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On Fraissé’s order type conjecture
By RICHARD LAVER!

Introduction

Our results will be about the relation of embeddability between order
types (isomorphism types of linearly ordered sets). If ¢ and + are order types,
write @ < 9 to mean that @ is embeddable in ¥ (i.e., if L and M are linearly
ordered sets having type @ and ¥, respectively, then there is a 1-1 order pre-
serving function from L into M), and let < ¥ mean that @ < ¥ but v £ o.
If o is an ordinal and {@,: v < a} is a set of order types, then {p,: v < a} is
called a descending sequence if vy < d— @, > @,. A set {y,: xe€ X} of order
types is called an antichain if & == y — 1, £ +,. The Dushnik-Miller-Sierpinski
construction [1], [11] provides an example of an infinite descending sequence
of order types, as well as an infinite antichain of order types. The order types
which they construct to get these examples are all subtypes of the real line
of power 2%,

In [2], Fraissé made conjectures to the effect that the embeddability
relation is more well behaved in the case of countable order types. His main
conjecture was

every descending sequence of countable order types is finite, and every
antichain of countable order types is finite.

A few years later he extended this conjecture to apply to scattered order types
of any cardinality (an order type @ is said to be scattered if the order type of
the rationals is not embeddable in ).

Let 91 be the class of all order types @ which satisfy the following con-
dition: if L is a linearly ordered set of type @, then L can be written as the
union of countably many subsets L,, L,, -+, L,, -+ such that each L, has
scattered order type. Fraissé’s conjecture will be a consequence of the follow-
ing theorem, which is the main result of this paper.

THEOREM. Every descending sequence of members of N is finite, and
every antichain of members of N is finite.

We will explain the proof of this theorem by giving a summary of the
sections. We would like to acknowledge at this point the mathematical debt

1 This paper is a slightly expanded version of the author’s Ph.D. thesis, written at
the University of California, Berkeley, in 1969.
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which we owe to the deep methods and results of Nash-Williams’ paper [8].
His theory of better-quasi-orderings will play a basic role in this paper, as
will be seen.

In § 1, the theory of well-quasi-orderings (arbitrary sets and classes on
which a transitive, reflexive relation is defined which has the “no infinite de-
scending sequence, no infinite antichain” property) as well as the theory of
better-quasi-orderings (well-quasi-orderings of a particularly well-behaved
type) will be reviewed. It turns out that better-quasi-orderings are more
natural than well-quasi-orderings in almost every respect. However, their
definition might appear unintuitive at first, so we will spend some time trying
to motivate it.

In § 2, Nash-Williams’ infinite tree theorem will be stated, and we will
indicate how to generalize it to allow the trees to have their nodes labelled by
members of a better-quasi-ordered set. The proof of this generalized tree
theorem will be the only place in this paper where familiarity with [8] will
be assumed; the rest of the paper is self contained.

In § 3, we will state a well known theorem of Hausdorff which charac-
terizes the class of scattered order types, and will then present work of Galvin
characterizing the larger class 91. Galvin’s results involve defining order
types 7., which act like 7 at higher cardinalities (not to be confused with
Hausdorff’s n,’s, which are generalizations of 7 is another direction).

In § 4 the main theorem will be proved. Originally the author proved
Fraissé’s conjecture by induction on Hausdorff’s hierarchy. We are indebted
to Fred Galvin for then suggesting the generalization to 91l and showing us
his characterization of 91 (we would also like to thank him for many other
interesting conversations). The present theorem will be done in that more
general setting. To make the induction hypothesis go through it will be
strengthened in two ways. First, we will show that 91 is better-quasi-ordered
under < rather than just well-quasi-ordered. For the other strengthening,
define a Q-type to be (intuitively) an order type whose points are labelled by
members of @, and let Q% be the collection of Q-types whose base types are
in 9. An ordering on @ induces an ordering on Q%" in a natural way. Our
strongest result is

THEOREM. If Q s better-quasi-ordered, then Q™ is better-quasi-ordered.

In the remainder of § 4 we will show there are (up to equivalence) k* order
types in 9N of power <k.
In § 5 we will mention some applications and problems.
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Notation will be that of standard set theory (with classes). «, 8,7, d, k, A
range over ordinals, where an ordinal is defined so that it is the set of all
smaller ordinals; the class of ordinals will be denoted by On. Card is the class
of cardinals (initial ordinals), Card X is the cardinality of X. If & is a cardinal
then &+ is the least cardinal greater than k; a successor cardinal is one of the
form k*. Cf (@), the cofinality of «, is the least 8 such that « is the limit of
a B-sequence of ordinals. A cardinal % is regular if ef (k) = k; RC is the
class of infinite regular cardinals. X* (X <) is the collection of X-sequences of
length a (<) (this will be slightly modified in § 4); members of X* will be
written in the form {x,>,.,. P(X) is the collection of subsets of X, more
generally P°(X) = X, 9**/(X) = P(PX)) and P X) = U;<, P*(X) for v a limit
ordinal.

1. wqo theory, basic bqo theory

Abstracting from the embeddability relation between order types, define
a quasi-order to be a reflexive, transitive relation. Throughout this paper,
the letters @ and R will range over quasi-ordered sets and classes. Various
quasi-ordered spaces will be defined; in each case we will use the symbol <
(perhaps with subscripts) to denote the quasi-order under consideration. If
4, 9, € Q, write g, < ¢, to mean ¢, < ¢, but ¢, £ ¢,, and write ¢, = ¢, to mean
¢, < ¢, and ¢, < ¢,. (All results could be done in terms of partial orderings
(quasi-orderings where = — =) instead of quasi-orderings; we elect not to do
this since it would mean continually taking equivalence classes.) Whenever
a subset Q, of @ is defined, we assume that @, is quasi-ordered as a suborder-
ing of Q.

We turn now to the definition of well-quasi-ordering, giving two equiva-
lent formulations.

Q is well-quasi-ordered (WQqo) <

(i) for any sequence <g;);.., of membersof @, 3%, j < w:4i < jand ¢; < q;,
equivalently,

(ii) every descending sequence of members of @ is finite, and every anti-
chain of members of Q is finite.

Thus, in these terms, the first of the two theorems listed in the introduec-
tion reads: the class 9N is wqo under the embeddability relation.

Well-quasi-orderings were first studied by Higman in [5], where the equiva-
lence of the two definitions (immediate from Ramsey’s theorem) was observed.
Ifqe @, let Q, = {re Q:q £ r}. From part (i) in the definition of wqo (which
will be the version of wqo used from now on) we have immediately the following

Induction principle for well-quasi-orderings: If a proposition ®(Q) is true
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of @ whenever it is true of each Q,, ¢ € @, and @ is true of the empty (quasi-
ordered) set, then ®(Q) holds for all wqo Q.

Given arbitrary quasi-orderings @, Q., @,, we now define quasi-orders on
various spaces built up from them: Quasi-order the Cartesian product @, X Q,
by the usual rule <q,, ¢.> <<r, r>—uqg <7 and ¢, < 7. IfQNQ, = O
then the disjoint quasi-order on Q, U @, is defined by the rule ¢ < » g, 34:
¢, 7€ Q; and ¢ < r as members of Q;. Quasi-order ..o, @* by the rule

9)scs = T0Dacs —ar there is a strictly increasing f: o0 — A such that
q; = 154 for each B8 < 0.

Finally, ?(Q) is quasi-ordered in two ways. For X, Y C @, define X <, Y
e 3f: X— Y with # < f(x), all ze X, and X <, Y —, in addition to the
above, fis 1-1.

We now list for interest the preservation theorems for wqo’s which are
known. In his original paper [5], Higman showed that if @ is wqo, then so is
Q< (and hence so is the set of finite subsets of @, under either <, or <)).
This theorem was strengthened in one direction by Kruskal [6], who showed
that if @ is wqo then so is the collection of finite trees whose nodes are labelled
by elements of @ (the quasi-order on this space is defined in § 2), and in an-
other direction by Nash-Williams [7], who showed that if @ is wqo, then so is
the subclass of |J..o. @* consisting of those sequences which have finite range.

Note the finite character of these theorems. In the case of spaces built
up from @ in an unrestricted infinite manner, the situation is different. We
single out for this discussion what turns out to be the most natural such space,
P(Q) under =,. In [10], Rado constructed a @ such that @ is wqo but P(Q)
is not wqo. Working from Rado’s counter-example (which will almost be given
in the remarks below) Nash-Williams found a condition on quasi-ordered sets
stronger than that of being well-quasi-ordered, namely that of being “better
quasi-ordered” (bqo), which is preserved under passage from Q to P(Q). The
condition given for @ to be bgo is combinatorial, but it amounts to saying
that P“1(Q) is wqo, where 9“(Q) is quasi-ordered by the natural extension
<,of the <, relation, defined as follows: for X € 2(Q), Y € (@) (the defini-
tion is by induction on @, B < ®,), then X <, Y

a=0,8=0,and X < Y as elements of Q, or

a=0,8>0,and3Y’'c Y, X <,Y’, or

a>0,8>0,andvVX'eX Ve Y X' £, Y.

Assume a @ is given such that 9“1 (Q) is not wqo (to avoid a trivial notational
problem, assume g€ Q — g ¢ P**(Q), 0 £ @ < w,). Accordingly, there is a
sequence {X,>; ., of members of P*1(Q) such that whenever i < j,
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X, L. X;.

Set I, = {i: X; ¢ Q}. Observe now that it is possible to choose, for each m ¢ I,
and each n > m a set X,,, € X,., such that whenever jel,and 71 <j < k,

X, L. X;pand, iftel, X;; £, X;.

Now let I, = {<7,5): X;; ¢ Q}, As above, there are sets X;;, € X;; for all
(i, 3> el and all k > j, such that whenever 1 < j < k < land {j, k>el,

X, &.X;u,and, ifiel, X;; £, X, and, if (3,50 €el, Xij Lo Xjue
By continuing this process, the original bad sequence on 9“1 (Q) is reduced to
a bad array, of a certain kind, on Q.

The following definitions of Nash-Williams should now appear more
natural to the reader. A set B of strictly increasing finite sequences of non-
negative integers is called a block just in case for every strictly increasing
infinite sequence {s;»;., of non-negative integers there is an n < w with
{8:i<n € B. If t, uw e B then write ¢t <] « to mean for some s, < s, < -+ <3,
and some r, 0 < r < m, t = (S Dosizr aNd U = {(8;D1<5<ne

Q is better-quasi-ordered <, for every block B and every f: B— @ there
are ¢, v € B with ¢t <{ « and f(¢) < f(u).

In the application of bgo theory to order types we will need (besides the
results on trees in § 2) the following basic facts about bqo’s, taken from [8]
and collected into one theorem.

THEOREM 1.1. [8].

(i) @bgo— @ wqo

(ii) Q well ordered — Q bgo

(iii) @ = Q, U @, and Q,, @, bgo — Q bgo

(iv) Q) Q.bgo— Q, X Q.bgo

(v) @ bgo— Q< bgo

(vi) @ bgo — P(Q) bao (under both <, and <,).

The preservation properties (iii)—(v) remain true with “bqo” replaced by
“wqo” (see [5], [6]); (vi) is the distinguishing feature of bgo’s.

We list another fact about bqo’s which will be used; this one is an im-
mediate consequence of the definition of bqo.

Homomorphism property for bgo’s: If @ is bgo, @ < @, and there is an
order preserving function taking @’ onto R, then R is bqo.

2. A generalization of the infinite tree theorem

We turn now to the main theorem of [8]. A tree is a set T, partially
ordered by a relation <,, such that for each xe T, {ye T:y <, «} is well
ordered by <,. If thereis an x ¢ T such that « <,y for all ye T, then T is
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said to be rooted and x is called the root of T. Let J be the class of all trees
T such that

(i) T is rooted, and

(ii) there are no paths in T of length > w.

For TedJ, z,ye T, let x Ny be the glb of x and ¥y in T. We quasi-order the
class J by the following embeddability relation: for T,, T, &,

T, £ T, <4 there is a 1-1 function f: T, — T, such that for all x,ye T,
fl@ny) = f@ NSy (i.e. if y and 2z are distinct immediate successors of » in
T,, then f(y) and f(2) occur above distinct immediate successors of f(x) in T5).
Nash-Williams’ infinite tree theorem can now be stated.

THEOREM 2.1. [8]. I s bqo.

Actually, the condition that the trees be rooted is not demanded in [8];
the wider theorem (with respect to a suitable quasi-order) thus obtained is
an immediate corollary of 2.1 and 1.1 (vi). We have only put the restriction
in to simplify matters. As for condition (ii) in the definition of I, it automat-
ically holds for all the trees in [8], since “tree” in that paper is taken to mean
“graph with no cycles.”

We will need to generalize this theorem. Define a Q-tree to be a pair (T, 1)
where T is a tree and I: T — Q. [ is intuitively a function which labels the
nodes of 7. Let &, be the class of @-trees (T, [) such that Te J. Quasi-order
T by the following rule: if (T}, 1,), (T3 1,) € Ty, then

(T, 1) (T, 1,) =4 T, < T, by a function f such that forallx e T, [(x) <
L(f(@)).

For the proof of the next theorem, which generalizes 2.1, we assume familiarity
with [8].

THEOREM 2.2. @ bgo — I, bgo.

To avoid introducing a large amount of notation applicable to this theorem
only, and because the basic idea of the generalization is straightforward, it
will be proved in the following way. We will prove revised versions of [8,
Lems. 29-32, 37]. (In addition, we will claim without proof that various other
lemmas of that paper can be made to accommodate Q-trees without any diffi-
culties.) It is left to the reader to verify that these revised lemmas, together
with the rest of [8], do yield a proof of Theorem 2.2.

For Ted, let o(T) be the root node of 7. If xe T, S(x) is the set of
immediate successor nodes of x. If (7,0)eJ, and xe T, define bry , (x)
(abbreviated br(x); similar abbreviations will be made below) to be the Q-tree
obtained from (7, 1) by restricting T to nodes =,z (br(z) is the branch of
(T, l) with root node x). A branch X of (T, [) is said to be strict if and only
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if X < (T, 0).
Forxe T, (T,1)e T, we define
J(@) = {br(y): y € S(x) and br (y) strict}, and
K(x) = {y: y € S(x) and br(y) = (T, )}

Let

L z,n(x) = {J(x), Card (K(x)), Ux)) .

T,n(®) is a member of the space (P(T,) x Card x Q); we quasi-order this
space by the ordering induced from the natural ordering on the class of cardi-
nals and the <, ordering on P(J,).

We put

O8((T, 1) = {Lup(@):ze T},

O((T, 1)) belongs to the space P(P(T,) x Card X Q). We quasi-order this space
by the ordering induced from the quasi-order on (P(T,) x Card x Q) by the
<., relation.

The following replaces Lemma 29 of [8].

LEMMA 29'. O((T,, 1)) < O((Ty 1)) — (T 1) < (T 1)

Proor. We will define a function f embedding (T, l,) into (T, I,) by
induction on 7T,. Suppose for each u <, v in T,, f(u) has been defined such
that there are sets K,(u) and K,(w) with K,(u)U K,(u) = K(f(«)) and
K\(u) N Ky(u) = @, and J(u) <, (J(f(w)) U {br (x):x € K,(u)}), and Card (K(»)) <
Card (K,(w)); want to define f above ». Extend f to an embedding of the
members of J(v) into distinct members of J(f(v)) U {br(x): x € K,(v)}. Since
Card (K(v)) < Card (K,(v)), it remains to be shown that for y € K(v), z ¢ Ky(v),
we can pick an f(y) € br (2) satisfying the induction hypothesis. Pick a func-
tion 5 embedding (T}, 1,) into br (z). For some we T,,

F(Tl,ll)(y) = F(Tz,lg)(w) .
Let f(y) = j(w). Note that l,(y) < l(w) < I,(f(y)). Define
V = {v e J(w): j(v) € br(z) for some z € K(j(w))} .
Now let K,(y) be
{ze S(f(¥)): j(v) =1, 2 for some ve V},

and let K,(y) = K(f(y)) — K,(y). We see from the nature of the embedding j
that K,(y) and K,(y) are as desired. The induction step is now complete, and
the f thus defined is an embedding of (T, I,) into (T}, 1,), completing the lemma.

(T, l) e 7, is said to be descensionally infinite if and only if there is an
infinite sequence x, <,x, <,;%; <, --- of nodes of T such that br(x,) >
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br(x,) > br(z;) > ---; otherwise (T, l) is descensionally finite. Let F, be the
class of all descensionally finite members of 7, and let F(T, l) be the set of
descensionally finite branches of (T, ). For x e T, define

L(x) = {br(y): y € S(x) and br(y) € F(T, 1)},
M(z) = {y: y € S(x) and br(y) ¢ F(T, 1)} .
Let
Ag,pn(x) = {L(x), Card (M(x)), l(x)) .

Finally, put

D p(x) = {A(T,l)(y): T =y y} .

@ ,(x) € P(P(Ty) x Cardinals x Q), which is quasi-ordered as in Lemma 29'.
The next lemma replaces Lemmas 30-32 of [8]. We assume @ is bgo.

LEmMA 32'. (T, 1) e Ty F(T, 1) bgo— (T, 1) e F,.

ProOF. It must be checked that the proof in [8] still holds in the presence
of the new factor Q. Suppose (T,1) ¢ F,. Pick any ze T, br(z) ¢ F,. Will
show @ (%) > @ ,,(%,) for some z, >, x, br(z,) ¢ F, (but then by continuing
the process a descending sequence @, ,(x) > @, p(2,) > Dpp(w,) > +++ can
be obtained; this contradicts the fact that, in view of @ bqgo, the hypothesis,
and 1.1 (ii), (iv), and (vi), P(P(F(T, l)) x Cardinals x Q) is bgo and hence
wqo). Suppose there is no such x,. Clearly for all z =, z, ®,,,(2) < ©«,,(2),
so by assumption @, ;,(®) = @ ,,y(u) for all w =, = such that br(u) ¢ F,. Since
br (x) ¢ Fo, we can pick a y >, such that br(y) ¢ F, and br(y) < br(x). But
we now claim that br(x) < br(y), a contradiction. To establish this claim,
construct an f embedding br(x) into br(y) in the following fashion. Pick a
2 =,y such that Ay, (%) < Ay,,(2), let f(x) = z and note that I(x) < I(f()).
Extend f to embed the members of L(x) into distinect members of L(z). For
each v € M(x), w € M(z), ©,,,(v) = ®y,,,(w), so our initial assumption allows
us to repeat this process indefinitely, yielding an embedding of br(x) into
br(y). This contradiction gives the lemma.

We have now reduced the theorem to the problem of showing ¥, is bqo,
since by Lemma 32, if ¥, is bgo then F, = J,. If U < F,, define Br(U)
to be

{or,,(): (T, ) € A and bry., @) < (T, D).

Al is said to be well branched whenever Br(AU) is wqo, and Al is closed just in
case Br (U) < Q. In [8], Lemmas 38-42 reduce the problem of showing ¥ is



FRAISSE’S ORDER TYPE 97

bgo to that of showing that every closed, well branched subset of F is bqo.
In fact, it can be checked that the same arguments yield the analogous reduc-
tion for ¥, here.

The last place where visible changes are needed is Lemma 37. We replace
it with the following paragraph.

Suspose A is a well branched, closed subset of &, which is not bgo. Ac-
cordingly there is a barrier B and a bad f: B— 9. By Lemma 29, Of is also
bad. Therefore, by Lemma 26, there is a bad f’: B*— (P(QU) x Card X Q)
such that for all (s-t) e B?, f'(s-t) € ©(f(s)). We now apply Lemma 22 twice
(once to @, once to the cardinals) to get a barrier C < B* and a bad f": C— P(U),
such that for all ¢t e C, f”(t) = the first coordinate of f’(t). Since AU is well
branched, U,.. f”(t) is wqo, so, applying Lemma 28, a barrier D C B* and a
bad g: D;— Al are obtained such that for all (s-t-u) e D, g(s-t-u) is a branch
of f(s) and g(s-t-u) < f(s).

By Lemma 36, now, there is an f, which “warily foreruns” f. Lemmas
33-35 show that this process can be repeated indefinitely, which is impossible,
demonstrating the falsity of the assumption above that @ is not bgo. No
changes are needed in Lemmas 33-36, as trees can be replaced by Q-trees
without affecting the proofs. This concludes the proof of Theorem 2.2.

We introduce now another, more natural, quasi-order on J,, with the
idea of working with it, instead of the quasi-order we have been considering,
in §4. For (T, L), (T, l,) € Ty, we let

(T, 1) £, (T, 1,) <y there is a strictly increasing function f: T, — T,
such that I,(x) < I,(f(x)) for all z e 7.

This ordering is analogous to the <,, relation on P(Q); it differs from the
previously defined quasi-order on J, in that the embedding function f need no
longer be 1-1 and f may take distinct successors of 2 into nodes which occur
above the same successor of f(x). We have now

COROLLARY 2.3. @ bgo — T, bgo under <,,.

Proor. If (T, 1) < (T, l,), then clearly (T, 1) <,. (T 1,), and the corol-
lary follows from 2.2 and the homomorphism property.

In concluding this section, we would like to mention the main theorem of
Nash-Williams’ more recent paper [9]: If @ is bqo, then 50 8 Uscon @

This is of course a strengthening of 1.1 (v). This result will come out
below as a corollary to our main Theorem 4.8, when the order types under
consideration are restricted to be ordinals. (We remark that our methods
totally differ from the methods of [9].)
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3. Order types; preliminaries, characterizations of & and 91

The letters L, M, N are reserved for sets which are linearly ordered by
relations =,, <, <,, respectively. Tp (L) is the order type (order isomor-
phism type) of L. Variables @, x, ¥, 8 will range over order types. The fol-
lowing embeddability relation between order types, which quasi-orders the
class of order types, is the main object of study of this paper.

For order types @ and v, @ < ¥ <, for tp (L) = @, tp (M) = 4, there is

a strictly increasing function taking L into M.
We assume familiarity with the notion of the sum @ + + of order types @
and ¥. More generally, if L is a linearly ordered set and for each x¢ L, @,
is an order type, then define the ordered sum Y, _, @, to be tp (M), where M
is obtained from L by replacing each point x of L with an ordered set of type
®,. Recall that the product -y of ¢ and ¥ is Y, ., ., where each ¢, = @
and tp (M) = +. If 4 is an order type (or R a collection of order types) then
we will often express the fact that ¢ = Y, #,, where tp (L) = ¥ (tp (L) € R)
by saying that @ is a ¥ sum (R sum) of the ,’s. If a subset L’ of a linearly
ordered set L is specified, L’ is assumed to be ordered as a subordering of L.
If @ = tp (L) then the converse of @, written *, is tp (M), where there is a
bijection f: L — M such that forallz, ye L, x <,y — f(x) =, f(y). Iftp(L) =
a* for some « € On (ordinals will often be taken as order types), that L is
conversely well ordered. If x,y ¢ L and x <, v, denote as usual by (z, y) and
[x, ¥] the open and closed intervals of L determined by # and y. The notation
(L', L*) will be used to denote a Dedekind cut of L.

Let 7 be the order type of the rationals. An order type @ is said to be
scattered if and only if 7 £ . Let & denote the class of scattered order types.
The first theorem of this section is Hausdorff’s inductive classification of S.

THEOREM 3.1. (Hausdorff [4]). S = Uwcon Sy where

&, = the set of order types {0, 1}, and for £ > 0,

8s = {p: @ is a well ordered or conversely well ordered sum of members
of Ur<s o1}

All results about scattered types will be proved essentially by induction
on this hierarchy. In the following lemma we collect some simple, well known
facts about order types which we will need.

LEMMA 3.2. (i) A scattered sum of scattered types is scattered.

(ii) If keRCand £ <), ., Py then either £ < tp (M) or for some y,
£ = @,

(iii) If k erc, N<k, L=U,;aL,, and £ < tp(L), then £ < tp(L,) for
some .
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(iv) If kerc, e, Cardp = &, then £ < @ or £* < .

Proor. (i) is well-known, (ii) and (iii) are easily verified, and (iv) is a
well-known consequence of 3.1.

The larger class of order types 91 mentioned in the introduction will now
be considered. 9N, the class of types which are the countable unions of scat-
tered types, is defined formally as follows:

® €N —4 whenever tp (L) = @, then there exist subsets L,, Ly, ---,
L, +++, (n < w) of L such that L = U,... L, and for each =, tp (L,) €S.

Thus clearly S <9I, 7 € 91, in fact any 9 sum of members in 9N is itself
in 91, and for any cardinal £ there are “k-dense” order types in 9. In the
remainder of this section Galvin’s characterization of 9l will be presented.

We now define the order types 7,, mentioned in the introduction. 7,, will
be defined if and only if & and S are uncountable regular cardinals (considered
in the construction below as order types) and max {«, S} is a successor cardinal
(a = B is allowed). Call {a, B> admissible if the above conditions hold.

Given an admissible {«, 8), it is convenient to choose first an auxiliary
type 0,;. Suppose « = v+, 8 = 6*. Then 0,; = v*-6. Now suppose « # v+
for all v (and hence @ < B, « is weakly inaccessible, and 8 = o+ for some §).
Then 6,5, = Y., ?., where tp (M) = 4§, each ¢, < a*, and for each » < «
there'is some x with @, = \* (this last condition is possible to satisfy since
a < B). Finally, suppose 8 # é+ for all 6. Then d,, = (0,,)*.

a8, NoW, will be tp (L), where L = U,<» L, and the sets Lyc L, - --
c L,c --- are chosen as follows:

(i) L, is a linearly ordered set of type g,4;

(ii) L,+, is obtained from L, by inserting into each empty interval (z, y)
of L, a copy of 0.

The following theorem isolates the properties of 7,, which will be needed,
and shows that the non-uniqueness of the construction of 7,, in the case that
min {«, B} is weakly inaccessible is unimportant inasmuch as the possible
choices of 7,, are all equivalent. Assume for this theorem that 7,, = tp (L),
where L = U,.» L, as above.

THEOREM 3.3. [3]. (i) 7., €N

(i) a* £ Nusy B L Nus

(iii) If (=, y) is an interval of L, then tp (z, y) = af, all o, < @, and
tp (x, ¥) = B, all B, < B.

Conversely, if @ = 0,1, ¢ = tp (M) and @ and M satisfy (i)-(iii) in place
of Nap and L (where o and B are taken to be arbitrary), then {a, B) is admis-
sible and @ = 1,.
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Proor. (i) Clearly tp (L,.,) can be written EweL” ®,, where each @, is
either 1 or o,,+1. Since g,;€ 8, the result follows from 3.2 (i) by induction
on n.

(ii) We will show B £ 7, and the case a* £ 7,, will be symmetric.
Clearly B £ 0,4, so, using the sums given in (i) above, we obtain from 3.2 (ii)
that 8 £ tp (L,) for each n, by induction on n. Since 8 > w, it follows from
3.2 (iii) that 8 £ tp (L) = 7.

(iii) Will show it for 8, and again a symmetric argument will hold for
a*, Suppose ¥ < £ and (iii) holds for all § < v, and let an interval (z, y) of
L be given. z,ye L, for some m, and lest » < tp (L,,) it is clear that the
interval [z, y] of L,, contains an empty (in L,,) subinterval (x, v). The L inter-
val (2, y) thus embeds o,, and hence all cardinals < 8; hence cf (v) < tp (z, v).
So can assume cf (7) < v; to see that v < tp (x, ¥), embed cf (v) into (z, ),
express 7 as the cf (v) sum of smaller ordinals, and use the induction hypothesis
to embed the smaller ordinals into the appropriate intervals.

For the converse, we are given @ and M, where by (i) we may take
M= U.,.. M,, each tp (M,) € S. Will first show that {a, 8> is admissible.
If B, say, were not regular, property (iii) could be used to map B (expressed
as a cf(B) sum of smaller ordinals) into v, contradicting (ii). Likewise
« is regular. Since Card M > 1, repeated applications of (iii) yield o, w* < @,
so o and S8 must be uncountable. Now suppose max {«, 8} (=8, say) is not a
successor cardinal. By (iii) then, Card M = B, but since S€RC and 8 > w,
Card M, = B for some n. But now by 3.2 (iv) we must have tp (M,) = 8
or tp (M,) = B* = a*, contradicting (ii). So<«, 8 is admissible.

To show @ = 7,; it suffices by symmetry to show that if Card N > 1 and
N satisfies (iii), then @ < tp (N). To do this, we will show that if tp (N)) €S
and tp (IV,) satisfies (ii), then N, is embeddable in N by a function f such that
for any Dekekind cut (N}, N?) of N, there is an interval (x, y¥) of N such that

ze @, y), ue N, ve NI— flu) <,z < f(v).

The proof is by induction on §. Assume by 3.1 that tp (IV,) is the, say, 0 sum
of smaller types for which the claim holds, where we have § < tp (N). Clearly
0 can be mapped into N satisfying the Dedekind cut condition, and then the
induction hypothesis can be used (every interval of N satisfies (iii)) to embed
the smaller types into N in an appropriate manner, establishing the claim.
Now, to embed M into N, first embed M, into N so that the Dedekind cut con-
dition holds, then extend this to a map M, U M, into N satisfying the Dedekind
cut condition (recall every interval of N satisfies (iii)), and so on, getting
@ < tp (N) as desired. This completes the proof of Theorem 3.3.
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Theorem 3.3, together with the final paragraph in its proof, gives

COROLLARY 3.4. @ S Ny~ P eM, a* L p, B £ .
The sense in which Hausdorff’s 3.1 can be generalized to 91 is shown in
part (ii) of the next theorem. Let 9,, = {P: @ < Nus}.

THEOREM 3.5. [3]. (i) A D.s sum of members of D,s 1s itself in D,p;

(1) Das = Urcmaxian (Deg)ry where (Dap)e = {0, 1},
and for 6 > 0, @ € (Dap); — P s an af sum, for some &, < &, or a B, sum, for
some By < B, 0T an N 5, SUM, for some {, Byy € On x On with {a,, By <&, £,
of members of Uy<s (Das)re

ProOF. (i) Given tp (M)e D,; and @, € D,; for each x € M, we want to
show 3., ?. €D It can be quickly seen from the previous theorem that
(Dap)® = Nupy 1:€0y I pe s Pa = Napy Where each @, = tp (L) = 74. Thus clearly
> e Poe = Nope If Nos < .., Por then clearly either 7,, < tp (M) or some
interval of 7,, (and hence 7,; itself) is < some @,. Both cases are ruled out,
so we have 3., P, < Nase

(ii) Let Cop = Ujcmoxiars (Dap)ye If tp (L) < 7,4, then Card L < max {«, B};
consequently a C,, sum of members of C,; is itself in C,s. Since a, < @, B, < 8
and <{a,, B,y < {a, B> respectively imply i € D,s, By € Dapy and 75, € Des bY
3.3, we have C,; = 9,; by part (i) of this theorem. Now suppose there is an
L with tp(L) € D, — Cpp. For z,ye L, x <, y, we define

& ~ Y tp (@, Y)) €Cap «

Wealsolet x ~ z, and ¢ ~ y — y ~ x. Clearly ~ is an equivalence relation
which partitions L into intervals. Suppose X < L is an equivalence class.
By picking sequences co-initial and cofinal with X, tp (X)) can be written as
the a* + B, sum of types in C,;, for some a, < «, B, < B. Since ag + B, € Cop,
we obtain tp(X) € C,s. Let L’ be a subset of L obtained by picking one mem-
ber out of each equivalence class. Claim each interval (u, v) of L’ has type
in 9,; — C.p; otherwise, the interval (u, v) of L would be a C,; sum of members
of C,; and would thus itself have type in C,;, contradicting the fact that u + v.
Since tp (L) € D.s, there must be an interval (z,, ¥,) of L’ which fails to embed
some a for a, < «, or some B,, for B, < B, by Theorem 3.3. Assume the
latter case is true (the case &, < « will be symmetric) and that every interval
(w, v) of L’ embeds all B, < B,. Now pick «, < a to be the least ordinal
6 such that some subinterval (x,,y,) of (%, ¥,) fails to embed ¢*. Recall
tp (21 Y1) € Dop — Cap. Now tp (2, ¥,), ¥, and B, clearly satisfy the hypothesis
of the second half of 3.3 (in place of @,«a, B) so <&, B, is admissible

and 7,,, = tp (2, ). But now, since {ay, By < L& BD, Nuyp, € Cus; hence
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tp (»,, ¥,) € Cos. This contradiction gives the theorem.

4. The main theorem

We now define the @Q-labelled order types mentioned in the introduction.
For @ quasi-ordered, a Q-linear ordering is a pair (L, l) where L is a linearly
ordered set and [ is a function from L into Q. Two Q-linear orderings (L,, [,)
and (L,, I,) are called Q-isomorphic if and only if there is an order isomorphism
h taking L, onto L, such that for all x e L,, [,(z) = l(h(x)). A Q-type is the
Q@-isomorphism type of a Q-linear ordering. As in the case of order types,
tp (L, 1) is the Q-type of (L, l). We will let variables ®, y, ¥, ©® range over
Q-types.

We quasi-order the class of @-types by the following embeddability rela-
tion, which is a natural extension of the one for order types: if ® = tp (L,, 1)),
¥ = tp (L, l,), then

® < ¥ <, there is a strictly increasing f: L, — L, with I,(z) < ,(f(x)) for

allze L,.
If a Q-type ® = tp (L, 1) then tp (L) is called the base of ® and is written
bs (®). The ordered sum }_, ., @, of Q-types is the naturally obtained Q-type
whose base is 3 ., bs (®,). The Q-type with base 0 will itself be written 0;
for ¢e@Q, let 1, = tp ({z}, 1), where {x} is a one element linearly ordered set
and I(z) = q.

If @Q is a quasi-ordered set or class and @ is an order type, let Q9 (Q=¢, Q=¥)
be the collection of all @ types @ such that bs(®) = @ (bs(®) < @, =9). If
R is a collection of order types let Q% = {®: ® € Q¢ for some @ ¢ R}.

To preve the main theorem (Q bgo — Q% bqo), a class J(Q) < Q™ will
first be defined, where J((Q) is singled out because its members will turn out
to be representable in a certain way by Q*-trees, for a certain @* D Q.

If @ is a Q-type, QU is a set of Q-types, and £ is an infinite cardinal, then
@ is called a (U, k)-unbounded sum if and only if ® can be written in the form
3 .e D,y where tp (L) = &, {®,: e L} = A, and

VeeL3YC L(CardY =kand VyeY ®, < ®,).

Similarly, if the same conditions hold except that tp (L) = £*, then @ is called
a (U, £*)-unbounded sum.
We make a simple observation about these sums.

LEMMA 4.1. Suppose 6 € RC, £ < 6, @ is a (AU, k)-unbounded sum, ¥ is a
(0, 6) unbounded sum (or ® is a (U, £*)-unbounded sum, and ¥ is a (0, 6%)-
unbounded sum) and VO e AU Iy eV © < ). Then ® < V.

PROOF. Letthe unbounded sums be givenby ® =Y. ., @, ¥ =3 ,¥,;
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we want to find a function 2 embedding ® into V. Suppose % has been defined
on an initial segment 3, <oy @, of ® and embeds that segment into an initial
segment ) <, ¥y of ¥. By assumption 3y, ¢ M @, < ¥, . By unboundedness
W, =y ¥, = V,,. Let h embed @, into ¥,,. Since 6 cRC and £ < o, for
each v < k, a v limit of initial segments of WV is itself an initial segment of
WV, so this process can be continued for each v < k to obtain an embedding of
@ into V. The argument is symmetric in the case of £*, 6* sums.

Suppose R is a set of Q-types and ¥ € R¢ for some @, i.e., ¥ = tp(L, I)
where l: L — R and tp (L) = @. We associate to W a @Q-type ¥ in the natural
way, i.e.,

V=73, ).
For @ an arbitrary quasi-ordered set, @ is (Q, ¢, B)-universal if and only
if ®c@Q="2s, and whenever ¥ e Q="+, then ¥ < ®. If Rc Q™ and @ is
(R, &, B)-universal for some «, £, then ® will be called an (R, «, B)-shufie.

LemMA 4.2. If © is a (U, a, B)-shufile, ¥ a (0, , 6)-shufle, {a, 5> <
{7, 00, and Yy eU 10 eV x < 0, then @ < V.

ProoF. Wehave 7,; < 7,;. The lemma follows quickly from the definition
of (0, 7, 6)-universal and the fact that for ®, ¥, ¢ 0", 0, < ¥, - &, < V..

We will now define a class J((Q) C Q™. FH(Q) = Uusecon H(Q), where
H(Q)={0} U{l,: e @}, and if @ > 0, ® € F((Q) <y for some AU S U, FCo(Q)
either

(i) @ isa (U, k) or a (U, k*)-unbounded sum for some k € RC, or

(ii) @ is a (U, a, B)-shuffle for some (admissible) {«a, £>.

If Q is a quasi-ordered set or class, we will choose a quasi-ordered class
@R+t D Q in the following way. Add to @ new elements a,, b,, for each k e RC,
and also elements c,; for each admissible pair {«, 8> (passing first to an iso-
morphic copy of @ if there are not enough new objects to choose from; it
will be assumed below that this has not been necessary). Quasi-order Q* as
the disjoint union of the quasi-ordered sets Q, {a,: k € RC}, {b,: k € RC}, and
{c.s: <, B admissible}, where

=0 — b, 2b,— k=N, and ¢, £ ¢y — <K, B> =V, 6> .

For T e, recall that o(T) is the root of J and that for « € T, S(x) is the
set of immediate successors of x. If Q is a quasi-ordered set, g € Q, and B < T,
let [g: B] be a pair (T, 1) € T, such that (o(T)) = ¢ and {br (z): © € S(o(T))}=B
(assume a convention whereby the trees in @ are disjoint in such a con-
struction). For ¢ € @, let 1? be some one element tree, labelled by q.

To each ® € J((Q) we assign, by induction on J(Q), a T(®)ec T+, as
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follows:

(i) T(0) = the empty Q*-tree, and for g @, T(1,) = 1-.

(ii) Suppose T(¥) has been defined for each e U, Hs(Q), and
D e Ho(Q) — Upca H4(Q). There are then by definition sets U & U, TCo(Q)
such that either

(1) For some X € RC, @ is a (AU, A)-unbounded sum; or

(2) For some A\ e RC, @ is a (U, A*)-unbounded sum; or

(3) For some admissible (7, d), ® is a (U, 7, 6)-shuffle.
To define T(®), pick some Al as above. If AU satisfies (1), let T(D) =
[a:; {T(©): © € A}], if AU satisfies (2), let T(D) = [b;; {T(0): © € AU}], and if U
satisfies (3), let T(®) = [¢;5; {T(O): © € AUY).

The next theorem reduces the bqo question for J((Q) to that for Ty+.

THEOREM 4.3. If ® € H((Q), ¥ € H(Q), and T(®) <,, T(V), then ® < V.

PRrROOF. Assume the theorem holds for all {«,, 8,> € On x On such that
lay, By <<a, B>. Let T(®) = (T, 1) and T(¥) = (T, l,) and let f: T, — T,
be a <,, embedding of T(®) into T(¥). It can be assumed that f(o(7,)) = o(T%)
since otherwise the theorem holds by induction and the observation that if
x € S(0(Ty), then br,,.,, (x) = T(x) for some ¥ e U, IH(Q), 1 < V.

Case 1. T(®) is the empty tree, or for some qe@, I,(0(T,)) = q. The
theorem is clear in the first case. If ,(0(T)) = ¢, then l(o(T,)) = r, where
reQandr=¢q,s0® =11, =7,

Case 2a. 1(0(T)) = a;, some 6 eRC. Then L(0(T,)) = a, for some k € RC,
k= 0. Also, @ is a (U, 6)-unbounded sum and ¥ is a (0, k)-unbounded sum,
where

a = {©: for some x € S(o(T))), T(®) = bry,,., ()}, and

0 = {x: for some y € S(0(Ty)), T(X) = bru,., (x)}.

Clearly the function f yields a <, embedding of each br(x), « € S(o(7})), into
some br(y), y € S(0(T,)). By the induction hypothesis, then,

vOecUl Iy eV O < 1.

By 4.1, then, we have ® < V.

Case 2b. 1,(0(T))) = b;, some derc. Then 1(0(T,) = b,, some & e RC,
k = 0, and the argument is symmetrie to 2a.

Case 3. 1,(0(T)) = cupy some admissible <a, 8>. Then (0(T.)) = c;s,
where {a, 8) <<7,0). Thus, ® is a (AU, «, B)-shuffle and ¥ is a (0, 7, 9)-
shuffle, where U and “0 are as in case 2a. As before, the induction hypothesis
gives VO e Iy e’V 6 < y. By 4.2, then, ® < V.

This completes the proof.
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COROLLARY 4.4. @ bqo — J((Q) bgo.

Proor. We need to show that @* is bgo. {a,: k € Rc} and {b,: k € RC} are
bgo by 1.1 (ii), and {c.s: <@, 8> admissible} is bgo by 1.1 (ii) and (iv), so Q™ is
bqgo by 1.1 (iii). Hence, by 2.3, T¢+ is bgqo under <,. From 4.3 and the
homomorphism property, J(Q) is bgo.

The next theorem, which enables one to jump over the 7,,’s in the hier-
archy 3.5 (ii), was first proved in the case of 7 (i.e., 7.,.,,) by Galvin and the
author, independently. The generalization here to types 7,; is due to Galvin.

THEOREM 4.5. Suppose @ is wqo, and ® € Q="=s. Then ® is a D,; sum
of types 1,, where qe @, and (R, &, B,)-universal types, where R C Q,
<C(0, :80> = <(X, :6>-

ProoF. By the induection principle for wqo sets we can assume the theorem
is true whenever ¢ € Q and Q is replaced by Q, (={r € Q: ¢ £ r}). We are given
®cQ=7, ©® =1tp(L,1). For y,ze L,y <.z, write y ~ z to mean that for
every subinterval (u, v) of (y, 2), tp ((%, v), l) is a 9,5 sum of types 1,, ¢ @Q
and (R, «,, B,)-universal types, R < @Q, {«,, B,y = {«, 8). Putting also z ~
and ¢ ~ y — y ~ x, it is clear that ~ is an equivalence relation which parti-
tions L into intervals. Let |x| be the equivalence class of . Picking sequence
co-initial and cofinal with | x| yields || as a v* + 6 sum of 1,’s and subintervals
(u, v) of |x|, where v* < a*, 6 < B by 3.3 (ii) (and thus 7* + d € D,,). Since
u ~ v for each such subinterval (u, v), tp (|z|, 1) is itself a 9,, sum of 1,’s and
(R, a,, B,)-universal types, by 3.5 (i). Therefore, if L itself is a single equiva-
lence class, @ is as desired. So suppose there are z, yc L, x + y. Let |L| =
{|z|: @ e L}, where |L| is linearly ordered by the rule || < |y| — 2 <. ¥.
Claim if (2|, |y|) is an interval of | L|, then

(D) tp (||, [4]) = 7 and

(i) YgeQ 3zeL |z|e(|z|, |¥]) and I(z) = q.

Proof of (i). Otherwise tp (2|, |¥|) € 9.5, which would givex ~ y by 8.5
(ii).

Proof of (ii). Otherwise for some r € Q,

{l2): 1zl e (=], [yD} € Q.

but then by the induction hypothesis, {z: |z| € (||, |¥])} is part of one equiva-
lence class, contradicting part (i) of the claim. Now we claim that ® itself is
(Q, @, B)-universal (which will give the theorem). Given tp(M, ') ¢ Q57=s,
since (7,5)° = 7.5 there clearly is an embedding f: M — | L| such that for each
& € M there is an interval (|y|, |2]) = |L|, of | L| with

{@o: flw)) € | L1} = {a}
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where in addition the |L|,’s are disjoint. By part (ii) of the previous claim,
it is clear that f gives rise to an embedding f”: M — L such that l'(y) < I(/'(»)),
all ye M. Thus tp (M, ') £ ®, and @ is (Q, «, B)-universal, completing 4.5.

The next theorem, which reduces the bgo problem for Q" to that for
JC(Q), is the point in the proof where the necessity for using Q-types rather
than just order types becomes apparent. We first prove a lemma.

LEMMA 4.6. If € IC(FC(Q)) (considering I(Q) as quasi-ordered under
the embeddability relation of Q™) then 7 € JC(Q).

Proor. By induction on 7. If ¥ = 0 the result is clear. Suppose k € RC
and y is a (U, k)-unbounded sum, where

U S User IH(H(Q)) -

Then ¥ is a corresponding ({%:: % € U}, k) sum, which is clearly unbounded
since 1, < %, — % < X.- Each ¥; € J(Q) by the induction hypothesis and hence
¥ € H(Q). A symmetric argument applies if x is a (qU, £*)-unbounded sum.
Finally, if ¥ is a (A, §, \)-shuffle for some AU S U;.; F5(IC(Q)) and some 4, A,
it is not hard to see from the definition of (4, d, A)-universal that ¥ is a
(0:: xs € U}, 8, 1)-shuffle. Again, each ¥;e J((Q) by induction, so ¥ € F((Q),
and the lemma is shown.

THEOREM 4.7. If Q is bqo, ® € Q="=s, then ® is a finite sum of members
of H(Q).

PrOOF. Assume the theorem holds for all {«,, B8,>€ On X On such that
ay, B < La, B>. We will first show the theorem under the assumption that
®c Q%s, We are clearly done if @ c Q%«#; assume that v = 1, ® € QPas'r,
and the theorem holds for all 6 < A. By 3.5 (ii), bs (®) is either a 8, sum
(some B, < B) or an af sum (some &, < @) Or an 7, s, sum (some {&, 5, < L&, 5>)
of members of U;<; (Das)s-

Case 1. bs(®)is a B, sum. Suppose the theorem fails for ®. There exists,
then, a least ordinal A such that for some © € Q@«#'r, © is not a finite sum of
JC(Q)’s but © can be written > ., ©,, where each 0, is a finite sum of IJ((Q)’s
and tp (L) = ». Clearly » must be infinite. We claim now that x e rc. To
see this, write © in the form ), ., ©*, where tp (M) = cf () and each ©" is a
<X sum of 0,’s. By minimality of A, each ©¥ must be a finite sum of F((Q)’s;
thus, by minimality of A again, ¢f (\) = \, establishing the claim. Now © is
a A sum of finite sums of F((Q)’s, so O can be written ), ©:, where each
0, e J(Q) and tp (L) = ». We claim now that

(%) Iv,e LVy,ze L(z, <,y <,2— Jue Lz <, v and O, < 0)) .

Suppose there is no such ,, i.e., for arbitrarily large y € L,
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dze Ly <,zand Yue L(z <,u — 0, £ 0))) .

It follows then that we can choose an increasing sequence ¥, ¥ *+*y Yus ***
(n < w) of members of L such that

mn—0, £0, .

This, however, contradicts the fact (from the hypothesis and 4.4) that J(Q)
is bgo and hence wqo. Thus () holds, and so, since 3., ©.isa ({0.: v =}, \)-
unbounded sum, and since each @, € J((Q), we have that Ezzxo 0, ¢ J((Q). Now
2 ics, @1 is a finite sum of F((Q)’s by minimality of A, and thus O itself is a
finite sum of J((Q)’s, contradicting the initial assumption and giving Case 1.

Case 2. bs (®) is an «; sum. The argument is symmetric to that of Case 1.

Case 3. Dbs (®) is an 7,5, sum. @ is then an 7,,, sum of finite sums of
J(Q)’s, by the induction hypothesis for 9,,. Upon collecting these sums, ©
becomes expressed as a certain @ sum of F((Q)’s, where, in view of (7a,s,)" = Nays,0
we have @ = 7,,4,. Via this expression for ® we obtain a y such that

7€ (IH(Q)r and 7 = @ .

Now J((Q) is bqo by 4.4, and bs () = 7., <& Bo) < &, B, so by the initial
induction hypothesis,
X:X0+X1+ coe + An s
where each y, € J((JC(Q)). By 4.6, each ¥, € H(Q), and thus
(I):z:zo-l—zl-l—... +Z'n
is as desired, completing Case 3, and giving the theorem in the case that
O e QFas,

Considering now the general case where ® ¢ Q=<"=s, we have by 4.5 that
® is a @ sum, for some p€ D, of 1,’s, g€ Q, and (R, 7, d)-universal types,
R c Q,<v,0> <<a, B). Since every (R, 7, 0)-universal type is clearly an
H(Q), ® is a @ sum of F((Q)’s. As in Case 3 above, this sum gives rise to a
x € (H(Q))* such that ¥ = ®@. Since F((Q) is bgo and bs (y) = P € D5, we have
by the first part of this theorem that x is a finite sum of J((J((Q))’s. Applying

4.6 as in Case 3, we obtain that ® = ¥ is a finite sum of FH(Q)’s. This com-
pletes the proof of 4.7.

THEOREM 4.8. @ bgo — Q" bqo.

ProoF. If ® € Q" then bs (®) < 7,4, some a, 8, by 3.4, so by 4.7 each
® e Q" is a finite sum of members of J((Q). Letting f: (H(Q))<* — Q™ be
defined by

f(<®i>’i<”) = Ei(n (D’i ’
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f is a homomorphism whose range is thus Q™. By 4.4 and 1.1 (v), (J((Q))<*
is bqo, so it follows from the homomorphism property that Q" is bqo.

Noting that 91 = A, where 4 is some one element quasi-ordered (and
hence better-quasi-ordered) set, we obtain

COROLLARY 4.9. 91 7s bqgo.

The class J((Q) was defined structurally for purposes of representation
by Q*-trees. It turns out from 4.7 that, assuming Q is bgo, J((Q) has a more
familiar description. Call a Q-type © additively indecomposable (A1) if ® =
O, + O, implies ® < @, or © < D,.

COROLLARY 4.10. If Q s bqo then J(Q) is the class of additively inde-
composable members of Q™.

ProoOF. It is easy to verify that (AU, k) and (°U, £*)-unbounded sums, as
well as (R, a, B)-shuffles, are always AI, thus every ® € J(Q) is Al (where in
fact the hypothesis that @ is bgo is not needed). We will omit the straight-
forward proof of the converse, other than to say that it involves showing from
4.7, by induction on 7, that if ® e JF(Q) is a (°U, k)-unbounded sum and
Iy e y = O, then @ is an (R, a, B)-shuffle for some R < H(Q), a, 5.

In the remainder of this section we will determine the number (up to
equivalence) of types in 91 of power k. For @ an arbitrary quasi-ordered set,
qeQ,let g ={reQ:r =g} andlet |Q| = {|¢|: ¢ Q}. k will always be an
infinite cardinal below.

THEOREM 4.11. If Q s bgo, Card|Q| <k, and 0= a < k*, then
Card |Q*| < k.

PRrOOF. Suppose the theorem holds for all a, < . Also assume in the
case of « that the theorem holds for all @,, ¢ € Q, by the wqo induction princi-
ple. Since Card |Q?| < k for each 8 < a, Card |Us<. @°| < k. « can clearly
be assumed to be infinite, and we distinguish two cases.

Case 1. a¢Rrc. Since U;.. @° is bgo by 4.8, the induction hypothesis
gives
Card | (Use @)@ | < I .
There is a natural homomorphism from (U;.. Q°)“ onto U;<. @°, and it
follows that Card |Q*| < k.
Case 2. aeRC. Given ® e Q*, by 4.7 @ is of the form ®, + ®,, where
D, e Us<. @° and @, H(Q). Let Z, = Q*N F(Q); the theorem reduces to

showing Card |Z,| < k. Now suppose Card |Z,| > k. We claim there is a
® c Z, such that

(%) Card{|¥|: ¥eZ,and ® £ ¥} > k.
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Suppose there is no such ®. There will then be a strictly increasing sequence
{D, ), 4+ of members of Z,, since if we are given {®,),  for 6 < k, where
7 < 7= @, < Oy, by a cardinality argument there will be a @, such that
Y < 0— DO, < ®,. By regularity of k*, now, there is a » < k* with

{3 <k 1,20} ={g:IV <A1, ZQ,}.
Since each @, € Z,, however, it follows from 4.1 that ®,,, < ®,, a contradic-
tion, and the existence of a ® ¢ Z, satisfying (%) is established. Write ® =
tp (L, 1), where tp(L) = aand I: L — Q. If ® £ ¥ for ¥ e Z,, then by 4.1,
3xe L1,, £ ¥. Since k* eRC there will be ana,e L and HC {|¥|: Ve Z,
and ® £ ¥} such that Card H > k and

| W|eH—1,,, X V.

But now

Ve H—— ¥ e (Qiuy)” »

and, applying the wqo induction hypothesis, we get Card H < Card |(Q,.,)*| <
k, a contradiction. This completes the proof of Theorem 4.11.

From 4.11 it is immediate that if Q is bgo and Card |Q| < k, then
Card |P(Q)| < k, where P(Q) can be taken as quasi-ordered either by <, or
by <..

THEOREM 4.12. If {a, B> s admissible, @ bqo, Card|Q| =<k and
max {«, B} < k, then Card |Q="«s| < k.

PRrROOF. Assume the theorem holds for all {a,, B> < {a, B>. We will
first show that for each ¥ < max {a, 8}, Card |Q@«s'r| < k, by induction on
Y. If v = 0 it is clear. Letting

A = {ad: a, < a} U{Bu: By < B} U {Nays,: <Qos By < Lty B},
we have by 3.5 that if ® € Q@«#'r, then ® can be written in the form ¥, where
¥ e (QU5<7'(9‘aﬂ)5)@ .
Now QUi<r@aps is bgo by 4.8 and has power <k (up to equivalence) by the
9D,s induction hypothesis and the fact that 6 < %, so for each ¢ € @,
Card I(Qua<,~<9aﬁ)a)¢| <k,

by 4.11 if @ is an « or a B,, and by the main induction hypothesis if # is an
Naes,» Hence clearly, since Card @ < k,

Card | (QUi<r@eps)| < [,

and it follows that Card |QW«s'r| < k for each 7, implying in turn that
Card | Q%= | < .
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Turning now to the general case, if ® € Q=7+ then by 4.5, ® is a 9,, sum
of 1,’s, ¢ € Q, and (R, «,, B,)-universal types, R < @, {&, Byp < {«, B>. Let
B=(QUEQ@ xa+1x8+1).

B is quasi-ordered as a disjoint union of Q@ and (P(Q) x a +1 x 8 + 1), where
the latter space is quasi-ordered by the ordering induced from the usual orders
ona + 1,8 + 1, and the <,, order on P(Q). From 4.1 and the above, it fol-
lows that Q=7# is a certain homomorphic image of B¥«s, B is bqo by various
parts of 1.1. Card |P(Q)| < k by the remark following 4.11, so it follows that
Card |B| < k. Hence, by the 9,, part of this theorem Card |B%«:| < k. It
follows then that Card |Q="«#| < k, completing the proof.

Letting 91, (S,) be the set of order types in O(S) which are of power
k, we obtain

COROLLARY 4.13. If Q is bqo, Card |Q| < k*, then

Card |§,| = Card |9, | = Card |Q%* | = Card |QM® | = k+ .

ProoF. Card |S,,| = k' in view of the ordinals in §,. It is not hard to
see that @ € M, — @ < N+,+, and the theorem then follows from 4.12.

We would like to state without proof one further result on the structure
of S and 9N under embeddability. The dimension of a partially ordered set
P (written dim P) is the least cardinal A such that P can be isomorphically
embedded in the direct product of A\ linear orderings. In [12] it was men-
tioned as an open question whether there exist partially ordered, well-quasi-
ordered sets having uncountable dimension. The following theorem shows
there are such sets of arbitrary dimension.

THEOREM 4.14. dim |5(k)| = dim I‘f)l‘((k)l = k*.

5. Conclusion

The results in this paper are expected to be of help in getting a better
understanding of the structure of the members of 91 (especially the countable
order types). Results of this nature have been proved recently; we will
state two of them here (proofs will be given elsewhere).

(1) If tp (L) = @ € 9N, then there is an n <  such that if L = U, L;
for some r < ®, then for some =n-element set 1< {0,1,---,7},p <
tp (Uier L)

(2) Let G, = the set of order types {0, 1}

Co={pp=2  ,Pore= 3. P),
where each ¢, € Uso Csand i < j— @, < @/} .
Then for each countable scattered type @, @ is strongly indecomposable
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if and only if @ = 4 for some v € U.<., C..” (There is an analogous theorem
characterizing the strongly indecomposable members of 91.)

In addition to the problem of obtaining more detailed information about
the order types in 9l there is of course the general problem of determining
which classes of mathematical objects are wqo (or bgo) under naturally
defined quasi-orders. Some examples of spaces for which the answer is not
known are the class of all graphs, quasi-ordered by immersability (Nash-
Williams [8], a generalized form of Vazsonyi’s trivalent graph conjecture),
the class of all graphs, quasi-ordered by homomorphic contraction (Mader),
and the class of all trees which have countable limit levels, quasi-ordered by
a natural extension of the ordering on .

Finally, the question arises as to how the order types outside of 91 behave
under embeddability. For instance, it is known that there are order types
not in 9 which do not embed any uncountable set of reals, and to which the
Dushnik-Miller-Sierpinski construction, thus, does not apply. In some specific
cases the answers are known to be independent of zFc.

UNIVERSITY OF CALIFORNIA, BERKELEY, AND
UNIVERSITY OF BRISTOL (ENGLAND).
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