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A brief introduction to non-elementary proper forcing
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Proper forcing orders

Definition

(P, <p) is proper iff: For any regular y > 22"%l, for any p € P and
N < (H(x),€,<) with P,p € N there is a stronger condition ¢
such that ¢ is (IV, P)-generic.

q is (N, P)-generic iff the following holds: For any D € N: If

N = D is dense in P

then
ql-GpN D # 0.
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Requiring generics for N C H ()

Take the first definition is now strengthened: Existence of generic
conditions is required for more countable €-structures N |= ZFC*.

For example we think of M’ = M|g] for some g that "makes things
more convenient” and is not related to P. N < H(x),
M = wn (M), the collapse. So M is as usual.

Nlg] < H(x)lg], and M[¢'] C H(x) if ¢ is small.
Still: N[g], M[¢'] = ZFC*.
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N NP =PY might be lost

We consider definable forcings:

(P7 SP) = (SO]P’7 SOS]P’)'

NF is the interpretation of (¢p, p<,) in N.
Now, of course N NP # PV is now possible.

We add absoluteness requirements: ¢p and @<, are upwards
absolute.
Then (PY, <) = (N NP, <p NN x N).
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How to compute a generic condition

Given D € N that is dense in P, from outside we can find a
maximal antichain (p,, | n € w) in D. Then “q is generic” implies
that (p, | n € w) is predense above ¢. Let us put this fact to two
fomulae

©({pn | n €w)) and

O ({pn | n € w)q)

that hold in V. Now the aim is, given p and

(pn, | n € w) to compute such a ¢ in an absolute way, ideally Borel.

Then the outcome of the computation is a condition in NV, and the
computation is repeated with this starting point and with the next
dense set D’. The chain of results should have a common
strengthening, an (NN, P) generic condition.
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For all D together

Gn+1 Zn qn such that §0+(Dn7qn+1)'
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Reading in various models

Given N, P, p we compute in some N' O N, N € N', N’ E ZFC*,
N’ CV, and get in N’ a result q.

We compare the computation to that in V, and want:

N' = qis (N, P, p)-generic.

implies

q is (N, P, p)-generic.
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An application: Collapsing Souslin trees to countable objects

Let T'€ N < H(x) be a Souslin tree. P € N.

Idee:
We look at the question whether P preserves 1" not in mx (V) but
in the Levy extension that changes the height of T to w.
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Preserving Souslin trees

Now let P be a nep forcing.

We want to find a an easy criterion when P preserves Souslin trees:
Let (T, <r) be a Souslin tree. P preserves T, if in for any [P-generic
Filter Gp,

VIGp] = (T, <r) is a Souslin tree.

We consider only normal Souslin trees. Adding a branch amounts
to adding an uncountable antichain. So the Souslin tree can be
destroyed by destroying wy or by adding an uncountable antichain.
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(T, <r) is considered a notion of forcing

In this criterion, the Souslin tree (T', <r) is considered as a forcing
Q adding a branch to T'. Stronger conditions in <g are nodes
higher up in the Souslin tree.
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Definition
Let Y CT. Wesay T is (Y,.%)-proper iff Y C T and . C [wq]
and for every sufficiently large x for every countable N < J7(x)
with {T,.} C N and NNw; € .7, § = N Nw; for every
teY NT;,

Tep:={s | s <pt}

is (N, T) generic.

Every Souslin tree T" is (T, [w1]¥)-proper and every (Y, S)-proper
(for a stationary S and stationarily many levels in Y) tree T is
Souslin.
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Preserving generic branches and hence Souslinness

Definition
We say P is (T, Y, .7 )-preserving iff the following holds: Let
. C wq be stationary and let T be a Souslin tree, Y C T
For every N < J#(x) with {Y,T,P,.¥} C N and p e PN N: if
sup(N Nwy) =0, NNwy € ., and for every t € Y NTy, Ty is
(N, P, p)-generic, then there is ¢ >p p such that g is (N, P)-generic
and

qlrp (Vt € Y NT5)(T<; is (N[Gp], T')-generic).
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Manipulating the countable ground model

Let N < H(x) and (I, <T) e N,P,pe N. P shall be nep in a

strong sense.
We add a suitable generic g of the Levy collapse of wq to w to M.

M = mn(N).
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Forcing with a normal Souslin tree can look like Cohen

forcing

In M =nn"N, N < H(x), (T,<r) € N.

ThenTNMis
(T<5,<7) where 6 =wy N M.

In Mlg] , g a Coll(w, 6)-generic reals over M, (T, <r) looks like
the Cohen partial order.
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Preserving the Cohen genericity of T, over M|g| follows

from preserving any Cohen real

Let ¢t € Ts. Then T4 is a branch through T in N and hence if T is
cccin N, T is (N, T) generic.
Let R = Col(w,d), d =w1 N M

Now: There is a Levy collapse-generic g over M such that
Ty is (M][g], (T, <r))-generic, so Cohen generic.
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A density argument

Let Z be a an R-name for a dense subset of T'. Then

{geR | wveTqlyrv ¢TI}

is dense in R.
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[P preserves the collapsed situation

M{g] |= T is Cohen generic, p € PMld),

Wish: There is an (M|g], P)-generic ¢ > p such that
qlkp “M|g][Gp] | T< is Cohen generic.”
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This is a somewhat known property

Definition
Let P be a proper forcing notion. We say P is w-Cohen preserving
iff the following holds: For every N < J#(x) such that P € N, for
every p € PN N for every {z,, | n € w} such that every z,, is a
Cohen real over N, there is an (IV,P)-generic condition ¢ > p such
that

q - (vVn € w)(z, is Cohen over N[Gp]).
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Strengthening the known property

Definition

Let IP be a proper forcing notion. We say P is w-Cohen preserving
over candidates iff the following holds: For every candidate

N C J(x) such that P € N, for every p € PN N for every

{zy, | n € w} such that every z,, is a Cohen real over N, there is
an (N, P)-generic condition ¢ > p such that

q I (Vn € w)(zy, is Cohen over N[Gp]).
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Preserving w Cohen generic reals and preserving Souslinity

Mvp T<t’ t6T5

T<t7 te T5

Figure: Comparing computations of generic conditions
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Preserving w Cohen generic reals and preserving Souslinity

Mvp T<t’ t6T5

qlu M[G]P’] T<t7 te T5

Figure: Comparing computations of generic conditions
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Preserving w Cohen generic reals and preserving Souslinity

M,p M{g] Tey, t €Ty

T<t7 te T5

Figure: Comparing computations of generic conditions
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Preserving w Cohen generic reals and preserving Souslinity

M,p Mg q, M[g][Gp] Tet, t €Ty

T<t7 te T5

Figure: Comparing computations of generic conditions
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Preserving w Cohen generic reals and preserving Souslinity

M,p Mg q, M[g][Gp] Tet, t €Ty

qlu M[G]P’] T<t7 te T5

Figure: Comparing computations of generic conditions
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Generic conditions in candidates

If My is a (¢,B,ZFC*)-candidate and M; ="M is a

(@,B, ZFC*)-candidate and p € PM0” then then there is ¢ € P,
g > p such that My ="q is (Mp,P)-generic’ and such that in V, ¢
is (Mo, P)-generic
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The wish from the previous slide is not exaggerated

Many definable forcings (definitions with parameters in H (w1))
fulfil the criterion.

Examples: Tree forcings, creature forcings.

Counterexamples: Cohen forcing, random forcing, Blass-Shelah

forcing.
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Using the collapse

Theorem

Suppose (@, B, ZFC*) is a definition of P that is non-elementary
proper and fulfils the criterion on existence of generics in
candidates.

Suppose that P is w-Cohen preserving for (¢, 8, ZFC*)-candidates.
Then P preserves Souslin trees.
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Larger forcings P

Let IP be a forcing destroying Souslin trees and not adding reals, for
example

the NNR forcing from the Proper and Improper Forcing book
Jensen's forcing for the relative consistency of SH and CH.

These forcings are proper and do not add reals. So for elementary
submodels NNV, they are Cohen preserving.

They are non-elementary proper to some extent.

Cohen preserving over candidates.
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Transferring both wishes

ql- (Vt € mn(Y(0))) (N (T<pt) is (M[Gp], mn(T'))-generic)
and ¢ is (M, P)-generic. (2.1)

Now we get from the latter

(33 = 7 (p)) (g IF"(VE € mn (Y (6)))
TN (T<pt) is (N[Gp], 7n(T'))-generic” and g3 is (N, P)—generi?). |
2.2
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