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Abstract

Let C be a closed convex cone in R™, pointed and with interior points. We consider
sets of the form A = C'\ A®, where A®* C C is a closed convex set. If A has finite volume
(Lebesgue measure), then A is called a C-coconvex set. The family of C-coconvex sets is
closed under the addition ¢ defined by C'\ (A; & As) = (C'\ A1) + (C'\ A2). We develop
first steps of a Brunn—Minkowski theory for C-coconvex sets, which relates this addition
to the notion of volume. In particular, we establish the equality conditions for a Brunn—
Minkowski type inequality (with reversed inequality sign), introduce mixed volumes and
their integral representations, and prove a Minkowski-type uniqueness theorem for C-
coconvex sets with equal surface area measures.

1 Introduction

Let C be a pointed closed convex cone with apex o and with interior points in Euclidean
space R™. This cone will be fixed throughout the following. Let A C C be a closed convex
set such that C'\ A is bounded and nonempty. Khovanskil and Timorin [1] call the set
C\ (AU{o}) a coconvezr body. (The non-inclusion of certain boundary points is relevant for
some of their aims, but not if volumes are considered.) The authors of [1] extend various
results of the classical Brunn—Minkowski theory of convex bodies to the coconvex setting.
These include the Aleksandrov—Fenchel inequalities and the Brunn—Minkowski inequality,
with reversed inequality signs. The derivation of the Aleksandrov—Fenchel inequalities for
coconvex bodies from those for convex bodies is brief and particularly elegant.

In the following, we extend the concept of coconvex bodies, by weakening the requirement
of boundedness to that of finite volume. By a C-close set we understand a closed convex set
A® C C such that C'\ A® has positive finite Lebesgue measure. (Note that the boundaries of
A*® and C may have empty or nonempty intersection.) The set A = C'\ A® is then called a
C'-coconvez set, and its Lebesgue measure is denoted by V,,(A) and is called its volume. The
C-coconvex A set determines, conversely, the C-close set A* = C'\ A.

For C-coconvex sets, we develop in this paper the first steps of a Brunn—Minkowski theory,
that is, a study of the relations between the notion of volume and a notion of addition, based
on vector addition.

Let Ay, A1 be C-coconvex sets. Their co-sum is defined by

Ao ® A = C\ (Ag + A)),



where + denotes the usual Minkowski addition. Note that Aj + A} C C' 4+ C' = C. Whereas
the Minkowski sum of two unbounded closed convex sets need not be closed in general, it is
easy to see that Aj+ A7 is closed, because Ay, A} are subsets of a pointed cone. That Ao ® A
has finite volume, is a consequence of the following theorem. Here, AA := {\a : a € A} for
A >0 and a C-coconvex set A.

Theorem 1. Let Ay, Ay be C-coconvez sets, and let A € (0,1). Then

3=

V(1 = N Ag ® A1) 7™ < (1 — \Viu(Ag)w + AV (A1) (1)

Equality holds if and only if Ay = aAy with some o > 0.

The essential point here is the equality condition, which will be needed below. While the
inequality (1) itself could be obtained by approximation from the results in [1], and is only
a special case of much more general inequalities due to Milman and Rotem [2], we don’t see
an easy way to get the equality condition in either case. Our proof of (1), which adapts the
classical Kneser—Siiss approach to the Brunn—Minkowski inequality for convex bodies, yields
the equality condition for (1) as a consequence of that for the latter inequality.

In the development of the classical Brunn—Minkowski theory for convex bodies, some of
the first steps are the introduction of mixed volumes, their integral representation, and con-
sequences of the Brunn—Minkowski theorem, such as Minkowski’s first and second inequality
for mixed volumes. A first application is the uniqueness result in the Minkowski problem
concerning convex bodies with given surface area measures. We follow a similar line for C-
coconvex sets. In particular, we prove a counterpart to Minkowski’s uniqueness theorem. Let
A be a C-coconvex set. Its area measure is defined as follows. Let

C°={xeR": (x,y) <0foralyeC}

be the polar cone of C; here (-,-) denotes the scalar product of R™. Denoting by S"~! the
unit sphere of R"™, we define
Qc :=S""'nint C°.

The spherical image o(A®, 8) of the closed convex set A® at the set (3 is the set of all outer unit
normal vectors of A® at points of A®* N S3. For the C-close set A®, we have o(A°®,int C') C Q¢,
since a supporting hyperplane of A® at a point of int C' N bd A®* (where bd denotes the
boundary) separates A® and the origin 0. For w C Q¢, the reverse spherical image 7(A®, w)
is defined as the set of all points in bd A® at which there exists an outer unit normal vector
belonging to w. For Borel sets w C )¢ one then defines

Snfl(Av w) = Snfl(A.a w) = Hn_l(T(A.v w))?

where H" ! is the (n — 1)-dimensional Hausdorff measure (so that S,_1(A°®,-) is the usual
surface area measure, extended to closed convex sets). Using the theory of surface area
measures of convex bodies (see [3, Sect. 4.2]), it is easily seen that this defines a Borel
measure on (¢, the surface area measure S,,—1(A,-) of A. In contrast to the case of convex
bodies, the surface area measure of a C-coconvex set is only defined on the subset Q¢ of
S"~! and the total measure may be infinite.

Now we can state a counterpart to Minkowski’s uniqueness theorem.

Theorem 2. If Ay, A1 are C-coconvex sets with Sp_1(Ao, ") = Sn_1(A1,-), then Ag = Aj.



Some interesting open questions remain. For example, which are the necessary and suffi-
cient conditions on a Borel measure on 2¢ to be the surface area measure of a C-coconvex
set? And does the uniqueness still hold if the condition that C'\ A® has finite volume is
replaced by the condition that A® is only ‘asymptotic’ to C', in the sense that the distance of
the boundaries of C' and A® outside B(o,r) (ball with center o and radius r) tends to zero,
as r — oo?

2 Notation and Preliminaries

We fix some notation, and collect what has already been introduced. We work in the n-
dimensional Euclidean space R™, with scalar product (-,-) and norm || - ||. The unit sphere of
R™ is the subspace S"~! = {z € R" : ||z|| = 1}. We use the k-dimensional Hausdorff measure
H* in R™, for k = n, which on Lebesgue measurable sets coincides with Lebesgue measure,
and for k = n — 1. We use V,, to denote the Lebesgue measure, then called the volume, of
convex bodies or C-coconvex sets. V;,—1(K) will be used to denote the (n — 1)-dimensional
volume of a convex body of dimension n — 1. The definitions of the spherical image o (K, -)
and the reverse spherical image 7(K, ), as given in [3, p. 88], do not require the boundedness
and make sense for nonempty closed convex sets K.

A C-coconvex set A and the C-close set A® := C'\ A determine each other uniquely, and
we have (AA)® = MA®, since A\C' = C. Clearly, the volume of C-coconvex sets is homogeneous
of degree n, that is,

Vi(AA) = A"V, (A)  for A > 0.

Since the cone C, fixed throughout this paper, is pointed, we can choose a unit vector w
such that (z,w) > 0 for all x € C'\ {o}. The vector w will be fixed; therefore it does not
appear in the notation used below. We define the hyperplanes

Hy:={z e R": (z,w) =t}
and the closed halfspaces
H ={x eR": (z,w) <t},
for t > 0. For a subset M C C, we define
My :=MnH,

for ¢t > 0; thus, M; is always bounded.

We remark that a C-coconvex set A has the property that its boundary inside int C' ‘can
be seen’ from o. In other words, every ray with endpoint o and passing through an interior
point of C meets the boundary of A precisely once. This follows easily from the finiteness of
the volume of A.

3 Proof of Theorem 1

The following proof of Theorem 1 has elements from the Kneser—Siiss proof of the classical
Brunn—-Minkowski inequality (see, e.g., [3, pp. 370-371]).

Let Ag, A1 be C-coconvex sets. First we assume that

Vi(Ag) = V(A1) = 1. 2)



Let 0 < A < 1 and define
AS = (1= N)AJ + \AT, Ay:=C\ A5 =(1—-XN)A0® N\A;.
In the following, v € {0,1}. We write
0(Q) = Ve (ADNHY), Q) 1= V(AL N )

for ¢ > 0, thus

where a, is the number for which H,, supports A%. On («,, o), the function v, is continuous,
hence w, is differentiable and

w),(¢) =v,(¢) >0 for o, < ¢ < 00.
Let z, be the inverse function of w,, then
2(1)= ——— for0 <7< o0.
With
DV(T) = A; N Hzl,(’r)a ZA(T) = (1 - )‘)ZO(T) + )\21(7'),

the inclusion
AN H, (7) 2 (1 = A)Do(7) + AD1(7) (3)

holds (trivially). For 7 > 0 we have

VaAy NV H, ) =Va(COHS ) = Va(AS N H )

2u(7)
= Vn(C ﬂ HZ_V(T)) - T,
Vn(AAﬁH;(T)) :Vn(CﬂH;(T)) — Val RQH;(T)). (4)

We write
V(A3 N H;(T)) =: f(7).
Then, with ay = (1 — N)ag + Aoy,
Zx(7)

f(r) = / Va1 (A3 1 He) dC

A

_ / Vo1 (AN H, ) A () dt
0

> [ "V 1((1 = \Do(t) + ADs (1) 5(0) dt,
0

by (3). In the integrand, we use the Brunn—Minkowski inequality in dimension n — 1 and
obtain
1 1—-A A

T 1 n—1
f<T>z/0 (1= Mo (z0(H) 7T + Ay (21 () 77| [vo@o(t))*vl(zl(t» «

7 (5)

Y



where the last inequality follows by estimating the integrand according to [3, p. 371].

From (4) we have
Vo (Ax N H;(T)) =Vo(CnN H;(T)) — f(7),
and we intend to let 7 — oco. Since C is a cone, for > 0,
CDHC_ =(Cy with Cp:=CnNH
and hence V,(C'N H; ) = ("V,(C1). Therefore,
Val€ NS () = [(1= N2o(r) + A (n)Va(Cr), VO N () = ()" Va(C).
This gives

Vn(A)\ N Hz:\(‘r))
1

= [0 = WVa@n H )% + AN )R] = ()

= [0 = NVa(Ao 0 HL ) + 715+ AVa (A 0 E )+ 7]7] " = ()

= |1 = Nlbo(r) + 7] +Ala(7) + 77| = £(7)
with b, (7) =V, (4, N HZ_V(T)) for v =0,1. Note that (2) implies
Thﬁrglo b,(1) =1.

Using the mean value theorem (for each fixed 7), we can write

3=

(by(7) + )%~ (bo(r) + )% = (b(r) — bo(r)) - (b(r) + )+

with b(7) between by(7) and by (7), and hence tending to 1 as 7 — oo. With %(b(T)—i—T)%_l =:
h(t) =0 (T%> (as 7 — 00), we get

Vn(AA N H;\(T))

n

= (1= N)(bo(7) +7)7 + A ((bo(7) +7)7 + (ba(7) = bo(T)A(T) )| = 1(7)

n

= [(bo(r) +7)7 + Mba(r) = bo(r)A(7)] " = £(7)
=) +7 = 1)+ 3 (1) 0u(r) + )5 () = bl (o)
r=1

Since bo(7) — 1, f(1) > 7, (bo(7) +7) % h(r)" = O(r'~"), and by (1) — bo(7) = 0 as T — oo,
we conclude that
Vn(A)\) = h%m Vn(A/\ N HZ_)\(T)) <1.

This proves that
Va((1 =X A @ A4) < 1. (6)



If there exists a number 79 > 0 for which f(79) = 79 + € with € > 0, then, for 7 > 7,
f(r) =Va(AXNH ()

:m+5+/wﬁl‘”m@“”ﬁ%+*“@“”””yl1Li%é»+vu2@>dt

>10+e+(T—10)=7+¢,

and as above we obtain that V,,(A4)) <1 —e.

Suppose now that (6) holds with equality. Then, as just shown, we have f(7) = 7 for all
7 > 0. Thus, we have equality in (5) and hence equality in (3), for all 7 > 0. Explicitly, this
means that

A;\ N HZ)\(T) = (1 — )\)(A(.) N HZO(T)) + )\(AI M HZl(T)) for all 7 > 0. (7)
We claim that this implies

20(T)

. )£ AT ) )
for all 7 > 0. For the proof, let z € A N H () Then there is a number o € [0, 7] such that
T € AL H,, ). By (7),

€ (1 =N(A5 N Hyy (o) + AAT N H, (o))

C (L= N(ASNH, )+ AATNH ),

since ¢ < 7 implies H 2(0) C HZ_U ()" This shows the inclusion C in (8). The inclusion D is
trivial.

To (8), we can now apply the Brunn—Minkowski inequality for n-dimensional convex
bodies and conclude that

ValAXNH ()

But we know that equality holds here, since equality holds in (5), hence the convex bodies
AgN HZ_0 ) and A} N H _ which have the same volume, are translates of each other. The
translation vector might depend on 7, but in fact, it does not, since for 0 < ¢ < 7, the body
A} N H, () s the intersection of A} N H_ () with a closed halfspace. We conclude that A}
is a translate of Af, thus there is a vector v with Aj +v = A} C C. Suppose that v # o.
Let M be the set of all points « € int C' N bd A for which = + Av ¢ Af for A > 0. The set
Uenr (2, +v] is contained in Ay and has infinite Lebesgue measure, a contradiction. Thus,
v = 0 and hence Aj = A}.

This proves Theorem 1 under the assumption (2). Now let Ag, A1 be arbitrary C-coconvex
sets. As mentioned, also the volume of C-coconvex sets is homogeneous of degree n. Therefore
(as in the case of convex bodies, see [3, p. 370]), we define

) >

AV, (A7

A, = Vo(A4,) YA, forv=0,1, A:= .
(4v) orv (1 — NV (Ao)/™ + AV (Ap)1/m

Then V,,(A,) =1 for v = 0,1, hence V,,((1—X)Ag@® X A7) < 1, as just proved. This gives the
assertion.



4 A volume representation

The proof of Theorem 2 requires that we develop the initial steps of a theory of mixed volumes
for C-coconvex sets. First we derive an integral representation of the volume of C-coconvex
sets.

Let A be a C-coconvex set, and let v € Q¢. Since o ¢ A® (because A # (), there is
a supporting halfspace of A® with outer normal vector u and not containing o. Therefore,
the support function h(A®,-) of A®, defined by h(A®, u) = sup{(z,u) : = € A®*} for u € Q¢,
satisfies
—00 < h(A®* u) <0 forwue Qc.

We set

h(A,u) :== —h(A®, u)

and call the function h(4,-) : Q¢ — Ry thus defined the support function of A. The area
measure S,,_1(A,-) of A was already defined, namely by

Sn_1(A,w) == S,_1(A% w) = H"Hr(A%, w))
for Borel sets w C Q¢. Recall that 7(A®,w) was defined as the set of boundary points of A®
at which there exists an outer unit normal vector falling in w.

The volume of the C-coconvex body A has an integral representation similar to that in

the case of convex bodies, as stated in the following lemma.

Lemma 1. The volume of a C-coconver set A can be represented by

V,(4) =1 /Q B(A, 1) S1 (A, du). (9)

n

Proof. Recall that M; := M N H,; for M C C, in particular, C; = C N H; . We write
(A®)r = A7, and later also (A7) = AF,.

Let t > 0 be such that A} has interior points. Let
we == 0 (Af,int Cy),

that is, the spherical image of the set of boundary points of A® in the interior of Cy. Further,
let
n = o(A7,bdC)NbdC”.

By a standard representation of the volume of convex bodies (formula (5.3) in [3]), we have

[ ] 1 [ ] [ ]
VA = 5 [ nat S (47 du)

Here,

/ h(A7,u) Sp—1(Af,du) =0,

t
since u € 1 implies h(Af,u) = 0. We state that

Sy 1 (AL, SN (wp Ump U {w})) = 0. (10)

For the proof, let  be a boundary point of A} where a vector u € S* 1\ (w; Un, U {w})
is attained as outer normal vector. Then z ¢ intC; and hence x € Hy; or x € bdC. If



x € Hy, then u # w implies that z lies in two distinct supporting hyperplanes of Ay. If
x € (bdC) \ Hy, then u ¢ 1, implies that x lies in two distinct supporting hyperplanes of A?.
In each case, z is a singular boundary point of A. Now the assertion (10) follows from [3,
(4.32) and Thm. 2.2.5].

As a result, we have
Vo(any = 1 / B(A 1) St (A2, du).
wiU{w}

Since

h(Af,w) =t, Sn—1(A7,{w}) = V,_1(A* N Hy),

we obtain ) .
Valdf) = / R(A, u) B1(A, du) + Vi 1(A° 0 H),
Wt

by the definition of h(A,-) and S,_1(A, ). Writing

B(t) := conv((A®* N H,) U {o}) \ A2,

we have

Vi (B(t)) = %tVn_l(A' AHL) — V(A
and thus )

ValB() = 1 [ A 0) S (4, ),

On the other hand, writing
q(t) = n_l(C N Ht) — Vn_l(A. N Ht),

we get
1 1 — — 1
Vi(Ar) = Va(B(t)) + —tq(t) = / h(A,u) Sn—1(A, du) + —tq(t).
n n S, n
Given € > 0, to each ty > 0 there exists ¢t > ¢y with tq(t) < e. Otherwise, there would
exist to with tq(t) > e for t > to and hence [ ¢(t)dt = oo, which yields V,,(A) = oo, a
contradiction. Therefore, we can choose an increasing sequence (¢;);ey with ¢; — oo for
i — oo such that t;q(t;) — 0. From

_ _ 1
Va(Ay,) = n/ h(A,u)Sp_1(A,du) + EtiQ(ti)
and wy; T ¢ we then obtain
Vi(A) = h(A,u) Sp_1(A, du),

nQC

as stated. O



5 Mixed volumes of bounded (-coconvex sets

First we introduce, in this section, mixed volumes and their representations for bounded
coconvex sets. Let A be a bounded C-coconvex set. Then A C int H, for all sufficiently
large t. For bounded C-coconvex sets A1,..., A,_1, we define their mized area measure by

S(A1, . Apr,w) = S(AY 4 AN W)
for Borel sets w C Q¢, where ¢ is chosen sufficiently large. Here S(A7,,..., A} _;,,-) is the
usual mixed area measure of the convex bodies A7 ;,..., A}, (see [3, Sect. 5.1]). Clearly,

the definition does not depend on t. It should be noted that the mixed area measure of
bounded C-coconvex sets is only defined on 2¢, and it is finite. For bounded C-coconvex

sets A1,..., A,, we define their mized volume by
_ 1 _ _
V(AL ..., An) = / h(A1,u) S(Ag, ..., Ay, du). (11)
n Q¢
Lemma 2. The mized volume V (A1, ..., Ay) is symmetric in Aq,. .., A,.
Proof. We choose t so large that A; C H, fori=1,...,n. The mixed volume of the convex

bodies A7, ..., A}, is given by

1

V(Ao A = 3 [ BAT0) S0 AL du),

The sphere S*! is the disjoint union of the sets
Qc, S ' NbdC°, {w}, and the remaining set wp.

For u € S"~! N bdC°, we have h(A%;,u) = 0. Since for each body A?; the support set
with outer normal vector w is equal to C' N Hy, we get Sn_l(A;t, {w}) = V,,_1(C' N Hy) for
i=2,...,n and thus, by [3, (5.18)],

S(AE,I‘J cee 7A:L,t7 {w}) - Vn—l(c N Ht)
Therefore,
1

1
n/ (A3, u) S(AS,, ..., A, du) = —tV,_1(C N Hy) = Vi(Cy).
{w) n

Further, we have
S( E,ta"-aA:z,tvw()) =0, (12)

since for Az, ..., A, > 0, the convex body Ag2A3; + -+ + A, A7, has the property that any of
its points at which some u € wy is an outer normal vector, is a singular point. Equation (12)
then follows from [3, (5.21) and Thm. 2.2.5]. As a result, we obtain

[ [ ] 1 [ [ ] [ ]
V( l,tv"'vAn,t):Vn(Ct)+n/§2 h( l,tvu)s( 2,tv"-’An,tvdu)
C
1/ - _
:vn(ct)—/ F(Ay 1) S(Ag, ... Ay, du)
n Qc

= Vo(Cy) = V(AL ..., An).

Since V (A}, ..., Ay ;) is symmetric in its arguments, also V (A1, ..., A,) is symmetric in its
arguments. [



Now let Aq,..., A, with m € N, be bounded C-coconvex sets, and choose t > 0 with
A; CCyfori=1,....m. By (9), for A1,..., A\ >0,

1 _
= — / h()\lAl D---D )\mAm,u) Sn—l()\lAl D /\mAm,du).
Q¢

n

Here, for u € Q¢,

h(MAL & - B ApAm,u) = —h(MAL1 B - D A\nAp)®, u)
= —h(MAT + -+ A A7 )
= —[Mh(AL,u) + -+ A (47, u)] (13)
and, for ¢ sufficiently large and Borel sets w C Q¢,

Sn-1(MAL @+ @ A A, w)

= Sn-1(MA L + o+ A AL, w) (14)
= Z /\11"'>‘in—1s( ;,z'l""’A;,in,pw)’

= Z )\il . Ainflg(Aila Ce ,Ainfl,w),

115 in—1=1

by [3, (5.18)]. Using Lemma 2, we conclude that

Va(AMA1 @ - @ Andp) = Z Nip A V(A Ay, (15)
01,

cin=1

in analogy to [3, (5.17)].

6 Mixed volumes of general (-coconvex sets

We extend the mixed volumes to not necessarily bounded C-coconvex sets. For this, we use
approximation by mixed volumes of bounded C-coconvex sets.

Let w C Q¢ be an open subset whose closure (in S"~1) is contained in Q¢. Let A be a
C-coconvex set, so that A®* = C'\ A is closed and convex. We define

ALy =Cn[(VH (A%u), Ay :=C\AY,,

Ucw

where H~(A®,u) denotes the supporting halfspace of the closed convex set A® with outer
normal vector u. We claim that A, is bounded. For the proof, we note that the set w,
whose closure, closw, is contained in ¢, has a positive distance from the boundary of Q¢
(relative to S"~1). Therefore, there is a number ag > 0 such that

(x,uy < —ag for z € C with ||z|| =1 and u € w. (16)

10



Let 2 € A(,). Then there is some u € w with ¢ H~(A®, u), hence with (x,u) > h(A®, u).
Since (x,u) < —ap||lz|| by (16), we obtain

1
llz|| < a—()max{—h(A',u) tu € closw}.

Thus, A, is a bounded C-coconvex set.
With A and w as above, we associate another set, namely

Alw] = U (0, x),

zeT(A® w)Nint C

where (0, z) denotes the open line segment with endpoints o and x. We choose an increasing
sequence (w;)jen of open subsets of )¢ with closures in Q¢ and with UjeN w; = Q¢. Then
Alw;] TintA  as j — oo. (17)

In fact, that the set sequence is increasing, follows from the definition. Let y € int A. Then
there is a boundary point x of A® with y € (o, z). Let u be an outer unit normal vector of
A® at x. Then u € Q¢, hence u € w; for some j. For this j, we have y € Alw;].

Lemma 3. If Ay,..., A, are C-coconvex sets and A\, ..., A, > 0, then
lim Vn(AlAl(wj) DD )\nAn(wj)) = Vn(>\1A1 DD )\nAn) (18)
Jj—00

Proof. We state that
(AMA1L B - ® AMAn)[wi] S MA@ B B AApw)) S MALS - B A Ay, (19)

For the proof of the first inclusion, let y € (A1 A1 @ ---® A, Ay,)[w;]. Then there exists a point
r € T(MAT 4+ -+ MAS, wj) Nint C with y € (0,2). Let u € w; be an outer unit normal
vector of \jA} + --- + A\, A% at x. Denoting by F'(K,u) the support set of a closed convex
set K with outer normal vector u, we have (by [3, Thm. 1.7.5])

FMAT 4 -+ A u) = MF (AL u) + - + M F (A u),

hence there are points z; € F(A?,u) (i = 1,...,n) with z = Az + -+ + A\yx,. We have
x; € A;(wj), hence © € A1 Ay(y;) D -+ ® A Ap(,,). This proves the first inclusion of (19). The

second inclusion follows immediately from the definitions. From (19) and (17) we obtain
)\1A1(wj) ©---D /\nAn(wJ) T int (AIAI DD AnAn) as j — 00,

from which the assertion (18) follows. O

For the bounded C-coconvex sets A; -+ Ap(w;) we have from (15) that

(w57
Vamdi) @ @ Madnw) = D X A V(A s i)
i1,eenin=1

By Lemma 3, the left side converges, for j — oo, to V(A1 A1 & --- & A\, Ay). Since this holds
for all Aq,..., A\, >0, we can conclude that the limit

lim V(A

j—00 i1(wj)y v -

oy Azn(w])) = V(Ail, ey Azn>

11



exists and that

ilv---vinzl

We call V(Aq,...,A,) the mizved volume of the C-coconvex sets A1, ..., A,.

For this mixed volume, we shall now establish an integral representation. To that end,
we note first that the support functions of A® and A? ) satisfy

(w;
h(A® u) = h(Aij), u) for u € wj. (21)

Since w; is open, then for u € w; the support functions of A® and Azwj

neighborhood of w. By [3, Thm. 1.7.2], the support sets of A®* and Azwj) with outer normal
vector u are the same. It follows that 7(A®,w;) = T(Azwj), w;) and, therefore, that also

) coincide in a

Sn—1(4%,-) = Sn_l(Aij), ) on wj. (22)

More generally, if Ay,..., A,_1 are C-coconvex sets, we can define their mixed area mea-
sure by

S(AI,, ;_1,‘) :S(AI(UJJ)7’ :L—].(Wj)7.) on (.Uj, (23)

for j € N. Since w; 1 €¢, this yields a Borel measure on all of Q¢. It need not be finite.
Then we define

S(A1,...,Ap—1,-) = S(AY, ... AY 1, ).
By Lemma 1, (21) and (22) we have

V"(A(wj))

1 — — 1 — —
= - / h(A(wj)a u) Sn—l(A(wj)a du) + o / h(A(wj), w) Sn—l(A(wj), du)
w Qc\wj

n .
J

- 1/“) h(A,u)Snl(A,du)+1/

n . n
J

From A, ;) T A we get

lim Vi (Ag,)) = Va(A), (24)
Jj—00
and w; 1T Q¢ gives
1 — — 1 — —
lim * / F(A ) Sy (A, du) = / F(A ) S 1 (A, du) = Vi (A).
J—0o0o N wj n Qo
It follows that
lim E(A(wj), u) gn—l (A(wj)7 du) =0. (25)

Jj—00 Qc\w;
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From (11) and using (22) and (23), we get

V(Aiw;)s - Anw)))

1 [ _ _
=2 [ B0 5y A )

n .
J

1 — _
+/ h( A1) 1) S(Agw;)s - - 5 Anw;), du)
Qc\wj

n

== % / E(Al,u) g(Ag, cee ,An,du)
wj
1 — _
+n/ M A1), ) S(Az(w))s - -+ » Anwy), du) (26)
Qc\wj

Writing A := A; & --- & A,, we have the trivial estimates
E(Al(wj')au) < E(A(Wj)v U), g(142(wj)7 s 7An(on)7 ) < g’rL—l(A’él(u.;j% )

Hence, the term (26) can be estimated by

1 — _
— / h(Al(wj)v u) S(AQ(wj), . 7An(wj)7du)
Qc\wj

n

1/ _
< - h(A,.y, ) Sn_1(A.y, du),
*ngc\wj(“) ) Sn-1(A(wy), du)

and by (25) this tends to zero for j — co. We conclude that

V(A1,...,Ay) = 11@/9 (A, 1) S(As, ..., Ay, du). (27)
C

7 Proof of Theorem 2

Theorem 1 together with the polynomial expansion (20) now allows similar conclusions as in
the case of convex bodies. Let Ap, A1 be C-coconvex sets, and write Ay = (1 — A) Ay ® A\A;
for 0 < A < 1. A special case of (20) reads

Va(An) =Y (’Z) (1= NNV (Ao,..., Ag, Ar,..., Ay).
=0 .

n—i i

The function f defined by f(A) = V(A" — (1 = NV (Ag) Y™ = AV, (A7) for 0 < A < 1
is convex, as follows from Theorem 1 and a similar argument as in the case of convex bodies
(see [3, pp. 369-370]). Also as in the convex body case (see [3, p. 382]), one obtains the
counterpart to Minkowski’s first inequality, namely

V(Ag, ..., Ag, A1)™ < Vi(Ao)" 1V, (Ay), (28)

with equality if and only if Ag = Ay with some « > 0.
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_ Now we assume, as in Theorem 2, that Ag, Ay are C-coconvex sets with S, _1(4p,") =
Snfl(Al, ) By (27),

1 _ _
V(Ao,...,Ao,Al) = n/ h(Al,’LL) Snfl(Ao,du).
Q¢

Therefore, the assumption gives V (Ao, ..., Ag, A1) = Vi (A1). Similarly, V(A1,..., A1, Ag) =

Vi (Ap), hence multiplication gives V (Ao, ..., Ao, AL)V(Al, ooy A1, Ag) = Vi (Ao) Vi (Ar). On

the other hand, from (28) we get V (A, ..., Ao, A1)V (A1, ..., A1, Ag) < Vi (Ag)Vn(A1). Thus,
equality holds here, and hence in (28), which implies that Ag = aA; with a > 0. Since

Sn—1(Ao,-) = Sn-1(A1,-), we have a = 1.
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