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Abstract We give some restrictions for the search for a model of the club principle
with no Souslin trees. We show that <>(2¢, [w]®, is almost constant on) together with
CH and “all Aronszajn trees are special” is consistent relative to ZFC. This implies
the analogous result for a double weakening of the club principle.
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1 Introduction

We show that “&,,> (see Definition 1.4) and CH and all Aronszajn trees are special” is
consistent relative to ZFC (see Theorem 2.3). To achieve this we work with the weak
diamond for the reaping relation. The reaping relation is {(f, X) : f € 2°, X €
[@]®, (3n € w) f | (X \ n)is constant}. The weak diamond for the reaping relation is
an instance of Definition 1.1. In Theorem 2.1 we show that iterations where the NNR
forcing is used to destroy all Souslin trees do not give a negative answer to Juhdsz’
question as to whether the club principle (see Definition 1.2) implies the existence of
a Souslin tree unless the bookkeeping is arranged particularly (and it is open whether
this can be done).
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92 H. Mildenberger

The forcing used in the proof is the one from [23,2], where Aronszajn trees
are specialised with forcings with side conditions that are ID-complete for a simple
D-completeness system. This is an application of Shelah’s theory of iterating proper
forcing without adding reals [23, Chap. 7]. Jensen [7] constructed the first model of
CH where all Aronszajn trees are special.

In [18] Mildenberger and Shelah proved for two weaker parametrised diamonds that
they are consistent together with CH and “all Aronszajn trees are special”. For readers
familiar with that work we point out the differences and the similarities: The main
technical result, that for iterations of lengths y of the specialisation forcings many
(M, P)-generic filters can be computed in a Borel manner from arguments given by
a game played in @ = otp(y N M) rounds, is modified to give a different game: The
second player imitates Miller forcing and the preservation of P-points to find infinite
sets that serve as values for a function witnessing <>(reaping). The first player finds
a real coding the second order parameters in the completeness system such that all
other reals not eventually below it (so for example the Miller reals) are equally suitable
for coding these parameters. The transition from the game and from many guessed
countable elementary substructures with little forcing scenarios to the weak diamond
for the reaping relation in V/2 is analogous to [18].

Now we review the definitions of the guessing principles that appear in this work.
Let A and B be sets of reals and let E C A x B. Here we work only with Borel sets
A and B and absolute E, so that there are no difficulties in the interpretation of the
notions in various ZFC models. The set A carries the topology inherited from the reals
and 2% carries the product topology.

Definition 1.1 (Definitions 4.3/4.4 of [20])

(1) Afunction F': 2=“! — Aiscalled a Borel function if each part F' | 2%, o < wy, s
a Borel function, possibly with a real parameter that depends on . The complexity
of the set {F [ 2% : @ < w1} can be high.

(2) Let &(A, B, E) be the following statement: For every Borel map F': 2! — A
the statement <$r (A, B, E) holds, i.e., there is some g: w; — B such that for
every f: w; — 2 the set

{acw : F(f [ ) Eg(a)}

is stationary. Commonly, if E is not the equality <(A, B, E) is called a weak
diamond.

The original diamond, <, , is Gr(A, B, E) with A = B = 2! (so in this case
A and B are not Borel subsets of the real line), E being equality, in the special case
of F being the identity function. Jensen [14] showed that <,,, holds in L. Devlin and
Shelah [8] showed that in the case |B| = 2 some diamond principles follow from
280 < 281,

Ostaszewski [21] introduced the club principle, &, for a topological construction:

Definition 1.2 Let & be the following statement: There is some (4, : o <
w1, o limit) such that for every «, Ay is cofinal in « and for every X C w; the
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Finding generic filters by playing games 93

set {d € w1 : Ay € X} is stationary. Analogously, we define &g for a stationary
subset S of w by letting « range over S.

For sets A, X, we let A C* X denote that A ~. X is finite. Fuchino, Shelah and
Soukup [10] and DZamonja and Shelah [9] also consider the following two weakenings

of &:

Definition 1.3 Let &,, be the following statement: There is some (A, : o <
w1, o limit) such that for every «, A, is cofinal in o and for every X C w; the
set {@ € wy : Ay C* X} is stationary.

Definition 1.4 Let &> be the following statement: There is some (A, : o <
w1, o limit) such that for every «, Ay is cofinal in « and for every X C w; the
set{d €y @ Ay ©F X V Ay € o . X} is stationary.

Finally, the following principle ¥, also called the stick, is a weakening of both CH
and &,,. The stick principle was introduced in [6].

Definition 1.5 The principle § says: There is a set {A, : o < w1} such that for every
uncountable X C w; there is some A, C X.

The stick is incomparable with &,2. Fuchino, Shelah and Soukup [10, 4.1] show
that &,,2 together with the negation of the stick principle is consistent. Moore, Hrusak
and DZamonja [20, Theorem 8.3] give a model of CH, so in particular of stick, in
which (R, R”, range(f) 2 range(g)) does not hold for some (quite concrete)
Borel function F, so in particular also the weak diamond of the reaping relation and
also the double weakening of the club fail.

Our notation on trees follows [24, Chap. 9]. Only in the forcing we stick to the
older tradition that the stronger condition is the larger one.

2 Juhasz’ question and weaker club principles

Jensen [14] showed that <, implies the existence of a Souslin tree and Juhdsz asked
whether the weakening & does so as well [19, Question 15.3]. Baumgartner [13, Sec-
tion 4] and Shelah [23, Chap. 3, Theorem 7.4] showed that & is strictly weaker than
<. Under CH, & implies <> by [22, Theorem 3. 7.3]. A modification of this proof that
is carried out in the course of Theorem?2.1 shows that also &y, together with the CH
implies <. So our result about &2 is sharp for models of CH.

There is no Souslin tree iff every Aronszajn tree has an uncountable antichain;
and an uncountable antichain exists iff there is an uncountable partial specialisation.
Recall, a specialisation of an Aronszajn tree (7, <7) is a function f: T — Q such
that for any pair x <7 y € T, f(x) < f(y). An uncountable partial specialisa-
tion is a function f: A — Q such that A € T is uncountable and for any pair
x <r y €A, f(x) < f(y). An Aronszajn tree is called special if it has a (total)
specialisation function. In order to destroy a Souslin tree without collapsing X one
can add an uncountable partial specialisation or one can add a branch through the tree.

The following metatheorem shows that forcing “d., together with every Aronszajn
tree is special” in a countable support iteration of proper iterands starting with a ground
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model of the CH and such that the iteration has the 8,-c.c. and length w; and that does
not add reals together with the antichains destroying a Souslin tree in the intermediate
models cannot be achieved at all. We write Vg for VP8, A Souslin tree T is called
Souslin with respect to a diamond, if there is a diamond sequence (A5 : § € S), S
stationary, such that forall § € S if A; is a maximal antichain in T, then A; is maximal
in the whole tree.

Theorem 2.1 Metatheorem. Suppose that (Pg, Q¢ : @ < w2, B < wy) is a count-
able support iteration of proper iterands that has the Ra-c.c. and that CH holds in Vg
for all B < wy. Suppose in addition that &, holds in'V,. Then for every a < w;, if
Py adds an antichain to a Souslin tree that is Souslin with respect to a diamond in 'V,
inall Vy,,y < a, then a real is added by Q. ifa = y + 1 or, if a is a limit, with Q,,
for cofinally many y in .

Proof Suppose that (Ay : « < wi, lim(x)) is a &y sequence. Then by [4, Theo-
rem 4.2] there is some B < w; such that the sequence is in Vg. Since Vg = CH, by a
strengthening of [23, Theorem 1.7.3] from & to &y, VP = .

For completeness’ sake, we prove the strengthening: If CH and &, s holds then
<>S holds.

Suppose that (A, : o € S) is a witness that &, s holds. We replace each A, by
a cofinal subset of order type w and we call the outcome A, again and we still have
Ow.s sequence. Using CH, let (B; : i < w;) be a list in which every bounded subset
of wy appears R times and such that sup B; < i.

Now we define a <> -sequence (see [15, Chap. 2, Theorem 7.14]) (D, : o € S)
as follows: For o € S, we set ®y = {Dy,, : n € w}, where Ay, is A, without
the first n elements and Dy, = |J{B; : i € Ay.n}. We show that (D, : o € §)
is a <> -sequence. Let X be a subset of wy. If X is bounded, let X’ be the set of i
such that B; = X. The set X’ is unbounded in w; and hence there are stationarily
many points « € S such that A, C* X’. This implies that X € ©,. Now suppose
that X is unbounded and we define by induction a function j: w; — w; as follows:
j (o) is the minimal i > j(B), 8 < «, such that B; = X Nsup{j(B) : B < «a}.
Since j is strictly increasing for all «, j(¢) > «. Let X’ be the range of j. Let C
be the club set of countable ordinals that are closed under j. By <y s there is a
8§ € SN C such that As C* X’. We show that X N§ € Ds. Let A5, € X'. As
for eachi € As,, Bi = X Nsup{j(B) : B < «a} for some o < §, we have that
Ds, = U{Bi : i € As.n} € X N3S. Now we show that for every B < § there are
a > pBandi € As , suchthat XNa = B;. Asé € C, j(B) < §,and A; , is cofinal in
8.Sothereis y € Aspn, ¥y > j(B). But As,, € X’ hence y = j(«) for some o > B.
Bj«) = X Nsup{p’ : B’ < a} and the latter sup is > B. Since j () € As,,, we have
Dsn 2 Bjw 2 XNpBforall B < §, and hence Ds , = X N 4. This finishes the proof
of O

Hence by Kunen’s result, for every 8 < § < wy, there is a <>-sequence A for Vs
and a Souslin tree 75 in V; that is in V5 Souslin with respect to A. We show that some
Ts is Souslin also in V,,, unless the condition of the theorem is fulfilled.

Suppose for a contradiction that in V,,, the tree 75 (on w;) has an uncountable
antichain and call it A’, and suppose that § < o« < w; is minimal such that A’ € V.
By the 8Xs-c.c., @ < w».
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We assume that there are no new realsin V, \ V5. Then A is still adiamond sequence
in V,. In Vi and in V, the following holds: if A, is a maximal antichain in 7 N ¢ then
itis maximal in 7', and for every maximal antichain A in T there are stationarily many
e that A, = A N ¢ and that A, is a maximal antichain in 7_,. Hence T is Souslin in
V. as well. Contradiction. O

A related question is
Question 2.2 Is “& and every Aronszajn is special” consistent relative to ZFC?

It is known that this question differs from Juhdsz’ question: There are models with-
out Souslin trees where this is not established via the specialisation of (uncountable
parts of) all Aronszajn trees; see e.g., Hirschorn’s work [11] on RSH, the Souslin
Hypothesis after adding random reals, and CH. Many models without Souslin trees
where this is not established via the specialisation of all Aronszajn trees are given in
[22, Chap. IX].

Now we prove a negative answer to a strengthening of Juhdsz’ question:

Theorem 2.3 “&,,> and CH and every Aronszajn is special” is consistent relative to
ZFC.

We reduce this to a weak diamond and to showing that “<{(reaping) and CH and
every Aronszajn is special” is consistent relative to ZFC.

Lemma 2.4 $(Reaping) implies &.,».

Proof For each limit ordinal o« < w; let h,: @ — « be a increasing injection such
that range (/) is cofinal in «. We take the Borel function F': 2=“! — 2¢ that is given
by

F(f)(n) = f(ha(n)) for f €27
We take g: w1 — [w]® witnessing O (reaping). Now we define Ay = h;g(a) C a.
We show that (A, : o < w1) witnesses 2.
Let X € w; be given. We apply <>(reaping) to the characteristic function of
X, xx: w; — 2. Then
{0 : F(xx I @) is almost constant on g(«)}

is stationary in w;. Then we have

F(xx | @) is almost constant on g ()
iff g(a) C* F(xx [a@)org(a) € o~ F(xx [ @)
iff g(e) S {n : xx(ha(n)) =1} or g(a) S* {n : xx(ho(n)) = 0}
iff (3¢ € {0, 1N (Ag =hyg(e) S hyin : xx(ha(m) =€) ={k € a : xx(k)=1}),
iff A, €* XorA, CFa~ X.

O
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O(reaping)

O(Cov(N)) = (Unif (M) | =— [ O (Cof (M) | <— [ (Cof (W) |

l

Olwv, w?, * O(w?, w?, <*)
O(AdA(N)) =—— O(Add(M)) =—— &(Cov(M)) =—— H(Unif(N))

Fig. 1 Only the framed weak diamonds imply the existence of a Souslin tree. The arrows indicate impli-
cations

3 The weak diamond for the reaping relation and CH

Jensen [14] showed that <>,, implies the existence of a Souslin tree. Hrusdk [12] intro-
duced <, a strengthening of @ = Ry, such that {5 implies that a = 8. Moore, Hrusdk
and DZamonja [20] introduce and investigate numerous versions of weak diamonds
that come from the relations in Cichoni’s diagramme. Their weak diamond for the
dominating relation is a slight strengthening of 3. Let Unif (M) denote the relation
(F, meager sets, w®, #), and let Unif (V') denote the relation (Gs null sets, 0®, ).
They show that &(Unif (M)) implies the existence of a Souslin tree, and from work by
Hirschorn [11] they derive that <>(Unif (\')) does not imply the existence of a Souslin
tree. Another model of <>(Unif (), with larger continuum and no Souslin trees is
given by Laver [16]. Since the Borel Galois-Tukey connections (see Vojtas [25]) in
the Cichon diagramme can be translated into implications of the corresponding weak
diamonds [20, Proposition 4.9], there is a Cichofi’s diagramme of weak diamonds. So
all its entries above <>(Unif (M)) imply the existence of a Souslin tree, see Fig. 1. Also
S(w?, w®, <*) together with “all Aronszajn trees are special” is consistent relative
to ZFC according to [17]. In this model, the continuum is R,. In [18] it is shown that
<>(Cov(N)) together with CH and all Aronszajn trees are special is consistent.
Theorem 2.3 will follow from Lemma?2.4 and the following:

Theorem 3.1 &(Reaping) together with CH and with “all Aronszajn trees are spe-
cial” is consistent relative to ZFC.

Remark As indicated in the diagramme, Theorem 3.1 extends the analogous results
on <>(Cov(M)) [20] and on <>(Cov(N)) [18]. It does not extend, though, the inter-
mediate results on a diamond for covering functions from w to @ by small slaloms
[18, Theorem 3.9].

Proof The proof of Theorem 3.1 takes the rest of the paper. One of the two main steps
is Theorem4.4, which is a strengthening of [18, Theorem 3.4]. We replace the one-
iteration-step coding [18, Lemma 3.3] by some weaker codes. This will be Lemma4.3.
In order to explain the coding of (M, P, p) we need to recall a part of Shelah’s theory
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Finding generic filters by playing games 97

of simple countable completeness systems for our particular notion of forcing. We do
this in the rest of this section. In addition, later in the proof, in Lemma35.1, the Laver
game about the narrow slaloms [18, Lemma 3.10] will be replaced by a game with
Miller reals. O

We use the forcings “specialising an Aronszajn tree without adding reals” from
[2] and [23, Chap. V, Section 6]. Let T = (w1, <T) be an Aronszajn tree. Now we
consider partial specialisations whose domain is the union of countably many of its
levels, so that the indices of the levels form a closed set C. We call such a pair (f, C)
an approximation. For « < w; let T,, denote the «-th level of T. For x € T, and
B < a welet x[B be the y € Tg such that y <t x. For making the notation easier,
we consider only Aronszajn trees T whose «-th level 7, = [wa, (o + 1)). This is
no loss of generality since specialising all these Aronszajn trees suffices.

Definition 3.2 (A modification of [2, Definition 4.1]).

(1) An approximation is a pair (f, C) such that there is a countable ordinal « and
CCa+1,Cisclosedand o € C, f: Uiec T; — Qs a partial specialisation
function. The ordinal « is called last( ). We say “( f2, C2) extends (fi, C1)” and
write (f1, C1) < (f2, Cp) iff fi € f> and C, is an end-extension of Cq, i.e.,
CiCCrand (Co N C1)N (U C1) =40.

(2) We say H is a requirement of height y < w1 iff for somen = n(H) < w, H is a
countable set of functions of the form /: dom(h) — Q with dom(h) € [T}, ]".

(3) We say that a finite function h: Ty, — Q bounds an approximation f with
last(f) = a iff Vx € dom(h), f(x) < h(x). More generally, if 8 > o = last(f),
then i: Tg — Q bounds f iff Vx € dom(h)(f (x[a) < h(x)).

(4) Anapproximation f with last(f) = « is said to fulfil the requirement H of height
B > « iff for every t € [Ty]=® there is some 4 € H which bounds f and such
that {x[a : x € dom(h)} is disjoint from ¢.

Definition 3.3 H C Q[Ty]n is called dispersed iff for each t € [T, ]=“, there is some
h € H such that r Ndom(h) = .

Definition 3.4 (See [2, Definition 4.1 (4)].) T is a T-promise iff dom(I") is club in w;

and ' = (I'(y) : y € dom(I")) has the following properties:

(a) Foreach y € dom(I"), ['(y) is a countable set of requirements of height y.

(b) (Vy e dom(I"))(VH € I'(y))H is dispersed.

(c) Forh: Ty, — Qand op < oy we let dom(h[ag) = {y[eg : y € dom(h)} and
hlag(x) = min{h(y) : y[ag = x,y € dom(h)}. We let H[og = {h[ag : h €
H}. We require: (Vag < a1 € dom(I"))(T'(«wp) 2 {H[ag : H € T'(x1)}).

Condition (c) implies that for all «g, {H [eg : (31 > ap)(H € I'(«y))}) is count-

able. Fora < y,wewrite ['(y)[a = {H[a : H e T'(y)}.

Definition 3.5 ([2, Definition 4.1 (5)]) We say that an approximation ( f, C) fulfils the
promise I' iff last(f) € dom(I") and f fulfils each requirement H in I"(last(f)).

Definition 3.6 ([2, 4.2]) QO is the set of (f, C, ") such that (f, C) is an approx-
imation, and I' is a promise and (f, C) fulfils I'. The partial order is defined as
(fo, Co, To) = (f1, C1, T'y) iff
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98 H. Mildenberger

(1) f1 extends fo,
(2) Cj is an end-extension of Cg and C| ~\ Co € dom(I'g), and

(3) (Vy € dom(I'g \ last(f1))(y € dom(I'p)andTo(y) < I'1(y)).

Ifp=(f,C,T),wewrite f = fP,C = CPand " = I'?, and we write last(p) =
last(f?) = max(CP).

In the following lemma x > 21 is sufficiently large. The following lemma provides
an important step for the Borel computations in the next section.

Lemma 3.7 ([2,4.3], (23, Fact56.7]) Let T be an Aronszajn tree. Let M < (H(x), €)
be a countable elementary substructure with a sufficiently large regular x, QT €
M,pe OrNM,u=wNMandh: T, — Q be a finite function which bounds
fP.Let D € M, D C Qr be dense open. Then there isanq > p,q € D N M, such
that h bounds q.

Definition 3.8 We take the iterands Qt from Definition 3.6. Now we assume V =
CH + <y, + 2% =Ry and let Py, = (Py, Qp @ @ < @2, B < wy) be a count-
able support iteration with O, = Or, being as above for some Aronszajn tree Ty, €
VI[Gy], Gy Py-generic over V, such that IFp, “Tq is an Aronszajn tree and for y < w;
its y-th level is [wy, wy + w)”. The book-keeping shall be arranged so that every
P,,-name for an Aronszajn tree is used in some iterand.

Every Aronszajn tree in V2 has a P,-name for some « < w; since by [23, Chap.
VIII, Section 2], each O has the R;-p.i.c. (proper isomorphism condition), see [23,
Chap. VIII, Definition 2.2], and hence by [23, Chap. VIII, Lemma 2.4], P,, has the
Nr-c.C.

Since P, has the 8,-c.c., by alemma similar to the one of [4, 5.10], now for subsets
of w; instead of reals, every subset of w; in a countable support iteration of proper
forcings with the R;-c.c. at each initial segment has a name at some stage of cofinality
1. So we can carry out the desired book-keeping.

Definition 3.9 We call P «-proper if the following holds: Let M;, i < «, be countable
elementary submodels of (H (x), €). Let P € Mg and let (M; : i < o) be an increas-
ing sequence suchthat (M; : j <i) € M;y andforlimitordinals j, M; = Ui<j M;.
Then for every p € P N M there is some ¢ > p thatis (M;, P)-generic foralli < «.
Such a sequence (M; : i < «) is called a fower of models and « is the height or the
length of the tower.

Lemma 3.10 ([18, Lemma 2.29]) O is a-proper for all o < w.
Definition 3.11 ([23, V, 5.5])

(1) We call D a completeness system if for some yx, D is a function defined on the set
of triples (M, P, p),p e MNP, P € M,M < (H(x), €), M countable, such
that D(M, P, p) is a family of non-empty subsets of

Gen(M,P,p)= {G: GCMNP,Gisdirectedand p € G
andGNI #0
for every dense subset Z of P which belongs toM}.
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(2) Wecall D a A-completeness system if each family D(M, P, p) has the property
that the intersection of any i elements is non-empty fori < 1 + A (so for A > Ry,
D(M, P, p) generates a filter). 8-completeness systems are also called countably
closed completeness systems.

(3) WesayDison x if M < (H(x), €). We do not always distinguish strictly between
D and its definition.

Definition 3.12 A condition p is completely (M, P)-genericif G ={g € PN M :
q < p}isan (M, P)-generic filter. G is called bounded.

Definition 3.13 Suppose that ID is a completeness system on y. We say P is D-com-
plete, if for every countable M < (H(x),€) with P e M,D e M, p € P N\ M, the
following set contains as a subset a member of D(M, P, p):

Gen™ (M, P, p) ={G € Gen(M, P, p) : there is an upper bound for G inP}.

Definition 3.14 ([23,V, 5.5])

(1) A completeness system D is called simple if there is a first order formula v such
that

D(M, P, p) = {A, : xis a finitary relation onM, i.e.,x C M¥ for some k € w},
where
Ay ={G € Gen(M,P,p) : MUPM),e,p, M, P) =Ev¥(x,G)}. @3.1)

(2) A completeness system D is called almost simple over Vg (Vg a class, usually a
subuniverse) if there is a first order formula i such that

D(M, P, p) = {Ax; : x is a finitary relation on M, i.e.,
x C M¥ for some k € w, 7z € Vo,

where

Ay, ={GeGen(M,P,p) : VoUMUPM),
eVo, MUPUPMMD 1y A Vg, P)
= v(x,z, G)},

where €= {(y,y) € Ax A : yey').
(3) Ifin (2) we omit z, we call D simple over V.

We will use a completeness system D that is simple over V. The technique
of the following lemma comes from [2]. Actually a sketch of the elements of the
R1-completeness system is also given in the end of the proof of [23, Chap. V, The-
orem 6.1] on page 236. Let P = Qt. We conceive x = (xy, B) as one relation on
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100 H. Mildenberger

M. x; € T, x w describes the branches of 7, that have continuations in 7. We
let (y,m) € xp iff y is an elements of (the range of) the m-th such branch (in an
enumeration in V). Now we give a first order formula v (x, G) that is inserted into
A, in Eq.(3.1) and that describes (M, P)-generic conditions above p in the structure
(M, P,<p,p,x1, B). We let pr; be the projection onto the i-th coordinate.

Lemma 3.15 ([18, Lemma 2.15]) Qr is D-complete for the simple R1-completeness
system D given by ¥ (x, G) = Yo(x) A ¥1(x, G), with

Yox) = x = (x1, B) AB = (Bn : n € w) increasing
AM Ny =By : n < o)

and
Yi(x,G) = (Ve > 0)@m < w)(Vny < np € [m, w))(¥Yy1, y2 € pry(x1))

((yl € Tg, A y2 € Tp,, Ayi<ty2 = fIGI(2)<[fIG1(y) + %)

AN“G is a filter”
ApE€GAYD e M((D C P A Ddensein P) > DNG # ().

Here M, P, x and G appear in the formulas as (names for) predicates and p is a
constant.

Proof Our proof is a slight modification of the proof given in [18, Lemma 2.15]. O
First we proof the following claim:

Claim 3.16 Let u = M Nwy = sup(B, : n < w) and let the B, be increasing. If
(M UPM), MF b M, 0r) = Yo ),

then there is G € Q1,G € G(M, OT, p) N Ay.

Proof Let{l, : n € w}be an enumeration of all open dense subsets of QO that are in
M. Let {t; : k € w} enumerate T,,: Now we choose by induction on n < w, p, such
that
(1) po=rp,
(2) pny1=pn €M,
(3) last(pp+1) = Bu+1s
D) pny1 € I,
(5) (V1 €t = k <nh(Vy <1 D)(y € Tgsy = fP 1) < fP"(7[Ba) + 5o
Then G ={r : (In € w)(r < py)} € Gen(M, O, p) N Ax.

Why is this choice possible? For Properties (4) and (5) we use Lemma3.7 for &
with

dom(h) = {tx[Bn+1 @ k < n},
1
h(y) = f"(y[Bn) + YRS
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which is a finite function that bounds p, and we find some p,; of length 8,+1. O

Claim 3.17 If (M U P(M), €, p, M, Ot) = ¥ (x, G) for some x, then G has an
upper bound in Q.

Proof Againlet {I, : n € w} be an enumeration of all open dense subsets of Ot that
arein M.Letx beasin ¢ (x,G).Let G D {q, : n € w}, g, € M N I,,last(g,) =
Bn such that the B, and the g, are increasing. We set & = M Nw; = |J B,. We
let f4 [ Toy = U,ep f%, and let f9 | T, a slightly larger rational variant of
U fi U {(z,sup{f9 (z[Bp) : n € w}) : z € Ty}. Weset C1 = J,, C¥" U
{u}, which is closed since for each n, C4+! is an end extension of C%, dom(I'?) =
(Upep dom T N [, w1)) U {u}, and for p" > w, T (w) = U,e, N (1) and
(W) = Upsp Uneo T () T

We claim that ¢ is an upper bound of G: First we check that ¢ € Qt. Note that if
v dominates all h .»2 € T, then for every z € T), the limit f9(z) exists, because
ifh, ; <*v, then for almost all n,z2[Bn = Py +h,g(n) and h_ z(n) < v(n). So
we have that (f9, C?) is an approximation. Now let H e () be a T-promise. For
some i’ >, k € w, H € T%(u')[ . Then, since gy, fulfils the promise, also ¢ fulfils
the promise. O

Proof of Lemma3.15 continued:

We showed that A, € GT(N, O, p). So we have that Qr is D-complete. It remains
to show that ID is countably closed, i.e., that given xt with W (xe, G), £ < w, the inter-
section (1), At is not empty. But this is now easy: Let xt = (xf, BY). xf, coding
the cofinal branches in T, are defined from T and p and do depend on £.

There is only some little twist because the ¢ = (ﬂ . u < w) are not the same. We
choose B = (B, : m < w) such that By =0, (V¢ < m)(Ju < a))(,Bf € [Bm, Bm+1))-
Then we let x; :x? and x :(xl,B).Then Ay CAl <o O

Now we can cite Theorem V.7.1 (2) of [23] for R{-complete systems. A very clear
proof, even in a more general context when “almost simple over Vg is replaced by
“in Vo7, is given in [1, Theorem 5.17].

Theorem 3.18 Let P, = (Pj, Q; : j < y,i <y) bea countable support iteration.
If each Q; is B-proper for every f < w1 and D;-complete for some almost simple
R|-completeness system D; over Vo (not over the current stage of the iteration), then
P, does not add reals.

So we know that P, from Definition 3.10 specialises all Aronszajn trees and does
not add reals. The remaining task is to obtain the weak diamond <>(reaping) in V2.

4 Coding by unbounded functions

Now, we will be given only (M, P, <p, p, B) and partial information about x;. We
want that this partial information nevertheless “codes” enough of the structure such
that from this partial information (then called n and v, appearing in innings of a game)
(M, P)-generic filters can be computed.
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The trick is to find a real v coding x; (after a transitive collapse) and code in such
a way that every n £* v codes as well. Coding means we want to redo Lemma3.15
now with v taking the role of x;. The parameter § can stand as it is, since it depends
only on the transitive collapse of M and not on Totp(Mnaw,)-

We translate the task of x;.

Definition 4.1 Let T be an Aronszajn tree with levels 7y. Let i be a limit ordinal in
w1. Given B converging to i, we can write cofinally many nodes of a branch b of T,
into a function hb’/g : w — w, such that for all n,

b Tp, = (wh + hy 5(n))

and we can describe each node t = wu + k € T,, by htﬁ : w — w, such that for all
n,

1[Bn = WBu + hy 5(n).

We recall that 7, € M for 1 = otp(w; N M) and T, " M = {. The point is:
for finding a generic condition, the partial specialisations given in the first component
of the approximating conditions in the generic must not diverge along any branch of
T, that has a continuation in 7},. In [18], an (M, P)-generic filter and a condition
that is stronger than all filter elements were computed from a function n: @ — o that
dominates all the functions in M, without the knowledge of 7),.

Now we use that  must dominate just the countably many (codes of) branches of
T that have continuations in 7,. Later we replace the dominating function 1 by an
unbounded function. We let <*)‘( be a well-ordering of H (x),and wewelete: o xw —
w be a bijective recursive function.

Lemmad4.2 Letp € QrNM. Let u = M Nw) =sup(B, : n < ), But1 > Bu- Let
¢: w — M be a bijection with ¢(0) = Qr, ¢(1) = p,c(2n +2) = B, and let

U=UWM, Qr,p)
= {2e(n1,n2) : c(ny) € c(n2)y U{2e(ny, ny) +1 : c(ny) <, c(na)}.
We let n, v stand for functions from o to w, and we let the functions h, g fort € T,
be defined as in Definition4.1.
There is a Borel function By : w® x P(w) — P(w), such that if

(Vi € T)(h, g <*n, 4.1

G={c(n) :neBi(n,U)}

the following holds: G is (M, Qt)-generic and p € G and there is an upper bound r
of G.
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Remark r is an upper bound of G iff we have over V for every Qr-generic filter GV
over V with r € GY and name GV that

rlFor GY N M ={c(n) : n € Bi(n,U)).

Proof We verify that each step in the proof of Lemma3.15 is Borel-computable from
(n,U).Let M < (H(x), €, <;) be countable. Then we take an <’)“(—increasing enu-
meration (I, : n € w) of all dense subsets of Qr that are in M.

Now, we compute from n and U by induction on n < w, p, such that

(1) po = p,last(p) = fo
(2) pn+1is the <;—least element of M such that

(2a) pnt1 = pa;

(2b) last(pp+1) = But1,

(2¢) pn+1 € I,

2d) (vt € Tg, )(h, j(n+1) < nn+1) — fri@) < fPr@[Ba) +

1
)

Note that this is like in Lemma 3.15 now with 7 instead of xj and going along the well-
order <, instead of choosing arbitrary conditions. The existence of pj1 is guaranteed

by Lemma 3.7 applied to the initial segment y [ (8,41 + 1) with y(B,+1) <n(n+1)
and with the following bound #:

dom(h) = {x € Tp,,, : hxﬁ(n + 1) <nn+ 1)},

1
h(x) = f[?n(x |—,Bn) + 211+—1+n

If Eq. (4.1) holds, then 7 is sufficiently large to take care of all branches of 7,
that lead to points x € T,. Set Bi(n, U) = {c_l(q) e NN Qt : (An)g < p,}. Then
c”B1 (n,U) € Gen™ (M, Qr, p) N A, and there is an upper bound of c”Bl (n,U) as
in Lemma3.15.

So we have to guarantee only that for every x € T}, lim fP*(x[B,) € R and this
is done by Eq. (4.1) together with condition (2d). O

Now we show an important technical fact: If v fulfils Eq.(4.1) in the place of n,
then also every n £* v codes so much information that an (M, P)-generic filter can
be computed from 7. Note that this replacing “dominating” by “being unbounded”
uses the knowledge that there are only countably many branches that are continued on
the next level of the Aronszajn tree. Since T}, has only countably many nodes ¢, there
is v dominating all the h,’ﬁ, teT,.

Lemma 4.3 Let p € QrNM. Let u = otp(MNwy), (B : n < w) be strictly increas-
ing and cofinal in M N wy. Let ¢c: w — M be a bijection with ¢(0) = Qr,c(l) =
p,c(2n + 2) = By, and let

U=UWM,Qr.p)
= {2e(n1,n2) @ c(nm) € c(n2)} U {2e(n1,n2) +1 : c(ny) < c(na)}.

@ Springer



104 H. Mildenberger

We let n, v stand for functions from w to w and we let the functions h N be defined as
in Definition4.1.
There is a Borel function By : w® x P(w) — P(w), such that if

(V1 € Tyw)(h, g <*v), 4.2)
and
n£*v 4.3)
then for
G ={cn) : neBi(n, U)}

the following holds: G is (M, Qr)-generic and p € G and there is an upper bound r
of G.

Proof The idea is: on each level T, there is all information about all earlier levels. If
n sticks out infinitely often over the breadth of Tg, in the sense of Eq.(4.2), then we
can redo the inductive construction of the second part of the proof of Lemma4.2.

Again we verify that G is Borel-computable from (n, U). This time there will be
some vain trials and some bootstrapping through all the sequences. By Lemma4.2 we
know that the given function v is large enough for computing a generic. Now n £* v
can be used as an input for a modified computation. The reasoning is as follows: We
always can assume that the i, K coding x € T}, are increasing. Assume n £* v and
both in @'®. Then let {b, : n € w} enumerate the arguments so that n(b,) > v(by).
Then n’ with ' (k) = n(next(k, {b, : n € w})) eventually dominates v. We use this
fact to strengthen a guess of &, 5 as in (2d) retroactively.

LetM < (H(x), €, <’;) be countable. Then we take an enumeration (/,, : n € w)
of all dense subsets of Q that are in M, ordered according to <”)‘(.

Now, we compute from  £* v and U by induction on n < w, p, such that

(1) po = p,last(p) = Bo
(2) pn+1is the <*)‘(-1east element of M such that

(2a) pnt1 = pn,

(2b) last(ppi1) = Butis

(20) pu+1 € In,

@d) (Vx € Tg, )(hy gn+1) = nn+1) — (Vi <= n+ D(fPH(x) <

FPQIB) + 5i)-
If we read (2d’) only for i = n then we are back to the former lemma, and the exis-

tence of p,41 follows from Lemma3.7 for the initial segment y | (8,41 + 1) with
Y(Bn+1) < n(n + 1) and with the following bound #:

dom(h) = {x € Tg,,, : hx,B(” + 1) <nn+ 1},

h Pa 1
(x) = [ (x[Bn) + i
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However, now the choice of p, 1 might fail in the other requirements in item (2d’).
Then we revise p, and search for (p,, p,+1) simultaneously. If this fails, then revise
(Pn—=1 Pn»> Pn+1), and so on. If n £* v with witness {b, : n € w}, and v >* hx,ﬁ for
all x € T, then by Lemma4.2 we know that there is some sequence (p, : n € w) as
desired: Namely a sequence chosen in a recursion with ' = (k — (n(next(k, {b, :
n € w})))) in (2d’) instead of .

If Equations (4.2) and (4.3) hold, then 7 is sufficiently large to take care of all
branches of 7., that lead to points x € T,. Each p; needs to be revised only finitely
many times: p, is revised at most b, times. Set B1(, U) = {¢"'(¢) € M N Ot :
(3An)g < pu}. Then c”Bl(n, U) € Gen™ (M, Qr, p)NA,, and there is an upper bound
of ¢'B; (n, U), namely just the union of the p,,. O

We take the lemma for the iteration step and we define a modified game for which we
have a modification of [18, Theorem 3.4]. The following theorem works for arbitrary
iteration length.

Theorem 4.4 Let P, = (Py, ~Q,3 Do < wo, B < wy) be a countable support itera-
tion of iterands of the form Qt. Suppose that x is sufficiently large and regular, that
M < (H(x), s, <;) is a countable elementary model, and that

(a) P, e M,

by pe P,,NM,y < wy,

(c) a =otp(M N y).

Let B be cofinal in M N wy. Let c: @ — M be a bijection with ¢(0) = Py, c(l) =
p,c(2n + 2) = By, and let

UM, Py, p) = {2e(n1,n2) : c(ny) € c(n)} U{2e(ni,nz) + 1 : c(ny) < c(na)}.

Then there is a Borel function B = By : (w®)* x P(w) — P(w), such that in the
following game O (. p, . p) the generic player has a winning strategy o, which depends

only on the isomorphism type of (M, €, <%, Py, p, B):

(a) aplay lasts o moves,

(B) in the e-th move the generic player chooses some real v, and the anti-generic
player chooses some g £* ve, ne € 0%,

(y) in the end the generic player wins iff the following is true:

Gy, =Tcm) :neBy((n: : ¢ <), UM, Py, p))}is (M, P,) — generic and
p € Gy and
(3qg € P))(p < q and q bounds G).

Proof The proof of how to perform the iteration is literally the proof of [18, Theorem
3.4]. However, for the single iterands we now we use the new Lemma4.3. For complete-
ness’ sake, we repeat the proof of how to organise the iteration. We follow Abraham’s
exposition in [1, Theorem 5.17]. This theorem works inductively: For Q, in VF« to
be D—complete with respect to a system that lies in V we need that P, does not add
new countable sets of ordinals. So every countable transitive set in V"« is in V.
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To prove the theorem we shall first define for every countable M < (H(x), €, <>;)
with P, € M, p € P, N M, with o = otp(M N y), an (M, P, )-generic filter G, =
c//Ba((m 1 i < a),U); and then we shall prove that G, is bounded in P, by a
completely (M, P, )-generic condition. The bounding condition is not computed in a
Borel manner. Its existence is sufficient, and its existence is proved along the iteration.

O

Remark The bounding condition also appears in an argument about the truth in forcing
extensions at the very end of Lemma5.2.

The definition of G, is by induction and we shall define for every yp < y and
G, that is (M, Py,)-generic and every p € P, N M with p [ y € Gg a filter
G, that extends G, and contains p. Once the induction is performed, we shall set
vo = 0, Go = {0Op,}. There will be two main cases in this definition: y successor and
y limit, and likewise there will be two cases in the proofs that G,, is bounded. We start
with the preparations for the successor case. When looking at complexity, we regard
Gy as a parameter.

Two step iteration

Let P be a poset and let Q € V* be a name forced by Op to be a poset. Let x be
sufficiently large and regular (as said, x = (2%2)* is always sufficiently large) and
My < (H(x), €, < ) be a countable elementary submodel such that P, Q € M.
Henceforth we wrlte just H(y) instead of (H(x), €, < ) We want to find a crite-
rion for when a condition (qq, g1) € P * Q is completely (Mo, P % Q)-generic. Let
71 My — Np be a transitive collapsing map. Suppose that go € P is completely
generic over (Mg, P) and let Go € P N My be the (M, P)-generic filter induced by
qo- Then Gy = "Gy is an (Ng, 7 (P))-generic filter and we can form the transitive
extension Nj = No[Gol. 7(Q) is aname in Ny, and its interpretation Qf = n(Q)[Qo]
is a poset in Njj.

LetG € V7 be the canonical name of the P-generic filter over V. If Fisa (V, P)
generic filter containing go then My[F] < H (x)[F] can be formed and the collapsing
map 7 on My can be extended to collapse My[F] onto N(’)" . Let w be the name of
the extended collapse. Then go IFp 7: Mo[G] — N. We phrase now the desired
criterion and we shall use the direction from right to left later.

Lemma 4.5 Using the above notation, (qo, q1) is completely generic over (Mg, P *
), iff

(1) qo is completely (Mg, P)-generic, and
(2) for some Gi  Qf that is (N, QF)-generic qo |+ “m~'"Gyis bounded by q;”.

In this case the filter induced by (qo, 1) over Mo N P % Q is 7 YGy % Gy.

Given a countable My < H () such that the two step iteration P x Q is in My, our
aim is to extent each (M, P)-generic filter G to an (My, P * Q)-genéric filter. This
definition depends not only on M but also on another countable elementary submodel
M < H(x) suchthat My € M and Gy € M. In addition we fix a pg € P * Q which
we want to include in the extended filter. All of this leads us to a five place function
E(My, My, P x Q, Go, po) that we define now.
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Definition 4.6 Let P be a poset that adds no new countable sets of ordinals and
suppose that 0, D € V¥ are such that

IlFp D € Vis an Xj-completeness system and

Qis D-complete with respect to D.

Let x be sufficiently large and Moy < M| < (H(x), €, <;‘() be countable elementary
submodels with My € My and P, Q,D € My. Let Go € Mo N P be (My, P)-generic
and suppose that Gg € M. Let po~e P x Q N My be given pg = (a, b) witha € Go.
Then we define )

G :E(MO,M], P * ~Q; GOa po)a

an (Mo, P * Q)-generic filter containing po (dominating Go) by the following proce-
dure:

Let 7: M| — N; with m(My) = Ny be the transitive collapse and Gy = 7" Gy.
Form Ng = No[Go]. Observe that Nj € Nj. Let O = 7 (Q)[%ol, and let Dy =
7 (D)[Gol. Then Dy € Ny, because it is forced to be in the ground model. So Dy =
7 (D) where D € M is acountably closed completeness system. Thus Do (N, Qf, b™)
is definedin N1, where b* = 7 (b)[Go]is a condition in Q. Since NyNDy (N, Q. b*)
is countable,

there is some G| € ﬂ(Nl NDo(Ng, OF, b*)). (4.4)

g1 is (N, Qp)-generic and b* € Gy. Form Gy * G| = G, an (No, (P * 0Q))-generic
filter. Then 7 (pg) € G. Finally we define

G =E(Mo. My, P % Q,Go. po) =n~""G. (4.5)

Now observe that if for some v with Eq.(4.2) for (Nj, Q. b*) instead of
(M, O, p), the real n fulfils Eq. (4.3), then the existence of Eq. (4.4) is given by

7~VGi = ¢ Bi(n, U(Mo[Gol, QolGol, blGo)))

and hence is Borel computable from 7 and the code U of the intermediate model
(Ng, Qg b™).
In fact, we want to define a formula v so that

H(x) = ¥ (Mo, My, P+ Q, Go, po)

iff Eq.(4.5) holds. That is, we want to define E in H (). We cannot take the above
definition verbally, because it relies on the assumption that M and M are elementary
substructures of H (), something which is not expressible in H (). Whenever the
definition above relies on some fact that happens not to hold we let G have an arbitrary
value. For example if N is notin Ny orif Ny N Do (N, QF, b*) is empty, then we let
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G be some arbitrary fixed No-generic filter. The Borel computation does not invoke
Ny, since 771Gy = ¢ By (n, U(Mo[Gol, QolGol, b[Gol)). Here, G is a parameter
and will be set {Op,} later, so that in the end (that means in Lemma3.11) only the
possible isomorphism types of (Mo, €] My, <; [ Mo, P,, p, B) need to be guessed
stationarily often alongside with names for the F' and f from the statement of the
weak diamond.

The following lemma shows the second part of the argument: We want to show the
G given in Eq. (4.5) is bounded. The lemma analyses the iteration of two posets when
the second is D-complete.

Lemma 4.7 The One Step Extension Lemma. Let P be poset and suppose that Q, D €
V* are such that

IFp D € Vis an N1-completeness system and
Q is D-complete with respect to D.

Let x be sufficiently large and My < My < H, be countable elementary submodels
with My € My and P, Q,D € My. Suppose that qy € P is (M, P)-generic as well
as completely (Mo, P)-;;eneric, and let Go € My N P be the M filter over Mo N P
induced by qo. Let py € P * Q, po € Mo be given, so that po = (a, b) and a € Gy.
Then there is q1 € VP such that (qo, q1) is completely generic over (Mo, P x Q)
and po < (q0, q1), in fact (qo, q1) bounds G = E(Mo, My, P * Q, Go, po) = Go *

¢'Bi(n, UNG, O, (b))

Proof This is literally [1, The Gambit Lemma]. For completeness’ sake we repeat
Abraham’s proof here. Notice that Go € M by the following argument: Let R be the
collection of all conditions r € P that are completely generic over M. Then R € M;
and go € R N M. Since qq is (M1, P)-generic, it follows that it is compatible with
some r € RN M;.But any two compatible conditions in R induce the same filter, and
hence G is the filter induced by r.

Let w: My — Np,w(Mg) = Ny, be the transitive collapse and Gy = 7" Gy. We
recall the definition of E(Mqy, M1, P * Q. Gy, po). Form N§j = No[Gol and let O =
7(Q)[Gol, and let Dy = 7 (D)[Go]. Then Dy € Ny because it is forced to be in the
ground model. So Dy = (D) where D € My is a countably closed completeness sys-
tem. Thus Do (N, Qg b*) is defined in Ny, where b* = 7(b)[Go]is a condition in Q.
Since N1NDo(N;y, Q. b*) is countable, there is some Gy € [|(N1NDo (N, Q. b¥)).
Gy is (N§, Qf)-generic and b* € Gy. Form Gy * G| = G, an (Np, w (P * Q))-generic
filter. Then 7 (po) € G. We defined G = E(Mo, M1, P * Q, Go, po) as z Vg.

Let G € V7 be the canonical name of the generic filter over P. Then g forces that
7 can be extended to a collapse 7 which is onto N, that is

qo lkp w: Mo[G] — Nj.
The conclusion of our lemma follows if we show that

qo Fp 771" Gyis bounded inQ. (4.6)
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In this case, if we define g; € V? so that gy IFp g boundswr ~!”Gj, then the
previous lemma implies that the (Mg, P % Q)-generic filter induced by (qo, g1) is
771Gy x Gi.

So let F' be (V, P)-generic with gg € F. r[F] collapses Mo[F'] onto N and there
isaset X € Do(Nj, Qf, b*), so that if H € X is any filter then 7~ V"H is bounded in
Q[F]. As N1[F] < Hy[F], we can have X € N;[F]. But since Dy is in the ground

model, X € Nj. Thus G; € X, where G is the filter defined above. This proves
Eq.(4.6). O

The iteration theorem

Let P, be a countable support iteration of length y obtained by choosing iter-
ands Q, € V% as in the theorem. That is, each Q, is D-complete in VX« for some
N1-completeness system taken from V. Let x be a sufficiently large regular cardi-
nal. To prove the theorem we first describe a machinery for obtaining generic filters
over countable submodels of H (). We define a function E that takes five arguments,

E(Mo, M | [1,a), P,, Gy, po) of the following types.

(1) My < Hy is countable, P, € My, so y € My. Moreover, py € Mo N P,,.

(2) Forsome yp € Mo Ny, Gois an (Mo, P,,)-generic filter and such that pgy [ yp €
Go. We assume that G € M;.

(3) The order type of My N [y, y) is «.

4 M= (Mg : 0 <& < a)isan o+ l-tower of countable elementary submodels
of H(x) and My = M. Note that only My = M appears in the statement of the
theorem. The rest (Mz : 1 < & < «) of the tower is a technical means for the
proof.

The value returned, G, = E(Mp, M | [1, @), P, Go, po) is an (Mo, P, )-generic
filter that extends G and contains po. Formally, in saying that G, extends G, we
mean that the restriction projection takes G, onto Go. The definition of E(Mj, M|
[1,a), Py, Go, po) is by induction on a < wj.

Assume that o = o’ + 1 is a successor ordinal. Then y = y’+ 1 is also a successor.
Assume first that 9 = y’. Then « = 1 and we have only two structures: My and
M;. Since P, is isomorphic to Py * Q,, we can define G, by Eq.(4.5). So, if for
some v with Eq. (4.2) 7 fulfils Eq. (4.3) for (Mo[Gol, QolGol, b[Go]) in the role of
of (M, Qr, p), then B

Gy =E(Mo, My, Py, ¥ Qy,. Go, po) = Go * ¢ B1(no, U(Mo[Gol. QolGol. b[GoD).

Assume next that 9 < y’. Then by induction hypothesis, if all ;,i < o, are
sufficiently large, then

Gy = E(Mo, (Mg : 1 <& <a'), Py, Go,po | v)
Go ¢ By ((n : 0 <i <), UMo[Gol, Pryy,)[Gol,

po | [y0, ¥)IGo)D) 4.7

!/

is defined and is an (M, P,+)-generic filter that extends Go and contains po [ y’.
Moreover by elementarity, G, € M,. When we finish this definition it will be
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evident that it continues for every o« < w; since M, < H(x) and the parameters
are all in M,,. This brings us to the previous case and we choose 7, such that it fulfils
Eq. (4.3) for some v with (4.2) in which (M, O, p) is replaced by

(Mo[Gy1, Qy[Gyr1, po(y NG, D).
Now from Eq. (4.7) we define temporarily
U’ = U(Mo[Gol, Piyy,y)[Gol, po | [yo. ¥)Go)D). (4.8)
Then

G, = E(Mo, My, Py % Q,r, G, po)
Go * ¢ By (o, U(Mo[Go % ¢ Bor((n; = i < '), UM,
Qy[Go ¢ By ((ni =i <o), U],
PoGNGo % ¢ B ({n; = i <o), UND)
=t Goxc Bo((ni 1 i <), U(Mo[Gol. Pyy)[Gol. polGol)) ~ (4.9)

and the middle U’ is defined above in Eq. (4.8). This justifies that the Borel functions
given by induction hypothesis can be composed to one Borel function of the required
arguments.

Now it is also clear how to define the strategy o({vi,n; : i < a’)): The
generic player plays v, so that it fulfils Eq.(4.2), where (M, Qr, p) is replaced by
(MolG '], Qy[Gy], po(y)IG,/1) with G, as in Eq. (4.7).

Now assume that « is a limit ordinal and let (o, : n € w) be an increasing cofinal
sequence with op = 0. Let y,, € My be such that o, = otp(Mo N [y, vu)). Let
(I, : n € w) be an enumeration of all dense subsets of P, that are in My in such a
way that I, is the <f(-least dense subset of P, thatis not among {I, : m < n}.

We define

G)/ = ]E(M()s M { [1,(1), P)/v G()’ PO)
= Goxc Ba((ni : i <), UMo[Gol, Py [Gol, po | [yo, V)IGoD)

as follows. We define by induction on n € w a condition p, € P, N My and an
(My, Py, )-generic filter G, € My, ,, such that

(1) Go and pg are given. p, | v, € Gy.
(2) pn < pp+1 and puyy € In.

Suppose that G, and p,, are defined. First we can find p,+; € I, N My such that
Pn+1 | vu € Gy, (for an existence proof see [1, Lemma 1.2]) and we take the <; -least
in My so that it is Borel computed. Now define

Gn+1 = [E(My, (Mé tay+1<E< an+l), PVn+1’ Gy, Pn+1 F Vn+l)

= Go*¢ By, —a (i i €, ni1)), U*)
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Here we have

U* = UMy[Go*c By, ((ni = i <o), UM,
Plyyyuen[Go % ¢ B, (i @ i < ), U],

Putt T s Y DIGo % ¢ Ba, (0 : i < ), UM)]) and
U" = U(MolGol, Piyy,y)[Gol, put1 | [0, v)[Gol).

Finally let
G, = the generic filter generated in My by {p, : n € w}.

From the above induction on n < @ and from the induction hypothesis it is clear that
there is a Borel function B, such that

Gy = Goxc Bo((ni : i <), UMo[Gol. Pyy.)[Gol. po | [y0. ¥)[GoD)I4.10)

This ends the definition of E(Mo, M | [1, ), Py, Go, po) and of B,.

The strategy o for the generic player is defined by the prescription, that in the limit
game of length « he plays according to the strategies for the initial segments of the
game. (This justifies that o, is just named o, for all lengths «.) This is a winning
strategy, as the Borel function was just derived. It gives a generic filter. We still have
to show that the given generic filter is bounded.

Now the missing part is to show that “all the generic filters are bounded” is pre-
served in the limit steps of the iteration. Again there is nothing new to our work and
we repeat Abraham’s proof to [1, The Extension Lemma].

Lemma 4.8 Let (Py, Qp : B < y,a = y) be a countable support iteration of
forcing posets such that each iterand Q, satisfies the following in VFe:

(1) Qg is 6-proper for every countable 6.
(2) Qg is D-complete with respect to some countably closed completeness system in
the ground model that has the property that all n >* v serve as parameters.

Suppose that My < H(x) is countable, P, € My and py € P, N My. For any
Yo € y N My with a = otp(My N [0, y)) and M = (Mg : & < a) is a tower
of countable elementary substructures starting with the given My, then the following
holds:

For every qo € Py, that is completely (Mo, Py,)-generic as well as (M, Pyy)-
generic, if po | Yo < qo, then there is some q € P, such that g0 = q | yo and
po < q and q is completely (Mo, Py )-generic. In fact, the filter induced by q is
E(Mo, (Ms : 1 <& < a), Py, Go, po) where Go C Pyy N My is the filter induced
by qo.

Proof Let Gy € Py, N My be the My-generic filter induced by go. Observe that
Go € M, follows from the assumption that gg is also M-generic. We shall prove
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by induction on @ = otp(Mp N [yp, y)) that g can be found that bounds G, =
E(My, (M : 1 <& <a), Py, Go, po)-

Suppose first that @ = «’ 4 1 and consequently y = y’ + 1 are successor ordinals.
Define in My, X € Py, as maximal antichain of conditions r so that

(1) r bounds Gy,
(2) rin (Mg : 1 <& < o)-generic.

Then X € M, is predense above go. By our inductive assumption, every ro € X has
a prolongation r; € P, that bounds G, = E(My, (Mg : 1 <& <o), Go, po [ ¥)).
Since all the parameters are in M, we get that G,» € M. Since M, < H(x) we can
choose r; € M, whenever ro € X N M. This defines aname r| € VP, forced by qo
tobein My N P,,. Namely, if G is any (V, P,,)-generic filter containing go, then X NG
contain a unique condition r¢, and we let r1[G] = ry. By the Properness Extension
Lemma [1, Lemma 2.8] we can find q; € Py, qi I Y0 = qo0, q1 18 (M, P,/)-generic,
and ¢ \pr, “r1 is in the generic filter G,”. It follows that g; bounds G,-. We find
q2 € Py, suchthatqy | ¥’ = ¢1 and ¢» bounds G . In order to define g2 (y) we use
the Two Step Lemma and Eq. (4.6).

Now assume that  is a limit ordinal. We follow the definition of G, see Eq. (4.10).
Recall that we had an w-sequence (t, : n € w) cofinal in & and we defined y,, cofinal
in y as the resulting sequence o, = otp(Mo N [y, ¥»)). We defined by induction
Pn € P, N My and filters G, € Py, G, € My, +1 and defined G, as the filter gener-
ated by the p,,’s. We shall define now g, € P, by induction on z so that the following
hold

(1) g, bounds G,
(2) pa [ Vn < qn

(3) qn = qn+1 f Yn»
(4) gnis (Mg : ap + 1 <& < a)-generic over P,,,.

Thus g, gainsin length and looses in status as an Mg -generic condition for0 < & < «,.
But g, is completely (Mo, Py, )-generic for all n. Finally ¢ = | ¢, is not Mg-generic
for any & > 0. However, g is completely (Mo, P, )-generic.

Suppose that g, is defined. Let X be in My, ,+1 be a maximal antichain in P,
of conditions r that induce G, and are (Mg : a, +1 < & < wa;,41)-generic over
Py, . Observer that X is predense above g,,. For each ryp € X, define by the induction
assumptionr € Py, , suchthatr| bounds G, 41, ppy1 [ Yar1 <riandry [ v, = ro.
If ro € X N Mg, +1, then 7y is taken from My, 1. Now view {r| : 7o € X} asa
name 1 for a condition forced by gy, to lie in My, +1. By the a-Extension Lemma [1,
Lemma 5.6], define ¢,41 that satisfies items 2 to 4 from the above list and such that
qn+1 H—anH r € Gpy1. Then g, 41 bounds G,1 and is a required. O

End of proof of Theorem4.4: Now that the induction is performed,we set yy =
0,Go = {0py}, po = p € P, from the statement of Theorem4.4. Then Nj = Ny =
(M), n(P[,io,,,))[go] = n(P,) and n(po)p,o,y))[go] = m(p) and the B, ’s second

argument is just the isomorphism type of (Mo, €, <}, Py, p, B) O.
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5 Working with miller reals

In this section we show that the antigeneric player in the game o(M, P,, p) can influ-
ence the outcome of another game. This second game aims at providing a function g
witnessing <>(reaping). In the end g(§) will be Cp/ from the next lemma for a suitably
chosen Borel function B'.

In [18, Lemma 2.11] we worked with the Laver property and coverings by small
slaloms. Now we work with Miller reals for analysing the second game. We recall
Miller forcing: The conditions are of the form p = (¢, T) with r € »=% (called the
trunk of p,tr(p)) and T C w=® being a superperfect tree, i.e., a non-empty subset 7'
of =% that is closed under initial segments and that contains forevery s € T ar € T
such that ¢ | |s| = s whose set of immediate successors

succ(t,p):={new :t'(n)eT}

is infinite. The latter is called “¢ is infinitely splitting”.

Lemma 5.1 Suppose that

(@) y < wi, and
(B) B’ is a Borel function from (w®)Y to 2°.

Then we can find some C = Cp € [@]® such that in the following game O, w)
between two players, IN and OUT, the player IN has a winning strategy, the play lasts
y moves and in the g-th move OUT chooses v, € w® and then IN chooses 1, £* ve.
In the end IN wins iff B'((n. : ¢ < y)) is almost constant on C.

Proof Assume that P; = (P;‘, ~QZ : & < y,C < y)is ac.s. iteration of Miller
forcing and assume that p € P; and (pe & < y) is a sequence of names for the
PE*—generics. By CH, there is a P-point U in the ground model and by [5], Miller
forcing preserves P-points. Moreover, the P-point preservation property is preserved
in countable support iterations [4, Sect.4] or [3]. Hence we have

IFPV* B'({(ps : & < y)) is almost constant on a set in U.

Given M* < H () such that B € M* and a P-point U € M* with pseudo-intersec-
tion Cgr C* x forx € U N M*,

Il—p; B'({(ps : € < y)) is almost constant on Cp.

Now we show that player IN can play for Cp in a way that he imitates the Miller-
generic reals over the countable elementary submodel M*, so that actually everything
is in the ground model.

Let M* < (H(x), €) be countable such B/, P;, p* € M*. (So M* is not the M
from the next proof, but rather contains a non-trivial part of the power-set of that latter
M .) Now we prove by inductionon j < y foralli < j
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®;,j Assume that P;“ € M* and G; € P* N M* generic over M*, and p* is so
that p* € P;‘ N M* and p* | i € G;. Then in the following game Dzﬁi,j,Gi»p*)
player II has a winning strategy o(; j,G;, p*)- There are j — i moves indexed by
¢ € [i, j),andin the e-th move (p,, V¢, ne) are chosen such that player I chooses
pe € P./Gi, pe = p* | &, and v, € w® and player II chooses 1, £* v,.
First case: there is a (P}, M*)-generic G, C P} N M*, such that p*(¢) € G,
and G, D G, and (V¢ € [i, &) p¢[G,] = ne and M*[G, N Pg‘] = pe = pr(é).
In this case player I chooses p, € G forcing this and so that M*[G,] =
prle) < P¥ De- Then player I chooses v, dominating M*[G.] and the second
player chooses 1, £* ve.
Second case: There is no such G.. Then player I won the play.

We prove by induction on j that player II wins the game D’(ki’ 5.Gip®): Case1: j =0.
Nothing to do. Case 2: j = j* + 1. For ¢ € [i, j) we use the strategy for D?i,j,G,',p*)’
and for ¢ = j we make the following move: just say that we should find a generic G/*
of Q*%*[G"*] to which p*(j*) belongs and such that Loj*[Gf*] £ vje.

Firsttakeg > p*(j*) suchthatg is (M*[G j+], Q*ﬁ*[cj*])—generic. geVisaMiller
condition. Now we take a stronger condition ¢’ by letting tr(g)=tr(g’) and for every
splitting node s € ¢’ of length n, succ(q’, s)={k € succ(q, s) : k>v;«(n)}. Now let

G/ ={re M*[Gjs] : ¢' = r}.

Sinceq’isa (M*[G j+], Q*jﬂ/i [G'i*])-genericcondition, GJ" isa(M*[G j+], Q*jjv,{ [G"*])-
generic filter. The generic real is ,oj*[Gj*] = Uls : (.,7) € G/}. Then
q' - pjx £5 vj-. B

Now player IT takes 7+ = pj«[G/"]. We set G; = G j= * G/". Case 3: j is a limit.
From the proof of the preservation of properness (see, e.g., [23, Chap. II, Theorem 3.2,
Chap. II., Section 3.3, or Chap. XII, Theorem 1.8]) we get that existence of pg, so
player I can never win the game on the ground of the second case.

The winning condition for player II is preserved in the limit steps, since it is a
requirement on all formerly chosen 7,.

Now we show that ®; ; suffices. We use i = 0, = vy, B € M,. Take
Py e M*, p* € P; N M*. Let 0(0,y,{/}, p*) be a winning strategy for player
II in the game D’("O’y’m’p*). During the play of O, B let v, be chosen in stage ¢ < y.
The player IN simulates on the side a play of D’(ko,y, oY) As a move of I he assumes
the v, chosen by OUT in the play of O, gy and pe, ps | 6 = ps for § < &, the p;s
gotten from earlier simulations. Then player IN uses o (0, y, {#}, p*) for player II,
applied to (p;, ve), to compute an 7., which he presents in this move in O, p/). So
pe forces that there is a Miller generic p.[G®] =: n, over M*[G.] and that n, £* v,.
The requirement 1, £* v, is fulfilled. ~

Suppose that a run of the game has been played. Let Cp' be a pseudo-intersec-
tion of U N M* for an ultrafilter U € M*. So we have (v,,n, : ¢ < y) and
there is p = UKV pe = p*, and for ¢ < y there is the name for the Q}-generic
real, namely pe € M., such that for all ¢ < y, p \Fp;« ps = Ne. SO as p IFp;
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“B’((Bg 1 & < y))is almost constant on Cp/”’, we have

B'({n: : € < y))is almost constant on Cg/. O

The following final lemma is analogous to [18, Lemma 3.11], just for another Borel
relation. We include it for completeness’ sake.

Lemma 5.2 Assume that V |= <y for some stationary set S. Then
I Puy s (reaping).

Proof Let G be P,-generic over V. We use the $g-sequence (A : & € S) in the fol-
lowing manner: By easy coding we have ((N‘S, ,85, f5, E‘S, Q‘S, Pf)z, p‘S, <5) 16 €8)
such that

(a) N?isatransitive collapse of a countable M < H(y, €, <*;(), <8 is a well-ordering
of N?, U? codes the isomorphism type of (N?, Pf)z, . B).
(b) N = Pf)z = (P(f, ~Q% ta < a)évs, B < a)évs) is as in Definition 3.5.

(c) N? = (p‘s € sz, f8 isaPa‘L—name ofamemberof‘”QE‘s: 2<% — 2% is Borel).
(d IfpeP,,

plrp,, f €2 AF: 27 — 2%sBorel, C C wjis club,
and p, Py,,, F, f,C € H(x), then

S(p, F. f):={8 €S : thereisacountableM < (H(x), €, <’;)
such that f F,C,Py,peM
and there is an isomorphism /° from N°® onto M
mappingP£2ton2, f‘stof,
F’to F,C to C°, p® to p, <’ to <3| M}

is a stationary subset of w.
(e) Choose (B, s) : § € S) such that y(5) = otp(N® N wy) and

B, : (@)Y x P(w) — Gen™(P))
={G < Pf)z NN°: Gis Pf)z — generic overN’and bounded}
be as in Theorem4.4 with U® = U(N‘S, sz, p‘s, 53).
We do not require uniformity, (ve, 7. : € < y(§)) is indeed (vff, n‘g e < y()

since we have the dependence on the § in the definition of B, (5. We assume that
N® N w; = 6. Since this holds on a club set of § € w1, this is no restriction.
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Now assume the p € G and F, f, C are as in (d).

We define a function BZS Us with domain (@®)?®.

Fo(f° ] 8)[Bys)
B s((ne 1 e <y (@) = ((ne : & < p(8)), U], if the argument is good;
(0,0,...,) €22, otherwise.

Here,wecall (5, : ¢ < y(6)) agood argumentifthereisaplay (v, ne : € < y(5))
inthe game O s ps ) from Theorem4.4 in which the generic player plays v, accord-
ing his winning strategy and the antigeneric player plays 7, according to the rules.
Goodness is a Borel predicate because the v, are irrelevant, just check whether the
ne are large enough in the sense of Lemma4.3 in the respective iteration step. So
B;,Us((ng 1 & < y(8)) is a Borel function. Now we choose a “very good” argument

(njsS : & < y(8)) that player IN plays with his strategy in the game D(y((g)’B/E ) from

Lemma35.1 applied to B:S,Ua’ answering to a good argument (v;S 1 e < y(8)) played
by player OUT.

For verifying that the guessing function g that we are going to derive guesses right
at stationarily many points in S(p, f, F), it suffices to note that by density arguments
and by the closedness of the club set C that g% = UBy ) ((ne : & < y(8))) forces
that § € C?.

So we consider for every § € S a very good argument (77,‘3S 1 & < y(8)). We assume
that G is P,,-generic over V and that p € G. Then we also have by the rules of the
game I s ps s that

By(g)«r]g e <y(5)), U‘S)has an upper bound q‘s.

Lemma35.1 gives an infinite set Cg 5 such that for § € S, and we have
8,U
B:S,U,;(Wg . & < y(8)))is almost constant on CB; . 5.1

Note that Cp/ s does not depend on (ng 1 & < y(5)). So (5.1) also holds for (r)ﬁ :

8,U
& < y(8)) that are the answers of player IN in the game from Lemma 5.1 to any good

sequence (1 : & < y(8)) given by the generic player that is so fast growing v? that
By((;)((v;s 1 e < y(9)), U9 computes a bounded generic filter over M like CHBV(‘;)
in Theorem4.4. This is important, since the isomorphism /#° does not preserve the
knowledge (that is which branches are continued and what are the values of the prom-
ises in these continuations) about the trees’ level § for the Aronszajn trees involved in
PNM.

We set

Cyp , = g(é).
8, U
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Since w € M and @ € N? we have that 4% (CBr 6) = Cyp 5 We show that g is a
8,.U 8, U

diamond function.

Since P,, is proper, S(p, f, F) is also stationary in V[G]. Now we take a very good
sequence (r]faS 1 & < y(8)) that is suitable so that B(g,UE((nfgS 1 & < y(5))) computes
a bounded (M, P)-generic filter for M that witnesses that § € S. So now we take the
game Iy, p, p) for the choice of the (v,‘g . n < ys) and then again we take the winning

strategy in the game o, s B, ) which is unchanged by the collapse, for choosing
778, Us

r)‘s 1 & < ys). We take ¢ to be a bound of B,, 5 ( r;‘S t e < y(8)), U%). Now we have
£ Vi q y(8) g 14
thatg > p and

q lF “By((;)((n‘g e <y(5)), U%) is (M, P)-generic and bounded by q”.

Now for 8 € S(p, f, F) we have by the isomorphism property of h® and by (5.1),
g - FX(f 18 =F(f18) A F(f18)egd) nseC.

So we have that p forces that {o& € S : F(f | 8)is almost constant ong(§)} contains
a stationary subset of S(p, f, F). Note that the stationary subset depends on F (and
f of course), but the guessing function g does not. So actually we proved a diamond
of the kind:

There is some g: w; — B such that for every Borel map F: 2<“! — A and for
every f: w; — 2 the set

lacw : F(f |a)Eg(a)}

is stationary. O

The forcing from Definition 3.6 could easily be mixed with proper NX,-p.i.c. iter-
ands, for example iterands with |Q,| < 81 (by [23, Lemma VIII 2.5] this is sufficient
for the R;-p.i.c.) that add reals. Still we specialise all Aronszajn trees in such a mixed
iteration. However, the parallel of our main technique for the weak diamonds does not
work any more, since the completeness systems are no longer in the ground model.
In future work with Shelah we plan to extend these techniques in order to interweave
the addition of w®-bounding reals into the iteration.

Acknowledgments I thank Teruyuki Yorioka for pointing out a mistake in a former version. I thank the
referee for numerous hints.
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