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Abstract. We show that {(R, N, €) together with CH and “all Aron-
szajn trees are special” is consistent relative to ZFC. The weak diamond
for the covering relation of Lebesgue null sets was the only weak dia-
mond in the Cichon diagramme for relations whose consistency together
with “all Aronszajn trees are special” was not yet settled. Our forcing
proof gives also new proofs to the known consistencies of several other
weak diamonds stemming from the Cichon diagramme together with
“all Aronszajn trees are special” and CH. The main part of our work is
an application [15, Chapter V, §§ 1-7] for a special completeness system,
such that we have a genericity game. Thus we show new preservation
properties of the known forcings.
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1. INTRODUCTION

Let A and B be sets of reals and let £ C A x B. Here we work only with
Borel sets A and B and absolute E, so that there are no difficulties in the
interpretation of the notions in various ZFC models. The set A carries the
topology inherited from the reals and 2% carries the product topology. A
function F': 2<“1 — A is called Borel function if each part F' | 2%, o < wy,
is a Borel function. The complexity of the set of X; parts can be high.

Definition 1.1 (Definition 4.4. of [14]). Let {(A, B, E) be the following
statement: For every Borel map F': 2<“! — A there is some ¢g: w; — B
such that for every f: w; — 2 the set

{facw : F(f [ )Eg(a)}
is stationary. Commonly, if E is not the equality {(A, B, E) is called a
weak diamond.

The original diamond, ., , is ¢(A, B, E) with A = B = 2<“! (so here we
do not have subsets of the reals), E being equality, in the special case of F'
being the identity function. Jensen [9] showed that {,, holds in L. Devlin
and Shelah [7] showed that in the case |B| = 2 some diamond principles
follow from 2%0 < 281,

In the mentioned work Jensen also showed that <, implies the exis-
tence of a Souslin tree. Since then it has been interesting to investigate
which weakenings of ¢, still imply the existence of a Souslin tree. Moore,
Hrusdk and Dzamonja [14] introduce and investigate numerous versions of
weak diamonds. Let Unif(M) denote the relation (F, meager sets, w*, &),
and let Unif(N) denote the relation (G5 null sets, w*, #). They show that
O(Unif(M)) implies the existence of a Souslin tree, and from work by
Hirschorn [8] they derive that {(Unif(A\)) does not imply the existence of a
Souslin tree. Another model (with larger continuum) is given by Laver [11].
Since the Borel Galois-Tukey connections (see Vojtas [16]) in the Cichon
diagramme can be translated into implications of the corresponding weak
diamonds [14, Proposition 4.9], there is a Cichoni’s diagramme of weak dia-
monds. So all its entries above {(Unif(M)) imply the existence of a Souslin
tree, see Figure 1.

Also $(wv, wv, <*) together with “all Aronszajn trees are special” is con-
sistent relative to ZFC according to [12]. In this model, the continuum is
No.

So, before this work, there was one question regarding the existence of
Souslin trees and the weak diamonds in Cichori’s diagramme left open: Does
the weak diamond for the covering relation (R, F, null sets, €) imply that
there is a Souslin tree? The answer is negative:
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O(Cov(N)) <——[ O (Unif(M)) | <——| $(Cof (M)) | <—— | $(Cof (V)

O(ww’ww? Z*) I — <>(ww7ww’ S*)

l !

O(AdA(N)) <—— O(Add(M)) <—— ¢(Cov(M)) <—— $(Unif(NV))

FI1GURE 1. The framed weak diamonds imply the existence
of a Souslin tree. The arrows indicate implications.

Theorem 1.2. {(R, F, null sets, €) together with CH and with “all Aron-
szajn trees are special” is consistent relative to ZFC.

Now we give an outline: An essential tool in the analysis of proper forc-
ings are countable elementary substructures: We let y > 22 (this is the
concrete interpretation of the phrase “sufficiently large” in our context, and
sometimes smaller lower bounds suffice, but let us be definite) be regular and
denote by H(x) the set of all sets of hereditary cardinality < x. Let <5 be
a fixed well-ordering of H(x) such that x € y implies x <} y. We work with
countable elementary substructures M < (H(x), €), and when we want to
perform constructions along a well-order we take M < (H(x), €, <}). There
are at most 2%° isomorphism types of transitive collapses (NN, €, (<)) of
(M,€,<%). By our proviso on <}, the relation (<%)" is still a well-order.
In general we let the letter N (also with subscripts) stand for transitive
models (Mostowski collapses of the M’s), and let M stand for a countable
elementary submodel.

We shall define a game played in countable parts of the iterated proper
forcings from [15, Chapter V, Section 5]. The countable elementary sub-
model M, P, p € PN M, f, ... are parameters. The number of rounds
is @ = otp(M N ~), where :y is the iteration length. The generic player
gives a real v, and the antigeneric player gives a real n. dominating it in
round € < «. The strategy of the game depends only on the isomorphism
type of the Mostowski collapse of the given countable elementary submodel
(M, Py,p), Py an iteration of length . In the central Theorem 3.4, we prove
the existence of a Borel functions B,: (w¥)® X P(w) — P(w) for a < wy,
such that B, has the play and the isomorphism type of the collapse as ar-
guments and then yields as value a bounded (M, P, )-generic filter iff the
generic player wins. An (M, Py)-generic filter G is called bounded if there is
aq € Pysuchthat G={pe MNP, : p<q}. Wewill prove that there is a
winning strategy for the generic player and let the antigeneric player play in
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such a way that the generic real or a Borel function applied to the generic
real will be contained in the sets of branches of a meagre measure zero tree.
Then from <, in V, which shows that all the Mostowski collapses N and
all used (finitely many) predicates on them are guessed stationarily often
in w1, we will derive that the extension preserves certain weak diamonds.
Juhész’ question [13], whether & (a definition can be found, e.g., in [15,
Chapter I, Definition 7.1]) implies the existence of a Souslin tree, remains
open. It cannot be attacked by forcings adding no reals since in the presence
of CH, & implies <.

2. PROPER FORCINGS ADDING NO NEW REALS

We first recall the definition of the forcings “specialising an Aronszajn tree
without adding reals” from [2] and [15, Chapter V, Section 6]. It is known
that these forcings are a-proper for all @ < wy and are D-complete for a
simple Nj-completeness system D, which guarantees that their countable
support iterations do not add reals [15, Theorem V.7.1]). Abraham gives
a nice didactic exposition of the method of D-completeness systems in [1,
Section 5]. Here, we will take a simple Rj-completeness system D) similar to
the one from Abraham and Shelah’s work [2].

Jensen (see [6]) showed that the property of not adding reals is in general
not preserved in countable support iterations of proper forcings at limit
steps of cofinality w. So some stronger requirement has to be imposed on
the iterands. The method of completeness systems that has been developed
by Shelah [15, Chapter V] is appropriate for our aim.

Recall, a specialisation of an Aronszajn tree T = (w1, <T) is a function
f:wi — Q such that for any s,t € w1, s <p t — f(s) < f(t). We call
such a function monotone. Now we work with monotone functions f, that
specialise only a part of T, namely the union of countably many of its levels,
so that the indices of the levels form a closed set C'. We call such a pair
(f,C) an approzimation. For o < wy let T, denote the a-th level of T. For
z €T, and B < o we let 23 be the y € T such that y <t 2. For making
the notation easier, we consider only Aronszajn trees T whose a-th level,
Th, is [wa, w(a+1)). This is no loss of generality since specialising all these
Aronszajn trees suffices.

For any closed C' of wy, every monotone f: |J,ccTa — Q can be ex-
tended to a total specialisation (see, e.g., [8, Lemma 3.7]), and hence work-
ing with approximations on a closed set of levels is the same as working
with all levels. We follow the exposition in [2], where the promises (see Def-
inition 2.3) are not only finite parts of the Aronszajn trees as in the book
[15], but they are functions from these finite parts into Q. We follow the
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book [15] in that we use club sets of levels on which the approximations will
be defined and not just initial segments (g, T as in [2].

We follow the Israeli convention that the stronger forcing condition is the
larger one. We assume that each poset P has a weakest element and denote
it by Op.

Definition 2.1 (A modification of [2, Definition 4.1]).

(1) An approzimation is a pair (f, C') such that there is a countable ordinal
aand C C a+1, Cisclosed and a € C, f: ;e i — Qis a
partial specialisation function. The ordinal « is called last(f). We say
“(fg,CQ) extends (fl,C’l)” and write (fl,C’l) < (fg,Cg) iff f1 C fo
and C; C Cy and (Cy \ C1) N (YUCy) = 0.

(2) We say H is a requirement of height v < wy iff for some n = n(H) < w,
H is a countable set of functions of the form h: dom(h) — Q with
dom(h) € [T,]".

(3) We say that a finite function h: T, — Q bounds an approximation f
with last(f) = « iff Vo € dom(h), f(z) < h(xz). More generally, if
B > a = last(f), then h: Ty — Q bounds f iff Vo € dom(h)(f(z[a) <

(4) An approximation f with last(f) = « is said to fulfil the requirement
H of height v > « iff for every ¢ € [T,|<“ there is some h € H which
bounds f and such that {z[a : = € dom(h)} is disjoint from t.

If f fulfils the requirement H, then any approximation f’ with the same
last level that is dominated everywhere by f fulfils the requirement as well.
Note that according to Definition 2.1 (4) only infinite requirements H can be
fulfilled. For v = « the necessary property is equivalent to having an infinite
set of pairwise disjoint dom(h), h € H and is equivalent to a property we
call dispersedness:

Definition 2.2. H C Q7" is called dispersed iff for each t € [T,]<¥, there
is some h € H such that ¢ N dom(h) = 0.

A forcing condition will be an approximation together with a T-promise.
The promises function as side-conditions and ensure that the forcing and
also all of its countable support iterations (see Theorem 2.20) do not add
new reals.

In order to describe how elements of I'(y) are seen at lower levels in
the tree, we extend our [-notation: Let a < ~. For h: T, — Q we let
dom(h|a) C T, and h[a(x) = min{h(y) : y[a = x,y € dom(h)}. For a
requirement H of height v and o < v we set H|a = {h[a : h € H}.
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Definition 2.3 (See [2, Definition 4.1 (4)]). I' is a T-promise iff dom(T") is
club in w; and I' = (I'(y) : v € dom(T")) has the following properties:
(a) For each v € dom(T"), I'(y) is a countable set of requirements of height
7.
(b) (Vv € dom(I"))(VH € I'(y)) H is dispersed.
(c) (Va < v € dom(I"))(I'(a) 2 {H[ax : H € T'(y)}). This condition
implies that {H [« : (37 > «a)(H € I'(7))}) is countable.

Definition 2.4 ([2, Definition 4.1 (5)]). We say that an approximation
(f,C) fulfils the promise I' iff last(f) € dom(I") and f fulfils each require-
ment H in I'(last(f)).

Finally we can describe the iterands of our iteration of length ws. Qr is
called S(T) in [2]. We do not know whether it is equivalent to the forcing
notion QR or NNR(T) from [15, V, 6.3]. NNR means “no new reals”.

Definition 2.5 ([2, 4.2]). Qr is the set of (f,C,T') such that (f,C) is an
approximation, and I" is a promise and (f,C) fulfils I'. The partial order is
defined as (fo, Co,T0) < (f1,C1,T1) iff

(1) f1 extends fo,

(2) C1 is an end-extension of Cy and Cy \ Cy € dom(Ty), and

(3) (Vy € dom(Tp \ last(f1))(y € dom(T'1) and To(vy) C T'1(7))-
It p = (f,C,T), we write f = fP | C = CP and I' = I'?, and we write
last(p) = last(f?) = max(CP).

Do not confound the countable, closed C’s that are the second coordinate
of the approximations with the true clubs dom(I') in w; that are the do-
mains of the promises I': the first ones are approximations to the latter ones
as in the forcing adding a club through a stationary set by countable ap-
proximations [4]. However, we take club sets dom(I") and not co-stationary
sets as there, as we want to work with proper forcings.

Now we want to extend a given condition to a stronger condition of a
given height, and we want to show that the set of promises can be enlarged.

Lemma 2.6 ([2, Lemma 4.3], The extension lemma). Let p < wi. If p €
Qr and if last(p) < p € dom(I'P), then there is some q > p such that
't = TP and last(q) = p. Moreover, if h: T, — Q is finite and bounds fP,
then q can be chosen such that h bounds f9.

Proof. The proof is done by induction on .

First case: pu = pp + 1 is a successor. We may assume that last(p) = o
and we have to extend f? onto 7,41, fulfilling all the countably many
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requirements in I'?(u). We know that every requirement H|[pg for H €
I'P(p) is fulfilled by fP. So H[uo contains infinitely many functions h that
bound f. We have countably many H, and we enumerate them as Hy, H,
... . There are enough points in T}, 41 \ T}, such that in each H; there will
be some h; such that dom(h;) N (J{dom(h;) : j < i} = 0.

Since it will be used in the limit step, we now prove the “moreover”-
clause. If h bounds p as in the Lemma, we first choose any extension p; of
p with g = last(p;) and then we correct p; as follows to obtain ¢: There
is some d > 0 such that Vo € dom(h), h(z) > fP(x[uo) + d. Now we take
§: QT — (0,d) order-preserving and such that 6(z) < z for all z € Q7.
Now we set f9(z) = fP(x[po) + 6(fP*(x) — fP(x[uo)). Hence h bounds q.

Second case: g is a limit of dom(I'?). We pick an increasing sequence
of ordinals p;, ¢ < w, converging to u. We define an increasing sequence
pi € QT, @ € w, beginning with py = p and finite h;,g;: T, — @ which
bound p; and whose union of domains will be T),. The passage from p;
to w41 uses the inductive assumption for p;y; of the stronger claim in
the “moreover” clause. The h; and g; ensure that f? is bounded on each
branch in T, and that f? on the level T}, fulfils all the promises in I'(u).
Then we can define ¢ = (f,C,T) by C = CP U {u} and I" = T'P. We let
fr=U{f" : i <w}U{(z,limsup,_,, fP(x[w)) : v € T,}. The values on
level 1 might be irrational. We correct them to slightly larger values in Q
that are so small as to fulfil all the promises in I'?(u) and let the resulting
function be f?. Such a choice is possible since all (w,w)-gaps in R are filled
with sequences with values in Q.

To carry out the step from i to i + 1, let I'P(u) = {H; : i <w}. At step
i, we choose h; € H; such that dom(h;) N (J{dom(h;) : j < i} = 0 and
we choose g; € {g: [T,,J"H) — Q : g(z) = fP(z[last(p)) + 1/2°} and fulfil
both. In addition we take care that | J{dom(h;) Udom(g;) : i < w} = T,.
Then we choose ¢; so high that dom(h;[ps,) N U{dom(h;[p,) = j <i} =0.
By the induction hypothesis of the statement together with the “moreover”-
clause we have some ¢; > 0 and p; such that for all j < ¢, Vo € dom(h;)
fPi(xlpe;) < hjlpe, (xpe,) — € and last(p;) = pe,, and the same can be
arranged for the g;. Since h; € Hj is taken care of at each step ¢ > j, in
the end also f(z) < h;(x) for all x € dom(h;). O

Definition 2.7. Let p be a condition of height 1 and let ¥ be a promise.
We say that p includes ¥ iff dom(¥) C dom(I'?) and for all v € dom(¥),
(y) € IP(y).

If p includes ¥, then p fulfils ¥. There is a sufficient condition for the
existence of an extension ¢ of p such that ¢ includes V:
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Lemma 2.8 (Modification |2, Lemma 4.4.], Addition of promises). Let

p € Qr and p = last(p). Let ¥ be a promise with p < [ = min(dom(¥))
and dom(V¥) C dom(I'?). Suppose that for some finite g: T, — Q called a
basis for ¥, g bounds fP and

(vy € dom(W))(VH € ¥(3))(Vh € H)(h[ = g).

Then there is an extension q of p in QT that includes V.

Proof. Since g is finite, there is some rational d > 0 such that (Vz €
dom(g))(g(x) > fP(x) + d). Now every H € ¥(3) is a dispersed collection
of functions h with h[u > g. Let p; be any extension of p of height 3. For
v > B we set ['(y) = U(y) UTP(v), and v € [u, 3) we set I'!(y) = {H[v :
H € U(3)}UTP(7). The desired extension of p is obtained by correcting fP!
to get f? that fulfils U(5) UT(B) as in the “moreover”-part of the previous
lemma. O

In the following lemma y > 2™ is sufficiently large.

Lemma 2.9 ([2], [15, Fact V.6.7]). Let T be an Aronszajn tree. Let M <
(H(x),€) be a countable elementary substructure with a sufficiently large
reqular x, Qr € M, p € Qe N M, p=wi NM and h: T, — Q be a finite
function which bounds fP. Let D € M, D C QT be dense open. Then there
s anq>p, g€ DNM, that h bounds q.

Proof. We assume that the contrary is the case. Let T, M, p, h be a
counterexample. Let uog = last(p) < p and let {zo,...,x,—1} = dom(h) €
[T,]". Let v; = x;i[po. We assume that v; # v; for i # j otherwise we
extend p upwards with Lemma 2.6 to get some p’ > p with last(p’) < p and
zi[last(p’) # x;[last(p’).

Put go = h[uo. Then gy € M, as it is finite. We say that that a finite
partial g: T, — Q is bad iff po < v and g[po = go and, whenever ¢ € D
extends p and v > last(q), g does not bound ¢. So g is bad iff it has the
similar behaviour as h[ug. For every v € [ug, i), h[7 is bad. So in M and
hence in H(x) there are uncountably many bad ¢’s. We set

B = {dom(g) : g is bad}.
Then B is an uncountable and closed downwards in <1 (above pg) subset
of Uuo§v<w1 [T,]™. As T is an Aronszajn tree, [6, Lemma VI.7] implies that
there is some 3 > g and some B? C B such that:

(1) For B <~y <, BONT,, = (B NTy) [0
(2) BN Ty is dispersed.
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Here we take X[y = {z[y : z € X} for X C T. We may find B" in M,
since only parameters in M were mentioned in its definition. For g < v < wq
let U(vy) = {H,} with H, = {g : g is bad and dom(g) € B°NT,}*. By
Lemma 2.8, read in M, there is an extension ¢ of p in M of height 8 which
includes ¥, i.e., Hy € I'!(y).

Now let » € D be any condition extending ¢. Let v = last(r). Since r
fulfils I', for some g in H,, g bounds . But this contradicts the fact that g
is bad. O

Lemma 2.9 will be used in the induction in Claim 2.16 to get point (5).

Definition 2.10. Now we assume V | CH + o, + 2™ = Ry and let
P, = (Pa,Qp : o < w,B < wy) be a countable support iteration with
Qo = Qr,, being as above for some Aronszajn tree Ty, € V|[G,], where the
filter G, is P,-generic over V| such that IFp, “T, is an Aronszajn tree and
for v < wy its 7-th level is w7y, wy+w)”. The book-keeping shall be arranged
so that every P,,-name for an Aronszajn tree is used in some iterand.

Why does every Aronszajn tree in V2 have a P,-name for some a < wy?
We have |QT| = N3, so that we cannot work with the No-chain condition
for each iterand. Now [15, Chapter VIII, Section 2| helps: Basically by
Lemma 2.8, each QT has the Ny p.i.c. (proper isomorphism condition),
see [15, Chapter VIII, Definition 2.1], and hence by [15, Chapter VIII,
Lemma 2.4], P, has the No-c.c, if V| fulfils the CH.

Since P,, has the RNy-c.c., by a lemma similar to the one of [5, 5.10], now
for subsets of wy instead of real numbers, every subset of wy in a countable
support iteration of proper forcings with the No-c.c. at each initial segment
has a name at some stage of cofinality w;. So we an carry out the desired
book-keeping.

In the remainder of this section, we shall prove that P,,, does not add new
reals. Towards this aim, we first recall some general theory for < wi-proper
forcings P adding no reals. Then we shall show that our specific forcing and
a suitable completeness system D(M, P, p) exhibit these properties. Note
that adding no reals and adding no new w-sequence of ordinals is the same
for proper forcings. In the application, P is of the form QT or is some
countable support iteration of Qr’s.

Recall, p € P is (M, P)-generic if for every P-generic filter G over V with
p € G, plk M[G]NOn = M N On. Now in the context of proper forcings
that do not add reals we find completely (M, P)-generic conditions.

Definition 2.11. A condition p is completely (M, P)-generic if G = {q €
PN M : q<p}isan (M, P)-generic filter. G is called bounded.
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Indeed, P is proper and does not add reals iff for every M < (H(x), €), for
every p € M N P there is a completely (M, P)-generic ¢ > p. Given a name
f for a real, consider the dense sets D, = {p : (Im € w)(p I+ f(n) =m)}.
Completeness systems that are closed under finite intersections — we shall
have countably closed ones — help to find completely generic conditions in
a first order definable way and allow to prove that no new reals sneak in
at the limit steps. Only the case of cofinality w is hard, since every real in
a countable support iteration of proper forcings appears for the first time
at some stage of at most countable cofinality [1, Corollary 2.9 (1)]. An im-
portant point is that some parameters of the members of the completeness
system, that are subsets of M, here called z, need to be guessed. Since inter-
sections over countable parts of the completeness system are not empty, the
guessing can be performed in M’, when M’ < (H(x), €,<}) and M € M".
One not so aesthetic feature stays: There is neither a completeness system
for the two-step iteration nor for the limit forcing, we only know that no
reals are added. From the proof we get a description of the bounded generic
filters and of the generic filters for some towers of elementary submodels
that appear as helpers in the proofs.

Definition 2.12 ([15, V, 5.5]).

(1) We call D a completeness system if for some p, D is a function defined
on the set of triples (M, P,p),pe MNP, Pe M, M < (H(u),€), M
countable, such that D(M, P, p) is a family of non-empty subsets of

Gen(M, P,p) ={G : G C M NP,G is directed and p € G
and GNZ #
for every dense subset Z of P which belongs to M}.

(2) We call D a A-completeness system if each family (M, P, p) has the
property that the intersection of any i elements is non-empty for ¢ <
14 X (so for A > Ny, D(M, P,p) generates a filter). Wj-completeness
systems are also called countably closed completeness systems.

(3) We say D is on p if M < (H(p),€). We do not always distinguish
strictly between I and its definition.

The notion of forcing Qr has size 28!, and the set of all approximations
has size Nkfo. So for a countable M < (H(x), €, <}), we never have P C M.
If T € M, we can read the definition of P = Qr in M and get PM,
Since T is definable from Q1 (z £ y iff there is an approximation with
f(x) = f(y), Qr € M implies T € M. If xy > 2™ is regular, then
PM — P M. In our description via first order formulae, P, x, and G are
predicates on M.
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Definition 2.13. Suppose that I is a completeness system on y. We say
P is D-complete, if for every countable M < (H(x),€) with P € M, D € M,
p € PN M, the following set contains as a subset a member of D(M, P, p):

Gen™ (M, P,p) = {G € Gen(M, P,p) : there is an upper bound for G in P}.

Definition 2.14 ([15, V, 5.5]).

(1) A completeness system D is called simple if there is a first order formula
1) such that

D(M, P,p) = {A; : x is a finitary relation on M,i.e., x C MF
for some k € w},

where
A, ={G € Gen(M, P,p) : (MUP(M),e,p,M,P) E(z,G)}.

(2) A completeness system D is called almost simple over V (Vj a class,
usually a subuniverse) if there is a first order formula 1 such that

D(M, P,p) = {A; . : z is a finitary relation on M, i.e.,
x C M* for some k € w, z € Vol,

where
A, ={G € Gen(M, P,p) :
(VoUM UP(M),eVo, eMUPUPIM) 0 A Vo, P) = 4(x, 2,G)},

where €= {(z,y) € Ax A : z € y}.
(3) If in (2) we omit z, we call D simple over V.

We shall give an example ¥ and a simple Nj-completeness system D on
any regular y > 282, so that Q is D-complete. From now on we use the
requirement from Definition 2.10 that the a-th level of T = (w1, <T) is
[wa,w(a+1)). Let x > 2%2 be a regular cardinal. If we have a countable
M < (H(x),€), then MNT =T, for p = M Nw;. We take an increasing
sequence 3 = (B, : n € w) that is cofinal in p. Now we take for z; C
M a code of the branches through T.,, for example z1: T, — w, 1
is eventually constant on each branch. We also code in x; the branches
through T, that have <t successors in T),. Indeed the other branches
are unimportant. If we want to find an (M, P)-generic condition with last
level T, we have to take care that the approximations to the specialisation
function do not diverge on any branch that is continued in T),. Since we
are looking for a condition ¢ > p and p € M, we also code into another
component z2 C M the set |-, I'(y)[p of promises for each ¢ € M N P.

The codes © = (x1,x2, 3) are in general not in M, but they are predicates
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C MP*. The point is that countably many A, from Definition 2.14 (the 1)
appearing in A, will be given in Lemma 2.15) have a non-empty intersection.
This works also for countably many guesses for codes, which is crucial in
the proofs of Theorems 2.20 and 3.4.

The technique of the following lemma comes from [2]. Actually a sketch
of the elements of the Ni-completeness system is also given in the end of
the proof of [15, Chapter V, Theorem 6.1] on page 236. We conceive z =

(x1,x2,3) as one relation in M.

Lemma 2.15. Qv is D-complete for the simple Xi-completeness system D
given by ¥(z, G) = tho(x) A thi(, G), with

Yo(z) =2 = (21,72, ) A B = (B, : n € W) increasing
/\Mﬂw1:U{ﬁn cn<w}
and
P1(z,G) = (Ve > 0)(Im < w)(Vn1 < ng € [m,w))(Vt € Ty,)(Yy1,y2 <t t)

<(y1 €Tp, Ny2 € Tp,, ANyr <t y2 — fIGl(y2) < [IG](y1) + 2‘;)
A “G is a filter”

Ap€GAVYD e M((D C PAD dense in P) — DNG # ()

A (VH € z9)(VYn)(Vt € [Tp,]<“)(3h € H)

(dom h[B, Nt =0 A f[G] | Ty, fulfils h[B,).

Here M, P, x and G appear in the formulas as (names for) predicates and
p is a constant. To ease readability, we write T}, instead of x1 (though T},
is not a subset of M) and ., IP(v)[p instead of z2.

Proof. First we proof the following claim:

Claim 2.16. Let = M Nwy =sup(B, : n < w) and let the (B, be increas-
ing. If

(M U P(M)v GMUP(M)apa Ma QT) ): wO(:l:)v
then there is G C Qr, G € G(M,Qr,p) N Ay such that

(M UP@r), €¥POD, 5 M, Qr) | (. G).

Proof. Let {I,, : n € w} be an enumeration of all open dense subsets of
QT that are in M. Let {t, : n € w} enumerate T,: Now we choose by
induction on n < w, p, such that

(1) po = p,
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) Pnt1 = Pn € M,

) last(pni1) > Bny1s

) Pn+1 € In7

) (Vte{ty : k<n})(Vy <rtt)

V& Taiy = I742(0) < P 6T) + s )

Then G ={r : (In € w)(r <pp)} € Gen(M,Qr,p) N A,.
Why is this choice possible? For Properties (4) and (5) we use Lemma 2.9
for h with

(2
(3
(4
(5

dom(h) ={tx[Bnt1 : k < n},

1
h(y) =P (y[Bn) + pUESEES

which is a finite function that bounds p, and we find some p,11 of length
On+t1- O

Claim 2.17. If (M UP(M),e,p, M,Qrt) = ¢(zx,G) for some z, then G
has an upper bound in Q.

Proof. Again let {I,, : n € w} be an enumeration of all open dense subsets
of Qr that are in M. Let x be as in ¢(z,G). Let G D {¢n, : n € w},
qn € M N 1I,, last(g,) = B, such that the 3, and the ¢, are increasing.
We set p = M Nw; = JPBn, f? as in the proof of Lemma 2.6 a slightly
larger rational variant of |J f9 U {(z,sup{f9 (2[5,) : n € w}) : z € T},
C? = Upew C% U {p}, which is closed since for each n, C9+! is an end
extension of C9", dom(I') = (|J,,¢,, domT'% N[y, wy))U{p}, and for p/ > p,
D) = Upe, T (1) and T () = U s, Upew T (W) [ 1

We claim that ¢ is an upper bound of G: First we check that ¢ € Q.
Note that if v dominates all hj ,, z € T),, then for every z € T, the limit
f4(z) exists, because if h, 5 <* v, then for almost all n, 2[ 8, = wBy+h, 5(n)
and h, 5(n) <wv(n). So we have that (f?, C?) is an approximation. Now let
H € T'Y(u) be a T-promise. For some p/ > u, k € w, H € T'%(u/)[p. Then,
since ¢ fulfils the promise, also ¢ fulfils the promise. O

Proof of Lemma 2.15 continued. We showed that A, C GT (N, Qr,p).
So we have that QT is D-complete. It remains to show that I is countably
closed, i.e., that given x, with 9 (z¢, G), £ < w, the intersection [, Az, is
not empty. But this is now easy: Let xy = (214,224, 3¢). 14, coding the
cofinal branches in T, and x5 ¢, coding the promise I'(xt), are defined from
T and p and do depend on ¢ at most in the way the coding is chosen, not
in the content they code.
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There is only some little twist because the 3, = (Beu @ u < w) are not
the same. We choose 8 = (3, : m < w) such that fp =0, (V£ < m)(Ju <
w)(Beu € [Bm, Bm+1)). Then we let 21 = x1, 2 = 220 and x = (21, 2, 5).
Then A, C Ag,, { < w. O

Definition 2.18. We call P a-proper if the following holds: Let M;, i < «,
be countable elementary submodels of (H(x),€). Let P € My and let
(M; : i < a) be an increasing sequence such that (M; : j <) € M;; 1 and
for limit ordinals j, M; = J, ; M;. Then for every p € PN My there is some
g > p that is (M;, P)-generic for all i < a.. Such a sequence (M; : i < ) is
called a tower of models and « is the height or the length of the tower.

Lemma 2.19. Qv is a-proper for all a < wi.

Proof. The upper bound from Claim 2.17 gives a completely (M, QT)-
generic ¢ > p. Given a tower of height «, we can repeat the construction «
steps, using a “diagonalised” version of Claim 2.16 for countably many M
and countably many enumerations of dense sets simultaneously, so that in
the end we get some ¢ that is (M;, QT)-generic for all i < a. O

Now we can cite Theorem V.7.1 (2) of [15] for Nj-complete systems. A
very clear proof, even in a more general context when “almost simple over
Vi is replaced by “in V{7, is given in [1, Theorem 5.17].

Theorem 2.20. Let Py, = (P;,Q; : j < 7,i < 7) be a countable support
iteration. If each Q; is B-proper for every 3 < w1 and Dj;-complete for some
almost simple Nl—Eompleteness system D; over Vo (not over the current
stage of the iteration), then P, does not add reals.

So we know that P, from Definition 2.10 exists and specialises all Aron-
szajn trees and does not add reals. The remaining task is to obtain the
weak diamond (R, NV, €) in VFe2,

3. GAMES FOR THE GENERIC FILTERS OVER COUNTABLE MODELS

In this section we show that certain weak diamonds hold when forcing
with a countable support iteration of Qr’s (of arbitrary iteration length
) over a ground model fulfilling {,,,. In order to specialise all Aronszajn
trees, we start with a ground model of CH and 2% = X, and perform an
iteration of length v = ws with a suitable book-keeping.

For the weak diamonds, we rework the facts used in the proof of
Lemma 2.15 to give some stronger, descriptive statement about G N M.
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The basic idea is: The parameters 1 and xo of the A, in the completeness
system D(M, P, p) from Lemma 2.16 can be coded into functions v: w — w
in a way that each 7 >* v also serves as a code for a parameter. The proof of
Theorem 2.20, which works with guessing parameters, will be translated into
a game whose innings give <*-sufficiently large codes of parameters. Let ~y
be the iteration length. The result, stated in Theorem 3.4, is that bounded
(Mo, Py)-generic filters containing py can be computed in a Borel manner
from the isomorphism type of (Mo, Py, po) and a game played according to
a strategy. The length of the game is a = otp(My N 7).

In the following y > 282 suffices. Let <} be a fixed well-ordering of H(x)
such that » € y implies z <} y. Assume that M < (H(x),€,<}) is a
countable model and T, QT € M. From now on we shall use the well-order
<% In the following, let M always be a model of this kind. We reserve the
letter N for transitive collapses of the M’s. Fix a bijective pairing function
e: wXw — w that is so low in complexity such that it is an element of every
M.

Now we want to get rid of the two parameters z; and x5 that depend on
p, Ty and U5, TP(1) [ and are relations over M but not elements in M.
The trick is to find a real v coding them (after a transitive collapse) and
code in such a way that every n >* v codes even better. Coding means we
want to imitate Lemma 2.16 now with 7 taking the role of x; and of xs.
The parameter 3 can stand as it is, since it depends only on the transitive
collapse of M and not on P and p.

We translate the task of zi:

Definition 3.1. Let T be an Aronszajn tree with levels Ti, = [wa, w(a+1)).
Let p be a limit ordinal in wy. Given 3 converging to u, we can write cofinally
many nodes of a branch b of T, into a function hy, 3: w — w, such that for
all n,

bNTp, ={wBn + hy5(n)}
and we can describe each node t = wp + k € T),, by hy 5: w — w, such that
for all n,
t[ﬁn =wh, + ht,B(n)'
Ift = wBy +k € Tp,, then we define h, 3: n +1 — w, such that for all
m < n,

Now we translate the task of zs:

Definition 3.2. Let 4 = M Nw;. Given [ converging to u, and p € MNQr
with last(p) = (o, let I'P(u) = {H,, : n € w}, and let hy, ,, € H, be such
that p fulfils Ay, and such that {dom(h,,) @ m < w} is dispersed and
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pairwise disjoint. We define hy, p7, : T}, — w, such that for all x € T}, for all
m
T () = 2701 ) > (2 [last(p)).

That is, the growth of f7 O fP along the branch leading to x € T, and
a promise H,, € T'?(u) shall be bounded, only the small increase 2~"»Hn ()
above f? is allowed. We code the level T), C M in a predicate on M and we
code the promise I'’(u) into the natural numbers via a bijection I: w — T),.
Then hy, p, ol: w — w is a function we want to eventually dominate with a
good parameter v. The parameter does not know the actual functions h, g, -
That aim ist: if a parameter v dominates all the h, 3, t € T}, and all the
hp H,, n € w. then we can choose the conditions in an (M, P)-generic filter
only with the knowledge of n for any n >* the parameter v and without 7},
(or z1) and I'’(u) (or x2). To make the induction in the next lemma going,
the parameter need also to be larger than the codes of the I'P"(u) for n € w.
So we code all hy i for H € I'(p), ¢ € M N P, into z».

Lemma 3.3. Let p € Qr N M. Let p = M Nw; = sup(f, : n < w),
Bnt1 > Pn. Let c:w — M be a bijection with ¢(0) = Qr, ¢(1) = p,
c(2n +2) = B, and let

U= U(Mv QT)p)

= {2e(n1,n2) : c(n1) € c(na2)} U{2e(n1,n2) +1 : c(n1) <5 c(n2)}.

We let IP(n) = {Hy : n € w} and we let the functions h, 5 and hy m, be
defined as in Definitions 3.1 and 3.2.

There is a Borel function By: w* x P(w) — P(w), such that for every
new’, if

(Vy € Tp)(hy 5 <" ), (3.1)

and
(V) (hp,a, (1(+)) <" 1) (3.2)

for
G ={c(n) : neBy(n,U)}

the following holds: G is (M, Qr)-generic and p € G and there is an upper
bound r of G as in Claim 2.17.

Remark . r is an upper bound of G iff we have for every Qr-generic filter
GV over V with r € GV and name GV that

rlFgr G¥Y N M = {c(n) : n € By(n,U)}.
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Proof. We verify that each step in the proof of Lemma 2.15 is Borel-
computable from (n,U). Let M < (H(x),€,<}) be countable. Then we
take an enumeration (I, : n € w) of all dense subsets of QT that are in M,
ordered according to <}.
Now, we compute from 7 and U by induction on n < w, p, such that
(1) po = p, last(p) = o
(2) pn+1 is the <}-least element of M such that
(2a) ppt1 = pn,
(2b) laSt(anrl) > /BTL+17
(20) Dnt1 € In7
(2d) (Vo € Tp,.,)

1
(hx,ﬁ(n—i—l) <n(n+1) — fren (z) <f’”"<an>+w1+nw<w>>)‘

For finding such an p,,+1 we use the Lemma 2.9 for the finitely many initial
segments of branches y | (Bn41 + 1) with y(Gn+1) < n(n + 1) and with the
following bound h:

dom(h) ={z € Tp,,, : h,5(n+1) <n(n+1)},
h(z) = 7 (2[Bn) +

2n+1+n+n(l(x)) :

If Equations (3.1) and (3.2) hold, then 7 is sufficiently large to take care
of all branches of T, that lead to points x € T,,. Set Bi(n,U) = {q €
NNQr : (3n)g < pu}-

Then B1(n,U) € Gen™ (N, Qr,p) N A, and there is an upper bound of
Bi(n,U) as in Claim 2.17. O

Strictly speaking we must write U = U (M, P,p, 3), since by the bound-
edness theorem (see, e.g., [10, Theorem 31.1]) a cofinal sequence 3 cannot
be computed in a Borel manner from (M, €,<3), and for each n, 3, is
coded by the stipulation ¢(2n +2) = 3,. The arguments (M, P, p) of U will
change during the iteration, and one of the main tasks is to show that all the
changes are Borel computable, see for example Equation (3.8). Fortunately,
since in proper forcing P the ordinary height of N and N[G] (we use the
letters N and G for the objects after the transitive collapse) are the same for
all (M, P)-generic filters G, 3 will not change and it does not hide features
of the proof if we do not write it during the proof of the iteration theorem.
However, (3 needs to be guessed as one component in Lemma 3.11 and will
be written there. Since our notation is already heavily burdened, we write
only U(M, P, p) until the end of the proof of Theorem 3.4.

Since each 7 dominating all h, 3, t € T),, and dominating hy m,, n €
w, gives an (M, Qr)-generic G, the generic player can play v fulfilling all
theses largeness requirements and thereafter any n >* v can be used as an
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argument of B. We use this option to build a game between two players,
and to establish properties that say: The <*-larger the argument 7 in the
Borel function B; is, the better it aims at the envisaged weak diamond.
See also the remark [15, V, Remark 5.4 (2)] about the influence of the
guessed parameters on the generic filter. The knowledge that the <*-larger
parameter can be inserted in the Borel function By will help us later to see
that in the iteration every name of a real (called B’ in Lemma 3.10 as it is
another Borel function) can be forced into a slalom from the ground model
(called C there) that is meagre and of Lebesgue measure zero.

The following theorem is an iterated version of Lemma 3.3. It is related to
Theorem 2.20, however now we want to compute bounded (M, P,)-generic
filters (that witness that no reals are added) as Borel functions of certain
arguments. As in Theorem 2.20 we use < wi-properness and a tower (M; :
i < a) with o = otp(M N~) < wy, 7= iteration length, of elementary
submodels in order to prove facts about M = My and P,. The tower
appears only in the proof, not in the statement of the theorem. The following
theorem would work for arbitrary iteration length, but we use it only for
length wy and notate it only for this length.

Theorem 3.4. Let P, = (P, Qg : o <ws, f < wa) be a countable support
iteration of iterands of the form Q. If x is sufficiently large and reqular
and if M < (H(x), €,<}) is countable and

(a) P’YEM7 ’VSWQ;

(b) pe P,N M,

(c) o= otp(M N~),
(d) Let 8 be cofinal in MNwy. Let c: w — M be a bijection with c(0) = P,

c(1) =p, c(2n+2) = By, and let

U=U(M,Py,p)
= {2e(n1,n2) : c(n1) € e(n2)} U{2e(n1,n2) +1 1 c(n1) < c(n2)}.

Then there is a Borel function B = B, : (w¥)* x P(w) — P(w), such that
in the following game O (1 p, p) the generic player has a winning strategy o,

which depends only on the isomorphism type of (M, €, <3 Pys s B):

() a play lasts o mowves,

(B) in the e-th move the generic player chooses some real v, and the anti-
generic player chooses some 1z € w*, such that n. >* v,

(v) in the end the generic player wins iff the following is true:
Gy ={c(n) : neBa((n: : e <a),U)} is (M, Py)-generic and
p € Gy and
(g € Py)(p < q and q bounds G).
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Proof. We follow Abraham’s exposition in [1, Theorem 5.17]. This theorem
works only inductively: For Q, in Ve to be D-complete with respect to a
system that lies in V we need that P, does not add new countable sets of
ordinals. So every countable transitive set in VF* is in V.

To prove the theorem we shall first define for every countable M <
(H(x), €, <)) with P, € M, p € PyN M, with a = otp(M N~), an (M, Py)-
generic filter G, = Bo((n; : i < a),U); and then we shall prove that G,
is bounded in P, by a completely (M, Py)-generic condition. The bounding
condition is not computed in a Borel manner. Its existence is sufficient, and
its existence is proved along the iteration.

Remark . The bounding condition also appears in an argument about the
truth in forcing extensions at the very end of our Lemma 3.11.

The definition of G is by induction and we shall define for every v <
and G, that is (M, Py, )-generic and every p € P, N M with p [ v0 € Gg a
filter G, that extends G, and contains p. Once the induction is performed,
we shall set 79 = 0, Gy = {0p,}. There will be two main cases in this
definition: v successor and ~ limit, and likewise there will be two cases
in the proofs that G is bounded. We start with the preparations for the
successor case. When looking at complexity, we regard G as a parameter.

Two step iteration
Let P be a poset and let Q@ € V be a name forced by 0p to be a

poset. Let x be sufficiently large and regular (as said, x = (2¥2)F is al-
ways sufficiently large) and Mo < (H(x),€,<}) be a countable elemen-
tary submodel such that P, Q € My. Henceforth we write just H(y) in-
stead of (H(x),€,<}). We want to find a criterion for when a condition
(qo,q1) € P * Q is completely (My, P * Q)-generic. Let m: My — Ny be a
transitive collapsing map. Suppose that gy € P is completely generic over
(Mp, P) and let Go C P N My be the (M, P)-generic filter induced by qo.
Then Gy = 7" Gy is an (Np, 7(P))-generic filter and we can form the tran-
sitive extension Nj = No[Go]. 7(Q) is a name in Ny, and its interpretation
Q5 = m(Q)[G] is a poset in Nj. )

Let G € VP be the canonical name of the P-generic filter over V. If F is
a (V, P) generic filter containing go then My[F] < H(x)[F] can be formed
and the collapsing map 7 on M can be extended to collapse My[F] onto N .
Let 7 be the name of the extended collapse. Then gy IFp 7: My[G] — N .
We phrase now the desired criterion and we shall use the direction from
right to left later.

Lemma 3.5. Using the above notation, (qo,q1) is completely generic over

(Mo, P x Q)7 Zﬁ
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1. qo is completely (My, P)-generic, and
2. for some Gi C Q that is (N§, Qf)-generic
g IF “7Y'Gy is bounded by q”.
In this case the filter induced by (qo,q1) over Mo N P Q is 7 YGyx Gy

Given a countable My < H(x) such that the two step iteration P * @ is
in Moy, our aim is to extent each (My, P)-generic filter G to an (Mo, P*Q)-
generic filter. This definition depends not only on My but also on another
countable elementary submodel M; < H(x) such that My € M; and Gy €
M. In addition we fix a pg € P which we want to include in the extended
filter. All of this leads us to a five place function E(My, My, P x Q,Go,po)
that we define now. )

Definition 3.6. Let P be a poset that adds no new countable sets of ordi-
nals and suppose that Q, D € V7 are such that

IFp D € V is an Nj-completeness system and

Q is D-complete with respect to .

Let x be sufficiently large and Mo < M; < (H(x),€,<}) be countable
elementary submodels with My € My and P, Q, D € My. Let Gy C MyN P
be (Mjy, P)-generic and suppose that Gy € M. Let po € PxQ N My be
given py = (a,b) with a € Gy. Then we define )

G = E(MO, Mla P x Q, GOaPO))

an (My, P xQ)-generic filter containing py (dominating Gy) by the following
procedure:

Let m: M; — Ny with w(My) = Np be the transitive collapse and Gy =
" Go. Form N§ = Ny[Go]. Observe that Nj € Ni. Let Qf = 7(Q)[Go], and
let Dy = m(D)[Go]. Then Dy € Ny, because it is forced to be in the ground
model. So Dy = 7(D) where D € M, is a countably closed completeness
system. Thus Do(Ng, Q. b*) is defined in Nj, where b* = 7(b)[Go] is a
condition in Qf. Since N1 N Dy(N{, Qf,b*) is countable,

there is some G; € ﬂ(Nl N Do (Ng, Qp,b%)). (3.3)

Gy is (Ng, Qf)-generic and b* € Gy. Form Go * G1 = G, an (No, (P * Q))-
generic filter. Then 7(pg) € G. Finally we define

G =E(Mo, My, P *Q,Go,po) =7 '"G. (3.4)

Now observe that if n fulfils Equations (3.1) and (3.2) for (N, Qg,0%)
instead of (M, QT,p), then the existence of Equation (3.3) is given by

771Gy = Bi(n, U(Mo[Gol, Qo[Gol, b[Ga)))
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and hence is Borel computable from 7 and the code U of the intermediate
model (Ng, Q4 b").
In fact, we want to define a formula v so that

H(X) |: ¢(M07 Mla P x Q? GOap())

iff Equation (3.4) holds. That is, we want to define E in H(x). We cannot
take the above definition verbally, because it relies on the assumption that
My and M are elementary substructures of H (), something which is not
expressible in H(x). Whenever the definition above relies on some fact that
happens not to hold we let G have an arbitrary value. For example if Ny is
not in Ny or if NyNDy (NG, QF, b*) is empty, then we let G be some arbitrary
fixed Np-generic filter. The Borel computation does not invoke N, since
771Gy = Bi(n, U(My|Gol, Qo[Go], b[Go])). Here, Gy is a parameter and
will be set {0p,} later, so that in the end (that means in Lemma 3.11) only
the possible isomorphism types of (Mo, €[ Mo, <} [ Mo, P, p, ) need to be
guessed stationarily often alongside with names for the F' and f from the
statement of the weak diamond.

The following lemma shows the second part of the argument: We want
to show the G given in Equation (3.4) is bounded. The lemma analyses the
iteration of two posets when the second is D-complete.

Lemma 3.7. The One Step Extension Lemma.
Let P be poset and suppose that Q, D € VT are such that

IFp D eV is an Ni-completeness system and

Q is D-complete with respect to D.

Let x be sufficiently large and My < M; < H, be countable elementary
submodels with My € My and P, Q, D € My. Suppose that qo € P is
(M, P)-generic as well as completely (Mo, P)-generic, and let Gy € MyN P
be the My filter over MoN P induced by qo. Let py € P*Q), po € Mo be given,
so that py = (a,b) and a € Gy. Then there is q1 € VF such that (qo,q1) is
completely generic over (Mo, P+ Q) and po < (qo,q1), in fact (qo,q1) bounds
G =E(Mo, M1, P x Q,Go,po) = Go * B1(n, U(Ng, Qg 7(D)))-

Proof. This is literally [1, The Gambit Lemma]. For completeness’ sake
we repeat Abraham’s proof here. Notice that Gy € M; by the following
argument: Let R be the collection of all conditions r € P that are completely
generic over My. Then R € Mj and g9 € RN Mj. Since qq is (M, P)-
generic, it follows that it is compatible with some » € RN M;. But any two
compatible conditions in R induce the same filter, and hence Gy is the filter
induced by 7.
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Let m: My — Ny, m(My) = Ny, be the transitive collapse and Gy = 7" Gy.
We recall the definition of E(Mo, M, P * Q,Go,po). Form N§ = Ny[Go]
and let Qf = 7(Q)[Go], and let Dy = 7(D)[Go]. Then Dy € Ny because
it is forced to be in the ground model. So Dy = m(D) where D € M is
a countably closed completeness system. Thus Do (NG, Qg b*) is defined in
Ny, where b* = 7(b)[Go] is a condition in Qf. Since N; N Dy(Ng, @, b*")
is countable, there is some G; € ((N1 N Do(INV§, Q. 0)). G1 is (IV§, Qp)-
generic and b* € G;. Form Gy * G = G, an (Np, w(P * Q))-generic filter.
Then 7(po) € G. We defined G' = E(My, M1, P * Q, Go,po) as G,

Let G € V¥ be the canonical name of the generic filter over P. Then ¢
forces that m can be extended to a collapse 7 which is onto IV, that is

q0 H—p i MO[G] — NS
The conclusion of our lemma follows if we show that
qo IFp 771Gy is bounded in Q. (3.5)

In this case, if we define ¢; € V¥ so that g IFp ¢ bounds 7~/Gy, then
the previous lemma implies that the (Mg, P * Q)-generic filter induced by
(g0, q1) is 7 "Gy * Gi.

So let F' be (V, P)-generic with gy € F. 7[F] collapses My[F| onto N§
and there is a set X € Do(NV§, @, b*), so that if H € X is any filter then
7n~YH is bounded in Q[F]. As N1[F]| < H,[F], we can have X € N;[F].
But since Dy is in the ground model, X € N;. Thus G; € X, where G; is
the filter defined above. This proves Equation (3.5). O

The iteration theorem.

Let P, be a countable support iteration of length  obtained by choosing
iterands Q, € VTo as in the theorem. That is, each Q, is D-complete in
Ve for some Nj-completeness system taken from V. Let x be a sufficiently
large regular cardinal. To prove the theorem we first describe a machinery
for obtaining generic filters over countable submodels of H(x). We define

a function E that takes five arguments, E(My, M | [1,«), Py, Go,po) of the
following types.

1. My < H, is countable, P, € My, so v € My. Moreover, pg € Mo N P;.

2. For some vy € Mo N+, Go is an (Mo, P,,)-generic filter and such that
po | Y0 € Gog. We assume that Gg € M.

3. The order type of My N [y0,7) is .

4. M = (Mg : 0 <€ < a)is an a + 1-tower of countable elementary
submodels of H(x) and My = M. Note that only My = M appears in
the statement of the theorem. The rest (Mg : 1 < & < «) of the tower
is a technical means for the proof.
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The value returned, G, = E(Mo, M | [1,«), Py,Go,po) is an (Mo, Py)-
generic filter that extends G and contains pg. Formally, in saying that G
extends Gp, we mean that the restriction projection takes G, onto Gg. The

definition of E(My, M | [1, ), Py, Go, po) is by induction on a < wy.

Assume that o = o/ + 1 is a successor ordinal. Then v =+’ + 1 is also
a successor. Assume first that 9 = 4. Then a = 1 and we have only
two structures: Mgy and M. Since P, is isomorphic to Py, * @, we can
define G, by Equation (3.4). So, if n fulfils Equations (3.1) and (3.2) for
(Mo|Gol, Qo[Go, b[Go]) in the role of of (M, QT,p), then

G’y :E(M07 M17 P’yo * Q’yov G07p0)
=Go * B1(no, U(Mo[Go], Qo[Go], b[Go]))-

Assume next that 79 < +4'. Then by induction hypothesis, if all 7;, i < o/,
are sufficiently large, then

G’Y/ :E(MO?<ME 1 SEEO/%PV/,G(),]?O I"yl) (36)

= GO * Ba’(<"7i 01 < Oé,>, U(MO[GO]>P[79,7’)[GO]>]90 [ [:YO/YI)[GO]))
is defined and is an (M, P,/)-generic filter that extends Gy and contains
po | 7'. Moreover by elementarity, G, € M,. When we finish this definition
it will be evident that it continues for every o < wq since M, < H(x) and
the parameters are all in M,. This brings us to the previous case and we

choose 71,/ such that it fulfils Equations (3.1) and (3.2) in which (M, Qr,p)
is replaced by

(Mo[G], Q'Y[G'y’] ) po@’) [Gy])-
Now from Equation (3.6) we define temporarily
U’ = U (Mo[Go), P n[Golpo | [v0,7")[Go)])- (3.7)
Then
Gy =E(My, Mo, Py % Q. Gor, po)
=Go * B1(na, U(Mo[Go * Bo((n; : i < o), U")],
Q+[Go*Bos((n; : i < o), U"), (3.8)
po(Y)[Go * Bar((n; = i < '), U")]))
=:Go * Ba((ni : 1 < a), U(Mo[Gol, Py ) [Gol, po[Gol))
and the middle U’ is defined above in Equation (3.7). This justifies that
the Borel functions given by induction hypothesis can be composed to one
Borel function of the required arguments.

Now it is also clear how to define the strategy o((vi,m; : @ < )):
The generic player plays v, so that it fulfils Equations (3.1) and (3.2),
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where (M, Qr, p) is replaced by (My[G], Q4[G~],p0(7")[G]) with G as
in Equation (3.6). - -

Now assume that « is a limit ordinal and let («,, : n € w) be an increasing
cofinal sequence with ag = 0. Let 7, € My be such that a,, = otp(My N
[70,7Vn))- Let (I,, : n € w) be an enumeration of all dense subsets of P, that
are in My in such a way that I, is the <;"<—least dense subset of P, that is
not among {I,, : m < n}.

We define

G’y :E(M07M f [1,()(),P7,G0,p0)
=Go*Bo((ni : i < a), U(MO[GOLP[A@W)[GOLPO [ [70,7)[Gol))

as follows. We define by induction on n € w a condition p,, € P, N My and

an (Mo, Py, )-generic filter G,, € M,,,,, such that

1. Gp and pg are given. p, [ v, € Gp.

2. pn < pny1 and ppyy € I,
Suppose that G,, and p,, are defined. First we can find p,1 € I,, N My such
that pp+1 | vn € Gy (for an existence proof see [1, Lemma 1.2]) and we take
the <}-least in My so that it is Borel computed. Now define

Gry1 =E(Mo, (M¢ @ an+1 <& < ant1), Py Goy Pott [ Ynat)
=Go*Ba, 1—a,((ni 1 1€ [an, ang1)),U").
Here we have
U* =U(Mo[Go * Ba,, ((n; = i < ), U")],
P[,Ynﬂn+l)[G0 * B, (i 11 < o), U")],
Pt | [, 1) [Go * Ba, (i ¢ 1 < an),U”)]) and

U" =U(Mo|[Gol, Py ) [Gols Pt | 190, 70)[Go)).-
Finally let
G~ = the generic filter generated in My by {p, : n € w}.

From the above induction on n < w and from the induction hypothesis it is
clear that there is a Borel function B, such that

Gy =GoxBa((n; 1 i< a),U(MO[GO],P[IOW)[GO],pO beW)[GO]))- (3.9)

This ends the definition of E(My, M | [1,«), Py, Go,po) and of B,.

The strategy o for the generic player is defined by the prescription, that
in the limit game of length « he plays according to the strategies for the
initial segments of the game. (This justifies that o, is just named o, for
all lengths «.) This is a winning strategy, as the Borel function was just
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derived. It gives a generic filter. We still have to show that the given generic
filter is bounded.

Now the missing part is to show that “all the generic filters are bounded”
is preserved in the limit steps of the iteration. Again there is nothing new
to our work and we repeat Abraham’s proof to [1, The Extension Lemmal].

Lemma 3.8. Let (P,, Qp: B<y,a< v) be a countable support iteration
of forcing posets such that each iterand Qo satisfies the following in Ve :

1. Q. is d-proper for every countable 6.

2. Qq is D-complete with respect to some countably closed completeness
system in the ground model that has the property that all n >* v serve
as parameters.

Suppose that My < H(x) is countable, P, € My and py € PyNMy. For any
Yo € ¥N My with o = otp(Mo N [70,7)) and M = (Mg : € < a) is a tower
of countable elementary substructures starting with the given My, then the
following holds:

For every qo € Py, that is completely (Mo, Py,)-generic as well as
(M,PWO)—generz'c, if po | Y0 < qo, then there is some q € P, such that
go =q | Y0 and py < q and q is completely (My, Py)-generic. In fact, the fil-
ter induced by q is E(Mo, (M : 1 <& < ), Py, Go,po) where Gy C Py N My
is the filter induced by qo.

Proof. Let Gy C P,, N My be the My-generic filter induced by gg. Observe
that Gy € M; follows from the assumption that qg is also Mi-generic. We
shall prove by induction on a = otp(Mp N [y0,7)) that ¢ can be found that
bounds G-, = E(My, (Mg : 1 <& < a), Py,Go,po)-

Suppose first that @ = o/ + 1 and consequently v = ' 4+ 1 are successor
ordinals. Define in M,, X C P, as maximal antichain of conditions r so
that

1. 7 bounds Gy,

2. rin (Mg : 1 <& < o)-generic.

Then X € M, is predense above gg. By our inductive assumption, every
ro € X has a prolongation 71 € P, that bounds G = E(My, (Mg : 1 <& <
a’),Go,po [ 7). Since all the parameters are in M, we get that G, € M,.
Since M, < H(x) we can choose r € M, whenever ro € X N M,. This
defines a name 71 € Vo, forced by g to be in M, N P,. Namely, if G
is any (V, P,,)-generic filter containing go, then X N G contain a unique
condition rg, and we let r1[G] = r1. By the Properness Extension Lemma
[1, Lemma 2.8] we can find ¢1 € Py, q1 | 70 = qo, 1 is (Ma, Pys)-generic,
and ¢ I+ P, “rq is in the generic filter G,,”. It follows that ¢; bounds G .
We find ¢o € Py, such that ¢o [ 7/ = ¢1 and ¢o bounds G,. In order to
define g2(y) we use the Two Step Lemma and Equation (3.5).
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Now assume that « is a limit ordinal. We follow the definition of G, see
Equation (3.9). Recall that we had an w-sequence (o, : n € w) cofinal in
a and we defined +,, cofinal in v as the resulting sequence «,, = otp(My N
[70,Vn)). We defined by induction p, € Py N My and filters G, C P,,,
Gn € My, +1 and defined G, as the filter generated by the p,’s. We shall
define now g, € P,, by induction on n so that the following hold

1. g, bounds G,

2. pn [ < g,

3. qn = Gnt1 [ Vns

4. qp is (Mg : ay +1 < € < )-generic over P, .

Thus ¢, gains in length and looses in status as an M¢-generic condition
for 0 < £ < a,. But g, is completely (Mo, Py, )-generic for all n. Finally
¢ = U ¢n is not M¢-generic for any £ > 0. However, ¢ is completely (Mo, P, )-
generic.

Suppose that g, is defined. Let X be in M,,, ,,+1 be a maximal antichain
in P, of conditions r that induce G, and are (Mg : ap +1 < & < apy)-
generic over P, . Observer that X is predense above ¢,. For each rg € X,
define by the induction assumption 1 € P,, ., such that r1 bounds Gyp1,
Pntl | Ymp1 < rmpand rp [ v, = ro. If 7o € X N Mg, 41, then 7 is
taken from M, ,+1. Now view {r; : ro € X} as a name r for a condition
forced by ¢, to lie in M, ,11. By the a-Extension Lemma [1, Lemma 5.6],
define g,4+1 that satisfies items 2 to 4 from the above list and such that
Gn+1 Il—pm+1 T E G@H. Then g,+1 bounds G,4+1 and is a required. O
End of proof of Theorem 3.4. Now that the induction is performed, we
set 0 = 0, Go = {0p,}, po = p € P, from the statement of Theorem 3.4.
Then Ng = No = (M), 7(Py, 4))[Go] = 7(Py) and 7(po) ) [Go] = 7(p)

and the B,’s second argument is just the isomorphism type of (My, €, <X

7P’yvp7/B)' D3.4
The role of the antigeneric player in the game O(M, Py, p) is now turned
to good use:

Definition 3.9. Let f,g € VNw®“. A notion of forcing P* has the (f,g)-
bounding property when for every P*-name u for a function from w to w
the following holds: If p IFp+ u <* g, then there are ¢ > p and an f-slalom
(Sp, @ n < w) in the ground model such that ¢ IFp« (Vn)(u(n) € S,).
(Sp : n<w)is an f-slalom if for every n, S, C w and |S,| < f(n).

Lemma 3.10. Suppose that

() v < w1, and
(B) B’ is a Borel function from (w*)7 to 2%,
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(v) 71 w — w, r diverging to infinity, and lim 7";:) =0.
Then we can find some C = Cgr such that
(a) C is a closed subset of 2%,
(b) (Vn){nn:neC} <r(n),soif C=lm(T)={f€2¥ :Vnf|nec
T}, then T C 2<¥ is a tree with n-th level counting less than or equal
to r(n),
(c) in the following game O(y,B/) between two players, IN and OUT, the
player IN has a winning strategy, the play lasts v moves and in the
e-th move OUT chooses v, € w* and then IN chooses n. >* v.. In the

end IN wins iff B'({n. : e <~)) €C. -

Proof. Assume that P} = <P€*,QZ : & < v,( <) is a c.s. iteration of
Laver forcing and assume that p € Py and (pe : € < 7) is a sequence of
names for the P;-generics. Clearly p I-pr B'((p: : € <)) € 2%,

The (f, g)-bounding property is preserved in countable support iterations
[3, p. 340]. The Laver forcing and any forcing not adding reals at all have
the (f, g)-bounding property. Hence there are p* € P} and C as in (a) and
(b) above such that

p" ke B'({pe = e <)) €C.

Now we show that player IN can play in a way that imitates the Laver-
generic reals over a countable elementary submodel, so that actually every-
thing is in the ground model.

Let M* < (H(x), €) be countable such B/, C € M*. (So M* is not the M
from the next proof, but rather contains a non-trivial part of the power-set
of that M.) Now we prove by induction on j <+ for all i < j

X;; Assume that Pj* € M* and G; C PF N M* is generic over M*, and
p* is such that p* € Pj’»k N M* and p* [ i € G;. Then in the following
game D?Lj,Gi,p*) player II has a winning strategy o(; jq, ). There

are j —¢ moves indexed by € € [i, ), and in the e-th move (p., ve, ;)
are chosen such that player I chooses p. € P./G;, pe > p* | €, and

Ve € w¥ and player II chooses 1. >* v..

First case: there is a (P, M*)-generic G. C P* N M*, such that
p*(e) € Ge and G: D G; and (Y€ € [i,€)pe[G:| = ne and M*[G. N
Pg] = pe > p*(§). In this case player I chooses p. € G. forcing
this and so that M*[G.] = p*(¢) <pr p.. Then player I chooses v,
dominating M*[G¢] and the second player chooses 1. >* v..

Second case: There is no such G.. Then player I won the play.

* .
(i3, Gap™)’ Case

1: j = 0. Nothing to do. Case 2: j = j* 4+ 1. For € € [i,j) we use the

We prove by induction on j that player II wins the game O
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strategy for O (1.0:Gip™)’ and for € = j we make the following move: We show

that there is a generic G7~ of Q*M (] to which p*(j*) belongs and such

that pj- [GIT] >+ vj+. Then the move gj*[Gj*] dominates w* N M*[Gj+] and
also player I's move vj«.
First take ¢ > p*(j*) such that ¢ is (M*[Gj-], Q* ) generlc q €

V is a Laver condition. Now we take a stronger condltlon q by letting
trunk(q) = trunk(q’) and for every s € ¢’ of length n,

succ(q', s) = {n € succ(q, s) : n > vj=(n)}.

Now let G¥" = {r € M*[Gj+] : ¢ >r}. Since q’ is a (M*[Gj+], Q*M G )
generic condition, G7” is a (M*[G}+], Q* ) -generic filter. The generic
real is pj« [G77] = U{trunk(p) : p € G] }. Then ¢’ IF pj« >* vjx. Now
player II takes n;« = gj*[Gj*]. We set Gj = G« x GI7. Case 3: j is a limit,
Like the proof of the preservation of properness.

Why does X, ; suffice? Use i = 0, j = v, B' € M*. Take P} € M~,
p* € Py N M*. Let 0(0,7,{0},p*) be a winning strategy for player II in
the game D?O,"/,{@},p*)' During the play of o, g/ let v. be chosen in stage
€ < 7. The player IN simulates on the side a play of D’(*Om (01.p%)° As a
move of I he assumes the v. chosen by OUT in the play of O, g/ and p,

- | 6 = ps for § < g, the ps gotten from earlier simulations. Then player IN
uses (0,7, {0}, p*) for player I1, applied to (pe, V), to compute an 7., which
he presents in this move in o, gr). So p. forces that there is a Laver generic
pe|GE] =: me over M*[G.] and that 7. >* v.. The requirement 7. >* v, is
fulfilled.

Suppose that they have played. So we have (ve,n. : € < ) and there
isp = UE<7 pe > p*, and for ¢ < + there is the name for the Q}-generic
real, namely p. € M™, such that for all € < v, p “_pw* pe = 7. So as
plkps “B'({pe : € <7)) €C”, we have B'((n. : ¢ <7)) €C. O

Let S C w; be stationary and (As : 0 € S) exemplify {g. For example
we can take the most frequent S = {ov < wp : « limit ordinal}, which gives

Qo -
r(n)

Lemma 3.11. Let r: w — w such that thT = 0. Assume that V |
$g. Then

Iy, &
(2, {lim(T") : T C R perfect AN (¥n){n [ n :nelm(T)} <r(n)},€).
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Proof. Let G be P,,-generic over V. We use the {g-sequence (As
§ € S) in the following manner: By easy integration and coding we have
((NJ,ﬁ‘S,f‘S,E‘S,Q‘S,PgQ, p°,<%) : § € S) such that
(a) N% is a transitive collapse of a countable M < H(y,€, <%)s
<0 is a well-ordering of N9, U’ codes the isomorphism type of
(N, P38, ).
(b) N? = PS, = (P3,Q% : o <w)’, B <w)) is as in Definition 2.10.
(c) N° = (p° € P, f‘s is a PJ,-name of a member of ¥12 [%: 2<%1 — 2¢),
(d) If p € Py,
plrp,, f €2 AF: 25 — 2% is Borel,C' C wy is club,
andp7 Pw27 Ev fv QE H(X)a then

S(p, F, f) :={0 € S :there is a countable M < (H(x), €, <})
such that f, ', C, P,,,p € M

and there is an isomorphism h° from N? onto M
mapping P;L to P,,, f6 to f,
F to F,C° to C,p° to p, <’ to <} M}

is a stationary subset of w;.
(e) Choose (B : 0 € 5) such that v(0) = otp(N° Nwsy) and

B, (W) x P(w) — Gen™ (P,
={G C P‘EQ NN° : Gis PjQ-generic over N° and bounded}
be as in Theorem 3.4 with U? = U(N°, PS5, p°, 3°).

w

We do not require uniformity, (ve,n. : € < v(8)) is indeed 19,0} : € <

7(d)) since we have the dependence on the § in the definition of B, ). We
assume that N° Nw; = §. Since this holds on a club set of § € wy, this is
no restriction.

Now assume the p € G and F, f, C are as in (d).

We define a function B, with domain (w)1(),

FJ(I(S [ 6)[B’y(6)(<n€ e< 7(5)>7 Ué)]ﬂ
37U5(<77€ e <y(9)) = if the argument is good;
(0,0,...,) €2¥, otherwise.

Here, we call (n. : ¢ < 7(d)) a good argument if there is a play (v, 7. :
e < 7(d)) in the game O(ys ps oy from Theorem 3.4 in which the generic
player plays according his winning strategy and the antigeneric player plays
according to the rules. Goodness is a Borel predicate because the v, are



76 H. MILDENBERGER AND S. SHELAH

irrelevant, just check whether the 7. are large enough for Equations (3.1) and

(3.2) in the respective iteration step. So Bj s((n. : ¢ < (9)) is a Borel

function. Now we choose a “very good” argument (n’ : & < (0)) that
player IN plays with his strategy in o) B, ) from Lemma 3.10 applied
ToUs

to BS,U(; and the (r,2") bounding property, answering to a good argument
(V2 : e < ~(0)) played by player OUT.

Now we derive a guessing function g. We consider for every § € S a very
good argument (12 : & < v(8)). We assume that G is P,,-generic over V
and that p € G. Then we also have by the rules of the game O s ps s) that

B,ﬂ&)((?]i : & <7(8)),U°) has an upper bound ¢’.

Lemma 3.10 gives a closed set CB; , With small levels as in 3.10 (b), such
U
that for 6 € S, and we have

B}y, () : e <1(9) € Cay . (3.10)

Note that Cg/ = does not depend on (n? : e <~(4)). So (3.10) also holds
5, U

for (n? : & < (8)) that are the answers of player IN in the game O (v(5),B’
s

to any good sequence (10 : & < (8)) given by the generic player that is

so fast growing 12 that B, (0 : € < v(J))) computes a bounded generic
filter over M as in Theorem 3.4. This is important, since the isomorphism
h® does not preserve the knowledge (that is which branches are continued
and what are the values of the promises in these continuations) about the
level § for the Aronszajn trees involved in P N M.

We set

,U5)

=:¢g(9).

Both sides are conceived as Borel codes for closed sets. Since w C M and

w C N? we have that h°(Cg ,) = Cr . We show that g is a diamond
5,U 5,U

function.
Since P, is proper, S(p, f, I) is also stationary in V[G]. Now we take a

Cpr
5,U8

very good sequence (1 : € < (§)) that is suitable so that Bsy,((n : € <
~v(0))) computes a bounded (M, P)-generic filter for M that witnesses that
§ € S. So now we take the game Oy, p,,) for the choice of the <V$ 2 <)
and then again we take the winning strategy in the game 9(7(5)733,%), which

is unchanged by the collapse, for choosing <77g 1 £ < s). We take ¢ to be a
bound of B, (0l : & < v(d))). Now we have that ¢ > p and

ql- “BW((;)(W‘;S e <~(8)),U°) is (M, P)-generic and bounded by ¢”.
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Now for § € S(p, f, F') we have by the isomorphism property of h® and by
(3.10),

qIFh"EO(fP18)=F(f10) A F(f16)€g(d) AdeC.

So we have that p forces that {« € S : F(f | §) € g(d)} contains a
stationary subset of S(p, f, F'). Note that the stationary subset depends on
F (and f of course), but the guessing function g does not. So actually we
proved a diamond of the kind:

There is some g: w; — B such that for every Borel map F: 2<“1 — A
and for every f: w; — 2 the set

{facw : F(f [ a)Eg(a)}

is stationary. O
Corollary 3.12. IFp,, ¢(R, N, €).

Proof. Leb(g(d)) = 0 for the functions ¢g: w; — {closed subsets of 2“} from
the previous lemma. Thus, for every Borel F': 2<%t — 2% the function
g: w1 — N is a guessing sequence showing I-p,, ¢(R, N, €), and we finish
the proof of Theorem 1.2. R

Since C from Lemma 3.10 is also meagre, the same proof also yields
Corollary 3.13. IFp,, O(R, M, €).

If S C wy is stationary and we start with g in the ground model, then we
get the respective weak diamonds on S. We conclude with an open question:
The forcing from Definition 2.10 could easily be mixed with proper No-p.i.c.
iterands, for example iterands with |Qs| < Ny (by [15, Lemma VIII 2.5]
this is sufficient for the Ng-p.i.c.) that add reals. Still we specialise all
Aronszajn trees in the new mixed iteration. However, the parallel of our
main technique for the weak diamonds, that is Theorems 3.4 and 3.11, does
not work anymore, since the completeness systems are no longer in the
ground model. So there is the question:

Question 3.14. Is 280 = Xy and $(Cov(N)) and “ all Aronszajn trees are
special” consistent relative to ZFC?
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