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Abstract

We prove that if F' is an infinite field with characteristic different
from 2, whose theory is supersimple, and C' is an elliptic or hyper-
elliptic curve over F' with generic “modulus” then C' has a generic
F-rational point. The notion of generity here is in the sense of the
supersimple field F.

1 Introduction and preliminaries

The archetypal example of a structure whose theory is uncountably categor-
ical is an algebraically closed field (K, +,-). Among the starting points of
stability-theoretic algebra was a converse to this. Macintyre proved [8] that
an infinite field whose theory is uncountably categorical must be algebraically
closed. The proof applied to the more general class of fields whose theory is
totally transcendental, and was further generalized to the superstable case
by Cherlin and Shelah [3].

*Partially supported by an NSF grants DMS-0070179 and DMS-0100979, and a Hum-
boldt Foundation Research Award



Hrushovski [6], using work in [2] noticed that pseudofinite fields, although
not uncountably categorical and not even stable, nevertheless have “good”
stability-like properties: they have Si-rank 1. He observed that the same is
true for the more general class of “perfect, bounded, PAC fields”. Here F is
said to be bounded, if I’ has only finitely many finite extensions of degree n
for each n, or equivalently if the absolute Galois group of F' has only finitely
many open subgroups of index n for each n. F'is said to be PAC (standing
for pseudo-algebraically closed) if every absolutely irreducible variety defined
over F' has an F-rational point.

In the meantime, Shelah’s generalization of stability theory to the broader
class of “simple theories” was completed by Kim and others. So in this lan-
guage, Hrushovski had shown that perfect bounded PAC' fields are super-
simple (of SU-rank 1). This raised the issue of finding some kind of converse,
in analogy with Macintyre’s theorem. In [12] it was shown that supersimple
fields are indeed perfect and bounded. So the remaining issue, raised explic-
itly in [7], is to prove that they are PAC. The PAC property is equivalent
to demanding that the set of F-rational points of an absolutely irreducible
variety over F' is Zariski-dense. By [4] it is enough to look at the case where
X is a curve over F' (that is, a one-dimensional absolutely irreducible variety
defined over F'). In fact it suffices to prove that for any smooth projective
curve C over F', C(F) is Zariski-dense (that is infinite) in C(F).

At this point we should say that we are not really sure whether the general
conjecture (a supersimple field is PAC) is true.

Nevertheless the first general attack on the problem was in [13] where,
among other things, the case of genus 0 curves was dealt with. In fact it was
proved there that if F' is supersimple then the Brauer group of every finite
extension of F' is trivial (so F' has “cohomological dimension < 17). This
implies that for any rational variety X defined over F'; X (F) is Zariski-dense.
(By a rational variety we mean one which is birationally isomorphic over F
to some P™.)

In the present paper we consider curves of higher genus. In fact we restrict
our attention to elliptic and hyperelliptic curves. Our results are formulated
using a model-theoretic notion of generic point, which we explain now. Let
F = (F,+,-,..) be an infinite field with possibly additional structure, whose
theory is assumed to be supersimple. We will assume F' to be saturated.
The SU-rank of F' is of the form w®.m for some ordinal o > 0 and integer
m > 1. Let X be a variety defined over F' of dimension d (as an algebraic
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variety). Let k be a small subfield of F' over which X is defined. We will say
that a € X(F') is an s-generic point of X over k if SU(tp(a/k)) = w*.md.
The definition of a hyperelliptic curve often assumes the genus to be at
least 2. As there are some other delicate issues, we will separate the elliptic
and hyperelliptic cases. We assume F to be a perfect field, and sometimes
assume its characteristic to be different from 2. By an elliptic curve C' over
F we mean a smooth projective (irreducible) curve of genus 1 defined over
F, equipped with an F-rational point. The class of elliptic curves over F has
a (coarse) moduli space M; which coincides with the affine line A'. This is
the same as the moduli space of all curves of genus 1 over F. For any genus
1 curve C over F, j(C), the j-invariant of C' is the point on AY(F) = F
corresponding to C. If C' is defined over F', j(C') € F. If characteristic # 2,
an elliptic curve over F' can be written (in affine coordinates) as y? = f(x)
where f is a cubic monic polynomial over F with distinct roots (in F).

By a hyperelliptic curve over a perfect field F' we mean a smooth projective
curve C of genus > 2 defined over F such that over F there is a degree 2 map
from C to P'. The class of hyperelliptic curves of genus ¢ over F has again
a coarse moduli space H, defined over the prime field. H, is an irreducible
variety of dimension 2g — 1 which is moreover (by [1]) a rational variety.
H, is a subvariety of the moduli space M, of all curves of genus g. M, has
dimension 3g — 3. So note that all curves of genus 2 are hyperelliptic. If C'
is hyperelliptic, then m(C') € H, denotes the moduli of C; so if C' is defined
over F' so is m(C).
We will prove:

Theorem 1.1 Let F' = (F,+,-,...) be a saturated supersimple field, with
characteristic different from 2.

(i) Let C' be an elliptic curve over F. Let k < F be a small field over which
C' is defined. Suppose that j(C) € F' is either s-generic over k, or is equal
to 0 or 128. Then C' has an F-rational point which is s-generic over k.

(ii) Let C' be a hyperelliptic curve of genus g > 2 over F, defined again over
a small subfield k < F. Assume that m(C') € H,(F) is s-generic over k.
Then C(F') has a point which is s-generic over k.

It follows from (ii) that if C'is a curve of genus 2 defined over supersimple
F with m(C') € My(F) an s-generic point of the moduli space of all curves
of genus 2, then C'(F') has an s-generic point.
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The proof of Theorem 1.1 is quite straightforward and consists of using an
SU-rank computation to replace C' by a curve C’ isomorphic to C over F but
now with generic, independent coefficients, and using [13]. In fact this general
method is all we really have going for us (except possibly induction on Galois
cohomology). One of the proofs that a superstable field is algebraically closed
is of this form: given a polynomial equation f(z) = 0 over F, find a suitable
transformation of it (over F') into a polynomial equation g(z) = 0 over F' with
generic, independent coefficients and use uniqueness of generic types to find
an F-rational solution of the latter (see section 5 of [10]). Likewise, in [13] it
was shown that in supersimple F', any curve of the form y" = az™ +b (b # 0)
over I has a generic solution, by transforming it into a curve y" = az™ + O/
over F', isomorphic over F' to the original curve, and with & generic, and
then using the independence theorem. In the latter examples, the “moduli
space” for such families of polynomials or curves (over F') reduces to a single
point. So it is not so surprising to see the restriction on the moduli in the
hypotheses in Theorem 1.3.

We would like to thank Bjorn Poonen for his generous and detailed expla-
nations to us of various definitions and facts regarding hyperelliptic curves.
We would also like to thank Andreas Baudisch and the Humboldt University
at Berlin for their hospitality in the autumn of 2001 when the work reported
on here was begun.

2 Supersimple fields.

In this section we give some more details about s-genericity, as well as elab-
orating slightly on the results from [13] on generic types in groups and fields
definable in simple theories. The reader is referred to [13] for the definition
of generic types of groups definable in models of simple theories, as well as
the properties of the SU-rank. More information is contained in [16] and
[11].

Let us first try to distinguish the various notions of genericity we will
be using. Typically the fields we work with will be perfect. Suppose F' is
a field, and X a variety defined over Fy < F. Let a € X(F). We will
say that a is an a-generic-point of X over Fy if tr.deg(Fy(a)/Fo) = dim(X)
(algebraic-geometric dimension of X'). a-generic refers to generic in the sense



of algebraic geometry. Let us note in passing that, assuming X to be ab-
solutely irreducible, X (F) is Zariski-dense in X (F) if and only there is an
elementary extension F” of F', such that X (F”) contains an a-generic point
of X over Fy. So the supersimple implies PAC' conjecture can be rephrased
as: if (F,+,-,...) is saturated field (possibly with additional structure) whose
theory is supersimple, then for any absolutely irreducible variety X defined
over a (small) subfield Fy of F', X (F') contains an a-generic point of X over
F().

The next notion of generic is purely model-theoretic and makes sense in
a (saturated) structure (F,+,-,..) whose theory is supersimple. It is known
that the SU-rank of F' in this structure has the form w®.m for some ordinal
a > 0 and integer m > 1. If X is a subset of the set F™ of n-tuples from
F', which is definable over F, < F' say, then a € X is said to be generic
in X over F if SU(tp(a/Fy)) = maz{SU(tp(b/Fy)) : b € X}. In general
there may be no such generic points. But if X is F itself or some F", then
they do exist. So a € F' is generic over Fy if SU(tp(a/Fy)) = w*.m, and if
a = (a,..,a,) € F™, a is generic in F" over [} if SU(tp(a/Fy)) = w*.m.n.
In the latter case, each a; is generic in F over Fy and moreover {aq, .., a,} is
Fy-independent in the sense of nonforking.

Finally we have s-genericity (“s” for supersimple). Let (F,+,-,...) be a
(saturated) supersimple expansion of a field F', with SU-rank w®.m. Let X
be a variety of dimension d defined over (small) Fy < F. X(F) is a definable
set in the structure (F,+,-,.) but of course may be empty. We will say that
a € X(F) is an s-generic point of X over Fy if SU(tp(a/Fy) = w®.m.d.

The following remark explains some rather obvious relations between
these genericity notions.

Remark 2.1 Suppose (F,+,-,..) is a (saturated) supersimple expansion of

a field F', with SU-rank w®.m.

(i) Let a be a finite tuple from F with trdeg(Fo(a)/Fy) = d. Then SU (tp(a/Fy)) <
w*.md.

(ii) Let X be a variety over Fy of dimension d, and a € X(F). Then
SU(tp(a/Fpy)) < w*.md.

(111) Let X be as in (ii). Suppose a € X (F) is an s-generic point of X over
Fy. Then a is an a-generic point of X over Iy, and also a generic point of
the definable set X (F') over Fy.

Proof. (i) We may suppose a is an n-tuple (a1, .., a,), and a; € Fy(ay, .., aq)™
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foralli. As SU(tp(a;/Fy)) < w®*.m for each i, it follows that SU (tp(aq, .., aq/Fp)) <
w*md. Asa € acl(Fy, ay, .., aq) in the structure F, it follows that SU (tp(a/Fy)) <
w*.md.

(i) and (iii) follows directly from (i).

The main results of this paper give the existence of s-generic points for
suitable curves over supersimple fields. The next remark shows that the
statement “any absolutely irreducible variety defined over the (saturated)
supersimple field (F,+, -,..) has an s-generic point”, should not be too much
to hope for, at least if we believe the conjecture “supersimple implies PAC”.

Lemma 2.2 Suppose that the the field F' is perfect, bounded and PAC, and
that (F,+,-,...) is an expansion of (F,+,-) which is saturated and (whose
theory is) supersimple. Let X be an absolutely irreducible variety defined
over small Fy < F. Then there is a point in X (F) which is s-generic point
over Fy.

Proof. From our assumptions and [6], the “pure field” (F,+,-) is supersimple
of SU-rank 1 and moreover model-theoretic algebraic closure in (F,+,-) is
precisely (relative) field-theoretic algebraic closure. We may assume X to
be a subvariety of affine n-space. Let dim(X) = d. Note that (F,+,-) is
saturated. As F'is PAC, X (F') contains an a-generic point a = (ay, .., a,) of
X over k. We may assume that aq, .., aq are (field-theoretically) algebraically
independent over Fj. So ay,..,ay are model-theoreticaly algebraically inde-
pendent over Fy, whereby (ay,..,aq) realises a generic type of the additive
group F'? over Fy in the sense of Th(F,+,-). Let ¢(z1, .., z4) be the formula
(over Fy) Jzgir.zn((21, .., Tay s 20) € X). So ¢(z1,..,74) is generic for F¢
(in Th(F,+,-)). Write y for the tuple (xy,..,24). So whenever (¢; : i < w)
is an indiscernible (over Fp in the sense of (F,+,-)) sequence of elements of
F? {p(y —¢;) : i < w} is consistent. Now work in the expansion (F,+, -, ...).
Let (¢; : i < w) be indiscernible over Fyy, where the ¢; € F%. Then (¢; : i < w)
is also indiscernible over Fy in (F,+,-) so {¢(y —¢;) : i < w} is consistent. It
follows that the formula ¢(y) is generic for F'¢ in Th(F,+,-,..), so realized by
some (by,..,bq) with SU(tp(by, .., ba/Fy) = w*.md. So clearly X (F') contains
an s-generic point of X over Fj.

Let us now elaborate slightly on a result from [13] on generic types in groups
definable in simple theories.



Let M be a saturated model of a simple theory, and G a group definable
(without parameters) in M. For any small set A of parameters from M,
by GY, the connected component of G over A, we mean the smallest type-
definable over A subgroup of G of bounded index (in fact of index at most
214+ITH @Y is normal in G. If p(z) is a Lascar strong type over A of an
element of G, then all realizations of p are in the same coset of GY% in G. We
will call this coset C'a(p). So C4(p) is an element of the group G/GY,.

Lemma 2.3 (With above notation.) Let p,q,r be Lascar strong types over A
of elements of G which are generic. Suppose C4(p)-Ca(q) = Ca(r) in G/GY.
Then there are realizations a,b, c of p,q,r respectively, such that a.b = c and
{a,b,c} is pairwise A-independent.

Proof. The proof is essentially identical to that of Proposition 2.2 in [13]
but we give it for completeness. Choose b, ¢ independent realizations of ¢, r
repectively, and let a’ be such that a’.b = ¢. Then ' is generic over A
and {a’,b,c} are pairwise A-independent. Moreover a’ € Cy(p). Choose a
realising p independent from a’ over A. Then (a’)~'.a = d is generic over A,
in G% and {a,d,d} is pairwise A-independent. Then d~' is generic in GY.
So d~! € St(q) = {z € G: for some b, realizing ¢ independent from z over
A, z.b; realizes ¢}. By the independence theorem we may choose d’ realizing
Lstp(d/A) and independent from b, a’ over A such that d'~1.b realizes ¢ and
a'.d’ realizes p. Then {da’.d’,d'~'.b,c} is pairwise A-independent and solves
the problem.

We will be making heavy use of Remark 3.3 from [13]. This remark says
roughly that (in a field whose theory is simple) any coset of a type-definable
additive subgroup of bounded index meets any coset of a type-definable mul-
tiplicative subgroup of bounded index in a generic set. However the proof
given in [13] is incorrect. (It is assumed there that the multiplicative identity
of the field is contained in any additive connected component.) So we will
take the opportunity here to give a correct proof.

Lemma 2.4 Let F be a field definable in a saturated model M of a simple
theory. Let A be a small set of parameters. Let T be a type-definable mul-
tiplicative subgroup of F of bounded index, and B a type-definable additive
subgroup of F' of bounded index. Then for anye # 0 and a in F, e-T'N(a+ B)
15 generic in F'.



Let us first note that the special case where a = 0 is correctly proved in
Lemma 3.2 of [13].

Let M be a model over which 7" and B are defined and which moreover
contains all representatives of cosets of 7" in F*. We may assume that
B = (F'")Y,, the smallest type-definable over M additive subgroup of F
of bounded index. We will first show:

Claim. T meets every coset S of B in a generic set.

Proof of claim. Let b € S be generic over M. We can find ¢ € F', indepen-
dent from b over M, such that b +c¢ € T. Let M’ be a model containing
¢ and independent from b over M, so tp(b/M’) is still generic. So the mul-
tiplicative stabilizer Stab*(tp(b/M")) of tp(b/M’) has bounded index in F™,
and so contains the multiplicative connected component (F*)9,, of F* over
M'. By 3.2 of [13], (F*), meets (F)%, in a generic set. Thus there is d in
this intersection which is generic over M’, such that d is independent from b
over M’ and d - b realizes tp(b/M’). Note that d € T. As multiplication by
elements of M’ fixes setwise (F7)%,,, d-c e (F1)},.

Note that b, ¢,d are M-generic and independent. So a = d(c + b) is generic
over M. Asd e T and c+b €T, a € T. On the other hand, a = dc + db.
Now dc is in (F1)%, so in (F1)Y, = B. Also db, realizing the same type as
bover M’ isin S. So a € S. The claim is proved.

Now we will complete the proof of the lemma. Any coset of T"in F™* has the
form e - T for some e € M. Fix such a coset e - T, as well as a coset S of
B = (F1)},. As multiplication by elements of M fixes B, e™' - S is also a
coset of B. By the Claim, T Ne~!- S is generic. Now multiply by e to get
e-T'N S being generic.

Corollary 2.5 Let F be a field definable in the (saturated) model M of the
simple theory T'. Let A be a small set of parameters. Let T be a multiplicative
subgroup of F' of bounded index, type-definable over A, and e € F*. Let p,q
be generic Lascar strong types over A of F. Then there are a,b,c in F such
that, a realizes p, b realizes q, ¢ € €T, {a,b,c} is pairwise independent over
A, anda+b=c.

Proof. Let X be e.T. So X is type-definable over bdd(A). Let Cy4(p) be
the coset of (F1)% in F* determined by p, and likewise for Ca(q). Let
C = Ca(p)+Ca(q). By Lemma 2.4, the type-definable over bdd(A) set XNC
is generic and thus extends to a Lascar strong type r over A. By construction
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Cu(r) = C and r(x) implies x € X. By 2.3, we can find a, b, ¢ realizing p, ¢, r
respectively, pairwise independent over A such that a+b = ¢. (Note we may
choose (a, b, ¢) independent from e over A by taking a nonforking extension

of Lstp(a,b,c/A) over AU {e}.)

3 Algebraic curves

We give some more details about the algebraic-geometric objects which con-
cern us. We are interested not only in algebraic curves but also, of course, in
rationality issues. We will take [15] as our basic reference for elliptic curves.
We found the literature on hyperelliptic curves less satisfactory, especially
regarding the positive characteristic case and rationality issues. Nevertheless
9] gives a detailed treatment in the Riemann surface case and the general
theory there extends to positive characteristic. We also use [9] as a basic
reference for the theory of algebraic curves. Another reference is [14]. The
notion we will use of “a hyperelliptic curve over a field F” is the weakest
possible, and was suggested by Poonen.

Let us fix a perfect field F. Let k be an algebraically closed field con-
taining F', which we will view as a universal domain for algebraic geometry.
By a curve C' we mean a smooth, projective, irreducible variety over k. So
C is a closed subvariety of some P™ over k. We say that C' is defined over F
if it can be defined by equations with coefficients in F'. So by a curve over
F we mean a curve which is defined over F'. The genus of a curve C' is the
dimension of the k-vector space Q' (C') of regular differential forms on C. We
will make use of divisors on curves in our definition below of a hyperelliptic
curve. Recall that a divisor on C' is a finite set of points of ', each point be-
ing equipped with a multiplicity (a nonzero integer). The degree of a divisor
is the sum of the multiplicities. Divisors can be added in the natural way.
(In fact the set of divisors on C' is the free abelian group with generators
the points of C.) Any rational function F' on C has an associated divisor
div(f), consisting of the poles and zeroes of f equipped with the obvious
multiplicities. These are called principal divisors. Likewise a rational differ-
ential form w on C' determines a divisor div(w), and such a thing is called
a canonical divisor. The canonical divisors form a single coset (translate) of
the set of principal divisors. A divisor D on C'is said to be effective (D > 0)
if it has nonnegative degree. Given a canonical divisor K, L(K) is the set of



rational functions f on C such that div(f)+ K > 0. L(K) is a k-vector space
(isomorphic to Q'(C)) and for g > 1, one obtains from L(K) a map ¢k from
C to P97 called the canonical map. (If f1, .., f, form a basis of L(K), then
or(a) = [fi(a) : ... : fy(a)]). It is important to know that if C' happens to
be defined over F, then we obtain a canonical map ¢x : C — P91 defined
over F'. Of course ¢ only has a chance of being meaningful if g > 2.

Let us now discuss moduli. The set of curves of genus g has a “coarse
moduli space” M, which parametrizes this set of curves up to isomorphism.
One can consult [5] for an account of the theory of moduli of curves. For our
purposes however it will be enough to know a few naive things:

(i) M, is an irreducible variety defined over the prime field.

(ii) To each curve of genus g is associated its moduli m(C) € My, and every
point of M, arises this way.

(iii) Two curves C' and C” of genus g are isomorphic (over k) just if m(C) =
m(C").

(iv) m(C) is rational in the coefficients defining C. In particular if C is
defined over F', then m(C) € M,(F).

Finally we bring in elliptic curves, hyperelliptic curves and their moduli
spaces. By an elliptic curve we mean a curve C' of genus 1 equipped with
a distinguished point P. By an elliptic curve over F' we mean an elliptic
curve (C, P) such that C is defined over F' and P € C(F). An elliptic curve
(C, P) has a (unique) commutative algebraic group structure such that P
is the identity element. If (C, P) is over F' then the group structure is also
defined over F'. Note that by virtue of the group structure, the group of
automorphisms (over k) of a curve of genus 1 acts transitively on C. Thus
the “moduli space of elliptic curves” can be identified with the moduli space
M of curves of curves of genus 1. M; turns out to be just the affine line.
The moduli of an elliptic curve C' is usually called its j-invariant. If (C, P)
is an elliptic curve over F' and the characteristic of F' is not 2, then (C, P) is
isomorphic over F to a plane curve (subvariety of P?) with affine equation
y*> = f(x) where f is a monic cubic polynomial over F without multiple
roots (in k). In this representation the distinguished point is the point at
infinity. Further changes of coordinates over F' lead to simplifications. For
example if the characteristic is neither 2 nor 3 then we can take f to be of
the form 22 + ax +b, and then the j-invariant of C'is 1728(4a?/(4a® + 270%)).
A detailed account is in [15] which we will refer to below.

Now suppose the genus of C' is > 2. We say that C' is a hyperelliptic
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curve, if the canonical map from C to P91 is not an embedding. By [9]
(p.204), this is equivalent to each of the following conditions:

(i) the canonical map is a degree 2 map with image a rational curve in P91,
(i) there is a degree 2 map from C onto P1.

We should say that we are working over the universal domain k here. (ii)
is often the usual definition of a hyperelliptic curve (and makes sense and is
true of curves of genus 1).

By a hyperelliptic curve over F, we will simply mean a hyperelliptic
curve C' which is defined over F'. (So in contradistinction to the definition of
elliptic curves, we do not require additional specification or even existence of
any kind of F-rational point.)

Let C' be a hyperelliptic curve over F. By property (i) and previous
remarks there is a degree 2 map defined over F' from C' to a rational curve
X C P97! (namely the canonical map). If X happens to have an F-rational
point then it is isomorphic to P! over ' and so we have a degree 2 map
from C to P! defined over F. If the characteristic of F' is not 2, and C has
genus ¢, it follows that C' is isomorphic over F to a curve with affine equation
y? = f(x) where f is a monic polynomial of degree 2g + 1 or 2¢g + 2 without
multiple roots. (This is mentioned in Proposition 4.11 of [9] in the Riemann
surface case. In general, a model over F of the form y* = f(z) is obtained by
Kummer theory applied to function fields. As the number of branch points of
the map taking (x,y) to x is 29 + 2 by the Hurwitz formula, one obtains the
constraints on the degree of f. In fact if there is an F-rational branch point,
it can be moved to infinity and one obtains an equation with f(x) of degree
2g + 1. Otherwise one gets degree of f to be 2g 4+ 2.) Now if Th(F,+,-) (or
an expansion) is supersimple then we know from [13] that any rational curve
over I’ does have an F-rational point. So we conclude:

Fact 3.1 Suppose that Th(F,+,-,..) is supersimple with characteristic # 2.
Let C' be a hyperelliptic curve of genus g > 2 defined over F. Then C' is
isomorphic over F to a curve with (affine) equation y* = f(x) where f is
monic, of degree 2g + 1 or 2g + 2, and without multiple roots.

The family of hyperelliptic curves of genus g over k admits a moduli
space H, which is a subvariety of M, and is also defined over the prime field.
Moreover dim(H,) = 2g — 1 and by [1] H, is a rational variety.

It is worth saying a little about where the moduli space H, comes from.
Consider hyperelliptic curves C' of genus g over k. Any such curve is a double

11



cover of P! with 2¢g+2 branch points in P!. Let S be the set of branch points.
Then C and C" are isomorphic over ¥ if there is an automorphism of P! taking
the set S to the set 5. Thus H, is the set of subsets of P! of size 2g + 2
quotiented by the action of PG Ly. The dimension of H, is 2g — 1 (as PG Ly
acts strictly 3-transitively on P').

In the next two sections we prove our results on the existence of “generic”
F-rational points on “generic” elliptic and hyperelliptic curves over a super-
simple field F. We separate into the elliptic and hyperelliptic cases (and
there is further case division for hyperelliptic curves). The proof could be
somewhat streamlined by deducing more or less everything from the proof
of the even degree hyperelliptic case (by adding dummy terms) but for the
sake of exposition and intelligibility we stick with the current presentation
and apologize for any repetition and superfluity in the arguments.

4 The case of elliptic curves

We work with fields of characteristic different from 2. We prove:

Proposition 4.1 Suppose Th(F,+,-,..) is supersimple, and C is an elliptic
curve over F with j-invariant j.

(i) if j =0 or 128 then C(F') has an s-generic point.

(ii) If j is s-generic then C(F) has an s-generic point.

Proof of (i). First suppose char(F) # 3. If j = 0 then by Prop. 1.1 (a) of
Appendix A in [15] C can be written in the form y? = 2° + ¢ with ¢ # 0. By
Proposition 3.4 of [13], y® = 2% + ¢ has an s-generic solution over c in F, say
(a,b). But then (a?,b%) is a generic solution of the original curve. If j = 128
then C has the form y? = 23 + cx with ¢ # 0. By [13] again, we can find an
s-generic solution (a,b) in F of y?> = 2% + ¢. Then (a?, ab) solves the original
equation.

Now suppose char(F) = 3. So 1728 = 0 mod 3. By Prop. 1.1 (b) of
Appendix A of [15], C' can be written, over F, in the form y? = z° + ax + b.
Now {23 + ax : x € F} is an additive subgroup H say, of F, of finite index.
By Lemma 2.4, every coset of H in F' meets the squares in a generic set. So
C has an s-generic (over {a,b}) point in F.

Proof of (ii). Suppose first the characteristic is different from 3. Then by
Prop. 1.1 (a) in Appendix A of [15], we can write C' in the form y*> =
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23+ ax +b, and j is

1728(4a® /4a® + 27b%). (¥)

Let u be generic in F over {a,b}. The map taking (z,y) to (u’z,uy) yields
an isomorphism (defined over F') between the elliptic curve C' and the elliptic
curve (" defined by y? = 2% + a’z + b’ where o’ = u'a and b’ = ub. Note
that C” is also defined over F' and

(%) §(C") = 1728(4a" J4a® + 27b2) = j(C)) = J.

Claim 1. a' and b are generic independent elements of F'.

Proof. w is generic in F over {a,b,j}, so @ = u*a is generic in F over
{a,b,7}. In particular (under our assumption that j is generic in F), o
and j are independent generics of F. By (**) (V)% = 4a3(1728 — j)/27;.
Properties of generics imply that b is generic, and independent of a’. The
claim is proved.

Claim 2. The curve C' has an s-generic (over a',b') solution in F.

Proof. Let d € F be generic over o, and let p(x) = Lstp(d® + a’d/a’). Then
p(x) is a generic type over a’. (d*+ a’d is interalgebraic with d over a’ so has
the same SU-rank as d over a’.) Let ¢ = Lstp(b'/a’), also a generic type. By
Corollary 2.5, there are ¢, a”,b” in F with ¢ a square in F', a” a realization of
p and b a realization of ¢ such that {c,a”, 0"} is pairwise a’-independent, and
¢ = a" +b". By automorphism (over a’) we may assume that 0" = b'. Note
that a” is generic over a/,'. By definition of p(x) there is d’ € F such that
d?® + d'a’ = a”. Note that d’ is also generic in F over a’,V'. Hence (d’,/c) is
an s-generic over a’, b point of C'(F).

By Claim 2, we may find a point (2,y’) of C(F) which is s-generic over
{a',V,a,b,u}. But then (u=2a’,u=3V) is clearly an s-generic point of C'(F)
(over all parameters mentioned). This completes the proof when the charac-
teristic is neither 2 nor 3.

When the characteristic is 3, by Prop.1.1 (b) in Appendix A of [15], C' can
be written over F in the form y? = z® +ax?+ b (with b # 0), and j = —a?®/b.
Let u € F be generic over {a,b,j}. The map taking (z,y) to (u?z,u3y)
is an isomorphism defined over F' between C' and the curve C’ defined by
y? = 23 + a’'2® + 1 where o’ = u?a and b’ = u®b (and where of course C’ has
j-invariant —a”®/0’ = j). As above we can show that a’ and ' are generic
independent in F', C’ has an s-generic point in F', and so does C.
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5 The case of hyperelliptic curves

Again we assume that char(F') # 2. We will prove:

Proposition 5.1 Let (F,+,-,..) be an infinite saturated field (with addi-
tional structure) whose theory is supersimple. Let C be a hyperelliptic curve
of genus g > 2, defined over F. Suppose that m(C) € H,(F') is an s-generic
point of Hy. Then C has an s-generic F'-rational point.

Proof. Suppose that the SU(F) = w®m. We will make use of an “w®-
weight” of types, which we will just call w(—). If A C F and a is a finite tuple
from F' then SU(tp(a/A)) = w*.r 4+ B where f < w®. We define w(tp(a/A)
to be r. So if a is a single element, then w(tp(a/A)) = m iff tp(a/A) is
generic. The SU-rank inequalities give us w(tp((a,b)/A)) = w(tp(a/(A,b))+
w(tp(b/A)). We also sometimes write w(a/A) for w(tp(a/A)).

Using Fact 3.1, we separate into two cases, according to whether f has odd
or even degree.

Case 1. C can be written over F in the form y*> = f(x) where f(z) is a
monic polynomial over F of degree 2¢g + 1 without multiple roots (in F').
Let f(z) = 2™ 4+ ap—12" ' + ..a;z + ap. So n =29+ 1, and so dim(H,) =
2g—1=n—2. Let m(C) € Hy(F) be the modulus of C'; our assumption on
the s-genericity of m(C), means that SU(tp(m(C)) = w*.m.(n — 2) whereby
w(tp(m(C))) = m.(n — 2).

Note that m(C) is rational over {ay, .., a,—1}.

Choose u,r € F generic independent over {ag, .., a,—1,m(C)}. The map
taking (z,y) to (u?x+r,u"y) yields an isomorphism, defined over F between
the hyperelliptic curve C' and a hyperelliptic curve C’ defined by 3? = g(x) =
"+ al, 2"+ .+ djx + af) over F. If ay, ..,a, are the zeroes of f(z) in
F then u?ay + 1, ..,u%a, + 7 are the zeroes of g(z) in F, and the d} are the
symmetric functions in these zeroes. In any case m(C') = m(C") is rational
over the a;’s.

Claim. ay, ..,a,_, are generic independent in F'.

Proof. This is an easy weight argument. Let a denote the tuple (ag, .., a,_1),

and o' the tuple (ag, ..,al,_;). We have to prove that w(a’) = mn.

) Ym—1
Let us make some observations.
(i) {u,r} is interalgebraic with a’ over a (in the sense of fields, so also in the

supersimple structure (F,+, -, ..)), whereby w(u,r/a) = w(a'/a).
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Justification. {u,r} is interalgebraic with {a} : i = 1,,.n} over {a; : i =
1,..,n}, d is interalgebraic with {a/ : i = 1,..,n}, and a is interalgebraic
with {o; i =1,..,n}.

(i) w(m(C)) = m(n — 2).

Now (iii) w(a, d’) = w(d'/a) + w(a) = w(u,r/a) + w(a) = 2m + w(a).

Also

(iv) w(a,d') = w(a/d') + w(a') < w(a/m(C)) + w(a') = w(a) — w(m(C)) +
w(a').

By (ii), (iii) and (iv), w(a’) = 2m + m(n — 2) = mn. As o’ is an n-tuple it
follows that SU(a’) = w®mn and aj, ..,a!,_, are independent generic in F
proving the claim.

The rest of the proof in this case is as in that of Claim 2 of the previous
section : Let A" = {a},..,a,_;}. Let p(z) be a Lascar strong type over
A’ which is generic and implies “Jz(z = 2" + a/,_;2"' + .. + djx)”. Let
q(w) = Lstp(ap/A"). Then by Corollary 2.5 there are ¢, z/,w’ € F generic
and pairwise independent over A’ such that ¢ is a square in F', 2’ realizes p
and w' realizes ¢. We may assume that w’ = q;. This yields an s-generic
point (z,y) say over {ay, ..,al,_,} of C'(F). We may assume (z,y) is also s-
generic on C'(F) over {ay,..,al, ,ag,.,an_1,u,7}. Then ((x —r)u=2 u"y)
is an s-generic point on C'(F') over all parameters.

Case 2. C'is of the form y? = f(x), where f is a monic polynomial over F
of degree 2¢g + 2 without multiple roots.

This case is a little more subtle and will use the full strength of Corollary
2.5. Let n = 2g+2. So the SU-rank of the type of m(C) is w®*.m(n—3), and
w(m(C)) = m(n—3). We will use a “generic” fractional linear transformation
to transform C into a curve C' over F defined by ey® = g(x), where g has
degree n with generic independent coefficents, and e € F' is nonzero. We
cannot in general arrange to get e to be 1 (or even a square).

Let f(x) = 2"+ an,_12" ' + ..+ a2+ ap and let again a = (ay, .., a,). Let
(u,r,s,t) be a generic point of SLy(F') over a. That is, the corresponding
matrix has determinant 1, and u, r, s are generic independent elements of F
over a. We will be considering the transformation h which takes a pair (x,y)
to (ux +r/sx +1t),y/(sx +t)"?). Let o, .., a,, be the zeroes of f(x) =0 in
F. Let f; = (to; — 1) /(u— say) for i = 1, ..,n. It can then be checked that h
induces an isomorphism between the F-points of C' and the F points of the
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curve C’ defined by y? = f(u/s)(z—B1)..(x — B3,). Noting that the symmetric
functions in the f; are F-rational, we see that g(z) = (z — B1)..(x — B,) =
" +al, 2"t + .+ djx + ap for some a) € F. Let o’ = (ap,..,al,_,). The
curve y? = f(u/s)g(z) is isomorphic over F to C” defined by y? = g(z), so
C,C" and C" have the same moduli, m(C). In particular m(C) is rational

over a’.

Claim. w(a') = mn.

Proof. This is just like the proof of the claim in Case 1 above. First we have
(i) (u,r,s,t) and a' are interalgebraic over a (in the supersimple field F').
Then (ii) w(m(C)) = m(n — 3).

(iii) w(a,a’) = w(d'/a) + w(a) = w(u,r,s,t/a) + w(a) = 3m + w(a).

(iv) w(a,d’) = w(a/d') + w(a') < wla/m(C)) +w(a') = w(a) — w(m(C)) +
w(a).

By (ii), (iii) and (iv), 3m +m(n —3) < w(d’). As @’ is an n-tuple, this forces
w(a’) = nm, proving the claim.

By the claim a}), .., a!,_, are generic independent in F. Let e7! = f(u/s). Let

A" = {d),..,al,_,}. Let T the group of squares in F*. Putting ¢(w) =
Lstp(ap/A’) and p(z) some generic Lascar strong type over A’ implying
“Gr(z = 2"+a,_;x" '+..+a}x)”, we obtain from Corollary 2.5, ¢/, 2/, v’ € F
pairwise independent over A’ with ¢’ € e.T. There is an automorphism fixing
acl®l(A’) and taking w’ to aj. As e.T is defined over acl®?(A’) such an auto-
morphism takes e’ to some e” € eT'. This shows that we may assume v’ = ag,.
In any case, we obtain a point (z,y) € C'(F) such that z is generic over A’.
If (2/,1) realizes a nonforking extension of Lstp(x,y/A’) over {d,e} we see
as before that (z/,¢) is an s-generic point of C'(F) over {a’,e}. We may in
addition assume that (2/,y’) is s-generic over {a,d’,u,r,s,t}. The image of
(2',y") under the inverse of h is then an s-generic point of the original curve
C over all the parameters. This completes the proof.

We conclude the paper with some additional remarks regarding the methods.
The general method (in both the elliptic and hyperelliptic cases) was to
transform a curve defined by y* = f(x) (f monic and of of degree n say over
F) into one of the form ey? = g(x) by an isomorphism defined over F and
where g has generic independent coefficients. All that is needed is the weaker
requirement that the constant coefficient af, say of ¢ is generic in F' over the
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other coefficients. So in the hyperelliptic case, one might expect to be able
to do this under weaker assumptions on the SU-rank of the moduli of the
original curve. However in the elliptic case, if y*> = 2% + ax + b is over F’
and b is generic in F' over a then the j-invariant of the elliptic curve will be
generic in F'; so we cannot really hope to weaken the genericity assumption
on the moduli, while using the same methods.
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