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Introduction

In geometry conformal invariants are used to examine different properties of a man-
ifold, e.g. to find estimates for eigenvalues. These invariants can be composed by
conformally covariant operators like the Laplacian in dimension 2, the conformal
Laplacian and the Dirac operator.

The conformal Laplacian or Yamabe operator on an n-dimensional Riemannian man-
ifold (M, g) with n > 3 is defined as
n—1
Lg = 4?2Ag + Scalg,

where A, denotes the Laplace operator and scal, the scalar curvature of M. This
operator played an important role for the Yamabe problem, the problem of finding
in a given conformal class a metric of constant scalar curvature. The solution of this
problem crucially involves the investigation of the Sobolev quotient (the Yamabe
number)

Q. g) = int { [ oLy6 dvoly | 6 € CEOD. 1 6 I, =1},

that is conformally invariant, and its associated partial differential equation. An
overview about the main results in the surrounding of the Yamabe problem can be
found in [13].

Alternatively, on a compact manifold the Sobolev quotient can be defined with the
help of the first eigenvalue AX(g) of the conformal Laplacian L,

S

Q(M,g) = inf A{(go)vol(M,go)n.
go€lg]

On compact Riemannian spin manifolds this expression can be used to define an
analogon for the Dirac operator in terms of the first positive Dirac eigenvalue )\f(g)

(M,g) := inf )\f(go)vol(M,gg)%.
go€[g]

J’_

/\min

This invariant was studied e.g. in [1, 4, 6]. Like the Sobolev quotient A} . can
be understood as the critical point of a functional. Many results found for the
Sobolev quotient have an analogon for the Dirac operator. The main reason for that
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turns out to be that the transformation law for the Dirac operator under confor-
mal changes of the underlying metric is similar to the one of the conformal Laplacian.

Nevertheless, not all arguments from the Yamabe problem can be taken over since
the Dirac operator is unbounded on both sides and for spinors there does not exist
a maximum principle.

But most of the considerations can be generalized to noncompact manifolds by using
Rayleigh quotients. This will be done in this thesis.

Many results for compact manifolds also hold in the noncompact case, e.g. for every
Riemannian spin manifold the constant )\:;Lm is always bounded from above by the
appropriate constant of the standard sphere (cf. proposition 2.3.4).

As in the case of the Sobolev quotient it offers new applications such as an obstruc-
tion to the conformal compactification of a Riemannian spin manifold. It will be
shown that if )\;Cbm of a noncompact complete Riemannian spin manifold of dimen-
sion n > 2 at infinity (cf. definition 3.0.7) does not coincide with the one of the
standard sphere, this manifold can not be conformal to a subdomain of any com-
pact Riemannian spin manifold. This is an analogon to a theorem given in [11] that
involves Sobolev quotients.

The thesis is structured as follows: In the first chapter the basic concepts of spin
manifolds and their Dirac operator are introduced to provide the notations and
theorems that are used in the following.

The conformal invariant )\;Cbm will be generalized to noncompact manifolds in the
second chapter and some results that hold on compact manifolds will be carried
over.

In the last chapter the obstruction to the conformal compactification will be given.
Results concerning the development of the metric and the Dirac operator in normal

coordinates that are needed in the second chapter are listed in the appendix.



Chapter 1

Preliminaries

1.1 Spin manifolds and the Dirac operator

In this section basic notions concerning spin manifolds and the Dirac operator that
are used in this thesis are shortly listed to fix notations. All this can be found in
detail in [8] and [12].

Let (M,g) be an oriented Riemannian manifold with dimension n > 2 and let
Pso(n)My be the SO(n) principal bundle over M of positively oriented frames. A
spin structure y of (M, g) is a Spin(n) principal bundle Pgyi, ()M, over M with a
double covering 1 : Pspinn) My — Pson)My such that the diagram

Spin(n) X PSpin(n)Mg - PSpin(n) Mg

N

Oxn n M

7

Pso )My

SO(’I’L) X PSO(n)Mg

commutes, where © is the double covering Spin(n) — SO(n) and the horizontal
arrows denote the corresponding group actions. A Riemannian manifold that admits
such a spin structure is called a spin manifold.

Remark 1.1.1.

i) A spin manifold can allow different spin structures. In the following, when
talking about a Riemannian spin manifold (M, g), it will always be assumed that a
spin structure is already chosen and fixed.

ii) A simply connected Riemannian manifold is spin if and only if its fundamental
group 71 (Pso(n)My) = Zz and then the spin structure is uniquely determined [8, p.
42].

Let further Sy = Popin(n) My X ,Ap be the associated spinor bundle, where A,, = c??
and p : Spin(n) — End(A,) is the spinor representation. A section of S, will

3
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be called spinor. S, is equipped fibrewise with a hermitian metric ( . , . ),
that depends smoothly on the base point m and with the Clifford multiplication
TM ® Sy — Sg; X ® ¢ — X - ¢ such that for all m € M

(Xm - @1(m), p2(m))m + (1(m), X - g2(m))m =0 VX € TM; ¢1, ¢ € I(Sy)

and
X Yo - 0(m) + Yy - Xy - ¢(m) = =295 (X, Yin) - 6(m) VXY € TM; ¢ € T'(S,).

Further, with this hermitian metric a L?-scalar product

(6, 0)a1g = /M<¢<m>,w<m>>mdvolg

is defined for spinors ¢, ¢ of S;. Additionally, the Levi-Civita connection on Pgg ) My
induces a metric connection V on the spinor bundle that is parallel w.r.t. the Clifford
multiplication, that means it fulfills

Vx(Y-¢)=(VxY) ¢+Y Vxo (1.1)
for all X, Y € I'(TM) and ¢ € I'(Sy).

By the composition of the connection and the Clifford multiplication the Dirac
operator is defined:

Definition 1.1.2. [8, p. 75]

The operator Dy = poV : I'(Sy) = T(T*"M ®S,) =T (TM ® Sy) — I'(Sy) is called
Dirac operator, where pu denotes the Clifford multiplication. Its local form w.r.t. an
orthonormal Repere e = (ey, ..., e,) on the manifold (M", g) is given by

Dy = ei- Ve,
=1

Remark 1.1.3.

i) The local form of the Dirac operator is independent of the choice of the frame
(e1,...,en) [10, p. 144].

ii) The Dirac operator is a first order elliptic differential operator [12, p. 113] and
using the L%-product introduced above it is defined as an operator over L%(S,).
iii) The Dirac operator is formally self-adjoint [12, p. 115], i.e. for all spinors ¢, v, at
least one of them being compactly supported on M, it is (¢, DY)y = (¥, Dd)arg-
Thus, due to this self-adjointness and the hermiticity of the scalar product, (¢, D¢)
is real for all compactly supported spinors ¢.
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1.2 Conformal transformation of the Dirac operator

The spin structure, the spinor bundle and hence the Dirac operator depend on the
metric g of M. Below, the Dirac operators belonging to two conformal equivalent
metrics and the corresponding isomorphic spinor bundles are compared.

Let g and g be conformal equivalent metrics, i.e. there is a function f € C°°(M) with
f > 0and g = f?g. The appropriate equivalence class is denoted by [g]. Having
the fixed spin structure v on (M,g) there always exists a spin structure 4 (and
the corresponding spinor bundle Sz) on (M, g) and a vector bundle isomorphism
A: S, — S; that is fibrewise an isometry [9]. Using this isometry it is possible to
compare the Dirac operators D, and Dj.

Proposition 1.2.1. [9, prop. 4.3.1.] Let (M, g) be an n-dimensional Riemannian
spin manifold. The Dirac operators D, and Dj, respectively, satisfy

n+1

Dy(A(f~ 5 ¥)) = A(f~"F Dyy) (1.2)
for any spinor v of Sj,.

From now on, the explicit notation for the identification of spinors of the differ-

ent spinor bundles will be omitted and it is set 1/; = A(f—"Elzp) = f_%zb and
S=258,=25;.

Using the transformation law (1.2), the identification of spinors = f _nTﬂzb and
dvolz = f"dvol,, conformal invariants can be found:

L (6.D40)g = (fZ 6. Dy(f"F 6))g = ("7 6, 1% D),

n—1

I ¢y =l

) - )
O |leg=|l [P lrg=Il & lLr 5

n—1 ~

L. ] Dgyo ||Lq,g =|| Dg(f 2

) Iza.g=Il D3 ||Lsg=Il D3é llLa5,

where p = % and ¢ = f—fl

1.3 Spectrum

Next, some general properties of the spectrum of the Dirac operator and its be-
haviour under conformal transformations are given.

In general, the Dirac operator can possess all types of spectrum: point spectrum,
continuous spectrum and residual spectrum. But in special cases some of these
spectra vanish. For the following, the most important one will be the case of a
compact manifold:
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Theorem 1.3.1. [8, pp. 108, 111],[2, prop. 4.30] Let (M, g) be a closed Riemannian
spin manifold. Then the Dirac operator D, has pure real point spectrum and it
exists an orthonormal basis ¢; of L2(Sg) (¢ € N) such that Dyv; = Ny with \; € R.
Further, as well 4+00 as —oo are accumulation points of the spectrum.

For noncompact manifolds it can also occur that the Dirac operator has no point
spectrum. This is for example the case for (R, gg). Thus, in chapter 2 a general-
ization will be used to make statements for noncompact manifolds similar to those
given in [4] for compact ones.

1.4 Elliptic regularity

In this section the Sobolev embedding theorems for the Dirac operator and the def-
inition of the spaces needed, as Sobolev and Holder spaces, will be provided.

The Sobolev spaces H,Z with ¢ € (1,00) and k& € N defined as the completion of
C>(M, S) by the H/-norm
1 lla=Il V56 s

can be generalized on compact manifolds to k& € R:
Let now (M, g) be compact and define for a spinor ¢ the norm

16 Il ga=1 1DI*¢ l|za + || 76 |1,

where m denotes the projection on the kernel of D and || . ||; an arbitrary norm on
it. The operator |D|* is defined on compact manifolds for every k € R (see [4]) and

acts by
IDIF> " Bigi =Y BilhilF o

;i #£0

where ¢; is an orthonormal basis of L2(S) consisting of Dirac eigenspinors with the
corresponding eigenvalues \; (cf. theorem 1.3.1). For k € N the norms H} and ﬁg
are equivalent [4]. Thus, in both cases the corresponding Sobolev spaces will be
denoted by H}.

The next type of spaces needed are the Holder spaces.

Definition 1.4.1. The Hélder spaces C%%(M, S) and C1*(M, S), respectively, for
a € (0,1] are the completions of C*°(M, S) w.r.t. the Hélder norm

| ¢ [[co.a:=hola(¢) and || ¢ |cra:=|| ¢ [[co +hola(V),
respectively, where

[¢(z) — Pyo(y)|
d(z,y)~

and P, being the parallel transport along a shortest geodesic v from x to y.

hoél, () := sup{ ﬂf,yGM,ﬂf#y}
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With these definitions the Sobolev embedding theorems on spin manifolds can be
formulated.

Theorem 1.4.2 (Sobolev embedding I, [4] thm. 3.4.1). Let k,s € R, k > s and

q,r € (1,00) with

1 s 1 k
___2___

r n-q n

then H}(M,S) is continuously embedded into H] (M, S).

(1.3)

)

Theorem 1.4.3 (Rellich-Kondrakov, [4] thm. 3.4.3). Under the same conditions as
in theorem 1.4.2, but with strict inequality (1.3) the inclusion H{ (M, S) — H(M,S)
is a compact operator.

Theorem 1.4.4 (Sobolev embedding II, [4] thm. 3.4.4). Suppose 0 < a < 1,
m € {0,1} and
1 k—m-a
i G
q n

Then H}(M, S) is continuously embedded into C"™* (M, S).

(1.4)
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Chapter 2

The conformal invariant

2.1 Generalization of the first positive Dirac eigenvalue

As stated in section 1.3, on noncompact spin manifolds Dirac eigenvalues do not have
to exist and in general the spectrum does not only consist of eigenvalues. In analogy
to the first positive Dirac eigenvalue /\;r (M, g) of a closed Riemannian spin manifold
(M, g) and the corresponding first conformal positive Dirac eigenvalue A' . (M, [g])
[1, p. 4], a similar notion shall be also defined on open manifolds:

Definition 2.1.1. Let (M, g) be a Riemannian spin manifold without boundary.
Then,

(Dg¢a Dg¢)M,g

(Dy6, 0010 0 < (Dgo,d)ar,g < 00,9 € C(M, 5)} (2.1)

A (M, g) := inf {

Further, the conformal invariant A7, (M, g) := infyepqq) AT (¢') is defined, where

M(g) denotes the set of metrics in [g] with unit volume.

Remark 2.1.2.

i) In general, the volume of a noncompact manifold (M, g), denoted by vol(M, g),
is not finite. But M(g) is always non-empty.

ii) If M is closed, )\f(M ,g) really gives the first positive Dirac eigenvalue. This can
be seen by using an orthonormal basis of eigenspinors of L?(S) that always exists
due to theorem 1.3.1. Thus, ¢ = ). Gi¢; with Dy¢; = X\i¢; and (¢;, ¢j) g = 955 for
all 4,j. Let A be the non-zero eigenvalue with the lowest magnitude. Then it holds

A2
(D9¢>D9¢)M,g _ Z)‘?‘@P > )\EA»O Tl|ﬁi|2 > )\ZA»O )‘i|ﬁi|2 -\
- 2 = 2 = 2 — 7
(Dg¢a <Z5)M79 Z )‘i‘ﬁi’ Z,\i>0 Ai Wz‘ Z,\i>0 )‘i‘ﬁi’

Furthermore, A can be attained by inserting for ¢ an eigenspinor of A. Thus, A = )\f.

Firstly, some properties of )‘;m shall be presented in analogy of some properties of
the Sobolev quotient of the Yamabe problem (see e.g. [14] lemma 2.1).

9
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Lemma 2.1.3.
i) If Q1 C Q9 are two open subsets of a manifold (M, g), it holds
Arin (1,9) > X

min

927 )

mzn(

ii) Let (M,g) be a Riemannian spin manifold of dimension n > 2 and fix a point
p € M. Then

hm)\+ (M \ Bc(p),g) = \:. (M, g)

min main

with Be(p) being a ball around p of radius € w.r.t. g.
iii) If Q is an open subset of S™ with n > 2 equipped with its standard metric gs,
then

A:’L’in(Q793t) )\j?—un(sn798t)‘

Remark 2.1.4. Since the sphere S™ for n > 2 is simply connected it possesses only
one spin structure (see remark 1.1.1.ii).

Proof of lemma 2.1.3:

i) That follows since every spinor ¢ € Cg°(€,S5) can be extended by zero to a
spinor ¢ € C°(Qs, S).

ii) From i) it is immediately seen that the limes has to exist and fulfills

Let now ¢ € C2°(M,S) be a spinor on M and let p : [0,00) — [0,1] be a smooth
function with p = 0 on a neighbourhood of 0, p = 1 on a neighbourhood of [1, c0)
and 0 < p’ < 2. For 0 <6 < e and for x € M such that d(z,p) > 0 it is

and |gradps.| < 2. Setting ¢ = pa ¢ for all x with d(z,p) = /2 and else
¢o = 0, the spinors obtained are elements of CX(M \ Be(p),S) for e < a/2. Tt
holds

1
| o0 = @ lz2(.9)=l (P2,0 = 1O | 22(Ba(p).9)S Favol(Ba(p), 9)2,

where F, := max{|¢(x)| | * € Bo(p)}. Now an estimation of F, shall be obtained:
Let x € Bo(p). Then

()] < l¢(x) — ¢(p)| + [6(p)| < Cacx + [(p)]; (2.2)

where C, := max{|V¢(z)| | d(z,p) < a} and where the last inequality is obtained
by applying the mean value theorem. Hence, for @ < 1 it is

| 6o — & ll 12019 < (Cic + |6(p))vol(Ba(p), 9)
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and thus, ¢, — ¢ in L? for @« — 0. Due to definition of )\f it is for e < /2

| Dyda 12205, 01

AT (M \ Be(p),
1( \ (p) g) = ( g¢aa¢a)M\Be(P)7g

Thus, it suffices to show that

” Dg¢a HL2 M ” Dg¢ H%? M
lim AT (M \ B. < lim 9 _ (M)
im A7 (M \ Be(p), g) < lim (Dytas )t (D, ) atg

since if this inequality holds for arbitrary ¢ € C°(M,S), it is
lim A (M\ Be(p), 9) < Xf (M, ).
With D¢ = p%,aDggb + gradp%,a - ¢ it converges

| Dgda — Dy |12 <|| (P%,a —1)Dg¢ |22 + || gradpg o - & |12
1
< maxg(; p)<a [Dgd(x)| volBa(p)2 + L Fyvol Ba(p)2

(p
< (maX (s py<a | Dy0(@)| + £(Cat + [6(p) ) Vol Ba ()
— 0 for a—0,

since vol(Ba(p))%/oz — 0 for @« — 0. Thus, the limes

’(Dg¢a7¢a) - (Dg¢a (;5)’ S ’(Dg¢aa¢a - ¢)‘ + ’(Dg(b - Dg¢aa¢)’
< || Dgoa llr2ll ¢a — ¢ llz2 + || Dgd — Dyéa |2 ¢ || 12
—0 fora—0

is obtained.
Thus, A\] (M, g) = lime_o A (M \ Be,g). Thus, there have to exist 67 € R>( with
A (M, g) = A\[ (M \ B, g) — 6 and lim._( 67 = 0. Hence, with

9€l9]

the claim is shown.
iii) Due to i) it is A7 () > At (S™). Further, with ii) for all € > 0 it holds

hm )\;m(S" \ Be) = )\:,ibm(S”),
where B, denotes the ball with radius € around a fixed point of the sphere w.r.t. the
standard metric. Since €2 is a domain of the sphere, for a fixed ¢ > 0 there exists
a conformal map ® : S™ — S™ such that ®(Q2) C S\ B.l. Due to the conformal
invariance of /\;m it holds
AP (Q) = A0 (D) < AF. (S™\ By).

min min main

Carrying out the limiting process e — 0 yields A\ (Q) < AF. (S™). O

min

'E.g. such a map can be obtained by a composition of stereographic projection, multiplication
by a constant and the inverse stereographic projection.
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Remark 2.1.5. The proof even shows that the first and second statement of lemma
2.1.3 already hold when replacing )\:,Cbm by )\f.

For a compact manifold the condition for the spinors in (2.1) of being compactly
supported is always fulfilled. Similarly, in the case of an open smoothly bounded
subset ) the infimum can be taken over all smooth spinors defined on the closure of
Q.

Lemma 2.1.6. If Q is an open smoothly bounded subset of a Riemannian spin
manifold (M, g), then

| D6 220,

. .
AT (Q2,9)=  inf { (D9, d)ag

-~ 0 < (Do, d)a,y < o0}
$peC>(Q,S)

Proof: The proof is done analogously to the one of lemma 2.1.3.ii, but in the
definition of ps. the distance d(z,p) is replaced by d(z,0Q) and thus B,(p) by
B, (09) :={z € M| d(z,00?) < a}. Further, the estimation (2.2) turns to

[9(2)] < |o(z) — ¢(p)| + |¢(p)] < Cacx +[6(P)],

where p € 9 such that d(z,p) < o and P € 99 such that |¢(y)| < |¢(P)| for all
y € 0N). O

2.2 The corresponding variational problem

For q € [qp = n2—f17 o0) define
FM Hy = (€ CEOLS) | Dyt linaug= 1} — By o (6 Dy (23)

pq = pg(M, g,0) = sup F' (1)) (2.4)
YeH,
If only one particular manifold M or one metric ¢ is under consideration, they will
be omitted in the notation.

Remark 2.2.1.

i) For ¢ = ¢p the functional is conformally invariant (see section 1.2), thus p,,
will be the major object of interest.

ii) On a compact manifold the Dirac operator Dy has positive eigenvalues. Hence,
g > 0. It also holds p1y < 0o (see [4] and lemma 2.3.2).

iii) po = Af ()™

Lemma 2.2.2. The Euler-Lagrange equation of the variational problem given by
FM reads (with D = Dy)

D() = pg| DY|*2Dyp) = 0, || D) || a= 1. (2:5)
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Proof: Let ¢,n € C°(M,S). A variation ¢ + en of the functional fé\/f (1) restricted
to Hy, where € is the variation parameter, gives

YW ten) = [ (D@W+en), i+ en) + XD (¢ + en), D(¥ + en)) 3dvol,

0= 2FM@W +en)l=o =2 Re [, (4, Dn) + M| Dy|9~2(Dy, Dydvol,
— 2 Re [, (¥ + A%|Dy|7"2Dep, Drj)dvol,
=2 Re [,,(D(¢ + A4 Dy|972Dy), m)dvol,

Then, by the fundamental lemma of variational calculus
b+ A%;qu—?m; € ker D.
Rescaling to a solution ¢ with || D ||e= 1 yields (2.5). O

The Euler-Lagrange equation will be further considered in section 2.4.

Remark 2.2.3.

i) Since g—2 > —1forall ¢ € [2n/(n+1), 00) the expression |Dyt|7~2Dy1h converges
to 0 as Dytp — 0. Setting |Dy9|7"2Dgtp = 0 for Dyyp = 0 the obtained spinor
|Dyh|772Dy1p is smooth if ¢ and |Dyep| is so.

ii) The map 2 introduced in [4] maps ¢ € imgee D with || ¢ [|za=1 to (¢, D~ 1¢),
where D™1¢ is the preimage under D orthogonal to its kernel and imce D is the
image of the Dirac operator on (M,g). In this case the Euler-Lagrange equation
reads

D¢ — pg|o|"2p € ker D, | ¢ ||ra= 1.

On closed manifolds, with ¢ = D1 and the decomposition ¢ = 1)y + 1~ with 1
belonging to the kernel of D and 1+ being orthogonal to it, there holds

(v, D) = (Yo + ¢, DY) = (Dipo, ) + (", DY) = (D719, ).
N———

=0

Thus, both maps give the same constant fi,.

2.3 Properties of g,

In this section some properties of i, and especially of y,,, are stated. In particular,
the interest is directed towards the connection of p,, with the previous conformal

invariant ' . and the comparison of 1., of an arbitrary manifold with p,,, of the

standard sphere.

Lemma 2.3.1. For any Riemannian spin manifold (M, g) it is )\:,Cbm = uq_;, where

the case Af . =0 corresponds to y,, = oc.
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Proof: For compact spin manifolds the claim was proved in [1, prop. 5.5.], the same
arguments work here.

Let go € M(g). Then the function ¢ — p4(M, go) is nondecreasing in q, since for
g2 < q1 the Holder inequality gives:

_11
I llur= ([ leldvoly,) 3 < ([ ol dvolgy) vol (M, g0) %)% =] o
With remark 2.2.1iii it holds A{ (o) = p2(g0) ™" > g, (90) ™! and hence A, >y
Thus, the inverse relation remains to show. If AT .= 0, then u,, = oo follows
directly.

Assume now A' . # 0. Choose spinors . such that F, (1) — pgp for € — 0
and || Dg,te ||rap= 1. By using a small perturbation of 1, it can be assumed that

| Dg, e is smooth and thus, it can be used to define the conformal equivalent metric
4 n—1
ge = (|Dgoe| +0)™+Tgo and ¢ = (|Dgytbe| + 0) F11h.. Then

D9e¢ = (|Dgo¢e| + 5)_1D9071Z)E Le. |Dge¢| — 1if 5 — 0
| Dt H%Z(M,ge) — 1 and vol(M, gc) — 1.

Thus, it holds
( goweyq/)ﬁ)go

¢e = (D €¢7¢ €
Tt = D gy~ (P
For 6 — 0 (Dgy.1,1),. approaches W < AT (o)™t
9ge
—1 |
Hence, f14,, < )\;m = SUPge M(go) )\f(g) . O

As mentioned in remark 2.2.1.ii 4, < oo holds for every compact manifold. The
same is obtained for every bounded open subset of a Riemannian spin manifold.

Lemma 2.3.2. Let (2, g) be as above an open smoothly bounded subset of a Rie-
mannian spin manifold (M, g). Then 14(€2, g) is finite for every ¢ € [gp, c0).

Proof: € is a compact manifold with boundary. By gluing two manifolds of this
kind together (at their boundary), a closed manifold €9 is obtained. Then, due to
lemma 2.1.3.i it holds £14(Q2) < q(22). Thus, due to the finiteness of 1, on closed
manifolds, 14(£2) is finite, too.

For the sake of completeness the proof for pu, < oo on closed manifolds shall be
sketched below:

Setting ¢ = D~ (see remark 2.2.3.ii) it follows by the definition of H31/2 (cf.

section 1.4) and due to theorem 1.4.2 that there exists a constant C' with

1 2
(@.D0) _ (D7'6.0) _ (DI7'6.0) _ 101 Fe 5. 10N,
D07~ Mol — el Mok — ol -
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As in the case of the Sobolev quotient the constant 1, of a manifold can be com-
pared with the one of the standard sphere fi4, (S™, gs¢), namely pg, (M) > pg, (S™)
(For compact manifolds this was shown in [3]). Before proving this estimate, it will
be verified that in the limit of a point the value of 4, coincides with 14, (S™).

Lemma 2.3.3. Let (M, g) a Riemannian spin manifold of dimension n > 2 and
let p € M be fixed. For any ¢ > 0 let U, be a sequence of nested neighbourhoods
around p such that diameter(U,) — 0 as € — 0. Then it holds

i p1q,, (U, 9) = g (57 90
Proof: Introduce rescaled geodesic normal coordinates:
o TyM =R" — M, o.(x)=exp,(ez).

Let B C T;,M aball around 0 w.r.t. gg such that the exponential map exp,, restricted
to B is a diffeomorphism. Then, B, := o.(B) defines a sequence with B, — {p} as
e — 0. W.l.o.g. it can be assumed U, = B, for all e.

Defining v, := 6_%711/1 o o, where 1 € C®(B,S) and g. = ¢ 20(g) it holds by

€
conformal invariance

( g¢ea¢6)Be,g _ (DET/),T/))B,ge
[ Dt Ban sy 1D [Fap 500

)

where D, is the Dirac operator w.r.t. g.. Further, it is

(D), (DFaty, ),

tap(S™) = tqp (B) = :
" T DY T DT R o)

LD (B,gs)

where B C S" corresponds to B C R"™ under the stereographic projection, D? is
the Dirac operator on the sphere and 1) is the spinor corresponding to ¢ w.r.t.
the identification of the bundles. The first equality holds due to lemma 2.1.3.ii,
the second inequality is just due to definition and the last equality is given by the
conformal invariance of the quotient fi,,,.

In the next step, it will be shown that

(DET;Z)7 w)B,ge (Dflatw T,Z))B,gE

1D Bav gy 10759 Rap . 0m)

The reason turns out to be that on a fixed ball B the metrics g. tend to the Eu-
clidean metric gg for € — 0, the same is true for the corresponding Dirac operators
D,, Df!et This can be obtained by the development of ¢ in the rescaled geodesic
normal coordinates and is done in appendix A.

Thus, it follows from (A.4)

—0ase—0, (2.6)

||| Detp |LqD — || Detp |LqD (Bgw) | < /B | Detp|?P (dvolg —dvoly, ) — 0 for € — 0

796
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and from (A.5)
| D90 — | DI1tap|90 — 0 for € — 0.

Hence,
[ Detd a6y = I DT [1Z0 (5.6, |

< | || DET/J ||2LQ(B,g€) - || DE@Z) H%q(BﬂE) | +| H D6¢ H%q(RgE) - H Dﬂat¢ H%q(RgE) |
— 0 for e — 0.

Analogously, it is obtained that

(D, ) B g. — (DI, 40) g | — 0 for € — 0

and thus (2.6) is shown.
Having now a sequence of spinors ¢' € C°(B,S) and a sequence §; € Ry with
9; — 0 for ¢ — oo such that (2.3) becomes

(Dflatwia/l/}i)ByE B hm (De/l/}i7¢i)ngE

= [ DTty H%CID(B,gE) 0 || Dt ||2LqD(B,gE)

Hap (5™) = b < lim f14,, (Be, 9)

and so fiq,(S™) < lime_q fq, (Be, g). Analogously, the converse relation is obtained
when choosing a sequence of spinors ¢' € C°(B, S) and a sequence J; € R~ with
0 — 0 for € — 0 such that

. . (De¢i,7pi)Bg (Dflat¢i77pi)3g
lim p1q,, (Be, g) — 6; = lim . 2P — . 2E < g, (S™).
o Har S DA Bap gy T DT Bapiggy

Hence, the claim is shown. O

Proposition 2.3.4. For any Riemannian spin manifold (M, g) it holds

Hqp (M7 g) > Hqp (Sna gst)-

Proof: Let p € M be fixed and choose balls B, around p with radius € w.r.t. g.
Then, this sequence fulfills the assumptions of lemma 2.3.3. Thus, g, (M,g) >
O

luf]D(BE)g) - /JqD(Snygst) for e — 0.

Remark 2.3.5. )
i) 14, of the standard sphere is given by 2vol(S™, gs¢)) ™= [3]. This result is obtained
by using the Hijazi inequality ([9] and for n = 2 [7])

R—

(A ~4(n—-1)

main )\Y’

where Ay is the Yamabe invariant that, in case of the standard sphere, equals
n(n —1)vol(S™, gs))?/™ . Further, this bound is really attained by an eigenvector to
the eigenvalue 3.
ii) The question arises when a manifold fulfills y,, (M, g) < f1q,(S™, gst). In [6] it is
e.g. shown that this condition is fulfilled if (M, g) is a compact but not conformally

flat manifold of dimension n > 7.
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2.4 The Euler-Lagrange equation

Now the Euler-Lagrange equation (2.5) of the variational problem corresponding to
ftq shall be examined. For compact manifolds all this can be found again in [4] and
here the analoga for an open smoothly bounded subset  of (M, g) are stated.

The first lemma shows the duality between the differential equation (2.5) and another
one that would arise as the Euler-Lagrange equation of the map .7-"(? under a different
constraint, namely || ¢ ||z»(0,g= 1. Unfortunately, even on compact manifolds the
supremum /i, would then always be infinite since the Dirac operator is unbounded
on both sides (see theorem 1.3.1).

Lemma 2.4.1 (duality principle, [1] lem. 2.2.). Let p,q > 1, A\, € RT with p~! +
q_lzland)\uzlandD:Dg.
i) If ¢ satisfies

Do =Nl pon Q, | |aqg=1 (2.7)

then 1 = p¢ satisfies (2.5).
ii) If ¢ satisfies (2.5), then ¢ = |Dv|972 D) satisfies (2.7).

Proof:
i)
D(¢ — u|DY|"*Dyp) = D(ud — p?|D|17*Dg)
= D — pIXt~g| P~ D@2 g2 )
= D(u¢ — p¢) =0

| DY ||La =l uDé ||a=| [¢]P%¢ |La=]| ¢ [|r=1
ii)
D¢ — AN|¢|P~2¢ = D(|Dy|7"2Dp) — A|Dy| @~V ®=2)| Dy|9-2Dy)
= D(|Dy|7"2Dep) — ADY
= AD(u|D¢|972Dyp — ¢p) = 0

I ¢ e =l [DYIT2 DY ||o=|| DY || o= 1
O

The next step shall be to examine whether there exists a spinor that fulfills the
differential equation if the inequality in proposition 2.3.4 is strict.

Proposition 2.4.2 (analogon to [4] thm. 4.2.2.). Let (M, g) be a Riemannian spin
manifold of dimension n > 2 with a fixed conformal class [¢g] and a spin structure o
and Q an open and smoothly bounded subset. Assume that

)‘jr_Lm = )‘r—;zn(Qv 90, U) < )‘+

min

(S™) (2.8)
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Then, there is a spinor field ¢ € C(1)(Q, S) that is continuous on € and smooth
on '\ ¢71(0) such that

_2
Dy = Ninldl T on Q| ]| an = 1. (2.9)

Proof: The proof follows mainly the proof of the analog statement for compact
M = Q. This can be done by gluing two copies of ) together at their boundaries
to obtain a closed manifold Qy. Now, € is viewed as a compact subset of Qs and
all the embedding theorems and regularity theorems for a compact manifold can be
applied.

To proof this statement the plan goes as follows: Firstly, in lemma 2.4.3 it is shown
that for ¢ > ¢p the subcritical problem of 11,(£2) has a weak solution ¢, € C1%(Q2, 9)
of (2.5) such that ¢, = D~14, for a ¥, € C%*(Qy, S). It is convenient to consider
at first the subcritical problem since gp turns out to be the critical exponent of the
Rellich-Kondrakov lemma 1.4.3 such that the embedding LY — Hzl /2 is no more
compact.

Then theorem 2.4.5 shows that the v, are uniformly bounded in L°°.

Let now ¢ € (¢p, 2] be close enough to ¢p that j, is bounded by a positive constant
K. This can always be achieved, since pgy e A] < oo (see remark 2.2.1.ii) and
¢ — [ig is non-increasing and continuous from the right (due to the continuity of
q —|| ¢ || for fixed +). Applying the regularity theorem 2.4.4 the 1, and the ¢g,
respectively, are uniformly bounded in C%%(Qy, g) and in C1%(Qy, g), respectively,
by a g-independent constant. Thus, there exists a subsequence ¢,, with ¢; — ¢p for
i — oo such that ¢,, converges in C' to a spinor field ¢,,. Then, ¢,, fulfills 2.5.
To conclude that ¢,,, is smooth on '\ qS;Dl (0) interior Schauder estimates can be
applied inductively as in the closed case (see [4] thm. 3.1.16 and the remark on page
46). O

With the above notations the lemmata needed in the previous proof will be formu-
lated:

Lemma 2.4.3. Let ¢ > ¢gp. Then the supremum 44(12) is attained by a spinor field
¢ € CH%(£y,8) which is a solution of (2.5).

Proof: The proof follows the arguments of the case of a closed manifold in [4, prop
7.4.]: Let ¢; € C°(Q,S) be a maximizing sequence for 114, this means Fy(¢;) — 14
and || Dé; [|ra(0,q)= 1. By extending every ¢; on Q3 \ € by zero ¢; € C>(£y, ).
Now, as in the closed case the sequence 1; := D¢; is bounded in L7(€s) and hence,
a subsequence of 1; converges weakly in L? to a 1. Since the spinors with L%-norm
equal to one form a closed subset in LY, || ¥ |[La9=Il ¥ [ILa(0.,9= 1. Because
of the compactness of the embedding L9(Qs) — H?, /2(92) for ¢ > qp (Rellich-
Kondrakov, theorem 1.4.3), a subsequence converges strongly to 1 in H31 /2(92).
Since D can be closed, it will be assumed w.l.o.g. that D is already closed. Thus,
it is ¢ € imD. Let ¢ = D~'4. Now, it remains to show that ¢ really attains the
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supremum, i.e. (¢, Dd)q 4 = 1q(€2). Using that ¢;, D¢; and D¢ are zero on 2y \ Q
this follows directly from the case of a closed manifold [4] and

(i, Doi)a — (¢, D)ol = [(¢i, Dpi)a, — (¢, Dd)a,|-

Thus, due to lemma 2.2.2 ¢ is a solution of D(¢ — j,|D@|9"2D¢) = 0. Using the
regularity theorem 2.4.4 stated below for fixed ¢, ¢ € C1* and ¢ € C%. O

The next two theorems are found in [4] for Q being closed. They also hold for Q2
being an open and smoothly bounded subset of a Riemannian spin manifold. The
proofs turn out to be the same when substituting Q always by Qa, but in g, (2)
the € remains unchanged.

Theorem 2.4.4 (regularity theorem). Suppose that ¢ is a spinor such that ¢ =
D=1y with ¢ € L9(Q2), ¢ > qp and ¢ fulfills (2.5) for p, = py(Q). Further suppose
that there is an r > ¢p such that || ¥ ||zr< oco. We choose k, K > 0 such that
| ¥ ||o-< k and pg > K. Then, for any a € (0,1) there is a constant C' depending
only on (€2, g), its spin structure, r, K, k and « with

1Y lcoe(n, < C and | ¢ [lcraq, )< C.

Theorem 2.4.5. Let ¢ be a solution of (2.5) with ¢ € (gp, 2] such that ¢ = D~ for
a spinor ¢ and let p14(Q2) > g, (S™, gst) + € for € > 0. Then there is a g-independent
constant C' = C(, g, 0,¢) such that || ¢ ||p~< C.
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Chapter 3

Obstruction to conformal
compactification

In this chapter the conformal invariant p,, will be used to obtain a criterion when
a Riemannian spin manifold is not conformally compactifiable. A similar criterion
for the Yamabe invariant was given in [11].

Definition 3.0.6. A conformal compactification of a noncompact manifold (M, g)
is a compact manifold (N, h) such that there exists a f € C*°(N) with g = f2h on
M with f >0 on M and f = 0 else.

For that purpose, on noncompact manifolds a new figure shall be obtained from
)\;m that is ” )\;m at infinity”.

Definition 3.0.7. Let (M, g) be a noncompact complete Riemannian spin manifold.
Then

A (M, g) := lim )\;m(M\Br,g),

min
where B, is a ball of radius r around a fixed p € M w.r.t. the metric g.

The existence of the limes and AT, (M, g) < At (S™, gst) follows with lemma 2.1.3.i

min

and proposition 2.3.4. Further, the limes does not depend on the centre of the balls
B,.

Before stating the criterion, lemma 2.3.3 will be generalized to sequences of nested
neighbourhoods of a fixed point where only their volumes have to converge to zero.

Proposition 3.0.8. Let (M, g) be a Riemannian spin manifold of dimension n > 2.
Assume that there exists a sequence {I';} of smoothly bounded open subsets of
(M, g) with vol(I';,¢g) — 0 and I'; C I';_; for i € N. Then

zliglo ;Zn(r“g) = /\;;in(sn’gst)'
Proof: This will be proved by contradiction. Assume lim; .o A7 (I';) # AT (S™).

Since A, () < Af. (Tip1) < AL (S™) holds for every i (see lemma 2.1.3.i and

min min

21
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proposition 2.3.4), lim; oo AL, (I;) = A, (S™) — ¢ will be assumed for a positive

constant c¢. Due to theorem 2.4.2 (and since I'; is compact) there exists a spinor

field ¢; € C(f,,S) nch a( S) with

2
Dygi = Nilgi|"=T¢y on L'y, || ¢; || =1, (3.1)

where \; := At (T;), pp . From || ¢; ||rrp=1 and vol(T';,g) — 0 as i — oo,
| @i ||Loo— oo follows. Then there is a sequence of points s; € F with

i i= |i(si)| = max{[¢(x)| [ 2 € T'i}. (3.2)

For i — oo m; also diverges. Since I'; is compact, w.l.o.g. s; — p € I'y will be
assumed. Let now rescaled geodesic normal coordinates on a fixed ball B around p
be defined by

oi(z) = exp,(diz)

)

n—1

with o; |3 being a diffeomorphism and §; := mi_ — 0. Then the function
di(x) == m; ' ¢; 0 0;(x) defined on T; := o, (T; N oy(B)) C R” fulfills

7 -1
10 Nz, 50 g0 =l mi i 0 03 NI, @, 00 =M 9 12, ru0i8). )= 1
and .
DZ(Z;Z = D (m_ (252 o Ui) = _mD ((bz 1) Ui)

_n+l

= " 1>\ |¢z o Uz|pD 2¢z 00 =M\ |¢z|pD 2¢27

where D; is the Dirac operator associated to the metric g; := (5; ol (g).

By stereographic projection each &Z on I'; C R" is mapped to (bAZ onI; C S". Using
lemma 2.1.3.iii, lemma 2.1.6 and the conformal invariance of F,
(tﬁi,DsntﬁAi)A (6, Dﬂat@;)

tap (S™) = g (Ts) >
D D I D@ HLqD ) || Dflat g, HLqD £

is obtained. It remains to show that

(i, Dflatﬁgi)”i,gE (QgiaDiﬁgi)fi,gi
| DItatg; ||2

LD () ” Di¢i ”iw(f )

for i — oo. This is the same as (2.6) in proposition 2.3.4. Then with

(6 Didryg _ @M 000y 19 oy
| D 1200 ) " Nldiro—24; 1340 . A | & ”i’i/;’(r i

the contradiction fu,,(S™) > lim; . A; " is obtained. O
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Proposition 3.0.9 (analogon to [11] thm. 3.1.). Let (M, g) be a noncompact com-
plete Riemannian spin manifold of dimension n > 2 with A\ (M, g) < Af. (S™, gs).

min
Then (M, g) is not pointwise conformal to a subdomain of any compact Riemannian

spin n-manifold.

Proof: The statement will be proved by contradiction in fully analogy to the proof
for the Yamabe invariant in [11]. Assume that (M, g) is pointwise conformal to
a subdomain (M ,uﬁ g) of a compact Riemannian spin manifold (K, h), where
u € C*(M, S). Take smooth compact domains X; in M with X; C X; C X;,1 such
that vol(M \ Xi,u%g) — 0 for i — oo. Since At (M,g) < Al ..
there has to exist a spinor field ¢; € C°(M \ X;, S) with

H Dg(bi H%q +
o S )\min S —c
(Dytos di)y ~ mint™")

for a positive constant ¢ and for all i € N. Take smoothly bounded open subsets
Y; of M with X; C X; C Y; and supp ¢; C Y; \ X; C M \ X;. By the conformal

(S™) is assumed,

invariance of Af. it follows
+ ~ o+ ~ H Dggbl H%q + n
Mhin(Yi\ X, h) = A5 (Yi\ Xi,g) < =255 < A5, (S™) — ¢
(ngbi) qbl)g
Since the volume vol(Y; \ X;, u%g) — 0, this contradicts proposition 3.0.8. O

Example 3.0.10. Let M = R" (n > 7) be equipped with the subsequently defined
metric g. On each ball By(py,) around p,, = (5m,0) € R™ with radius 2 the metric
g is chosen such that it is gg on Ba(py,) \ Bi(pm) but not conformally flat at the
centre. Everywhere outside the balls the metric g is also selected to coincide with
9E.

Since the balls are flat in a neighbourhood of their boundary, for every m there
exists a map h : (B2(pm),g9) — (S™, g) such that h is a conformal compactification
with h*g = g and h(Ba(pm)) = S™ \ {p} with fixed p € S™.

Then using lemma 2.1.3.ii it is

Amin(B2(Pm); ) = Ay (8" \ AP}, §) = Hm A (S™\ Be(p), §) = Apin (S7,.9)-

Since g and therewith § is not conformally flat a, A\ (S™,3) < AL, (S™, gst) (cf.
remark 2.3.5.i1).

Further, for every r there exists an m € N such that Bs(p,,) C M \ B,(0). Due
to lemma 2.1.3.i it holds A := X' . (Ba(pm),g) > A, (M \ B,(0),9). Using A <
A (8™, gst) as verified above the estimation Af. (M,g) < A% . (58" gs) is ob-
tained.

Thus, (M, g) is not conformally compactifiable.
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Appendix A

Development in geodesic normal
coordinates

Let the exponential map exp, at p € M be defined on a neighbourhood U C T, M =
R™ and let (x1,...,x,) denote the corresponding normal coordinates. Further, define
the map

G: V—Si(n,R); me Gy = (gij(m))ij,

where G, is the matrix of the coefficients of the metric g at m in the basis 0; := %
and S%(n,R) is the set of all real, symmetric and positive definite n x n matrices.
Thus, there exists exactly one symmetric positive-definite matrix B, = (bZ(m))U
with B2, = G,

For each m € M the matrix B, gives rise to the isometry

expp

B, : (T 71(m)U ~R", gg) — (TnV,9m); (al, B Zbg(m)aiaj(m),
7]

since gm (>, b};@i,zj b/ 0;) = Z” bib] g (0;,0;) = Z” biblgij = 0k = ge(Ok, O)).
This map is used to identify the SO(n)-principal bundles Pso(n,)Uyp and Pso(n)Vy
that lifts to an identification of the corresponding Spin(n)-principal bundles and
thus, of the spinor bundles (see [5])

Stgs — Svg; 1P,

Further, let V and V, respectively, denote the Levi-Civita connections on (TU, gg)
and (T'M, g) as well as the lifted connections on the spinor bundles Sy 4, and Sy,
respectively.

Firstly, the metric shall be developed in the geodesic normal coordinates (x1, ..., x,)
in the neighbourhood V' C M around a fixed point p € M. The derivation of the
subsequent can be found in [13].

1
3

1

Gij = 0ij + ngj(p)wo‘wﬁ + GRZ-ang(p)xo‘xﬁwV + (’)(7*4), (A1)
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where

Rijri = (Ve;Veer,er) — (Ve Veser, er) = (Vie, ek €1)
for the orthonormal frame (eq,...,e,) of (T'V,g) with e; := bg(?j.
In the next step, the Dirac operators will be compared.

For this purpose, let D (D) denote the Dirac operators acting on I'(Sy4,) (I'(Svg))-
It holds [5]

SN _
D¢:D¢+szij€i’€j'ek'w, (A.2)
ik
where f‘fj = —(V,, ej,er). Thus, one needs a development of f‘fj
~ 1 N
Ly = 0ibfj — 3 (Bikaj + Riakj)o® + O(r?). (A.3)

This calculation is implemented in [5].

Now the map o(z) = exp,(ex) is considered on a fixed ball B C T),M such that
exp, (and hence all o, for ¢ < 1) restricted to B are diffeomorphisms. Define the
metric g. = ¢ 207 (g). With g = gijdx’ ‘dad it is

ge = (gij o Me)dx dxja

where M, denotes the multiplication with the scalar e. The corresponding Dirac
operators will be denoted by D.. With these preparations the following can be
proved.

Lemma A.0.11. In the above notations and for a function f : U C M — R it holds

for e — 0
/ fdvolg, / fdvoly, | — (A.4)
Further, for a spinor ¢ € C*°(U, S) and € — 0 it is
|Detp — DIty — 0. (A.5)

Proof: 1t suffices to prove the claim for a chart x : U — R"™. Then, it holds:

‘/ fdvol,, — / fdvoly, | = ‘/ (for 1) (y/|det gij o M| — 1)d"x
U)

With (A.1) it follows |\/| det g;; o Mc|—1| — 0 for e — 0 and, thus, (A.4) is obtained.
Further, using (A.2) it is obtained that

1 ~
|Detp — DflatTM — Z| Z(Fg)geei e e 1|

ijk

with (TF )g. denoting the Christoffel symbols for g.. Since (g¢);; = gij © Me implies
that the entries of its positive definite square root are given by b;; o M, and with
(A.3) the claim is obtained. O



Bibliography

AMMANN, B. The smallest dirac eigenvalue in a spin-conformal class and cmc-
immersions. to appear in Comm. Anal. Geom., arXiv: math.DG/0309061.

AMMANN, B. Analysis auf Mannigfaltigkeiten, Indextheorie und Spin-
Geometrie. Vorlesungsskript (2002).

AMMANN, B. A spin-conformal lower bound of the first positive Dirac eigen-
value. Differential Geom. Appl. 18, 1 (2003), 21-32.

AMMANN, B. A variational problem in conformal spin geometry. Habilitation
(Hamburg, 2003).

AMMANN, B., HUMBERT, E., AND MOREL, B. A spinorial analogue of aubin’s
inequality. arXiv: math.DG/0308107.

AMMANN, B., HUMBERT, E., AND MOREL, B. Un probléme de type Yamabe

sur les variétés spinorielles compactes. C. R. Math. Acad. Sci. Paris 338, 12
(2004), 929-934.

BAR, C. Lower eigenvalue estimates for Dirac operators. Math. Ann. 293, 1
(1992), 39-46.

FrIEDRICH, T. Dirac-Operatoren in der Riemannschen Geometrie. Advanced
Lectures in Mathematics. Friedr. Vieweg & Sohn, Braunschweig, 1997.

Hujazi, O. A conformal lower bound for the smallest eigenvalue of the Dirac
operator and Killing spinors. Comm. Math. Phys. 104, 1 (1986), 151-162.

Jost, J. Riemannian geometry and geometric analysis, third ed. Universitext.
Springer-Verlag, Berlin, 2002.

KiM, S. An obstruction to the conformal compactification of Riemannian man-
ifolds. Proc. Amer. Math. Soc. 128, 6 (2000), 1833-1838.

LawsoN, Jr., H. B., AND MICHELSOHN, M.-L. Spin geometry, vol. 38 of
Princeton Mathematical Series. Princeton University Press, Princeton, NJ,

1989.

27



BIBLIOGRAPHY 28

[13] LEE, J. M., AND PARKER, T. H. The Yamabe problem. Bull. Amer. Math.
Soc. (N.S.) 17, 1 (1987), 37-91.

[14] SCHOEN, R., AND YAuU, S.-T. Conformally flat manifolds, Kleinian groups and
scalar curvature. Invent. Math. 92, 1 (1988), 47-71.



Acknowledgement

First of all, sincere thanks are given to Prof. Dr. Hans-Bert Rademacher for his
continuous support during my work. I want to express my gratitude to him since
he always listed carefully to all occurring questions and especially I want to thank
him for motivation.

Additionally, I am indebted to Alexander Hertsch who proofread my thesis and with
whom I had inspiring discussions.

29



