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Exercise 1 (6 Points).
Let G be an abelian group of order n.

1. Suppose that m divides n. Prove that the set G, of elements g in G such that ¢™ =1 is a
subgroup of G.

2. Let p be prime and suppose that n = p*r with p and r coprime. Prove without using Sylow’s
theorem that G has order pF.

3. Let p1,...,ps be prime numbers and assume that n = plfl
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...pFs. Show that G is isomorphic

Exercise 2 (8 Points).
Suppose that G acts on the right on a set X.

1. Prove that the map ¢ : G — Sym(X) given by g — 7, is a group homomorphism, where 7, is
a map from X to X defined by x — xg.

2. Prove that Ker(¢) is the kernel of the action, that is to say

Ker(¢) = ﬂ Stabg(z).

zeX

Assume now that X is the set of right cosets of a subgroup H in G of index |G : H| = m.
1. What is the stabilizer Stabg(Hz) of the coset Hx?
2. Deduce that there is a subgroup N of H which is normal in G and satisfies |G : N| < ml.

Exercise 3 (2 Points).
Let H be a subgroup of a group G. The normalizer of H in G is defined as the subgroup

NgH)={geG:g 'Hg=H}.
Show that C(H) is a normal subgroup of Ng(H) and that Ng(H)/Cq(H) embedds into Aut(H).

Exercise 4 (4 Points).

1. Show that the automorphism group of the cyclic group C,, is abelian of order ¢(n), where ¢
is Euler’s totient function.

2. Characterise the automorphism group of C, x C),, where p is prime.



