lr—l Hr—1

V4

(the usual polarized partition relation, see [2]) then D({2, w:k<r),x) is a proper
filter.

Let />1 until the end of the next claim. Let E, be a normal ultrafilter over
k7. Let Ir =TT, 2 m Inc(x 2, x,) and J, =x, x I;. Note that D((r/ 2 K, 1k <r —

1) (2 k%), 1) is a ky-complete proper filter, as k' =x, (by the GCH) and

because of the following result from [9],

(2K)+ K <l>(")
(2IC)++
. - :
: K
(2IC)+r (2rc)+r ,
for y =1, and 7 :K;”k” and py =xy, (0<k<r), the premise of (2) in the above

claim is true.
So, as « is compact, there is a K,-complete ultrafilter D over /, extending D(<K}Lk+2,
Kok <r—1)"(c 2167 12), k). We set Fy = E; x D Again we take P =[], P, but

+r(20)+3

this time £, is the Levy collapse from x/, to x, . Now we are at the stage where

we can jump into the proof of Theorem 1.2 and continue as there. [

2. Canonization theorems with indiscernibles in every cardinal interval

In this section, we first prove a canonization theorem that is incompatible in strength
with the former ones, but that is best suited for our application: to get free subsets
which have one point in each cardinal interval. The aim, hitting each interval, is reached
at the expense of working with sets of indiscernibles S; of cardinal size one less than
formerly. In the second part of this section, we will return to higher arities.

Theorem 2.1. Suppose the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”. Then the following is consistent: ZFC +GCH + (N1 : 0<n<w)
has (N,_1:0<n<w)-canonical forms for

= ("D — n 4+ 1,R,,, (n,...m)):

i=nm)l <n<m< o). (2.1)
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Proof. Now, for n=1 and m running we have a simple and beautiful picture:

K1 K2
S S S Sy Ss Se

| | | | | ‘ | ‘ | ‘ | ‘ | ‘ | ‘ | .
[ I I | I ‘ I ‘ I ‘ I ‘ I ‘ I ‘ I

Ro N; Ny Ry Ry N5 N

Assume that GCH holds and that there are compact cardinals ko =w <K} <Ky < ---.

We take the filters D,(/, u, ) be the same filters as in Definition 1.3, but this time u
will not be fully used (or, alternatively, can be chosen one cardinal step smaller). We
will get homogeneous sets of the cardinality u given by a suitable partition theorem,
but at certain steps we shall carry onwards only the homogeneous part that is “known”
by one condition, and this part’s size is usually the cardinal predecessor of p.

Again we suppose that y=y<*, and then the intersection of <k generators of
Ds(A, u,x) is a generator; hence the filter D,(A, i, ) is k-complete. If )v—>(,u)fC (the
usual partition relation) then D,(4, u, x) is a proper filter.

Let ko =w and let (k,: 1</ <w) be a strictly increasing sequence of compact car-
dinals. Let E, be a normal ultrafilter over x,. Let I," =Inc(x}',x!) (or alternatively
L' =Inc(x, k) and J,” =, x . Note that D;(x,", k', /) is a ,-complete proper
filter, as k, — (1/")} . So, as 1, is compact there is a r,-complete ultrafilter D" over
I extending Dy(x) ", 1", k). We set

F}=E, xDf ={ACJ,:{i<wx,:{t€l,:(i,t)€ A} € D]} € E/}.

Now we use the filters F," to define similar notions as the ones in the previous
section: We call f:J," — K, regressive if (Va<w/)f(a,t)<a. We call it regressive on
A if f(a,t)<a for (a,¢) € A, and almost regressive if it is regressive on some 4 € F,".
Similarly we define when f is constant, constant on 4 and almost constant.

Since in Claim 1.5 we used only the normality of £, and the k,-completeness of D,
its adoption to the modified notions yields: Every almost regressive function f :J," — Kk,
is almost constant.

Now start with /=0. Let P, be the Levy collapse of x,.| to K?z, i.e., P, collapses
every 4, K}'l <A<Ksi1 to K;rl, and each condition consists of k, atomic conditions of
the form I;If(oc):ﬂ (4 as above, oc<;c/“, p<A). See [4]. The order is inclusion. Let
p € and A(p) be defined as in the previous section. We have to find a replacement
for the conditions enjoying property (0) from the proof of 1.2. For this purpose, we
use the following parametrized form of Claim 1.6:

Claim 2.2. If A€ Fyi1, qu,0(0)EPR, for every (o,t)€A, d€K/), are such that for
each (a,1), (g (0):0<K/)) is increasing in o, then there are BC A, B Fyyy and
p(0) € Py such that

(V(o, 1) € B)(q(a)(9) [ = p(9)),
p(0) are increasing with 6 (2.2)

and hence

(VO)Vr)(p(0) K r € Py ANAr) < aA(0,t) € B — quan(0)Lr). (2.3)
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Proof. By induction on ¢, for each ¢ we repeat the proof of Claim 1.6. Instead of
starting with 4, we start with ﬂy s By. It is easy to see that q(y)<q(9d) is fulfilled
automatically. [

Claim 2.2 will be applied only for one J in the end, but we have to work first with
unboundedly in k; many &’s in order to homogenize.
Now we continue with the proof of Theorem 2.1: The first w cardinals in V[G] are

No =Ko, kg ', K1, K] ', K2,... . Also V[G] satisfies the GCH. Let for i =(n,m), in V[G],

f(n,m) : H [N/aNH—l) - Nﬂa
/=n

where the cardinal value of x, in V[G] is Ny, for r € . W.l.o.g. from the value of
f for a,...,04 we can compute its value on any subsequence starting with «y. Now,
in order to simplify the organization of the homogenization arguments, we take f as
is Eq. (1.4).

Let, for /=1, A, C®,,; be cofinal, (4, : 1 <n<w) € V[G]. In order to avoid clumsy
notation, we identify 4,,_; with [Kj_l, K,) and A,, with [k, Kf) and do not write the
bijections (that exist in V'[G]). Note, that as in 1.2 and in 1.9 also here we work with
two kinds of A,’s. The ones with odd index 2/ — 1 (starting with 4;) are the ones
leading to the indiscernibles lying immediately before x,, the ones with even index,
starting with 2, are the ones which come from the second factor in the ultrafilters.

We have to prove that there are sets S,, n>0, S, C4,, |S,| =N,—1, such that for all
n=1, k=0, for all B, B, ..., Bnsks Bris if Pusis Pryi € Spvi (0<i<k), then

f(il,k)(ﬁi’l» cees ﬁi1+k) = f(n,k)(ﬁ;/v LR} ﬁ;ﬁk ) (24)

By Eq. (1.4) and Remark 1.8 it is enough to find indiscernibles for f and to think of
Eq. (2.4) only for odd n.

The analogue of property (0) from the proof of Theorem 1.2 (and the other theorems
in Section 1) does not hold, and we work with the following parametrized versions of
this property. Let G be P-generic over V.

The following picture gives a rough sketch fro where the variables are taken in V:

Py = CO”(K(T, < Kl), Py = COZI(K?T, < Kz),

po € Po, pi(g(1)) € Py,
P20 < q(a.)(9(0)), P1(9(1)) < Gu)(9(1)),
o 1 g(1) 05) Hhgl2) ...
[ \ | I \ I I | I \ [ [
[ \ | 1 1 { N 1
Ko Ky K Ky Ky Ky

We claim that we can find for each function ge[],_,_., x/ conditions

pP(g(£)) € By, £>0, such that p°(g):= (pp, PY(g(1)), p3(9(2))...) (note that pf(g(£))
does not depend on the other values of g, though we like to write p(g) as an
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abbreviation sometimes), p<p’(g), pf(0)=pf, p’(g)€G, and for each /<w,
B=yg({)eK/):

(0a) (p,....h, pX(g({)), P ys DYy “f1g(/) is determined by forcing with

[I,-, B So, for some [[;_,-name f;, is forces that fTg(/) :f;
(0b) pY(2)< pY(p) for a<fer/.

The listed properties are a cut off version of [11] property (5) there, and the cuts
are coherent by property (0b). We show how to find the 5°(g): We define by induc-
tion on j <w, conditions # ; € P, for /> and t; j(a) € P;, o € [k}, Kf), increasing with
j and at point (j,j) increasing in o. For j = 0, #; = p,. For j 4+ 1 we define
tj_,_]’j_;,_](ﬂ), L2, jt1s L3, 4+ 1s - - - such that Litl,) <tj+1jj+](0), Ui, j St jyl - and for
all f<x:

If kr<ow, 1<k +r<j+ 1, c<p,alk)<wp, plk)<w;,...,o0(k + r)<twpir pk +r)
<Band p*=(0o,.... 05 t;11,j41(B), tjs2,j4 1,43, i1, ) and p*<p" and p' Ikp f(o(k),
pk),...,a(k +r), p(k +r))=c, then

(POs -+ P tivr1 (B tisajs 153 15 -)

Fp f(o(k), B(k),...o(k +7r), p(k+ 1)) =c.

This is possible as the number of possible (k,7,c, py,..., pj,ak),..., B(k +r)) is
<x; and as [],.; P is «;-complete and as [],.,,, P is «}, ,-complete. By density
arguments, all conditions can be chosen in G. In the end we set #,(g(/)) = p(}(g(/ ).
Then (0a) and (0Ob) are true.

By (0b) and the properties of product forcing, p(g), p(g’) are compatible in P.

Now we define by induction on k, for all g€ [],_,_,, &/ a condition p*(g)=(p,
pi(g(1)),...) and sets 4} € F; (0</<w) and conditions ¢, ,(g(/)) € P for (a,1) €
A/k+1 (note that here the indices («,¢) for conditions in P, really stem from the
cell number / + 1), 0</ <, such that for all />0, ye [K/,K;L) for />0 and y=0
for /=0:

(1) pf<pf'() in P, Af1 C AL, and (o,1) €40, — K, <o; and the pf(y) are
increasing in v;

2) q(]‘;t,t)(y)gq(k;l)()/) for (oc,t)GA/lfjll; and the q(ko(’[)(y) are increasing in y;

() pf()=qln(1) T for (a,0)€4f, ;

(4") for every />0, k=1 for some [],_, P-name Z/k for any (o 1,t/41)EAS

VISP
(% 12:t742) EAf 5o, (O sistrii) EAS . and points fyy; from #,,;Ng(/ + j) for
j=1,...,k, for any g,

k-1

POl dbin 0 + D)V PE(9(4 + 1)) I
j=0

“for any increasing sequence j from ) N g(/)
SGorsrs Brorseesarais Brk) = L4
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For k=0. p°y) is already defined. For />0, let A/+1 ={(w,t)€J,:0a>K,}, and
for (a,1) €AY, set q(w)(é) pY(8). Property (4”) does not speak about k = 0.
For k+1. For / <w, the inductive hypothesis for k =0 and /+1 according to (0) and

for k>0 according to (4”) for k and /+1, says, that there is a H/</+1 Pj-name f B of

a function whose domain are the increasing finite sequences form K +1 and whose range
is xs41. Property (4") for / + 1 and k says that p UU o q(ymﬂ+1 t/+1+,+1)(g(/ +1+

Ny P/+1+k(g(/+ 1+k)) forces the f-indiscernibility of the ¥, o141, Pri1it, %i142
Brats2se s 0rsivhs Brorvk i (irssstryise) GA/k+1+j and B,y €lry; Nl +j+1)
for j=1,...,k, y€¢g(/), and that f/k+1 describes f on this set. 7 in (4”) for /+1 is a
sequence of length 2/, but indeed, without any harm could have any finite length, and
now our aim is to get indiscernibility in the uppermost coordinate. So in (4”) with
/+ 1 we have 7 =701 fry1, with o1 <Ky and fy. g <K/++11. Remember that the
GCH holds and that each x; is regular and [] i< , P satisfies the x,,|-chain condition.

For each triple oyy1 <wk/y1, Prei <K/, and d=g(/ )€k, there are conditions

B, .. A ) B, .. ~
’,1.9((;+1 "Br c H]</ >, i<i(oys ﬁ/+]’5) and a set {(},WH ﬁ/ﬂ’/%ﬂ /”‘)'z<z(oc/+1 ﬁ/’+1,

0)} such that y“’“ P+1is a name for a function h (oc/+1 “Bri) 10 ={{, f (37’,

a1 Brar)) 17 <wf' NS}, and such that {r“‘“ P, l<l(OC/+1 "Bri1,0)} is a max1ma1

antichain of [[,_, F; and y”“ 41 is a name of a function as above and

k—1
o Briv U q@/ﬂfﬁ,{ﬂﬂﬂg(/ +j+ 1)U Ph (g +k+ 1))
Jj=0
k A 1 P
) (ar Bran) 18 =75 P

: ko1 +1 .
We define for o/, <,y a unary function G, on «; INE

ka/“(ﬁ/«ﬂ) _ {(FG/H /f/+1 36/+1 ﬁ/+1) i < l(OC/+1 ﬁ/+1’5) 5 < K;r}

k.o, . . . ~
The range of G, has cardinality <, as i(oy41 fr41)<Ky41 because [] i< B

satisfies the xy. -chain condition, and r“’ b g IT ’HJ <t P‘ <Ks41, and for

/</
each ¥ ,f/ l(y L0401 Pri1) 1s a Hj</ P-name of an ordlnal less than %/, and hence
L s/

the number of possible fz/kH can also without loss be bounded by (™ =K/ 1.

Let B,  ={tel: G/{"“’“ has the same value, say h;‘H(WH ), on all points from 7}.
By definition

+1 +
Boﬂ/“ € DI(K/+])KK+1)KK+1) g D{+]-

Thus B' = {(OC tyeJsi1:teB, }6F/+1
For every (oc,t)EA/ t1 choose a point from ¢, call it f,.;, and find by induc-

tion on <k, a condition q(k;tl)(é) such that q(km)(é)<q(kjtl)(5)eP/ and such that

ket ket K+l
q(oft)(é)Zq(aﬁ)(é’) for & <é and such that q(cft)(é)UUj 0 q(%/+2 bapsa)
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(9 + DU Pfya(9(/ + k + 1)) forces for 6<g(/) that (7. /) (7« "fr41):7 an in-
creasing finite sequence from K/“ N of length 2/ —2) be equal to some [] j<¢ Pj-name

ff N (possible as P, is K/“-complete). Choose ff y independent of §. If (a,7) € B’
~ (o, - ~ (o,

too, then the choice of f,1; is immaterial. Now by Claim 2.1 applied to q(k:tl)(é) and
Af, NB', we can find p/*'(6) and 4}/ CB'NAL,, with property (3), and as the

number of possible f(’; ;18 <K;2 and as Fy,| is K, j-complete, we can assume that

k+1 k+1
S =1/ for every (a,1) € 4/}

By now, f(’; ;) may depend on (oyi2,212),...,(0sks1,t71kv1). But the number of
possible f(’; 0 is less or equal K/” and Fy, is x,.j-complete, and so we can assume

that f(’;’t):f/k+1 for every (o,t)€A)}|. Furthermore, since Fy.s,...F 441 are all

K/+2-complete, we can choose A/kjjl QA/’,‘H, A/’,‘jjl € Fy4; such that f(’; ;y is the same for
all (oc/+2,t,+2)eA/’,‘jzl,...,(oc/+k+],t/+k+|)€A/kj21. Hence, as required in (4”"), there is
indeed one name f /kH working for all conditions p**!(g) for various ¢’s.

We define A;U+l = ﬂk<(/) A/k+l’ qzlr;,t)(é): Uk<w q(];,t)(é) and p;)(é): Uk<w p/k(é)
for (a,2) € A7. As each Fyy is x/q1-complete, A7 | € Fy1. It is also clear that py’(d) €
F, and g, ,(0) € F, for (o.t) €AY, .

Now choose as in the proof of Lemma 1.7 applied to the results of Claim 2.2 by
induction on />0 ordinals g(¢) € k; and o, 41 €Kz41, i <Ny/ (which is the predecessor
of the predecessor of the collapsed x,.;) out of the E,.;-many « such that

Pty 1) i=A{tr41 € Iy s (dy1ntr11) € A7} € D)y

such that the qz‘; " )(g(/ )), i <Ny, are all compatible.
7+ 71
We start with g(0) =N,.
In the step 7, given g(¢), we choose ac; € Kyy1, <Ny, out of the E,j-many o such
that

Py 1) i={trs1 € Ipyr: (ayyntr1) € A7} € Dy

such that the g},  (g(/)), i<Npy1 are all compatible. Now take #4; €
+10 Yt
P(o, ). Choose g(/ + 1)<, such that

P<Ny/py

range(t/+1) N g(£ + 1)| = Kr41.
Now let for /<,
p'= < U 42,0 U 40,00, U qg’;g,,})(g(z))...>
i<N0 i<N2 i<N4

and Sy, = {ot}+1 i<Nosi b, Syso =141, It is easy to check, with the help of (4”),
that they are as required. [
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The following theorem is the generalization of Theorem 2.1 to arities as in
Theorem 1.2:

Theorem 2.3. Suppose the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”, and that r: ®\{0} — o\{0} with r(2n + 1)=1. Then the fol-
lowing is consistent: ZFC + GCH + (Ry,(n) : 0<n <) has (R,n):0<n<w)-canonical

forms for
m

r= <(<<1>f(">, (DU )R (mn 4 1, m))

i=n
i=(nm),l <n<m<w>

with ky(2n) =24+r2)+1+r(4)+1+- - 14+r(2n), ki2n+1)=24+r2)+1 .- -+r(2n)+1,
lk(2n)=kQ2n)—r2n)+ 1, kb2n+1)=k2n+1) — 2.
Proof. Again we sketch a picture of the locations:

K K K
S S, S; 2 Sy S5 3
| | | x | | % | | | x | | % % | | x | -

Vo Np Ny N3 Ny R, 2)42 Ny(2)4r(4)+4
gap

We draw the S,, towards the end of their interval, the collapsed [k, ©,"*"), which is
[N1+Zi<" (r(2i)+1),N1+Z’<” (,~(2,~)+1))). The proof is very similar to the one of Theorem 21,
only that this time we carry the notation »(2n) for the lengths of the 2nth tuples of
indiscernibles all the time with us. The partition theorem invoked to show that the
filters corresponding to the F," in the proof of 2.1 are sufficiently complete is as in
Theorem 1.2 the Erdos Rado Theorem. [

In contrast to Theorem 2.2, it is open whether Theorem 2.3 suffices to give dense
free subsets. The S,, need to give rise to sets that are spread over an interval of »(2n)
cardinal steps and still have strong indiscernibility properties. Under additional premises
one can establish a “spreading procedure”, see Theorem 3.7. The premise there is the
following strengthening of Theorem 2.3, in which S,, will be »(n) — o indiscernible
for functions f}, ., with range Ny, ,—14, for o<r(n), 1<n<m<ow.

Theorem 2.4. Suppose the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”, and that r: ©\{0} — o\{0} with r(2n + 1)=1. Then the fol-
lowing is consistent: ZFC + GCH + (Ry,(n) : 0<n <) has (Rj,n):0<n<w)-canonical
forms for

I = { <<<1>r(n)—o’ <1>’ <1>("(n+2)) . ,>, (i r(i)) — 0, Nkz(n)flJrO, (n,n +1,... m>>

i=n

ci=((nmo)l <n<m<wo<rn),n even}
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U { <<<1>, (DD (), gy (1.7 + 1,...m>>

i=n

ci=(n,m),l <n m<wn0dd}

with ki(2n) = 24+r(2)+14+r(4)+1+- - - 14+r(2n), ki(2n+1) = 24r(2)+1 - - -+r(2n)+1,
k(2n)=kQ2n)—rCn)+ 1, kbQCn+1)=kQn+1)—-2

Proof. So we need to work with an improved version of the filters from Definition 1.3
and simultaneous colouring theorems. Our filters will now describe a homogeneous set
for functions with different arities and ranges at the same time: the higher the arity,
the smaller the range. The highest arity was already used in the previous theorem.

Definition 2.5. For cardinals 4, u, y and r<w let D}(4,u, ) be the following filter:

(a) It is a filter over the set Inc(4, 1) of increasing sequences of length u of ordinals
<A
(b) The filter is generated by the set of generators, where a generator is

Ge(F)=Ge.o(F; A, 1, %)
={a € Inc(Zp): 3u€ y)Vi(0) < --- < i(r—1-0) < p,
F(ai(O),...,ai(,._]_O)) = o(},

for some F:[A]""° — y*° for some o<r.

Claim 2.6. (1) If y™° = (3 1°)<¥, then the intersection of < generators of D,(, i, y)
is a generator; hence the filter D,(A, 1, y) is k-complete.

) If )L—>(u)(r °) for all o<r (the usual partition relation) then D,(1,u,y) is a
proper filter.

Let />1. The objects indexed by 7 will be used for finding S5, ; and S,,. Let
E;, be a normal ultrafilter over r,. Let I/—IHC(K+r(2/) +1) and J, =k, x I;. Note

that D7, (K+r( N ! k/) is a xs-complete proper filter, as the Erdés Rado Theorem
together w1th the GCH yield

2 2
K/H( ):(:Ir(2/) 1N = (Trry—1-o(kSNT — (kf 1+0)r( )=o

So, as K, is compact there is a K,/-complete ultrafilter I over I, extending Dj,,,

(K“(Z/) K1, 1). We set

F;=E, xD*={4CJ;:{i<ws:{t€l,:(i,t)eA} €D;*} € E/}.
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Again we call f:J, — 1, almost regressive if it is regressive on some 4 € F*. Sim-
ilarly we define when f is constant, constant on 4 and almost constant.
Now we can continue as in Theorems 2.2 and 2.3. g4

3. Applications to free subsets

In this section we first recall some definitions, and then we recall how free subsets
can be chosen from sequences of indiscernible sets. In the model from Theorem 2.2,
there are free subsets with one point in every infinite cardinal interval in N, but
[No,N1). So this almost solves the old problem. Then we give a rather combinatorial
result, how to shift indiscernible sets that are indiscernible in a stronger sense, and
still be able to build a free subset whose members are picked from the images of the
shifts. Applying this result in a model of the canonization property from Theorem 2.4,
we will show the existence of free subsets having one point in every infinite cardinal
interval but [No,N;). Finally, our technique allows in a last step to add one point in
[No,N;) and preserve freeness.

Definition 3.1. Let 2 be a t-structure over 4. A subset S C A is called free subset of
2 if for every s €S, s is not in the range of a composition of functions of 2 applied
to constants and S\{s}. A tuple is free if its range is free. Let u, x, 4 be cardinals. By
Fr,(Z,x) we abbreviate the following: For every t-structure 2 with |t|<p and |4|>1
there is a free subset S of 2 of size at least .

Shelah [9] proved the consistency of Fr.,(RX,,®) from countably many measurable
cardinals, and Kunen proved that Fr,(X,,®) implies that V L. Later Koepke [6]
improved both results by proving that Fr,(X,, ®) is equiconsistent with one measurable
cardinal. Shelah’s as well as Koepke’s proofs use as an intermediate step the relative
consistency of ZFC+ GCH + (N, : 0<n<w) has (N, :0<n<w)-canonical forms for

= {1 o — 4 1,Ry, 1, (mon + 1,...m))
i=mm),l <n<m< o}l (3.1)

We recall how to get Fr,,(X,,w) from this. Suppose V' is a model in which the
latter canonization property holds and %l is a structure on N, with countable signature
t={g;:i € w} such that 7 is closed under compositions of functions. Without loss of
generality, T does not contain relation symbols, since relations of 2 do not have any
influence on freeness.

Let n(g;) be the arity of g;. For the f(;.) from Eq. (1.4) we take the function

S =/fa by
f: [Nw]<w - 23
f(OC(),...,OCrfl): {

0, if {og,...,0—1} is free in 2,

min{(i,/): as € gil[{o : k # £}]"99]}, else, (3-2)
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and get by property (3.1) some (S,:1 < n<w) that is (1)(“)-indiscernible for it. Then
it is easy to see that for any ij <i, < --- <i,<w for any s, €Sj,, f(Si»-...,5;,)=0.
Hence, if we take one s, out of each S,, we get a free set {s,:n € w}.

So the free subsets witnessing Fr,(X,,®) in the known models of (3.1) contain one
point in every second cardinal interval and leave it open whether one could get free
subsets witnessing Fr,(X,,,®) containing one point in each cardinal interval. By old
results of Devlin et al. this would be optimal: Suppose that 2( is a t-structure on R,
and that |t <.

Choice 3.2. For every o<W, let h,: a—|a| be a bijection. We suppose that the
binary partial function h€ 1, interpreted by h®(o, f)=h,(p) for B<a belongs to
every structure % we consider. Moreover, 2 shall also contain the reverse function h
such that h(hy(), %)= p.

We assume that 4 and belong to 2. If we furthermore assume that each n€ w is
a constant in 2, then the structures built in [1] show, that no free subset of 2 can
contain more than one point in each interval [N, Nz ).

Given 2 we take fy as in Eq. (3.2), then the same considerations show

Fact3.3. If (S,:1 < n < o) are (r(n):1 < n < w)-indiscernibles for fy, then
picking at most r(n) points from each S, and putting the points together into one set
yields a free subset in .

This fact can be used in the models of canonization properties from the previous
sections, and thus shows that in these models there are new patterns of free subsets.
Among these possibilities we name the one that motivated our present work:

Theorem 3.4. Assume the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”. Then the following in consistent: ZFC + GCH + every structure
on N, with countable signature has a free subset that contains one point in [N,,N,. 1)
for every n=1.

Proof. We apply Fact 3.3 for »(n)=1 to the canonization property that holds in the
model from Theorem 2.1. [J

There is a minor blemish in this result: the interval [Ny, 8;) does not contain a mem-
ber of a free subset so far, although this is not forbidden in the mentioned structures A
given by Devlin et al. This will be remedied by a fact that comes out as a byproduct
of our next steps.

Now we want to spread the sets S, of (r(n) — o)-indiscernibles for function with
ranges Ny, (n)+o downwards on the cardinal scale, and thereafter pick r(n) points, such
that combining the choices made for every n>1 we get free subset. We will show how
to get in this way a dense free subset from the canonization property of Theorem 2.4,
even one have a point in [No,N;). For this fo from Eq. (3.1) will be replaced in
Definition 3.6 by functions describing more of 2, which corresponds, roughly speaking,
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to introducing constant names for all ordinals smaller than the cardinality of the smallest
argument. To get such a suitable description we first define the dropping operations
drop(a, k), drop(a, k), k<lg(a).

Definition 3.5. We fix / as in the Choice 3.2. For &= (o' : i <lg(&)), a strictly increas-
ing sequence of ordinals, we define by induction on k <lg(&), drop(&, k)= (drop(&, &,
i):i<lg(a)).
drop(a,0) = a,
for l < ky (ﬂ-o\p(o_(a k + la l) = hdrop(o?,k,k+1)(dr0p(oz> k9 l))a
for i > k,drop(a,k + 1,i) = drop(d, k, i),

drop(a, k + 1,7) =the increasing enumeration of d/ro\p(o'c,k + 1,9).

Remark. 1. (drop(&,k,i):i<lga), is determined by 4 and 2.

2. So, if we start with & all of whose o; are in the same [N,_;,N,) but pairwise
different, then drop(o, &, i) € N,_ig)4; for k>1g(a)—i, 0<i<lg(a), so drop(a,1g(ax)—1)
is spread out over the 1g(&) intervals whose highest one is the initial one.

3. There are [],, <1g(&)(i — 1)! possible permutations on the transitions from & to
drop(&,k). We get a colouring on the lg(a)-tuples with these colours by taking the
sequence of permutations that appeared as a colour. Then we may use the Erdos Rado
theorem. We assume that [S,]"" is already monochromatic under this colouring. (This
can be taken into the f;). And the monochromatic colour is the product of the identity
permutation, if S, is infinite, because of the well order.

4. The fifth highest entry of drop(&,k) k=5, depends only on the on the five highest
entries of & and is not changed after the fifth step anymore, and so on, more formally:
(Vz=0)(Vk, k' =1g(&) — z)drop({%, . . ., trn)—1)> ks z) = drop({co, . . ., Op(m)—1). k', 2).

Now we shall apply the canonization property from Theorem 2.4 to the following
functions:

Definition 3.6. Suppose we are given a {g;:i € w}-structure 2 on R,. For even n,
o<r(n), n<m<w, we let

_ 2
fn,m,o: A;;(n) % x AnJrl X AZ(J’:;L ) X -+ X Amfl X Arm(m) — Nkz(n)+o

fn,m,o(ocn,m ces U (n)—15 %nt-15 - - @)

min_{(j,ﬂ): B € Riyinyto,J € OA
gj(ﬁ’\drop(<“n,o+l» cees (xn,r(n)—1>: r(n) - 0)
=4 “drop(a,:1,7(n + 1)) - - - "drop(%y, #(m)))
= drop({to, - - - » tnpmy—1),7(n) — 0,0)} if nonempty
0 else.
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For odd n, choose f, , analogously. The minimum is taken with respect to some well-
order < on the class of finite sequences of ordinals. Strictly speaking, the range is
® X [N, ny40] =, but this is identified with N, ey40.

Theorem 3.7. Let S, C [N, (n—1), Nk, (n)) Witness the canonization property from Theo-
rem 3.6 applied to the functions from Definition 3.6. Suppose that o, € [S,]""™. Then
F ={drop(a,,r(n),i):i<r(n),n<w} is free.

Proof. Suppose that there is a dependence, say there is some g; €t there are n,k,
%y € [S,4:]7"*D, i<k, such that

g;(drop(a,, 7(n)), . .., drop(y7, r(n + i), 0), . ..., drop(Tyii, r(n + k)))
= drop (%14, 7(n +i),0), (3.3)

where check means argument left out. Thus for some

(/. B) < (j.drop(ay,r(n)) - -+ (drop(&urr, 7(n + 1)) | 0)),

we have that

_fn+i,n+k,o((xn+i,09 Olntiofls--s OCnJri,r(nJri)fls Optitlseees OCnJrk) = (j/s ﬁ) 7& 0. (34)

Then o4, drops to drop(o,;,7(n),0) in r(n+1i)— o steps (the order is never reversed
in the fourth line of the description of drop) and S,.; is homogenized for the dropping
operation as in Remark 3. Then drop(a,.;,u,0) is never the highest of drop(a,;, u, p),
u<sr(n+1i), p>o.

Then by the indiscernibility of the S,, o,.;, can range over the whole S, be-
low 0,011, and thus the same c¢ together with the fixed higher o,;, 0" >0 and
Olptitls---»0nrr would also generate all pairwise different drop(o, 7, #(n + i),0)’s, de-
pending on o,;,, and on the same time would produce all the same drop(o,;,7(n +
i),0"). o'>o0 and drop(%,ir1,#(n+i+ 1)), ..., drop(e,ir1,7(n + i + k)) by the in-
discernibility property equation (3.4). Then (3.4) read for all its arguments but o,;,
fixed, and o,1;, ranging over two different values in S,;; gives us just as many differ-
ent right-hand sides in (3.3), that can be generated by one constant element and the
function g;. Contradiction. [J

Finally, how do we fill the interval [Rg,N;)? In the model gotten in Theorem 3.7
with the F from Theorem 3.7, we add a constant from [Ng,N;)\{g:(&): 2 € F} to the
free set F. It stays free, because the proof of Theorem 3.7 shows that F' was free
even if every element of [Ny, N;) has a constant name in 2. So also the gap [Ny, N;)
is filled. Finitely many points could be added by stepping downward on the cardinal
scale in this way.

Conclusion 3.8. Assume the consistency of “ZFC + GCH + there are infinitely many
compact cardinals”. Then the following in consistent: ZFC + GCH + every structure
on N, with countable signature has a free subset that contains one point in [N, N, 1)
for every n=0.
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