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Introduction

Integral geometry, as it is understood here, deals with measures on sets of
geometric objects, and in particular with the determination of the total mea-
sure of various such sets having geometric significance. For example, given two
convex bodies in Euclidean space, what is the total invariant measure of the
set of all rigid motions which bring the first set into a position where it has
nonempty intersection with the second one? Or, what is the total invariant
measure of the set of all planes of a fixed dimension having nonempty intersec-
tion with a given convex body? Both questions have classical answers, known
as the kinematic formula and the Crofton formula, respectively. Results of this
type are useful in stochastic geometry. Basic random closed sets, the station-
ary and isotropic Boolean models with convex grains, are obtained by taking
union sets of certain stochastic processes of convex bodies. Simple numerical
parameters for the description of such Boolean models are functional densities
related to the specific volume, surface area, or Euler characteristic. Kinematic
formulae are indispensable tools for the investigation and estimation of such
parameters. Weakening the hypotheses on Boolean models, requiring less in-
variance properties and admitting more general set classes, necessitates the
generalization of integral geometric formulae in various directions. An intro-
duction to the needed basic formulae and a discussion of their extensions,
analogues and ramifications is the main purpose of the following. The section
headings are:

1. From Hitting Probabilities to Kinematic Formulae
2. Localizations and Extensions

3. Translative Integral Geometry

4. Measures on Spaces of Flats

A simplifying aspect of our selection from the realm of integral geometry is, on
the side of geometric operations, the restriction to intersections of fixed and
variable sets and, on the side of measures, the restriction to Haar measures on
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groups of rigid motions or translations; only on spaces of flats do we consider
non-invariant measures as well.

The following is meant as an introduction to the integral geometry that is
relevant for stochastic geometry, with a few glimpses to more recent develop-
ments of independent interest. The character of the presentation varies from
introductory to survey parts, and corresponding to this, proofs of the stated
results are sometimes given in full, occasionally sketched, and often omitted.

1 From Hitting Probabilities to Kinematic Formulae

This chapter gives an introduction to the classical kinematic and Crofton
formulae for convex bodies. We start with a deliberately vague question on
certain hitting probabilities. This leads us in a natural way to the necessity
of calculating certain kinematic measures, as well as to the embryonic idea of
a Boolean model.

1.1 A Heuristic Question on Hitting Probabilities

The following question was posed and treated in [4]. Let K and L be two given
convex bodies (nonempty compact convex sets) in Euclidean space R?. We use
K to generate a random field of congruent copies of K. That means, countably
many congruent copies of K are laid out randomly and independently in space.
The bodies may overlap. It is assumed that the random system has a well
defined number density, that is, an expected mean number of particles per
unit volume. The body L is used as a fixed test body. For a given number
J € No, we ask for the probability, p;, of the event that the test body L is hit
by (that is, has nonempty intersection with) exactly j bodies of the random
field.

So far, of course, this is only an imprecise heuristic question. It will require
several steps to make the question precise. In a first step, we choose a large
ball B,., of radius r and origin 0, that contains L, and we consider only one
randomly moving congruent copy of K, under the condition that it hits B,..
What is the probability that it hits also L7 To make this a meaningful ques-
tion, we have to specify the probability distribution of the randomly moving
body. The geometrically most natural assumption is that this distribution be
induced from the motion invariant measure p on the group G4 of (orientation
preserving) rigid motions of R?. (We take here for granted that on the locally
compact group G4 there exists a Borel measure p which is finite on compact
sets, invariant under left and right multiplications, and not identically zero; it
is unique up to a positive factor.) This means that we represent the congruent
copies of K in the form gK, where g € G4 is a rigid motion. We define a
probability distribution P on the space K of convex bodies (equipped with
the Hausdorff metric) in R? by
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P(A) = p{g € Gq:gKNB, £0, gK € A})
" u({g€Ga:gKNB, £0})

for Borel sets A C K. A random congruent copy of K hitting B, is then
defined as the random variable gK, where § is a random variable on some
probability space with values in G4 and such that §K has distribution P.

Now it makes sense to ask for the probability, p, of the event that gK
meets the body L C B,., and this probability is given by

_ WKL)
(K, B;)’

(1)
where we have put
(K, M) := u({g € Ga: gk N M # 0})

for convex bodies K and M.

How can we compute pu(K,M)? Let us first suppose that K is a ball
of radius p. Then the measure of all motions g that bring K in a hitting
position with M is (under suitable normalization) equal to the measure of all
translations which bring the centre of K into the parallel body

M+B,:={m+b:meMbe B,},

and hence to the volume of this body. By a fundamental result of convex
geometry, this volume is a polynomial of degree at most d in the parameter
p, usually written as

d

Xa(M +By) =Y p* kg iVi(M) (2)
1=0

(Aa = Lebesgue measure in R, k; = volume of the j-dimensional unit ball).
This result, known as the Steiner formula, defines important functionals,
the intrinsic volumes Vg, ..., Vy.

We see already from this special case, K = B,, that in the computation of
the measure (K, M) the intrinsic volumes must play an essential role. It is
a remarkable fact that no further functionals are needed for the general case.
The principal kinematic formula of integral geometry, in its specialization
to convex bodies, says that

d
(K, M) = ZadiVi(K)Vdfi(ML (3)
i=0

with certain explicit constants ag;. For the moment, we take this formula for
granted. A proof will be given in Subsection 1.4.

Recalling that the probability p, of the event that a randomly moving
congruent copy of K hitting B, also hits L, is given by (1), we have now
found that
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= Lo CaVilE)Vari(L) "
i 0asVi(K)Vai(By)
which depends (for fixed r) only on the intrinsic volumes of K and L.

In the second step, we consider m randomly chosen congruent copies of K,
given in the form ¢1 K, ..., g, K with random motions g1, ..., gm,. We assume
that these random copies are stochastically independent and that they all
have the same distribution, as described above. For j € {0,1,...,m}, let p;
denote the probability of the event that the test body L is hit by exactly j
of the random congruent copies of K. The assumed independence leads to a
binomial distribution, thus

pj = (?)pj(l —p)",

with p given by (4).
In the third step, we let the radius r of the ball B, and the number m of
particles tend to oo, but in such a way that

li m
11m
m-— 00 )\d (BT

r—00

with a positive constant 7. From

m )\d(BT) an im M(Ka Br)
MBI

=1
r— 00 )\d(B’I‘)

mp =

(the latter after a suitable normalization of p) we get mp — yu(K, L) =: 0
and hence ]
93
lim p; = _—e_e
r—00 j'

with
d
0 =ypu(K,L) =7 auVi(K)Va_i(L).
i=0

We have found, not surprisingly, a Poisson distribution. Its parameter, 6,
is expressed explicitly in terms of the constant ~, which can be interpreted as
the number density of our random system of convex bodies, and the intrinsic
volumes of K and L.

This is the answer given in [4]. The answer is explicit and elegant, but
still not quite satisfactory. What the authors have computed is a limit of
probabilities, and this turned out to be a Poisson distribution. However, this
Poisson distribution is not yet interpreted as the distribution of a well-defined
random variable. What we would prefer, and what is needed for applications,
is a model that allows us to consider from the beginning countably infinite
systems of randomly placed convex bodies, with suitable independence prop-
erties. This requirement leads us, inevitably and in a natural way, to the
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notion of a Poisson process of convex particles. More general versions of such
particle processes and their union sets, the Boolean models, are one of the
topics of Wolfgang Weil’s chapter in this volume. Our task is now to provide
the integral geometry that is needed for a quantitative treatment of Boolean
models. We begin with the Steiner and kinematic formulae.

1.2 Steiner Formula and Intrinsic Volumes

Our first aim is to prove the Steiner formula (2) and to use it for introducing
the intrinsic volumes, which are basic functionals of convex bodies. First we
collect some notation.

On R?, we use the standard scalar product (-,-) and the Euclidean norm
| - [|. The unit ball of R? is B := {z € R? : |lz|| < 1}, and its boundary is
the unit sphere S4!. By A, we denote the k-dimensional Lebesgue measure
in k-dimensional flats (affine subspaces) of R%. For convex bodies K we write
Ma(K) =: Vg(K). The constant rg = 7%/2/T(1 4 d/2) gives the volume of the
unit ball B%. Spherical Lebesgue measure on S* is denoted by oy.

The space K of convex bodies in R? is equipped with the Hausdorff metric.
The sum of convex bodies K, L € I is defined by

K+L:={x+y:z€K,ye L}
A special case gives the parallel body of K at distance p > 0,
K,:=K+pB®={z e R*: d(K, ) < p},

where
d(K,z) :=min{||lz —y| : y € K}

is the distance of x from K. Let K € K be a convex body. For € R?, there
is a unique point p(K,z) in K nearest to x, thus

Ip(K, ) — zf| = min{[ly —z|| : y € K} = d(K, z).

This defines a Lipschitz map p(K,-) : R? — K, which is called the nearest-
point map of K, or the metric projection onto K.

For the case of a planar convex polygon P, the reader will easily verify, after
drawing a picture of the parallel body P, and decomposing P, appropriately,
that the area of this parallel body is a quadratic polynomial in p. The simple
idea showing this extends to higher dimensions, as follows.

A polyhedral set in R? is a set which can be represented as the inter-
section of finitely many closed halfspaces. A bounded non-empty polyhedral
set is called a convex polytope or briefly a polytope. Let P be a poly-
tope. If H is a supporting hyperplane of P, then P N H is again a polytope.
The set F' := PN H is called a face of P, and an m-face if dim F' = m,
m € {0,...,d—1}. If dim P = d, we consider P as a d-face of itself. By F.,,(P)
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we denote the set of all m-faces of P, and we put F(P) := U:lnzo Fm(P). For
m € {0,...,d—1}, F € F,,,(P), and a point = € relint F' (the relative interior
of F'), let N(P, F) be the normal cone of P at F'; this is the closed convex
cone of outer normal vectors of supporting hyperplanes to P at x, together

with the zero vector. It does not depend upon the choice of z. The number

’Y(F, P) = )‘dfm(N(P, F) N Bd) _ O’dfmfl(N(P, F) ﬂSd_l) (5)

Rd—m (d - m)ﬁd—m

is called the external angle of P at its face F. We also put y(P, P) = 1 and
~v(F, P) =0 if either F = @ or F is not a face of P.

Now let a polytope P and a number p > 0 be given. For z € R?, the nearest
point p(P, x) lies in the relative interior of a unique face of P. Therefore,

P,= |J [P,np(P,-)" (relint F)] (6)
FeF(P)

is a disjoint decomposition of the parallel body P,. For m € {0,...,d — 1}
and F' € F,, it follows from the properties of the nearest point map that

P, N p(P,-)"*(relint F') = relint F & (N (P, F) N pBY), (7)

where @ denotes a direct orthogonal sum. An application of Fubini’s theorem
gives

(P, N p(P, )" (relint F)) = A\ (F)Ag—m (N (P, F) N pB?)
A (F)Y(F, P)p ™ " kg pm.

Hence, if we define

VaP)i= > An P), (8)

FeFm(P)

it follows from (6) that

d
= P b Vin (P). (9)

m=0

This can be extended to general convex bodies:

Theorem 1.1 (Steiner formula). There are functionals Vp, : K — R, m =
., d, such that, for K € IC and p > 0,

d
Zpd " K Vi (). (10)

m=0
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For the proof, we use (9) for p = 1,...,d + 1 and solve a system of linear
equations with a Vandermonde determinant, to obtain expressions

d+1
Vm(P):Zavad(Pv)7 771:0,...7d7
v=1

with coefficients a,,, independent of the polytope P. With these coefficients,

we define
d+1

Vm(K) = Z amVVd(Kz/)
v=1

for arbitrary convex bodies K € K. Since, for each fixed p > 0, the mapping
K + Vy4(K + pB%) is continuous with respect to the Hausdorff metric, the
functional V,,, is continuous. Using this and approximating K by a sequence
of polytopes, we obtain the asserted result from (9). a

The polynomial expansion (10) is known as the Steiner formula. The
functionals Vj, ..., Vy, uniquely determined by (10), are called the intrin-
sic volumes (also, with different normalizations, the quermassintegrals or
Minkowski functionals). About their geometric meaning, the following can
be said. For polytopes, there are the explicit representations (8). They are
particularly simple in the cases m = d,d — 1,0, and the results carry over
to general convex bodies: Vj is the volume, 2V;;_; is the surface area (the
(d — 1)-dimensional Hausdorff measure of the boundary, for bodies of dimen-
sion d), and Vj is the constant 1. The functional V5, although trivial on convex
bodies, has its own name and symbol: the Euler characteristic y; the reason
will become clear when we consider an extension of Vj to more general sets.
Also the other intrinsic volumes have simple interpretations, either differen-
tial geometric, under smoothness assumptions (see Subsection 2.1), or integral
geometric (see Subsection 1.4, formula (16)).

It is easily seen from the Steiner formula that the map V,, : K — R,
m € {0,...,d}, has the following properties:

e V,, is invariant under rigid motions and reflections,
e V,, is continuous with respect to the Hausdorff metric,
e V,, is homogeneous of degree m,

that is, it satisfies
Vin(aK) = o™V, (K) for o > 0.

Using (8) (and approximation), one shows without difficulty that
e V,, does not depend on the dimension of the surrounding space,

that is, if K lies in a Euclidean subspace of R?, then computation of V;, (K)
in that subspace leads to the same result as computation of V,,(K) in R
From the integral geometric representation (16) to be proved later it is seen
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that
e 1, is increasing under set inclusion,

which means that K C L for convex bodies K, L implies V,,(K) < V,,(L). A
very important property is the additivity. A functional ¢ : K — A with values
in an abelian group is called additive or a valuation if

P(KUL)+@(KNL)=¢p(K)+o(L)

whenever K, L are convex bodies such that K'UL is convex (which implies that
K N L is not empty). If ¢ is an additive functional, one extends its definition
by putting (@) := 0. As announced, we have:

e V,, is additive.
For a proof, one shows that, for fixed p > 0, the function 1, defined by
lifx e K,
1,(K,z):=
0ifz e R\ K,

for K € K and x € R? satisfies
1,(KULz)+1,(KNL,z)=1,(K,z)+1,(L,x).
Integration over x with respect to the Lebesgue measure yields
Va((KU L))+ Va((KNL)p) = Va(K,) + Va(Ly)

for p > 0. Now an application of the Steiner formula and comparison of the
coefficients shows that each V,,, is additive.

Hints to the literature. For the fundamental facts about convex bodies,
we refer to [39], where details of the foregoing can be found.

1.3 Hadwiger’s Characterization Theorem for Intrinsic Volumes

Of the properties established above for the intrinsic volumes, already a suitable
selection is sufficient for an axiomatic characterization. This is the content of
Hadwiger’s celebrated characterization theorem:

Theorem 1.2 (Hadwiger’s characterization theorem). Suppose that ¢ :
K — R is an additive, continuous, motion invariant function. Then there are
constants cg, ..., cq So that

forall K € K.
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This result not only throws light on the importance of the intrinsic volumes,
showing that they are essentially the only functionals on convex bodies sharing
some very natural geometric properties with the volume, it is also useful.
Following Hadwiger, we employ it to prove some integral geometric formulae
in an elegant way. Whereas Hadwiger’s original proof of his characterization
theorem was quite long, a shorter proof was published in 1995 by Daniel Klain.
It will be presented here, except that a certain extension theorem for additive
functionals is postponed to Subsection 2.2, and a certain analytical result will
be taken for granted.

The crucial step for a proof of Hadwiger’s characterization theorem is the
following result.

Proposition 1.1. Suppose that ¢ : K — R is an additive, continuous, motion
invariant function satisfying ¥ (K) = 0 whenever either dim K < d or K is a
unit cube. Then ¥ = 0.

Proof. The proof proceeds by induction with respect to the dimension. For
d = 0, there is nothing to prove. If d = 1, ¢ vanishes on (closed) segments
of unit length, hence on segments of length 1/k for k € N and therefore on
segments of rational length. By continuity, ¢ vanishes on all segments and
thus on K.

Now let d > 1 and suppose that the assertion has been proved in dimen-
sions less than d. Let H C R? be a hyperplane and I a closed line segment of
length 1, orthogonal to H. For convex bodies K C H define p(K) := ¢p(K+1).
Clearly ¢ has, relative to H, the properties of ¢ in the assertion, hence the in-
duction hypothesis yields ¢ = 0. For fixed K C H, we thus have (K +1) =0,
and a similar argument as used above for n = 1 shows that (K +.5) = 0
for any closed segment S orthogonal to H. Thus v vanishes on right convex
cylinders.

Let K C H be a convex body again, and let S = conv {0, s} be a segment
not parallel to H. If m € N is sufficiently large, the cylinder Z = K +
mS can be cut by a hyperplane H’ orthogonal to S so that the two closed
halfspaces H~, H' bounded by H' satisfy K ¢ H~ and K + ms C HT.
Then Z := [(ZNH~)+ms]U(ZNH') is a right cylinder, and we deduce
that mu(K + S) = u(Z) = u(Z) = 0. Thus ¢ vanishes on arbitrary convex
cylinders.

It can be shown that the continuous additive function ¢ on /K satisfies the
more general additivity property

k k
0 (U m—) =Y W(K;)
i=1 i=1

whenever K7, ..., K} are convex bodies such that dim (K; N K;) < d for i # j
and that Ule K; is convex. This follows from Theorem 2.2 and (35) below
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and the fact that ¢ has been assumed to vanish on convex bodies of dimension
less than d.
Let P be a polytope and S a segment. The sum P+ .5 has a decomposition

k
P+s=[Jp,

i=1

where P; = P, the polytope P; is a convex cylinder for ¢ > 1, and dim (P; N
P;) < d for i # j. It follows that ¥(P + S) = ¥ (P). By induction, we
obtain (P + Z) = (P) if Z is a finite sum of segments. Such a body Z
is called a zonotope, and a convex body which can be approximated by
zonotopes is called a zonoid. Since the function 9 is continuous, it follows
that (K + Z) = ¢(K) for arbitrary convex bodies K and zonoids Z.

We have to use an analytic result for which we do not give a proof. Let
K be a centrally symmetric convex body which is sufficiently smooth (say,
its support function is of class C°°). Then there exist zonoids Z;, Z5 so that
K + Z, = Z5 (this can be seen from Section 3.5 in [39], especially Theorem
3.5.3). We conclude that ¢(K) = (K + Z1) = ¢¥(Z2) = 0. Since every
centrally symmetric convex body K can be approximated by bodies which are
centrally symmetric and sufficiently smooth, it follows from the continuity of
¥ that ¥ (K) = 0 for all centrally symmetric convex bodies.

Now let A be a simplex, say A = conv {0, v1,...,v4}, without loss of
generality. Let v :=v; +--- + vg and A" := conv {v,v — vy,...,v — v4}, then
A’ = —A +v. The vectors vy, ...,vq span a parallelotope P. It is the union
of A, A’ and the part of P, denoted by @, that lies between the hyperplanes
spanned by vy, ...,vg and v —wq, ..., v — vy, respectively. Now @ is a centrally
symmetric polytope, and ANQ, A'NQ are of dimension d— 1. We deduce that
0 =9(P) = ¢(A) + (Q) + ¢ (4"), thus (—A) = —p(A). If the dimension
d is even, then —A is obtained from A by a proper rigid motion, and the
motion invariance of ¢ yields ¢¥/(A) = 0. If the dimension d > 1 is odd, we
decompose A as follows. Let z be the centre of the inscribed ball of A, and
let p; be the point where this ball touches the facet F; of A (i =1,...,d+1).
For i # j, let Q;; be the convex hull of the face F; N F; and the points 2, p;, p;.
The polytope Q;; is invariant under reflection in the hyperplane spanned by
F;NFj and 2. If Q1,...,Qn are the polytopes Q;; for 1 <i < j<d+1in
any order, then A =J", @, and dim (Q, N Q) < d for r # s. Since —Q, is
the image of @, under a proper rigid motion, we have (—A) = > Y (—Q,) =
> (Qr) = 9(A). Thus (A) = 0 for every simplex A.

Decomposing a polytope P into simplices, we obtain 1(P) = 0. The con-
tinuity of ¢ now implies ¥(K) = 0 for all convex bodies K. This finishes the
induction and hence the proof of the proposition. a

Proof of Theorem 1.2. We use induction on the dimension. For d = 0, the
assertion is trivial. Suppose that d > 0 and the assertion has been proved in
dimensions less than d. Let H C R¢ be a hyperplane. The restriction of 1)
to the convex bodies lying in H is additive, continuous and invariant under
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motions of H into itself. By the induction hypothesis, there are constants
Coy---5Cq—1 so that Y(K) = Zj:_ol ¢;V;(K) holds for convex bodies K C H
(here we use the fact that the intrinsic volumes do not depend on the dimen-
sion of the surrounding space). By the motion invariance of ¥ and V;, this
holds for all K € K of dimension less than d. It follows that the function v’
defined by

d
W (K) = p(K) =Y e;Vi(K)
=0

for K € K, where ¢4 is chosen so that 1)’ vanishes at a fixed unit cube, satisfies
the assumptions of Proposition 1.2. Hence v’ = 0, which completes the proof
of Theorem 1.2. O

Hints to the literature. Hadwiger’s characterization theorem was first
proved for dimension three in [13] and for general dimensions in [14]; the
proof is reproduced in [16]. The simpler proof as presented here appears in
[24]; see also [25].

1.4 Integral Geometric Formulae

We use Hadwiger’s characterization theorem to prove some basic integral geo-
metric results for convex bodies. They involve invariant measures on groups
of motions or on spaces of flats, where these groups and homogeneous spaces
are equipped with their usual topologies. In the following, a measure on a
topological space X is always defined on B(X), its o-algebra of Borel sets. Let
SOy be the group of proper (i.e., orientation preserving) rotations of RY. It is
a compact group and carries a unique rotation invariant probability measure,
which we denote by v. As before, G4 denotes the group of rigid motions of
R<. Let p be its invariant (or Haar) measure, normalized so that u({g € Gq :
gr € B}) = kg for x € R%. More explicitly, the mapping 7 : R x SO4 — G4
defined by ~(x,9)y := Yy + = for y € R? is a homeomorphism, and  is the
image measure of the product measure Ay ® v under ~.

By LZ we denote the Grassmannian of ¢-dimensional linear subspaces of
R4 for ¢ € {0,...,d}, and by v, its rotation invariant probability measure.
Similarly, Eg is the space of ¢-flats in R?, and g is its motion invariant
measure, normalized so that u,({E € 5g : EN B? # 0}) = ka_q. This, too,
we make more explicit. We choose a fixed subspace L € CZ and denote by
L+ its orthogonal complement. The mappings Bq : SOq — Eg, ¥ — 9L, and
Vg i Lt x 504 — &L, (x,9) — J(L + x), are continuous and surjective. Now
v, is the image measure of the invariant measure v under 3, and pg4 is the
. i 1
image measure of the product measure /\57 OV under -4, where )\de q denotes
Lebesgue measure on L.

Once the invariant measures p and py are available, it is of interest to
determine, for convex bodies K, M € K, the total measures u({g € Ggq :
KnNgM # 0}) and p,({E € EL: KNE # 0}). We write these as the integrals
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| xEngnuag  ana [ E0E) D).
d k

recalling that x(K) =1 for a convex body K and x(f) = 0. Since x = Vj, a
more general task is to determine the integrals

/ Vi(KNngM) u(dg) and / Vi(KNE)ug(dE),

Ga e

for j = 0,...,d (recall that V;(#) = 0, by convention). For that, we use
Hadwiger’s characterization theorem. We begin with the latter integral. By

P(K) = /gd Vi(KNE)uy(dE)  for K€K

we define a functional ¢ : I — R. It is not difficult to show that this functional
is additive, motion invariant and continuous (for the continuity, compare the
argument used in the proof of Theorem 1.4). Hadwiger’s characterization the-
orem Yyields a representation

Here only one coefficient is different from zero. In fact, from
wi) = [ [ Vi) daald) nar)
4a.Jr

one sees that ¢ has the homogeneity property
Y(aK) = o FHyp(K)

for a > 0. Since Vj is homogeneous of degree k, we deduce that ¢, = 0 for
r # d — k + j. Thus, we have obtained

L,V 0 E) (4B) = Vs (K)

k

with some constant c. In order to determine this constant, we choose for K
the unit ball B%. For ¢ > 0, the Steiner formula gives

J d
_ (d
S el g Vy(BY) = Va(BY 4 eBY) = (1 + )l = 3 e ( ) e
§=0 3=0 g
hence
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Choosing L € L, we obtain

Va_r+j(BY) = | V;(B*NE) ui(dE)
&

:/ / V; (BN (L + o)) A (dz) v(dv)
SO4 J L+

= [ el B 0 L) Aaslae)
in

k
)Rk .
= (j)/ (1= [l*)/% Xa-x(da).
Kk—j JLinBd
Introducing polar coordinates, we transform the latter integral into a Beta
integral and finally obtain

(’;)"Ek”d—kﬂ' _ kyd—k+j
 Vaokrj (B kg—jry P
where we denote by -
- o

a frequently occurring constant. By using the identity

MKy, = oM (m;—l) ,

this can also be put in the form

L T(EL(IRL
1 = (k?&-l) (l-zu) (13)
F(E5)r(5)
More generally, we define
b ik
71,03 Tk = 1Ty . 14
Csl’.,‘,sk 41 Si!l‘isi ( )

This notation is only defined with the same number of upper and lower indices;
hence, when c';"""i appears, it is clear that the index d is repeated k — 1
times.

We have obtained the following result.

Theorem 1.3. Let K € K be a convex body. Fork € {1,...,d—1} andj <k
the Crofton formula

75

[V N E) i E) = Vs () (15)
gk

holds.
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The special case j = 0 of (15) gives

Vi) =iy [ XK OB @) (16)

d—m

and thus provides an integral geometric interpretation of the intrinsic volumes:
Vin(K) is, up to a normalizing factor, the invariant measure of the set of
(d — m)-flats intersecting K.

Using the explicit representation of the measure p4_,, and the fact that
the map L — LT transforms v4_,, into v4, we can rewrite the representation
(16) as

0,d
Vin(K) = Cond—m /m Am (K |L) vy, (dL), (17)
where K|L denotes the image of K under orthogonal projection to the sub-
space L. The special case m = 1 shows that V7, up to a factor, is the mean
width.

From Hadwiger’s characterization theorem, we now deduce a general kine-
matic formula, involving a functional on convex bodies that need not have
any invariance property.

Theorem 1.4 (Hadwiger’s general integral geometric theorem).
If ¢ : K — R is an additive continuous function, then

d
/G (K 1 gM) u(dg) = 3 par (K V(M) (18)
d k=0

for K, M € K, where the coefficients pq—r(K) are given by

pai(K) = /E (K 1 ) pu(dB). (19)

k

Proof. The p-integrability of the integrand in (18) is seen as follows. For
K,M € K, let G4(K, M) be the set of all motions g € G4 for which K and
gM touch, that is, K NgM # () and K and gM can be separated weakly by
a hyperplane. It is not difficult to check that v(x,9) € G4(K, M) if and only
if x € (K —9M) and, hence, that u(Gq(K, M)) = 0.

Let g € G4\ Ga(K, M), and let (M;);en be a sequence in K converging
to M. Then gM; — gM and hence K NgM; — K N gM (see [51, Hilfssatz
2.1.3]), thus (K NgM;) — o(K NgM) for j — oo. It follows that the map
g — (K N gM) is continuous outside a (closed) p-null set. Moreover, the
continuous function ¢ is bounded on the compact set {K’' € K : K’ C K},
and pu({g € Gq: o(KNgM) #£0}) < u({g € Gqg: KNgM # 0}) < co. This
shows the p-integrability of the function g — (K N gM).
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Now we fix a convex body K € K and define
(M) ::/ o(KNgM)pu(dg) for M € K.
Ga

Then 9 : K — R is obviously additive and motion invariant. The foregoing
consideration together with the bounded convergence theorem shows that 1) is

continuous. Theorem 1.2 yields the existence of constants ¢q(K), ..., q(K)
so that
d
V(M) =) pai(K)Vi(M)
=0

for all M € K. The constants depend, of course, on the given body K, and
we now have to determine them.

Let k € {0,...,d}, and choose L € L. Let C C Ly, be a k-dimensional
unit cube with centre 0, and let » > 0. Then

d k
(rC) = 0a—i(K)Vi(rC) =Y a_i(K)r'V;(C).
i=0 i=0
On the other hand, using the rotation invariance of \g,
Y(rC)

:/G ¢(K N grC) u(dg)
- / / P(K N (0rC + 2)) Aa(dz) v(dd)
SO4 JRA
- /SO /LL /L P(E N (OrC + Jzy + Ja2)) A(da1) Aa—r(dwz) v(dD)

:/ / / O(K N [9r(C 4 x1) 4 929))rF A (day) Ag_ i (dag) v(dD).
S04 JLi- J Ly

Comparison gives
pa—k(K)

- lim/ / / G(K N [0r(C + 1) + Da]) M (dary) Aai (das) ().
504 /Lt JL,

T—00
For r — o0, we have

(K NY(Lg + x2)) if 0 € relint (C + 1),
O(K N [9r(C + 1) + Vs]) — !
0 if0¢C+ap.

Hence, the bounded convergence theorem gives
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pai(K) = /S ) / (K N 0(L A+ 22) Ak(O) A () (D)

= [ #l& N B)mam),

as asserted. O

In Theorem 1.4 we can choose for ¢, in particular, the intrinsic volume Vj. In
this case, the Crofton formula (15) tells us that

(Vi)a_ir(K) = . V;(K N E) u(dE) = c’”l MV ke (K).

Hence, we obtain the following result.

Theorem 1.5. Let K, M € K be convez bodies, and let j € {0,...,d}. Then
the principal kinematic formula

/G Vi(K N gM) u(dg) = 3 V(W (M)| (20)

holds.

We note that the special case j = 0, or

gives the formula (3) stated in the introduction.

Hadwiger’s general formula can be iterated, that is, extended to a finite num-
ber of moving convex bodies.

Theorem 1.6. Let ¢ : K — R be an additive continuous function, and let
Ki,....,K € K, k> 2, be conver bodies. Then

/ / oK1 N g2 Ko N+ 1 g K) u(dge) - (i)
Gqg Gy

d
= Z CSZ’H:TIj d@h (Kl)VW(K?)‘/Tk(Kk)a

1., =0
ritodrp=(k—1)d

where the coefficients are given by (14).
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As before, the specialization ¢ = V} yields a corollary:

Theorem 1.7 (Iterated kinematic formula). Let K;,..., K, € K, k > 2,
be convex bodies, and let j € {0,...,d}. Then

[ [ vt n a0 0 g wtdga) (g
Ga Ggq

d
= Z 6?5,7......,$k Viny (K1) -+ - Vi, (K1).

my,..., my=j

mi4tmpy=(k—1)d+j

Proof of Theorem 1.7. The proof proceeds by induction with respect to k.
Theorem 1.4 is the case k = 2. Suppose that k > 2 and that the assertion of
Theorem 1.6, and hence that of Theorem 1.7, has been proved for k£ convex
bodies. Let Ky,...,Kk+1 € K. Using Fubini’s theorem twice, the invariance
of the measure p, then Theorem 1.4 followed by Theorem 1.7 for k convex
bodies, we obtain

// W(K1NgaKoN - N g1 Kpg1) p(dg2) - - - p(dgr1)
G Ga

/ / S@(Kl ﬂgQ(KQ ﬂggKgm"'ﬂgk+1Kk+1)):u’(d92)
Gd Gd

x pi(dgs) -+ pe(dgr1)

d
=/ / Z‘Pdfj(Kl)Vj(KQ093K3ﬂ"'mgk+1Kk+1)
Ga e

d j=0

x pu(dgs) - p(dgr1)

.....

d
Z‘Pdﬂ‘(Kl) Z Gy Viny (K2) ++ Vi (K1)
j=0

LS N my=j
m+tmp=(k—1)d+j

d
= Z Cgir;:l,tJrl,d Pry (Kl)v;“z (KQ) e V’f‘k+1 (Kk?+1)'

Tyt trg g =kd

This completes the proof. a

Hints to the literature. The idea of deducing integral geometric formulae
for convex bodies from a characterization of the intrinsic volumes essentially
goes back to W. Blaschke. It was put on a solid basis by Hadwiger [12].
Hadwiger’s general integral geometric theorem and its deduction from the
characterization theorem appear in [15] and [16]. The iteration of Theorem
1.6 (for general ¢) is formulated here for the first time.
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The standard source for integral geometry is [37]. An introduction to inte-
gral geometry in the spirit of these lectures, with a special view to applications
in stochastic geometry, is given in [51].

2 Localizations and Extensions

The envisaged applications of the kinematic formula (20) to stochastic geom-
etry require its extension in several directions. In this section, we first treat
a local version. It involves local versions of the intrinsic volumes, in the form
of curvature measures and their generalizations. The rest of the section deals
with extensions to non-convex sets.

2.1 The Kinematic Formula for Curvature Measures

The notion of the parallel body of a convex body K can be generalized, by
taking only those points = into account for which the nearest point p(K,x)
in K belongs to some specified set of points, and/or the normalized vector
from p(K,x) to x belongs to some specified set of directions. Again there is
a Steiner formula, and the coefficients define the curvature measures. In this
section we show how the kinematic and Crofton formulae can be extended to
these curvature measures. First we introduce a general version of curvature
measures.

By a support element of the convex body K € K we understand a pair
(x,u) where z is a boundary point of K and u is an outer unit normal vector
of K at x. The set of all support elements of K is called the generalized
normal bundle of K and is denoted by Nor K. It is a subset of the product
space X :=R? x §9-1,

Recall that p(K,z) is the point in the convex body K nearest to z € R?
and that d(K,z) := |Jx — p(K, )| is the distance of z from K. For © ¢ K
we have d(K,z) > 0, and we put u(K,z) = (r — p(K,x))/d(K,x); then
(p(K,z),u(K,x)) € Nor K. For p > 0 and each Borel set S C X, a local
parallel set is now defined by

M,(K,S) ={ze K,\ K : (p(K,z),u(K,z)) € S}.

The Steiner formula extends as follows:

Theorem 2.1 (Local Steiner formula). For K € K, there are finite mea-
sures Zo(K,-),...,Zq-1(K,-) on X such that, for p > 0 and every S € B(X),

d—1
Ma(My(K,9) =Y p" " haemZm (K, S). (22)

m=0
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The measures Zo(K,),...,=Z4-1(K,-) are called the support measures or
generalized curvature measures of K.

The principle of the proof is clear from the proof of Theorem 1.1, the
Steiner formula; only the details are slightly more technical. We sketch here
the main ideas. We write u,(K,S) := X\g(M,(K, S)) for S € B(X). First, for
a polytope P one obtains

1

NP(Kv S) = Z pdim’id—mEm(Pa S)

d—
m=0

if one puts

Em(P7 S) = Z /F O-d_l_m(N(P7 F) N {U < Sd_l : (yau) € S})

(d—m)kg—m

A (dy)-
FeF,,(P)

Next, one shows that p,(K,-) is a measure on X' and that lim; ., K; = K
for convex bodies K, K implies that the sequence (u,(Kj,-))jen converges
weakly to , (K, -). Thus, the map K — p,(K,-) is weakly continuous. More-
over, this map is additive. For each fixed S € B(X), the function p,(-,S) is
measurable. One can now follow the arguments of Section 1.2 and establish the
existence of the measures Z(K,-),...,Z4_1(K,-) for general K € K so that
(22) holds. Proceeding essentially as for the intrinsic volumes (which corre-
spond to the case S = X)), one then shows that the maps =, : K x B(X) — R
have the following properties:

e Motion covariance: =,,(¢K, g.5) = =Z,,(K, S) for g € G4, where g.5 :=
{(9z, gou) : (z,u) € S}, go denoting the rotation part of g,

e Homogeneity: =, (aK,a-S) = Z,(K,S) for « > 0, where o - S :=
{(az,u) : (z,u) € S},
Weak continuity: K; — K implies =,,(K;, ) — 5, (K, -) weakly,
Zn(-,9) is additive, for each fixed S € B(X),
Zm (-, 9) is measurable, for each fixed S € B(X).

In the following, we will mainly use the first of two natural specializations of
the support measures, which are defined by

D, (K, A) := (K, Ax S for A€ BR?),
@, (K,B) == 5,,(K,R*x B)  for B € B(S?™).

Thus, &,,(K,-) is the image measure of =,,(K,-) under the projection
(z,u) — z, and ¥, (K,-) is the image measure of =,,(K,-) under the pro-
jection (z,u) — u. The measure @,, (K, ) is called the mth curvature mea-
sure of K, and ¥,,(K, ) is called the mth area measure of K, but the
reader should be warned that often the same terminology is used for differ-
ently normalized measures. In particular, the measure S;_1(K,-) = 2¥0(K,-)
is commonly known as the area measure of K.
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The defining Steiner formula for the curvature measures can be written in
the form

d
M({z € K, p(K,2) € A}) = > p" kg @ (K, A) (23)

m=0

for A € B(R?). Here we have admitted all z € K, with p(K,z) € A on the
left side; therefore, the right side contains the term

de(K, A) = )\d(KﬁA)

The reason for the name ‘curvature measure’ becomes clear if one consid-
ers a convex body K whose boundary 0K is a regular hypersurface of class
C? with positive positive Gauss-Kronecker curvature. In that case, the local
parallel volume can be computed by differential-geometric means, and one

obtains for m = 0,...,d — 1 the representation
()
b, (K, A) = L/ Hy 1., dS. (24)
dkd—m Janox

Here, Hj denotes the kth normalized elementary symmetric function of the
principal curvatures of 0K, and dS is the volume form on OK. Thus the
curvature measures are (up to normalizing factors) indefinite integrals of cur-
vature functions, and they replace the latter in the non-smooth case. The
corresponding representation for the area measures is

()

d/idfm

0, (K, B) = /B s doa (25)

for B € B(S%"1). Here, s,, is the mth normalized elementary symmetric
function of the principal radii of curvature of 0K, as a function of the outer
unit normal vector.

For a polytope P, the explicit representation given above for the support
measure =, (P, -) specializes to

Gp(PA)= > y(F,P)An(F N A) (26)
FeFn,(P)

for A € B(R?) and

> Ga1-m(N(P,F) N B)Am(F)

(P, B) = (d—m)kg—m

(27)
FEF,.(P)

for B € B(S91).
For arbitrary K € K, it is clear from (23) that the curvature measures
Do(K,-),...,Pq_1(K, ") are concentrated on the boundary of K. We mention
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without proof that the measures @o(K, ) and &4_1 (K, -) have simple intuitive
interpretations. Let H¢~! denote (d — 1)-dimensional Hausdorff measure. If
dim K # d — 1, then

1
By 1(K,A) = 5Hd—l(A NOK).

For dim K = d—1, one trivially has &, (K, A) = HY'(ANJK). The measure
@y is the normalized area of the spherical image. Let o(K, A) C S%~1 denote
the set of all outer unit normal vectors of K at points of AN OK, then

Bo(K, A) = d—;Hd*(o(K, A)).

Now we state the local versions of Theorems 1.6 and 1.3.

Theorem 2.2. Let K, M € K be convex bodies, let j € {0,...,d}, and let
A, B € B(R?) be Borel sets. Then the local principal kinematic formula

d
[ B 0940 9B) ndg) = 37 i B Ay (M. B)
Ga et
(28)
holds. For k € {1,...,d — 1} and j < k the local Crofton formula
/ G;(KNE,ANE) up(dE) = &7 44 (K, A) (29)
&g '

holds. The coefficients cj’g_kﬂ are those given by (12).

We will describe the main ideas of a proof for the case of polytopes. The
result for general convex bodies is then obtained by approximation, using
the weak continuity of the curvature measures. We omit the details of this
approximation, as well as all arguments concerning measurability, null sets,
and integration techniques. Due to the explicit representation of the Haar
measure p, the integral over G4 in (28) can be split in the form

| @i naM. A0 gB) o)

:/ /dij(Kﬁ(ﬁM—i—x),Aﬂ(193+:v))>\d(dx)u(d19).
SO4 JRE

First we treat only the inner integral (without loss of generality, for ¢ =
identity). This gives us the opportunity to introduce some notions and results
of translative integral geometry, which will be elaborated upon in Section 3.
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Let K, M € K be d-dimensional polytopes, and let A, B € B(RY) be Borel
sets. We have to investigate the integral

= / B, (K N (M + ), AN (B + 1)) Aa(da).
Rd

By (26), the jth curvature measure of a polytope P is given by

¢j(P7'): Z V(F, P)Ap,

FeF;(P)
where we have introduced the abbreviation
/\F() = )\dimF(F N ) (30)

It follows that

1:/ S A(FLK (M +2)Ap (AN (B +2)) Aa(de). (31)
RY pre Fi(KN(M+x))

The faces F' € F;(K N (M + z)) are precisely the j-dimensional sets of the
form F' = F N (G + x) with a face F' € Fi(K) and a face G € F;(M), where
k,i € {j,...,d}. We may assume that k+¢ = d+ j, since only such pairs F, G
contribute to the integral. Therefore, we obtain

I—Z > 2

k=j FEFL(K) GEFa_ki; (M)

/Rd A(F A (G +2), K0 (M + 2)Aprce) (AN (B + ) Aa(de).

In the integrand, we may assume that relint F' Nrelint (G +x) # 0, since other
vectors x do not contribute to the integral, and in this case the common
exterior angle

YyF,GK,M):=vFnN(G+zx), KN(M+=x)) (32)
does not depend on z. Putting

HPG) = [ Ao (AN (B+2) Aalda).

we thus have

I= Z > > AF.GK M)J(F,G).

k=j FE]:k(K) GeFq— )H,](M)
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To compute the integral J(F,G) for given faces F € Fip(K) and G €
Fa—k+j(M), we decompose the space R? in a way adapted to these faces
and apply Fubini’s theorem. The result is

J(F7 G) = [F7 G])‘F(A))‘G(B)a

where the ‘generalized sine function’ [F, G] is defined as follows.

Let L, L’ ¢ R? be two linear subspaces. We choose an orthonormal basis of
LN L and extend it to an orthonormal basis of L and also to an orthonormal
basis of L’. Let P denote the parallelepiped that is spanned by the vectors
obtained in this way. We define [L, L'] := A\g(P). Then [L, L'] depends only
on the subspaces L and L'. If L + L' # R%, then [L, L'] = 0. We extend this
definition to faces F, G of polytopes by putting [F, G| := [L, L’], where L and
L' are the linear subspaces which are translates of the affine hulls of F and
G, respectively.

Inserting the expression for J(F,G) in the integral I, we end up with the
following principal translative formula for polytopes.

Theorem 2.3. If K, M € K are polytopes and A, B € B(RY), then for j €
{0,...,d},

/ ®,(K O (M +2), A0 (B + 2)) Aa(dz)
Rd
d
=> > AF.G K M)[F,GAr(A)Xa(B).
k=j FEF(K) GEFq_11;(M)

The kinematic formula at which we are aiming requires, for polytopes, the
computation of

/G D;(KNgM,ANgB) pu(dg)
d

:/ /@j(Kﬂ(19M+x),Aﬂ(19B+:z:)))\d(dx)u(d79)
SO4 JR4

d
> > Y. Ar(A)a(B)

k=j FEF(K) GEFq—k+;(M)

x / ~(F,9G; K,9M)[F, 9G] v(dv).
SOq4

Here we have used the fact that Ayg(9B) = Ag(B). The summands with
k = j or k = d are easily determined; we get ¢,(K, A)®4(M, B) for k = j and
Dq(K,A)P;(M, B) for k = d. The remaining integrals over the rotation group
are determined in the following theorem.
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Theorem 2.4. Let K, M € K be polytopes, let j € {0,...,d —2}, k € {j +
1,...,d—1}, F € Fi(K) and G € Fy_y+;(M). Then

/ V(F,0G; K, 9M)[F, 9G] v(d9) = 4=+ (F, K)n(G, M),
SOq4

M s as in (12).

where c d
For this formula, a proof can be given which uses the fact that the spherical
Lebesgue measure is, up to a constant factor, the only rotation invariant finite
Borel measure on the sphere. In this way, one obtains (28), but with unknown
coefficients instead of ck d=k*+J The values of these coefficients then follow
from the fact that in the case A = B = R? the result must coincide with (20).
Thus (28) is obtained. The local Crofton formula (29) can be deduced from
(28) by an argument similar to that used in the proof of Theorem 1.4. a

There is also a version of the local kinematic and Crofton formulae for support
measures. Such a variant, which we mention only briefly, is possible if the
intersection of Borel sets in R? is replaced by a suitable law of composition for
subsets of X, which is adapted to intersections of convex bodies. For S, 5" C X,
let

SAS" = {(x,u) € ¥ : there are uj,us € S with
(xvul) € S? (m7u2) € S/7U € pos {u17u2}}7

where pos {uy, us} := {Aus+Aaus : Ay, A2 > 0} is the positive hull of {u;, us}.
For a ¢-flat F € Eg, g€ {l,...,d—1}, one defines

SAE:={(r,u) € X : there are uj,us € S9! with
(Z,Ul) € S,:L’ € Eau2 € Elau € pOS{ubUQ}}v

where E= is the linear subspace totally orthogonal to E. Now for given convex
bodies K, K’ € K, Borel sets S € Nor K and S’ C Nor K’, and for j €
{0,...,d — 2}, the formula

/ =.(K N gK',S A gS') Z K 2 (K, 8) By (K, )
Ga k=j+1

(33)
holds (for j = d — 1, both sides would give 0). The local Crofton formula has
the following extension. Let K € K be a convex body, k € {1,...,d — 1},
j€{0,...,k—1}, and let S C Nor K be a Borel set. Then

/SdE'(KﬂE S AE) m(dE) = E4 5, 5 (K,8). | (34
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Hints to the literature. For a more thorough introduction to support and
curvature measures we refer to [39]. Detailed proofs of the kinematic and
Crofton formulae for curvature measures of convex bodies are found in [39]
and [51]. Formulae (33) and (34) are due to Glasauer [6], under an additional
assumption. This assumption was removed by Schneider [42]. An analogue of
Hadwiger’s general integral geometric theorem for measure valued valuations
on convex bodies was proved in [40]. A simpler proof was given in [5], and a
generalization in [7].

2.2 Additive Extension to Polyconvex Sets

So far, our integral geometric investigations were confined to convex bodies.
In view of applications, this is a too narrow class of sets. The additivity of the
intrinsic volumes and curvature measures permits us to extend these and the
pertinent integral geometric intersection formulae to finite unions of convex
bodies. This additive extension will be achieved in the present section.

By R we denote the system of all finite unions of convex bodies in R?
(including the empty set). The system R, which is closed under finite unions
and intersections, is called the convex ring (a questionable translation of the
German ‘Konvexring’). The elements of R will be called polyconvex sets.

Let ¢ be a function on R with values in some abelian group. The function
@ is called additive or a valuation if

P(KUL)+p(KNL)=p(K)+¢L)

for K,L € R and () = 0. Every such valuation satisfies the inclusion-
exclusion principle

m

O(KiU---UKp) = z:(—l)“1 Z (K, Nn--NK;) (35)

r=1 1 <<

for Ky,...,K,, € R, as follows by induction.

If ¢ is a valuation on K, one may ask whether it has an extension to a
valuation on R. If such an extension exists and is also denoted by ¢, then
its values on R are given by (35), thus the extension is unique. Conversely,
however, one cannot just employ (35) for the definition of such an extension,
since the representation of an element of R in the form K; U ---U K, with
K; € K is in general not unique. Hence, the existence of an additive extension,
if there is one, must be proved in a different way.

A simple example of a valuation on R is given by the indicator function.

For K € R, let
(@) 1 forx € K,
1x(x) =
® 0 forz € R4\ K.

For K,L € R we trivially have 1k (z) + 1xnr(2) = 1x(x) + 1.(z) for
x € R?. Hence, the mapping ¢ : R — V, K +— 1k, is an additive function on
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R with values in the vector space V of finite linear combinations of indicator
functions of polyconvex sets. By (35), V' consists of all linear combinations of
indicator functions of convex bodies.

We will now prove a general extension theorem for valuations on K.

Theorem 2.5. Let X be a topological vector space, and let ¢ : K — X be a
continuous valuation. Then ¢ has an additive extension to the convex ring R.

Proof. Let ¢ : K — X be additive and continuous. An essential part of the
proof is the following

Proposition 2.1. The equality

m
ZailKi =0
=1

withm € N, a; € R, K; € K implies
i=1

Assume this proposition were false. Then there is a smallest number m € N,
necessarily m > 2, for which there exist numbers aq,...,a,;, € R and convex
bodies K, ..., K,, € K such that

> ailk, =0, (36)
=1

but

m

Z aip(K;) =:a #0. (37)

Let H C R? be a hyperplane with K; C int H*, where HT, H™ are the two
closed halfspaces bounded by H. By (36) we have

m m
E ailg,ng- =0, E oilg,ng =0.
=1 =1

Since K1NH™ = and K1 NH = (), each of these two sums has at most m —1
non-zero summands. From the minimality of m (and from ¢(f}) = 0) we get

iaz«p(KiﬂH_):O, iaigo(KiﬂH)zo.

i=1 i=1
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Since K; = (KnHT)U(K; N H™) and (KhHY)N (K; N H~) = KN H, the
additivity of ¢ on K yields

> aip(KinHY) =a, (38)
i=1
whereas (36) gives
ZailK,mHJr =0. (39)
i=1

A standard separation theorem for convex bodies implies the existence of a
sequence (H;),en of hyperplanes with K7 C int Hf for j € N and

K= ()H.
j=1
If the argument that has led us from (36), (37) to (39), (38) is applied k-times,

we obtain
m k
Zaiga KiﬁﬂH]'-" = a.
i=1 j=1

For k — oo this yields

> aip(K;NK)) =a, (40)
i=1
since
k
: + _
Jim 10 (Hf = Kin K,
j=1

in the sense of the Hausdorff metric (if K; N K7 # (), otherwise use ¢(f) = 0)
and ¢ is continuous. Equality (36) implies

ZailKiﬁKl =0. (41)
i=1

The procedure leading from (36) and (37) to (41) and (40) can be repeated,
replacing the bodies K; and K; by K; N K; and Ks, then by K; N K1 N Ks
and K3, and so on. Finally one obtains

m
E ailKlm...me =0
i=1

and

Zaiga(Kl Nn---NKy,)=a
i=1
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(because of K;NK1N---NK,, = K1N---NK,,). Now a # 0 implies /" | a; # 0
and hence 1x,n...nk,, = 0 by the first relation, but this yields p(K; N---N
K,,) = 0, contradicting the second relation. This completes the proof of the
proposition.

Now we consider the real vector space V of all finite linear combinations
of indicator functions of elements of K. For K € R we have 1 € V, as noted
earlier. For fixed f € V we choose a representation

m
f= Z il
i=1

with m € N, o; € R, K; € K and define
m

B(f) =Y cip(K;).
i=1

The proposition proved above shows that this definition is possible, since the
right-hand side does not depend on the special representation chosen for f.
Evidently, ¢ : V — X is a linear map satisfying ¢(1x) = ¢(K) for K € K.
We can now extend ¢ from IC to R by defining

o(K) = ¢(1k) for K e R.

By the linearity of ¢ and the additivity of the map K +— 1) we obtain, for
K, MeR,
P(KUM)+o(KNM)=¢(1xum) + P(1rnn) = ¢(Axum + Lxnnr)
P(1x + 1) = p(1k) + @(1ar)
P(K) + p(M).

Thus ¢ is additive on R. O

The extension theorem can be applied to the map K +— &,,(K,-) from K into
the vector space of finite signed measures on B(R?) with the weak topology,
since this map is additive and continuous. Hence, the curvature measures
have unique additive extensions, as finite signed measures, to the convex ring
R. The values of the extension can be obtained from the inclusion-exclusion
principle (35), which we now write in a more concise form.

For m € N, let S(m) denote the set of all non-empty subsets of {1,...,m}.
For v € S(m), let |v| := cardw. If K7, ..., K, are given, we write

Kyim Koy neeen Ky, for v {ia,oir) € S(m).

With these conventions, the inclusion-exclusion principle (35) for an additive
function ¢ can be written in the form
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P(E1U-UKy) = Y (=) (k). (42)
veS(m)
We can now easily extend our integral geometric formulae for curvature
measures (which includes the case of intrinsic volumes) to polyconvex sets.
Let K € R. We choose a representation

m
K:Um
i=1
with convex bodies Ki,...,K,,. Since @}, is additive on R, the inclusion-

exclusion principle gives
(K, )= > (—D)"(Ky, ).
veS(m)

Now let M € K be a convex body, and let A, B € B(R?). Since the principal
kinematic formula holds for convex bodies, we obtain

[ @i nga A0 9B i)
d

:/G b, <U(ngM),AﬁgB> p(dg)

i=1

/ S (~)1e, (K, M gM, AN gB) u(dg)
Ga veS(m)

d
SO (=) g (K, A)Dg_ gy (M, B)
veS(m) k=j

d
= T 0K, APy (M, B).
k=j
Hence, the kinematic formula holds for K € R and M € K. In a similar way,
it can now be extended to K € R and M € R. An analogous extension is
possible for the Crofton formulae.

Hints to the literature. In adopting the name ‘polyconvex’ for the elements
of the convex ring, we followed Klain and Rota [25], who in turn followed E.
de Giorgi. The extension theorem 2.5 and its proof reproduced here are due
to Groemer [10]. For the support measures, and thus for the curvature mea-
sures, a more explicit construction of an additive extension to polyconvex sets
is found in Section 4.4 of [39]. It is based on an extension of the Steiner for-
mula for polyconvex sets, with the Lebesgue measure replaced by the integral
of the multiplicity function that arises from additive extension of the indica-
tor function of a parallel set. An application of this extension in stochastic
geometry appears in [38].
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2.3 Curvature Measures for More General Sets

The class of sets for which the curvature measures ¢; have been defined, and
the local principal kinematic formula (28) has been proved is, up to now,
the convex ring, which consists of the finite unions of convex bodies. These
polyconvex sets may seem sufficiently general for the simpler purposes of ap-
plied stochastic geometry, since sets consisting of very many very small convex
bodies can be considered as sufficiently good models for real materials. Nev-
ertheless, from theoretical as well as practical viewpoints, it seems desirable
to extend the definition of curvature measures and the validity of kinematic
formulae beyond the domain of the convex ring. In this subsection we briefly
describe such extensions.

Our approach to the curvature measures involved two steps: the definition
via the local Steiner formula (23) (or (22), more generally) and additive ex-
tension. The local Steiner formula expresses the Lebesgue measure of a local
parallel set, and the definition of the latter makes essential use of the nearest
point map p( ,+) of a convex body K, and thus of the fact that to each point
z € R? there is a unique nearest point in K. It can be proved that a closed
set A C R? with the property that to each point of R? there is a unique
nearest point in A, must necessarily be convex ([39], Theorem 1.2.4). At first
glance, this seems to indicate that the Steiner formula approach is restricted
to convex sets. However, this is not the case. In fact, it is sufficient to have
the Steiner formula (23) for small positive values of the distance p. This leads
us to the sets with positive reach.

Let K C R? be a nonempty closed set. The reach of K, denoted by
reach(K), is the largest number p (or oo) such that to each x € R? with
distance d(K,x) from z to K smaller than p, there is a unique point in K
nearest to x; this point is then denoted by p(K, z). If reach(K) > 0, then K
is called a set with positive reach.

Let K C R? be a compact set with positive reach. For every Borel set
A C R% and for 0 < p < reach(K) one has a polynomial expansion

d
Ma({z € RY: d(K,z) < p and p(K,z) € A}) = Z P Ky m @ (K, A),
m=0

and this defines the curvature measures ®4(K,-),...,P4(K,-) of K. If K
is convex, these are the known positive measures; in the general case, they
are finite signed measures on B(R?). Several of the properties of the curvature
measures of convex bodies carry over to the curvature measures of compact
sets with positive reach. We mention here only the extension of the principal
kinematic formula: If K, M C R? are compact sets with positive reach, then
KnNgM is a set with positive reach for u-almost all rigid motions g € G4, and
the kinematic formula (28) holds for Borel sets A, B.
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A Steiner type formula for arbitrary closed sets, involving a generalized version
of the support measures, is treated in [19]. Since it is applicable in stochastic
geometry, we will describe it here, without proofs. To explain the principal
ideas, we start with a convex body K which has a regular boundary of class
C? with positive Gauss-Kronecker curvature. First we state a more general
version of the local Steiner formula. Instead of the volume of a local parallel
set, we consider the integral fRd\ i J dAq of a bounded measurable function f
with compact support. It is intuitively clear, and can be proved, that

/Rd\de/\d:/ [ rasa (43)
0 t

where dS; denotes the volume form of the boundary of the parallel body K.
We transform the inner integral into an integral over the sphere S%~!. For
u € 891 let ,, be the (unique) boundary point of K with outer unit normal
vector u. Then

d—1
fds; = / flzy + tu) H rgt)(u) od—1(du),
oK, gd-1 bt
where rlgt)(u), i=1,...,d—1, are the principal radii of curvature of 0K} at

2y + tu. They are given by r'") (u) = 7'1(0) (u) + t, hence

i

w=-3 (7 Dt

=1 1=

with s; as in (25). The result

d—1 o
/Rd\K fdrg = ; (d; 1) /0 /SH 7 f (2 + tu) s (1) o (du) dt

can be written as an integral over the generalized normal bundle Nor K with
respect to the support measures, using (25). Setting wy, := mky,, we get

d—1 i _
/Rd\K fdAa = ;wd—i/o /Nothd*Hf(a: +tu) 5(K, d(z,u)) dt.  (44)

There is nothing in this formula which refers to the smoothness assumptions
made for K. In fact, (44) can be extended to general convex bodies. The
special choice

f(:L’) = ]-S(p(Ka x), U(K7 m))]-Kp\K(x)

then gives the local Steiner formula (22).
Heuristically, one would expect that (44) remains true for a non-convex
closed set A, provided that the function f has its support in a region where the
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nearest point in A is uniquely determined. Fortunately, the points where the
latter does not hold can be neglected. So we assume now only that A C R% is a
nonempty closed set. As for convex bodies, we define d(A, x) := min{||a — || :
a € A}, and we let p(A,x) := a whenever a is a uniquely determined point
in A nearest to z. If d(A,xz) > 0 and p(A,z) exists, we define u(A4,z) =
(x — p(A,2))/d(A,x). The exoskeleton exo(A) of A is defined as the set
of all points = of R%\ A for which p(A,z) does not exist (because there is
more than one point in A nearest to x). One can prove that exo(A) has d-
dimensional Lebesgue measure zero. The generalized normal bundle of A
is defined by

Nor A :={(p(4,z),u(A,z)) : x ¢ AUexo(A4)},
and the reach function §(A4,-) : R? x S471 — [0, 0] of A by
0(A,z,u) :==1inf{t > 0: 2+ tu € exo(A4)} if (x,u) € Nor A,
(with inf ) = 00) and 6(A, z,u) := 0 if (x,u) ¢ Nor A.
In [19], the support measures Oy(A,-),...,04-1(A,-) of A are intro-

duced as real-valued, o-additive set functions on the system of all Borel sets
in X’ which are contained in

(Z\Nor A)U{(z,u) : x € B, §(A,x,u) > s}

for some s > 0 and some compact B C R?. These signed measures vanish on
every Borel subset of X\ Nor A. Denoting by |©;| the total variation measure
of ©; and putting a A b := min{a, b} for a,b € R, we formulate the following
result from [19], which is a far-reaching generalization of the Steiner formula.

Theorem 2.6. The support measures Og(A,-),...,04-1(A,") of a nonempty
closed set A C R? satisfy

/ 15(x)(0(A, x,u) A r)d_j\9j|(A,d(m,u)) < o0
Nor A

for all compact sets B C R and allr >0 (j=0,...,d— 1), and

d—1 o
/ fdrg = de,i/ / t47 11t < (A, 2,u)}
R4\ A o 0 JNora
x f(x +tu) ©;(A,d(x,uw)) dt
for every measurable bounded function f :R* — R with compact support.
The proof, for which we must refer to [19], makes essential use of the fact that

for a given compact set A there exists a sequence (Ag)gen of sets of positive
reach such that
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Nor A C U Nor Ay,
keN

and, for (z,u) € Nor A,
0(A, z,u) < sup{reach(Ay) : (z,u) € Nor Ay, k € N}.

In particular, Nor A is countably (d — 1)-rectifiable, so that generalized cur-
vatures, as in [61], can be defined.

Hints to the literature. Sets with positive reach and their curvature mea-
sures were introduced by Federer [3], who also obtained kinematic and Crofton
formulae for these measures. His theory has been further developed in the work
of Martina Zéhle and co-authors. This work treats current representations of
Federer’s curvature measures in [61], a short proof of the principal kinematic
formula for sets with positive reach in [36], and extensions to certain finite
unions of sets with positive reach in [62], [34].

There have been a number of successful attempts to define curvature mea-
sures, and to obtain kinematic formulae, for very general and quite abstract
classes of sets. We refer to the brief survey in [22] (Subsection 2.1) and the
references given there.

3 Translative Integral Geometry

The simple and elegant form of the kinematic formulae (20) and (28), in par-
ticular the separation of the two involved convex bodies on the right-hand
sides, is due to the fact that the integrals are with respect to the invariant
measure on the motion group. The stochastic geometry of stationary but not
necessarily isotropic random sets requires analogous investigations with re-
spect to the translation group, for example, the determination of the integrals

/dx/j(Km(M+t))Ad(dt). (45)

Convention. In order to achieve a more concise form of translative formulae,
we use in the following an operator notation for translations, namely

M =M +x for M C R and z € R?.

Further, in integrations with respect to Lebesgue measure, we omit the mea-
sure, thus [ f(z) Ag(dz) is written as [ f(z) dz.

Recall that the indicator function of a set A C R? is denoted by 14. We write
M* :={y e R%: —y € M} for the reflection of a set M in 0.

The cases j = d and j = d— 1 of the integral (45) are still simple. We have
10 () = 1op+(¢) and hence, by Fubini’s theorem,
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Va(K N M) dt = / / Lot () da dt
Rd Rd JRd

= [ [ i@ @atde = [ 1c@vierr)as

V(M) /R x(a)dr,

thus
Va(K NtM) dt = Vi(K)Vy(M). (46)
Rd
With only slightly more effort one can show that

/]R Vaa (K QM) dt = Vo (R)WVa(M) + Va(K) Vi (M)

However, for the functional Vjj = x, a separation of K and M on the right-
hand side does not take place. Since x(K NtM) = 1x - (), we have

/ XK QM) dt = Va(K + M*). (47)
Rd

Convex geometry tells us that

d
d

Vi + M) =Y <.)V;(K, M)

; i

i=0
with

Vi(K,M*) =V (K,...,.K,M*, ..., M"),
— —
i d—i

where the function V : K¢ — R is the mixed volume. The essential obser-
vation is that the obtained expression cannot be simplified further. Thus, in
translative integral geometry we must live with more complicated function-
als, depending on several convex bodies simultaneously. A translative formula
for curvature measures, which we will now study, necessarily involves new
measures depending on several convex bodies.

3.1 The Principal Translative Formula for Curvature Measures

We have already obtained a translative formula for the curvature measures
of polytopes, namely Theorem 2.3. We rewrite this result in a form that is
convenient for the following. Let K, M € K be polytopes, let A, B C R? be
Borel sets, and let j € {0,...,d}; then

d
/ @;(KNaM,ANaB)dz =Y oY (K, M; A x B),
Rd

m,d—m+j
m=j
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where for m,k € {j,...,d} with m + k = d + j we have introduced measures
o) (K, M;-) on (R?)? by

FEF,(K) GEF,(M)

To extend this to more than two polytopes, we first extend the notation.
For a polyhedral set P (a nonempty intersection of finitely many closed half-
spaces) in R? and for a face F' of P, let v(F, P) be the (normalized) exterior
angle of P at F, defined by (5). If Ky,..., Ki are polyhedral sets and F; is a
face of K; for ¢t =1,...,k, we choose points z; € relint F; for i =1,...,k and
define the common exterior angle v(Fi,..., Fy; K1,...,Ky) by

k k
’Y(Fl,. .. ,Fk;Kl,. . ,Kk) =7 (ﬂ(Fz — l’i), m(K1 — ZL’Z)> .
i=1 i=1
This definition does not depend on the choice of the points x;.

Further, we need the notion of the determinant of subspaces, extend-
ing the definition of the generalized sine function [-,-] given in Subsection
2.1. Let Lq,...,L; be linear subspaces of R¢ with Zle dimL; =:m < d.
Choose an orthonormal basis in each L; (the empty set if dim L; = 0) and let
det (Ly, ..., Lg) be the m-dimensional volume of the parallelepiped spanned
by the union of these bases (1, by definition, if dim L; = 0 for ¢ = 1,...,k).
Then one defines

k
[Ly,... L] i=det (Li,....Ly) if Y dimL; > (k—1)d

i=1
and [Lq,...,Lg] :=0if Zle dim L; < (k—1)d. Obviously, any d-dimensional
argument of [Lq,..., Lg] can be deleted without changing the value. We also
note that [L] = 1 and that [Lq,...,Lg] = 0if Lq,..., Ly are not in general
relative position (the subspaces L, ..., Ly are in general relative position if
Ly N---N Ly has dimension max{0,dim L; + - -- + dim Ly, — (k — 1)d}).

For nonempty subsets F\, ..., F, C R? we set

[1‘7'17 e 7Fk} = [L(F1)7 N ,L(Fk)],

where L(F;) is the linear subspace parallel to the affine hull of F; (i = 1,... k).
Now let polytopes Ki,...,K; € K (k € N) be given. For indices
mi,...,mg € {1,...,d} satisfying j := Zle m; — (k — 1)d > 0 we intro-

duce measures on (R?)*, the mixed measures ¢ .. (K, ..., Kg;-), by
o) (K, K
= Y > (R, B Ky KR B

F1€.7'—m1(K1) erfmk(Kk)

XAp, ® - ® AF, -
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Note that for £ = 1 we have j = m; and hence @%)(K; =P (K;).

We can use essentially the same integration technique as sketched for the
proof of Theorem 2.3, or that theorem combined with induction, to obtain the
following iterated translative formulae for polytopes Ki,..., K, € K (k > 2)
and Borel sets Ay, ..., A, € B(R?):

/ / @j(Klﬂ(ﬂgKQﬂ"‘ﬂfEkKk,Alﬂ(EQAQﬂ"'ﬂ.’KkAk)CkCQ"'dZEk
R4 R4

d
= > o) (K, Ky Ay x e x Ay). (48)

M., m :J
my e tmp=(k—1)d+j

This formula is equivalent to the validity of the equation

/(]Rd)kl /Rdg(yvy_$27..-,y_$k)¢j(K1 NzoKoN-- - NupKy,dy)

xd(xa,...,Tk)

— Z / g(x1, 0, ..., 18)
(Re)*

MY, my=j
my+-+my=(k—1)d+j

o)

ml,‘..,mk(

Kl,...7Kk;d(-r17"'7‘rk)) (49)

for all nonnegative measurable functions g on (R?)*. In fact, if the first for-
mula holds, then the second holds for ¢ = 14, x...x 4, and thus for elementary
functions, hence, by the standard extension, it holds for nonnegative measur-
able functions. Conversely, if the second formula holds, then the first is true
for compact sets Ai,..., Ay, since 14,x...x4, is then the limit of a decreas-
ing sequence of continuous functions. Since both sides of the equation are
measures in A, ..., Ay, the equation holds for Borel sets.

Formula (48) can be extended to general convex bodies, that is, for
Ki,...,K; € K and numbers k,mq,...,mg,j as above, there exist finite
measures @%1mk (Ki,...,Ky;-) on (RY)F the mixed measures, so that
(48) holds. The proof uses approximation of general convex bodies by poly-
topes, formula (48) for polytopes, and the weak continuity of the curvature
measures.

Theorem 3.1 (Iterated translative formula). Let K1,..., K € K, where
k

k > 2, be convex bodies. For my,...,my € {1,...,d} with j := > ;m; —
(k—1)d > 0, there are finite measures 455%)1m,c (K1,...,Kg;-) on (ROF such
that
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// @j(Klﬂx2K20~-~ﬂkak,A1ﬂ$2A20~'~ﬂmkAk)d$2'”dxk

= > o) (K1, K Ay x Ay) (50)
7711+~7-7~1+»17;;;;21(k1vc:7j1)d+j

for Borel sets Ay, ..., A, € B(R?).

We collect some properties of the mixed measures. Most of them can be de-
duced without difficulty from the corresponding properties of the mixed mea-
sures of polytopes, which are obvious.

e Symmetry:
é’sgl)l yeeey MM (

=B ey o)y Koy Ay X - X A

Kl,...,Kk;Alx---xAk)

for each permutation 7 of {1,...,k}.

e Support property: the support of @1(7]1)1mk (Ki,...,Kg;-) is contained
inS; x--- xSk,Where S; = K; ifm; =dand S; = 0K; if m; < d.

e Translation covariance: for ti,...,t; € RY,
@%)1 7777 mk(t1K17...,tkKk;t1A1 Xoeee thAk)
=) (K1, Ke Ay xce X Ay).

e Homogeneity: for ay,...,ar >0,

) (1K1, K an Ay X - X agAy)

=af" el (K. K Ay X X Ay).

e Weak continuity: the map (Ki,...,Ky) — 45%)17“,7,% (Ki,..., Kg; )
from K* into the space of finite signed measures on (R%)* with the weak
topology is continuous.

o Additivity: %) . (Ki,...,Kp; Ay x -+ x Ay) is additive in each of
its first k arguments.

e Decomposition property:

¢’E‘le?l ..... my 1,d(K17"'7Kk;A1X”'XAk)
= @%z’...’mk_l(Kl, e K1 A X -+ - X Akfl))\d(Kk ﬂAk)

(and similarly for the other arguments, by symmetry).
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¢ Reduction property:

P (Kise, K Ay x oo x Ay)

My

2 J 1 (0) d d
= (ﬂd1> jiéml,“.,mk,dfl,,..,dfl(K17'"7Kk’B ..., B

J
Ay X - x Ay x (R,

e Local determination: If K{,...,K; € K and A, C intK] for i =
1,...,k, then
o) (KiNKj, ..., Ky NKj; Ay x -+ x Ay)

mi,...,Mp

=W Ky, K Ay X x Ay).

The decomposition property has a useful consequence. The condition m; +
-4+ my = (k—1)d+ j implies that at most d — j of the indices my, ..., my
can be smaller than d. Hence, all mixed measures with upper index (j) can be
expressed in terms of Lebesgue measure and the finitely many mixed measures
@%)17,“ where r € {1,...,d — j}. By the reduction property, all mixed
measures can further be reduced to the measures (157(723,,,,7mk with k € {1,...,d}
and mq,...,my € {1,...,d — 1} satisfying mq + -+ my = (k — 1)d. The
mixed measures with upper index (0) will therefore be considered as basic.

The last of the listed properties, local determination, can be used to extend
the definition of the mixed measures, in an obvious way, to closed convex
sets that are not necessarily bounded. The iterated translative formula (50)
remains valid if the Borel sets A; corresponding to unbounded convex sets K;
are bounded.

The total measures

P (K, Ky (RYF) = v,

mi,...,

K1, ..., Kp)

i

are called the mixed functionals, and those with upper index (0) the basic
mixed functionals. In the case of polytopes Ki,..., K4, the mixed func-
tionals are explicitly given by

V(j) (K17~";Kk)

mi,...,Mg

— Z Z fy(Fl,...,Fk;KL...,Kk)[F17--~7Fk]
F1€]:m1 (KI) erj:mk (Kk)

errn (Fl) U ‘/’rﬂk(Fk)'
The mixed measures, and therefore also the mixed functionals, satisfy var-

ious integral geometric relations, among them translative formulae, rotation
formulae, and Crofton type formulae.
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Hints to the literature. The technical details omitted in this subsection can
be found in [50] and [58]. A thorough investigation of the mixed measures,
including integral geometric relations and special representations, appears in
[60]. In [8], representations of mixed measures in terms of support measures
are applied to Boolean models.

Using methods of geometric measure theory, Rataj and Z&hle [33] have ob-
tained a general translative formula for support measures of sets with positive
reach. An iterated version is proved in [28]. Various extensions and supple-
ments appear in [29], [17], [63], [34], [35]. Translative Crofton formulae for
support measures are treated in [30].

3.2 Basic Mixed Functionals and Support Functions

In this subsection, we will study some special cases of the mixed measures in
greater detail and under particular aspects. First, we consider the basic mixed
functionals V,%Ol),_“,mk. They are uniquely determined as the coefficients in the
polynomial expansion

/ / X(alKlﬂx2a2K2ﬂ-~-ﬁmkakKk)dx2--~dxk
R4 R4

_ mi M 0
= E al” oy, Véll)’m,mk(Kl,...,Kk) (51)
my,...,mp=0
myp+-+my=(k—1)d

for K1,..., K € K, a1...,a > 0, k > 2 (a special case of (50)). Our first
aim is to show that the notion of basic mixed functionals can, in a certain
sense, be viewed as dual to the notion of mixed volumes, which constitute an
important set of functionals in the classical theory of convex bodies. It suffices
to consider polytopes (the extension to general convex bodies is achieved by
approximation). For these, we will obtain a class of representations of the basic
mixed measures of greater generality than their original definition, which is
the representation

V;SLOR,,m,C (Kl, ey Kk)

= Y. D> AR, B Ky KR [Fy .
F1€Fm, (K1) Fr€Fm,, (Ki)

X‘/'rrzl(Fl)""/?nk(Fk>' (52)

We describe a general construction leading to different types of mixed
functionals. For k > 2, we consider the Euclidean vector space X := (R%)*
(with the scalar product induced from that of RY), together with a surjective
linear map f : X — RY onto a Fuclidean space RY, where ¢ < kd. For
L := (ker f)*, the orthogonal complement of the kernel of f, let 7y, : X — L
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denote the orthogonal projection. Iff := f|L, then f = fowL, and f: L — R4
is an isomorphism.

For a given polytope P C X, let G,(P) be a set of g-dimensional faces of
P with the property that, for the induced Lebesgue measure Ay, in L,

L(mLP) = Z Ap(mF) (53)
Feg,(P)

and hence
S V(). (54)
Feg,(P)
Such sets G, (P), depending on a parameter v, can be obtained as follows. We
choose a vector v € L+ \ {0} satisfying

dim F(P,u) <q  forallu€ L} := L+ {av:a >0} (55)

(F(P,u) denotes the face of P with exterior normal vector u). The condition
(55) excludes only vectors from finitely many proper linear subspaces of L*.
With this choice, the set

Gu(P) = {F € Fy(P): N(P,F) N L # 0}

will satisfy (53). This is seen if one decomposes the projection 7y, into the
orthogonal projection 7y, ,, onto lin(L U {v}), followed by the orthogonal pro-
jection from this space to L. In fact, let S; be the set of g-faces of mp P
having a normal vector in L;. The images of these g-faces under projection
to L cover mP without overlappings. On the other hand, under 7y, ,, the set
G,(P) is in one-to-one correspondence with the set S,. This proves (53).

Now let P, ..., P, C R? be polytopes, and let P := P; x --- x Pj. Every
g-face F of P is of the form F = F| X --- x Fy with faces F; € F,,.(P;)
(i =1,...,k) for suitable my,...,my € {0,...,d} satisfying mi+- - -+my, = q.
For aq,...,ar > 0, we clearly have

Vo(f(auFy x -+ x apFy))
=af" o e(f, P, Fi) Vi, (F1) - Vi, (Fr),

where ¢(f, F1, ..., Fy) is the factor by which the linear map f|aff(Fy x- - - x F})
changes the g-dimensional volume. Together with (54), this gives

Vq(f(Oqu X o+ X OékPk))

= > oo™Vl L (P P (56)

with
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V7£1,...,mk (P17 sy Pk:)
Fy€Fmy (Py)i=1,....k

F1 XX Fp€Gy (P X - XPy)

Here v is chosen according to (55), for P = Py X - - - X Py. The expansion (56)
determines the coefficients V,/ v (Pry -+« Pr) uniquely; hence they do not
depend on the choice of the set G, (P; X - - - X Py). These coefficients represent a
general type of mixed functionals, depending on the choice of the number
k and the linear map f.

For a concrete example, let f : (RY)* — RY be defined by f(x1,...,2q) :=
r1+ -+ x4. Then

flaa Py x - X apPy) = a1 Py + - + o P,
and (56) gives

Vd(a1P1 + -+ akPk)

= Y ooV (P P

This shows that

Vi (P P = < d >V(P1,...,P1,...,Pk,...,Pk),
mi,...,Mg N—— N———
mi mi

where V : K¢ — R denotes the mixed volume, known from the theory of
convex bodies. Equation (57) provides a class of special representations for
the mixed volumes of polytopes.

In the second example, let g : (R4)* — (R%)*~! be defined by g(y1,...,yx)
=(y1 —Y2,---,¥1 — Yx). Then

g(PLx - x Py) = {(@a,...,ex) € RN PLnaaPy - Nag By, # 0,
hence

Vie—1ya(g(aa Py X - -+ X apPr))
:/ / X(Oquﬂ!L‘QO[QPQﬂ"'ﬂxkakpk)d$2~-~d$k.
Rd R4

Now (56) shows that
%

mlwqu(

P,...,P) =V

mlvuamk(

Py, ..., Py),

thus we obtain the basic mixed functionals. The constructions leading to
mixed volumes and to basic mixed functionals can be considered as duals of
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each other, since the kernels of the employed maps f and g are complementary
orthogonal subspaces of (R%)F.

In order to make the representation (57) more explicit in the concrete cases,
one has to translate condition (55) to the actual situation and to determine the
factors ¢(f, Fi,..., Fr). We give here the result only for the second example.
In that case, we say that a vector w € R? is admissible for the polytopes
Py, ..., Py if

w ¢ N(Pl,F1)+"'+N(Pk,Fk)

whenever Fy € Fp, (P1),...,Fr € Fp(Pr) with numbers mq,...,my €
{1,...,d} satisfying my +---+my = (k — 1)d + 1. Then we get the following

result. If w is admissible for Py, ..., P, then
Vé{i{,,.,mk (P1, - 7Pk)

= > Y ANy N (L) (W)

F1€Fm, (P1) Fr€Fm, (Pr)
X[Fl,...,Fk]le(Fl)"-mG(Fk). (58)

This representation is more general than (52). Equation (58) holds for all vec-
tors w € S?!, with the exception of those in finitely many great subspheres
(depending on Pi,..., P;). Integration over S9! with respect to spherical
Lebesgue measure 04— yields (52).

Our second aim in this subsection is the presentation of a set-valued analogue
of the iterated translative formula (51), of the form

/d-~~/d(a1K1 Nzoas Ko N - NagoKy) das - - - day
R R

d
= Z a;nl "'O‘ZlkTmhm,mk(Kla"'7K1€)+t7 (59)
L A e
with convex bodies Ty, .. m, (K1,...,K)) and a translation vector t. The
integral of a function with values in K is defined via support functions, so
that this formula is equivalent to a relation for support functions.
It is convenient in the following to use the centred support function
h*. This is the support function with respect to the Steiner point s, thus

h*(K,u) = h(K — s(K),u) = h(K,u) — (s(K),u),
where the Steiner point of the convex body K is defined by
1
s(K) = — h(K,uw)uog—1(du).
Rd Jgd—1

The centred support function is related to a special case of the mixed
measures. We recall from Subsection 3.1 that the mixed measures can be
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extended to unbounded closed convex sets. The special representations for
polytopes extend to polyhedral sets. We use this for the sets

ti={z e RY: (z,u) >0}, ut = {z e R?: (z,u) = 0},

where u € S9!, Choosing a Borel set A(u) C ut with \g_1(A(u)) = 1, we
have, for polytopes P,

h'(Pu)= > y(FubiPout)[Fut|Vi(F) (60)
FeF,(P)
— 455?}1_1(13, utRE x A(u)). (61)

To prove (60), we first remark that, for a polytope P,

> e, Pe=s(P) Y eP)=x(P) =1, (62)

e€Fo(P) e€Fo(P)

where, for the ease of notation, we do not distinguish between a vertex e and
the corresponding O-face {e} of P. Let

Hi,={z eR: (x,u) >t}
for u € S%1 and t € R, and choose a number ¢ satisfying P C Hjc Then
o0
h(P,u) —c= / x (PNHY},) dt. (63)
c

Using (62), we get

/ Y (PAHE,) dt

:/ S (e PnHL)d
¢ eeFo(PNHY,)
/ > (e, P)1{{e,u) > t}hdt
¢ eeFo(P)
/ > APt Pout)x(F 0 Hyy) dt
¢ FeF(P)
= Y qeP)(euy -+ Y y(FutPut)FutVi(F)
eEfo(P) Fe]—'l(P)
= (s(P),u)—c+ Y y(Fut;Put)[FutVi(F),
FG.'Fl P)

which together with (63) proves (60).
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As mentioned earlier, the mixed measures, which arose from an iterated
translative formula, satisfy themselves an iterated formula. We can apply this
to the mixed measure (61), or else we can use essentially the same method
that led to the iterated formula (48). In either way, the following theorem can
be obtained.

Theorem 3.2. If Py, ..., P, C R? are polytopes and oy, ... ,ap >0 (k > 2),
then

/ h*(alpl ﬂxgangﬂ---ﬂxkakPk,~) dzs - - - dzg
R4 R4

d
= Z O‘T1 "'a;nkhjrtl,...,7rLk(P17'"ka;') (64)

my,...,mp=0
my4-tmp=(k—1)d+1

with
Py (P1y ooy Prju) (65)
= Z Z ’y(Fl,...,Fk,uJ‘;Pl,...,Pk,qu)
F1€Fm, (P1)  Fu€Fm, (Py)
X [Py, Fyoyub Vi (F1) -+ Vi () (66)
foru € S1.

The left-hand side of (64) is clearly a support function. It is, at the moment,
not clear that each summand on the right-hand side is also a support function.
To prove that this holds true, we need a class of more general representations
of the functions hy, .. (P1,...,Pg;-). These can be obtained by methods
similar to those employed previously in this subsection. Let u € R?\ {0}. We
say that the vector w € R? is admissible for (P, ..., Py, u) if it is admissible
for (P1,...,P) and if

w¢ NP, F1)+ -+ N(Py, Fi.) + pos{—u}

(where pos denotes the positive hull) whenever Fy € Fp,, (P1),...,F, €
Fony, (P) for numbers mq,...,my € {1,...,d} satisfying m; + --- + my, =
(k —1)d + 2. If w € R? is admissible for (Py,..., Py, u), it can be deduced
from (60) and (58) that

h:»Ll,,,,7mk(P17"'aPk;u) (67>
*<(Um1 ..... mk(Pla"'aPkaw) u>
+ Z e Z LN (Py,Fy) 44N (P, Fi)+pos { —u} (W)

F1€Fm, (P1) Fr€Fm,, (Pr)

X ||ul[[F1, ..., Freyu Vi, (F1) -+ - Vi, (Fr)
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for u € R%. BY Umy,...mi (P15 - -, Pi, w) we have denoted a vector which could
be given explicitly. The point now is that every ug € R%\ {0} has a convex
neighbourhood U with the following properties: there is a vector w that is
admissible for (P,..., Py, u), for all u € U, and the function

U = LN (P, Fy )4+ N (Py, Fio)+pos {—u} (W)

is constant for v € U. This implies that the right-hand side of (67) defines a
convex function of u € U. Hence, the function hy, .. (P1,..., Py;-)islocally
a support function and therefore also globally. The convex body determined by
this support function is denoted by T, ...y (P1, - - - ; Pr). With this definition,
(59) holds for polytopes, and an extension to general convex bodies can be

achieved by approximation.

Hints to the literature. The general type of mixed functionals, of which
the mixed volumes and the basic mixed functionals are special cases, was
introduced in [43]; the representation (58) is found there. Theorem 3.2 was
first obtained in [59]. Also formula (60) appears there. The simpler proof of
the latter, as given here, and the general representation (67), are in [47]. The
convexity of the functions hy, . (Pi,..., Pg;-), and thus formula (59) with
convex bodies Tin, ... my (K1, ..., Ky), was first proved in [9] (for k£ = 2); the
simpler proof sketched here is carried out in [47]. McMullen [26] has developed
a general theory of ‘mixed fibre polytopes’, of which the mixed polytopes
Tony....omi (P1, - .., Py) are a special case.

3.3 Further Topics of Translative Integral Geometry

We briefly mention further results of translative integral geometry. First, the
elementary formula (47),

d

/Rd X(KNtM)dt =) <‘Z)Vi(K, M*),

=0

has counterparts where one or both of the bodies are replaced by their bound-
aries. This fact is highly non-elementary. One reason is that the boundary of
a general convex body need not even be a set with positive reach, another is
the observation that the intersection of the boundary of a convex body with
another convex body need not have finite Euler characteristic (for which now
a topological definition is needed). Moreover, approximation by polytopes (for
which the results are easy) cannot be applied. Nevertheless, the following has
been proved. If K, M € K are d-dimensional convex bodies, then

/ x(OK NtM)dt
Rd

d—1 d )
=3 () it + (0w ) (68)
=0
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and
/ V(K (oM dt
Rd
d—1 d _
=1+ (-1DH> (Z> {Vi(K, M*) + (-1 'Vi(K, M)} . (69)
=0

From these formulae one can deduce, by additional integrations over the ro-
tation group, the kinematic formulae

/| XK 0gM) ()
::_:(1_( DR eg d T Vi (K ) Vo (M) (70)
and _
/Gd X(OK N goM) p(dg)
=1+ (=19 :i:u — (=1)*)egr Vi () Vai(M). (71)

Our second topic in this subsection is motivated by Hadwiger’s general in-
tegral geometric theorem (Theorem 1.4). It provides an abstract version of
the principal kinematic formula, holding for arbitrary continuous valuations
(additive functions). One may ask whether a similarly general result holds in
translative integral geometry. However, this can hardly be expected. What can
be achieved, is an analogous result for continuous valuations that are simple.
A valuation on K is simple if it is zero on convex bodies of dimension less
than d.

The following theorem involves, besides the support function h(K,-) of a
convex body K, also its area measure Sy_1(K, ) = 2545 1(K,R% x -). The
geometric meaning of this measure is as follows. For a Borel subset A of the
unit sphere S%1 the value Sy_1(K, A) is the area (the (d — 1)-dimensional
Hausdorff measure) of the set of boundary points of K at which there exists
an outer unit normal vector in A.

Theorem 3.3. Let ¢ : K — R be a continuous simple valuation. Then

/ (K NaM)dx = o(K)Vy(M) +/ Jr,p(w)Sa—1(M,du)
R4 Si-

d—1

for K,M € K, where fx,, : S4=1 R is the odd function given by
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h(K,u)

S = oK) + [ o ()t

Hints to the literature. The kinematic formulae (70) und (71) were con-
jectured by Firey (see Problem 18 in the collection [11]). A proof of the more
general formulae (68) und (69), and thus of (70) und (71), was given in [21].
In [20], these integral geometric results were extended to lower-dimensional
sets, and iterated formulae were established; these were applied to stochastic
geometry. Theorem 3.3 was proved in [48].

4 Measures on Spaces of Flats

If M € K is a k-dimensional convex body, k € {1,...,d — 1}, the case j =0
of the Crofton formula (15) reduces to

/ card (M N E) pg—r(dE) = cﬁ:j_k/\k(M)7 (72)
£

d
d—k

since Vo(M N E) = card (M N E) for pq—g-almost all (d — k)-planes E (here
card denotes the number of elements, possibly oc), and Vi(M) = Ap(M).
Formula (72) remains true if M is a k-dimensional compact C' submanifold
of R? (or, more generally, a (H*, k)-rectifiable Borel set) and )j denotes the
k-dimensional Euclidean surface area. Relations of this type are also known as
Crofton formulae. They provide beautiful integral geometric interpretations
of k-dimensional areas.

In this section, we study such Crofton formulae from a more general and
‘reverse’ point of view: given a notion of k-dimensional area that replaces
Ak, does there exist a measure on the space £4 , of (d — k)-planes so that
a counterpart to (72) is valid for a sufficiently large class of k-dimensional
surfaces M? The measures on £9 , we are seeking are always locally finite
Borel measures. We shall admit signed measures as well, but we distinguish
clearly between the cases of positive and of signed measures. Invariance prop-
erties of these measures are only postulated to the extent that the considered
areas are themselves invariant. In the first subsection, areas and measures will
be translation invariant, but no invariance property is assumed in the second
subsection.

The third subsection is devoted to a special topic from stochastic geometry,
the Poisson hyperplane processes. The connection with the Crofton formulae
treated before will not be that of an application, but will rather consist in a
common structural background. A basic feature in both studies is a relation
between certain measures on the space of hyperplanes and special convex
bodies, the (generalized) zonoids. Another common feature is the generation
of lower dimensional flats as intersections of hyperplanes, and a corresponding
generation of measures.
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4.1 Minkowski Spaces

Our first topic are Crofton formulae in Minkowski geometry. A Minkowski
space is (here) a finite dimensional normed space, say (R?, || - ||). The unit
ball of this space,

B:={zcR®: |z| <1},

is a convex body with 0 as interior point and centre of symmetry. The space
of such convex bodies will be denoted by C¢. The norm | - || induces a metric
d by d(z,y) := ||z — y|| for z,y € R

For the subsequent computations, it is convenient to retain also the Eu-
clidean structure on R given by the scalar product (-,-), although we work
in a Minkowski space with norm || - ||. This ‘impure’ procedure simplifies cal-
culations and presentation.

The metric d induces, in a well-known way, a notion of curve length for
rectifiable curves. This curve length is invariant under translations. We denote
the Minkowskian length by voly; thus, in particular, vol; (S) = |ja — b|| if S is
the segment with endpoints a, b.

In contrast to the case £ = 1, where the metric induces a natural notion
of curve length, for £ > 1 there is no canonical notion of a k-dimensional area
in Minkowski spaces, but rather a variety of options. The principal ambiguity
can be made clear in the case k = d, the case of a notion of volume. A
reasonable notion of volume in the Minkowski space (R?, ||-||) should be a Borel
measure, assigning a positive finite value to every nonempty bounded open
set, and determined solely by the Minkowskian metric. For the latter reason,
it should be invariant under Minkowskian isometries and thus, in particular,
under translations. The theory of Haar measures tells us that such a measure
is unique up to a positive constant factor, and thus it is a constant multiple of
the Lebesgue measure Ay induced by the chosen Euclidean structure. Thus, a
Minkowskian notion of volume in (R, ||-||) is fixed if we assign a value of this
volume to the unit ball B. Since the notion of volume should be the same in
isometric Minkowski spaces, the value assigned to B should depend only on the
equivalence class of B under linear transformations. Thus, choosing a notion
of Minkowskian volume for d-dimensional Minkowski spaces is equivalent to
choosing a positive real function oy on the space C? which is invariant under
linear transformations of R®. If ay is chosen, then in the Minkowski space
with unit ball B the induced volume oy p is given by

OL,LB(M) =

for M € B(RY) (recall that B(X) is the o-algebra of Borel sets of the topolog-
ical space X). This convenient representation does not depend on the choice
of the Euclidean structure.

The choice just of a normalizing factor may seem rather unimportant, but
it is not. Different choices make essential differences if we now employ this
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procedure to the definition of lower dimensional areas. Let k € {1,...,d}. For
a k-dimensional convex body M, we denote by Lj; the linear subspace of R?
parallel to the affine hull of M. Since a Minkowskian k-area is assumed to be
translation invariant, its value at M should depend only on the Minkowski
metric in the subspace Lj;. The unit ball of this Minkowski space is BN L.
This leads us to the following axioms for a Minkowskian k-area. Let C* denote
the set of k-dimensional convex bodies in R? which are centrally symmetric
with respect to 0. A k-normalizing function is a function oy, : C¥ — R¥
which is (i) continuous, (ii) invariant under linear transformations, and (iii)

satisfies aj,(E¥) = ky if E¥ is a k-dimensional ellipsoid. Such a function
induces, in a Minkowski space (R?, | - ||) with unit ball B, a Minkowskian
k-area oy p by
Oék(B N LM)
M) = ——— (M
e p (M) = 3B A Ly )

for every k-dimensional convex body M. Again, this is independent of the
Euclidean structure. The axiom (i) for a k-normalizing function seems reason-
able, (ii) ensures the invariance of the k-area under Minkowskian isometries,
and (iii) is assumed in order to obtain the standard k-area if the space is
Euclidean. The Minkowskian k-area can be extended to more general sets, for
example to k-dimensional C'-submanifolds M, by

o, (M) = /M Cm)\k(dx),

where T,,M denotes the tangent space of M at x, considered as a subspace of
R,
For the quotient appearing in the integrand, we use the notation

Ozk(B n L)

=: L for L e £¢
)\k(BﬂL) Uk,B( ) or Eﬁk

(which depends on the Euclidean structure) and call oy g the scaling func-
tion; then
Oék)B(M) = Uk,B(LM))\k(M)~

A 1-normalizing function is uniquely determined, hence o1, 5 = 1, thus for
k =1 we get the Minkowskian curve length vol; again.

Now we can study the existence of Crofton formulae. We assume that a k-
normalizing function o, and a Minkowski space (R%, || - ||) with unit ball B
are given.

Definition. A Crofton measure for oy p is a translation invariant signed
measure 17—k on £J_, for which

/g card (M N E) ng_i(dE) = ay, (M) (73)

d
d—k
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holds for every k-dimensional convex body M.

It is no essential restriction of the generality to consider here only convex
k-dimensional sets M. If (73) holds for these, the formula can be extended to
more general k-dimensional surfaces.

Let us suppose that a Crofton measure 14—y for ax p exists. Since it is
translation invariant and locally finite, there is a finite signed measure ¢ on
Eg_k such that

J;

d—k

fano= [ [ FE+0) M) plal) (74)

holds for every nonnegative measurable function f on ¢ , (see, e.g., [52,
4.1.1]). Let M be a k-dimensional convex body. For a subspace L, we denote
by |L the orthogonal projection to L. With the function [-,-] introduced in
Subsection 2.1, we have A (M|Lt) = A\ (M)[Lys, L]. Now we obtain

ag, (M) = /g card (M N E) ng—r(dE)

d
d—k

_ /gd 1{M N E # 0} na_i(dE)

d—k

:/ﬁd /LL 1{M N (L +z) # 0} M\ (dz) p(dL)

- /L Me(M|LY) o(dL)

d
d—k

= \(M) /Ld [Las, L] o(dL).

d—k
This yields
or.5(E) :/ [E,L)p(dL)  for E € L{. (75)
L

d

d—k
Conversely, if (75) is satisfied with a finite signed measure ¢, then we can use
(74) to define a signed measure 7g_x on £4_,, and this is a Crofton measure
for ay,p.

The crucial integral equation (75) is now first considered for k = 1. Choos-
ing v € S9! and for M the segment with endpoints v and —wv, for which
aq,5(M) = voly (M) = 2|Jv||, and representing (d — 1)-dimensional linear sub-
spaces by their Euclidean unit normal vectors, we see that (75) is equivalent
to

ol = [ 1ol ol

with an even finite signed measure p on S?~1.
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Introducing the polar unit ball (the dual body of B, where R? and its dual
space have been identified via the scalar product),

BO :— {xeRd:<m,y> <1 for all y € B},

we have |[v|| = h(B?,v) (e.g., [39, p. 44]); hence (75), for k = 1, is equivalent
to

h(B°,v) = /g o)l p(du)  forv R (76)

A convex body B° whose support function has a representation (76) with a
finite signed measure p is called a generalized zonoid, and it is a zonoid (as
defined in Subsection 1.3, i.e., a convex body which can be approximated by
finite vector sums of line segments) if there is such a representation with a
positive measure p. Every body in C? with sufficiently smooth support function
is a generalized zonoid. Therefore, the generalized zonoids are dense in the
space C?%, whereas the zonoids are nowhere dense in C%. The crosspolytope is
an example of a centrally symmetric convex body which is not a generalized
zonoid. Hence, in the Minkowski space £2_, no Crofton measure for vol; exists.

Now we suppose that a positive Crofton measure 71,1 for vol; exists, and
we draw a second conclusion. For this, we choose m points p1,...,pm, € R¢
and integers Ny, ..., N, with

ZNi =1. (77)

Let H be a hyperplane not incident with one of the points p1,...,pm, and
let H*, H~ be the two closed halfspaces bounded by H. Then, denoting the
segment with endpoints p;, p; by D:p;, we have

SuHnmmAONN = Y N Y N

1<j pi€HT pj€H -
- S N - N
pi€HT pi€HT
<0,

where we have used (77) and the fact that z(1 — z) < 0 for every integer
2. Integrating the obtained inequality over all H € £¢ | with respect to the
positive measure 74_1 (and observing that the set of hyperplanes through one
of the points py, ..., pm, has measure zero), we obtain

> dpi,p;)NiN; 0. (78)

i<j
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Generally, a metric d satisfying (78) for all m-tuples (Ny, ..., N,,) of integers

with (77) and all m € N is called a hypermetric. We say that our Minkowski
d . . . . . . . .

space (R || -||) is hypermetric if its induced metric d is a hypermetric. Now

we can formulate a theorem.

Theorem 4.1. In the Minkowski space (R%,|| - ||) with unit ball B, a Crofton
measure for voly exists if and only if the polar unit ball B° is a generalized
zonoid. The following conditions are equivalent:

(a) There exists a positive Crofton measure for vol;.
(b) The polar unit ball B° is a zonoid.
(c) The Minkowski space (R, || - ) is hypermetric.

For the implication (c) = (b), which we do not prove here, we refer to [1] and
the references given there.

We turn to k-areas for £ > 1 and first introduce two special cases of such
areas, which play a prominent role. The Busemann k-area, denoted by [y,
is defined by the constant k-normalizing function, ay(C) = &y, for C € C*.
The Holmes-Thompson k-area is defined by the k-normalizing function
ax(C) = K} 'vp(C) for C € C*, where

vp(C) == A (C) A (C)

is the volume product; here the polar body C° is taken with respect to the
k-dimensional linear subspace containing C. The volume product is invari-
ant under linear transformations and therefore independent of the Euclidean
structure. The scaling function of the Busemann k-area is given by

KRk

PE(L) = —m—=—  for LeL]
Uk,B( ) )\k(BﬂL) or € k>

and hence the Busemann k-area of a k-dimensional C! submanifold M by

Kk

Br(M) = /M m Ak (dz). (79)

For the scaling function of the Holmes-Thompson k-area we obtain O,I:g (L) =

kA, ((B N L)°). Convex geometry tells us that (B N L)° = B°|L, hence

(Bl

() = 22

for L € LY. (80)

We denote the Holmes-Thompson k-area by voly; then

voly(M) = /M A’“(%LT”M) Ae(da) (81)
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for a k-dimensional C! submanifold M.

Let H% denote the k-dimensional Hausdorff measure that is induced by the
metric d of our Minkowski space. It can be shown that the Busemann k-area
Br(M) is nothing but H% (M) (if the Hausdorff measure is suitably normal-
ized). Using this Hausdorf{f measure instead of the Euclidean area measure A,
we can write the Holmes-Thompson area in the form

1
vol, (M) = — / vp(B N T, M) HY (dz), (82)
K Jm
which does not use the auxiliary Euclidean structure any more.
The Holmes-Thompson k-area of M is equal to the symplectic volume of
M as defined in the theory of Finsler spaces.

Now we study the existence of Crofton measures for a general Minkowskian
(d — 1)-area ag—1,p. Writing

o(u) == (u,u) %041 p(ut) for u € R\ {0},

we see that (75) for k = d — 1 is equivalent to

o= [ Moo, west (53)

with an even finite signed measure p on S94~1.

Suppose that a positive Crofton measure exists for ag—1 5. Then p in
(83) is a positive measure, hence o is the support function of a zonoid. This
zonoid is denoted by I, p and called the isoperimetrix. The name comes
from the isoperimetric problem: it can be shown that a convex body in R?
with given positive volume has smallest (d — 1)-area ag_1 p of its boundary
if and only if it is homothetic to the isoperimetrix.

Conversely, if (83) holds with a positive measure p, then there exists a pos-
itive Crofton measure for the (d — 1)-area ag—1,5. For the Holmes-Thompson
(d — 1)-area this is always the case, in any Minkowski space. In fact, from a
well-known formula for projection volumes of convex bodies, we get for the
Holmes-Thompson area

1 1
Aa_1(B°lut) =

olu) = =
() Kd—1 2K4-1

[ Nl Saa(2d)
Sd—l
for u € S9!, and here the area measure S;_1(B°,) is positive.

For the Busemann (d—1)-area, it can be shown that the function o is again
a support function, but not necessarily of a zonoid or a generalized zonoid.
As a consequence, there need not exist a Crofton measure for the Busemann
(d — 1)-area. More precise information is contained in the following theorem,
whose proof is based on properties of zonoids and generalized zonoids. Here,
C? denotes a cube in R? with centre 0.
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Theorem 4.2. (a) There exist Minkowski spaces, with unit ball arbitrarily
close to B, in which there is no Crofton measure for the Busemann (d — 1)-
area. There also exist Minkowski spaces with unit ball arbitrarily close to B?,
but different from an ellipsoid, in which there is a positive Crofton measure
for the Busemann (d — 1)-area.

(b) In every Minkowski space of sufficiently large dimension d and with unit
ball sufficiently close to C%, there is no positive Crofton measure for the Buse-
mann (d — 1)-area.

(c) There exist Minkowski spaces, for example (% and (%, in which there is
no positive Crofton measure for any general Minkowskian (d — 1)-area, except
for the multiples of the Holmes-Thompson (d — 1)-area.

(d) In every Minkowski space, there is a positive Crofton measure for the
Holmes-Thompson (d — 1)-area.

The preceding theorem is sufficient reason for us to concentrate, from now
on, on the Holmes-Thompson area. This is even more justified in view of the
following theorem.

Theorem 4.3. Let (R%, ||-||) be a Minkowski space. If in this space there exists
a Crofton measure (a positive Crofton measure) for voly, then there also exists
a Crofton measure (a positive Crofton measure) for voly, k € {2,...,d — 2}.

Proof. Suppose that in the Minkowski space with unit ball B there is a Crofton
measure for vol;. Then, by (76), there is an even finite signed measure p on
S9=1 such that

h(B° u) = / [{(u, v)| p(dv) for u € R%. (84)

gd—1
We employ a result from the theory of generalized zonoids. For vectors
Uy, ..., up € S9! we denote by L(uy,...,uy) the linear subspace spanned by

these vectors and by [uq, ..., ux] the k-dimensional Euclidean volume of the
parallelepiped spanned by them. Then for E € ﬁﬁ we have

Ak(B°|E) (85)
2k
_ E/Sdil.../Sdil[E,L(ul,...,uk)l‘][ul,...,uk]p(dul)...p(duk)

(see [57], and observe that the proof is valid if p is a signed measure). We
define a signed measure p(*) on Eﬁ by

P (A) = ¢, /SLF1 . ./Sdil 1a(L(ug, ...y up))|ur, .- ug) p(dug) -« - p(dug)

for Borel sets A C L¢, where
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2k:

Then we can write (80) in the form

oAtpm = [ B = [ 15 L)

)
d—k

for £ € Eg; here p() is the image measure of p¥) under the map L — L+
from L£{ to £4 ,. We see that the integral equation (75) has a solution for
U}gg, hence there is a Crofton measure for vol.

If there is a positive Crofton measure for vol;, then p is a positive measure,
which implies that p() is a positive measure, hence there is a positive Crofton
measure for voly. a

In the proof of Theorem 4.3 we started with a Crofton measure for voly, say 7,
and we constructed a Crofton measure for volg, say 14—x. This construction
has a nice geometric interpretation. Given is a measure 1 on the space of
hyperplanes, and we need a measure on the space of (d — k)-planes. It turns
out that 14_, as constructed, is the image measure of ¢;n®* L H} under the
intersection map

(Hy,...,Hy)— HyN---NHg

from Hj to €4 ,, where Hj denotes the set of all k-tuples (Hy,..., Hy) of
hyperplanes with dim(H; N---N Hy) = d—k and L denotes restriction. More
explicitly, for A € B(EY_,) we have

Na-r(A) =cxn®@---@n({(Hy,...,Hy) € (L) Hin---NH, € A}).
k

There are two main cases where the assumption of Theorem 4.3 is satis-
fied. If the norm || - ||, which is equal to h(B°,), is sufficiently smooth, then
B°? is a generalized zonoid, hence a Crofton measure exists for vol;. If the
Minkowski space (R?, || - ||) is hypermetric, then Theorem 4.1 says that a pos-
itive Crofton measure for vol; exists. Hence, in either of these two cases, the
Holmes-Thompson area of any dimension satisfies an intersection formula of
Crofton type.

Hints to the literature. Motivated by earlier work of Busemann, a study
of integral geometric formulae for areas in affine spaces, and particularly in
Minkowski spaces, was made in [53]. Much of the material exposed here, in-
cluding the proof of Theorem 4.3, is found there, together with additional
information. Parts (a) and (b) of Theorem 4.2 are proved in [44], and part
(¢) in [41]. For general information about geometry in Minkowski spaces, we
refer to [55].
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4.2 Projective Finsler Spaces

The main result of the previous subsection, the existence of Crofton measures
for Holmes-Thompson areas in smooth or hypermetric Minkowski spaces, can
be extended to certain spaces where one has no longer any nontrivial in-
variance under a transformation group. We sketch here, without proofs, the
main ideas of such an extension. It takes place in a natural generalization of
Minkowski spaces, the projective Finsler spaces. Generally speaking, a Finsler
space is a differentiable manifold together with a norm in each tangent space,
satisfying certain smoothness assumptions. Here we consider only R? as the
underlying manifold (where we canonically identify each tangent space of R?
with R? itself), and we consider Finsler metrics on RY which are compatible
with the affine structure of R?, in the sense we shall now make precise.

By a Finsler metric on R? we understand here a continuous function
F :R? x R? — [0,00) such that F(z,-) =: || - ||+ is a norm on R? for each
x € RZ. If this holds, the pair (R?, F) is called a Finsler space. (We should
rather speak of a generalized Finsler space, since the common definition of
a Finsler space includes smoothness assumptions and a stronger convexity
property of the norms || - ||, but we will delete ‘generalized’ in the following.)
In such a Finsler space, the length of a parameterized piecewise C' curve
7 : [a,b] — R? is defined by

b
Li(y) = / F(y(t), /(1)) d;

this is independent of the parameterization since F'(v(t), -) is homogeneous of
degree one. For p,q € R?, the distance dr(p,q) is defined as the infimum
of the lengths of all piecewise C'! curves connecting p and g. Then d is a
metric, called the metric induced by F. The Finsler space (R?, F) is called
projective if line segments are shortest curves connnecting their endpoints.
If this holds, the segment with endpoints p, ¢ has length dg(p, q).

Let (R?, F) be a Finsler space. For z € R?, the unit ball of the Minkowski
space (R, || - ||.) is denoted by B, (recall that we have identified the tangent
space T,R? of R? at x with R?). As in the previous subsection, we use a fixed
auxiliary scalar product (-,-) on R?. With its aid, we define the polar body of
Bwa

B?:={veR: (u,v) <1foraluc B,}.

(Without our simplifying conventions, B, would be a convex body in the
tangent space T,R? and B2 would be a convex body in the dual tangent
space T;R%.)

Extending the definition given for Minkowski spaces, one can define
the Holmes-Thompson k-area of a k-dimensional Cl-submanifold M in
(R, F) by

VOlk(M) = Hik/ /\k(Bz|TTM) )\k(dx)
M
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This definition uses the Fuclidean structure in several ways, but is, in fact,
independent of its choice. Formula (82), which does not use the Euclidean
structure, can be extended as follows. If 7%, denotes the k-dimensional Haus-
dorff measure induced by the metric dr, then

volg (M) = iQ /M vp(B, N T, M) HE (dz). (87)

Kk

As in the special case of Minkowski spaces, the existence of Crofton mea-
sures (which we define in the same way) for Holmes-Thompson areas is closely
related to the theory of generalized zonoids. First, we study this connection
under a smoothness assumption. We assume that the Finsler space (R¢, F)
is smooth, meaning that the function F is of class C>° (weaker assumptions
would be sufficient, but this is not an issue here).

Let 2 € R? be given. Due to the smoothness assumption, the integral
equation

Flaw) = [ o) g (@

has a continuous even solution 7, on S?~! (see, e.g., [39, Theorem 3.5.3]).
Now the assumption that the Finsler space (R%, F) is projective has a strong
implication on v, (u), as a function of its two variables  and wu: there exists a
continuous function g : S%~! x R — R such that g(u,7) = g(—u, —7) and

Ve (u) = g(u, (z,u)) for (z,u) € R? x R

This follows from Pogorelov’s [27] work on Hilbert’s Fourth Problem (see [45]
for a brief sketch of the main ideas). Recalling that F'(z,-) = || - ||» = h(B2, ),
which is the support function of the polar unit ball at x, we now have

p(Bz0) = [ lwolatu (o) o0 (du) (58)

for v € RY. This representation is of the form of (76) and can be employed in
a similar way. We use it for the construction of signed measures 74— on the
space £4_, of (d — k)-flats, as in the proof of Theorem 4.3 and the subsequent
remark, in the following way. The function x — g(u, {(x,u)) is constant on the
hyperplane H through x with normal vector u, let h(H) be its value on H.
This defines a function h on Sg_l. Let 1 be the signed measure on Ec‘ll_l which
has density h with respect to the rigid motion invariant measure on £_,.
Explicitly, this comes down to the following. We parameterize hyperplanes of
R? by
Hy;={yeR:: (y,u) =t}, ue S teR,

and then define a signed measure 7 on £¢_; by

n(A) = /S B /R V4(Hou g ) di gy (du) (39)
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for A € B(ES ,). Next, we define 14—, as the image measure of cxn®* under
the intersection map (Hi,...,Hg) — HyN---N Hy, (with ¢ given by (86)).
Explicitly, this means that

Ni—k(A) = Ck/ / /---/]-A(Hul,t1 NN Hyy 1y,
g1 si-1Jr JR

g(ul,tl) ce -g(uk,tk) dtl . ~dtk Ud,l(dul) e Jd,l(duk) (90)

for A € B(EY_,).

With these measures, we can now state Crofton formulae in a very general
version. A set M C R? is called (H*,k)-rectifiable, for k € {1,...,d}, if
H¥(M) < oo and there are Lipschitz maps f; : RF — R? (i € N) such
that H*(M \ U,cy fi(R¥)) = 0. Here the k-dimensional Hausdorff measure
H* and the notion of Lipschitz map refer to a Euclidean structure, but the
class of (H¥, k)-rectifiable sets is independent of the choice of this structure.
The definition of the Holmes-Thompson k-area can be extended to (H*, k)-
rectifiable Borel sets, for example by (87).

Theorem 4.4. Let (R%, F) be a smooth projective Finsler space. Then, for
ke{l,...,d—1} and every (H*, k)-rectifiable Borel set M in RY,

/g - card (M 0 B) 41 (dE) = vol(M). (91)

d—k

An even more general version holds. This refers to the case where M and

the intersecting flats are not necessarily of complementary dimensions. For

je{l,...,d—1}and k € {d—j,...,d}, and for (H*, k)-rectifiable Borel sets

M,

/8 voliyj—a(M N E)n;(dE) = %VOIMM). (92)
J

We turn to the existence of positive Crofton measures. A projective Finsler
space (Rd, F) is called hypermetric if its induced metric dr is a hypermetric.
We assume now that the Finsler space (R, F) is smooth, projective, and
hypermetric. Then every polar local unit ball BY is not only a generalized
zonoid (which it is by (88)), but even a zonoid (as proved in [1]), which means
that the function g(-, (z,-)) in (88), and hence g, is nonnegative. It follows
that each 74—y is a positive measure.

The existence of positive Crofton measures, as just established, can be ex-
tended to general (i.e., not necessarily smooth) hypermetric projective Finsler
spaces. Such an extension can be based on the following approximation re-
sult, which Pogorelov [27] and Szabd [54] established in their work on Hilbert’s
Fourth Problem. For every e > 0, there is a smooth projective Finsler space
(R?, F,) such that lim,_,q F. = F, uniformly on every compact set. Moreover,
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each (R, F,) is hypermetric (see [1]). Therefore, to every e, there exists a pos-
itive Crofton measure 74_1 for the Holmes-Thompson 1-area, as constructed
above. This measure depends on ¢; we denote it by 7). Making essential use
of the positivity of these measures, one can show that the family (1(c))ece(0,1)
of measures is relatively compact in the vague topology. Hence, there is a
sequence (€;);en tending to zero such that the sequence (7,))icn converges
vaguely to a measure 7 on 5(‘11_1. With this measure, we repeat the earlier
construction: we define the measure 74— on £ , as the image measure of
cxn®F_H; under the map (Hi,...,Hy) — Hy NN Hy from H} to E4_,.
Using the vague convergence of (7,))ien to 7, it can be proved that

/g card (M 1 E) na_ (dE) = voly(M) (93)

d
d—k

for k € {1,...,d — 1} and every k-dimensional convex body M. By defini-
tion, 14—k is a positive Crofton measure for the Holmes-Thompson k-area in
(R?, F'). However, it has not been investigated, in this case of a general Finsler
metric, whether (93) can be extended to (H¥, k)-rectifiable Borel sets M, nor
whether (92) has a counterpart.

We remark that a measure 74—, satisfying (93) for all k-dimensional convex
bodies M is uniquely determined if either k =1 or Kk = d — 1, but not in the
intermediate cases.

Theorem 4.2(d) can be extended from Minkowski spaces to projective
Finsler spaces, thus a positive Crofton measure for the Holmes-Thompson
(d — 1)-area in the projective Finsler space (R?, F) exists even if the space
is not hypermetric. The clue for a proof of this fact is again a formula from
the theory of generalized zonoids. First we assume that (R%, ') is a smooth
projective Finsler space. Let sq_1(B2,u) denote the product of the principal
radii of curvature of the boundary of B at the point with outer normal vector
u € S, From the representation (88), one has an explicit integral represen-
tation of s4—1(B2,u) in terms of the function g; see [56, Satz 7]. With its aid,
one can show that a function 6§ on £ can be defined by

d(lin{u} + ) := s4-1(B2, u) for u € St x € R?

and that this function is a density of the signed measure 7; with respect to the
suitably normalized rigid motion invariant measure on the space £ of lines.
Since this density is always nonnegative, the Crofton measure n; is positive.
The existence of a positive Crofton measure for the Holmes-Thompson (d—1)-
area in non-smooth projective Finsler spaces can then again be obtained by
approximation.

We collect the stated results in a theorem.

Theorem 4.5. Let (R%, F) be a projective Finsler space. In this space, there
exists a positive Crofton measure for the Holmes-Thompson (d—1)-area. If the
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space is hypermetric, there exists a positive Crofton measure for the Holmes-
Thompson k-area, for each k € {1,...,d—1}.

Hints to the literature. For smooth projective Finsler spaces and smooth
submanifolds, a version of the Crofton formula (91) was proved in [2], using
the symplectic structure on the space of geodesics of a projective Finsler
space. The general formula (92), together with its proof based on the theory
of generalized zonoids, appears in [46]. Theorem 4.5 was proved in [45].

4.3 Nonstationary Hyperplane Processes

Finally, we treat a special topic from stochastic geometry which is closely
related to the preceding subsection. The relation to Crofton measures in pro-
jective Finsler spaces is not one of application, but consists in the similarity
of the underlying structures. We study stochastic processes of k-planes in R,
and in particular of hyperplanes.

First we need some explanations. Let S be an arbitrary locally compact
space with a countable base. A subset F' C S is called locally finite if FNC
is finite for every compact subset C' of S. Let F;; be the system of all locally
finite subsets of S. One equips F;s with the smallest o-algebra for which all
counting functions

F +— card (F N A), A € B(S),

are measurable. A simple point process in S is a random variable X on
some probability space ({2, A,P) with values in F;¢. The expectation

O(A) :=Ecard (X N A), A € B(S),

defines the intensity measure of the point process X. The point process
X with intensity measure © is called a Poisson process if © is finite on
compact sets and if, for every Borel set A C S with ©(A) < co and all j € Ny
one has ;

P(card (X NA) =j) = @(ﬁ) e ),

This is now applied to the space S = £, where k € {0,...,d —1}. We as-
sume that X is a simple point process in £Z, with an intensity measure © # 0
which is finite on compact sets. We call X a k-flat process. The process
X is stationary (isotropic) if its distribution is invariant under transla-
tions (rotations). Stationary k-flat processes have been thoroughly studied in
stochastic geometry. We work here with a weaker assumption.

Definition. The k-flat process X is regular if its intensity measure has a
continuous density with respect to some translation-invariant, locally finite
measure on .
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Let X be a regular k-flat process, with intensity measure ©. Thus, there exist
a locally finite, translation invariant measure p on 5,? and a nonnegative,
continuous function h on £ such that

6(A) = / hdu  for A€ B(ED).
A
By the decomposition result (74), there is a finite measure ® on £{ such that
Fdy = / F(L + 2) Ay (dz) D(dL)
£ cd Jrr
for every nonnegative, measurable function f on £Z. This gives

O(A) = /L d /L 1AL+ (L + 2) Ay(da) B(dL) (94)

for A € B(EY).

To measure the local ‘denseness’ of the process X, we consider the expec-

tations
E Y M(ENB)
EeX

for B € B(R?) with \y(B) < 0o. One obtains
ES M(ENB) = / h(L + ) B(dL) Aa(da).
EeX BJLy

Thus, the measure E) ;. Ax(E N -) has a continuous density with respect
to Lebesgue measure Ay, given by

~y(z) = /ﬁd ML+ z) P(dL).

This function « is called the intensity function of the process X. If X is
stationary, this function is a constant, called the intensity of X. The following
more intuitive interpretation of the intensity function can be proved:

. 1 J
y(z) = ll_r)% mEcard {EeX:En(rB*+z)#0}).

From now on we assume that k£ = d — 1, so that X is a regular hyperplane
process. The density h is now defined on the space Eg_l of hyperplanes, hence

we can define a function g : S9! x R — [0, 00) by
g(u,t) == h(Hyyz).

Then g is continuous and satisfies g(u,t) = g(—u, —t). The measure ¢ on £4_,
defines an even measure @ on the sphere S4~! satisfying
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~ 1
B(A) = SP({Huo  u € A})

for Borel sets A C S9! without antipodal points. Now (94) can be written
in the form

O(A) = /S /]R 1a4(Hy)g(u,t) dt &(du) (95)

for A € B(ES_,). Note that this representation is of the type (89), but is more
general. In the preceding subsection, the function g was derived from the local
unit balls of a given projective Finsler metric. We will now, reversely, use the
present function g to construct ‘local unit balls’ and exhibit their relevance
for the geometry of the hyperplane process X.

For each x € R?, we define a finite even measure p, on S%~1 by

pz(A) = /jé\g(u7 (u, z)) (du), A€ B(s4).

Then we define the local associated zonoid I1, of X at z as the convex
body with support function

h(ILy,u) = /SH \(u, 0} po(dv),  ueRY (96)

The main results of this subsection are two examples showing how these
local associated zonoids enter the discussion of natural geometric questions
about the hyperplane process X.

First, let M C R¢ be a closed line segment. We ask for the expected
number of intersection points of M with the hyperplanes of X. Putting

Ha:={H €& ,: HNM # (},

this expected number is given by
Ecard (X N Hag) = O(Har) = / / Loy, (Fut)g(u, ) dt &(du).
5d-1 JR

For the computation of the inner integral, we choose a C'! parameterization
y : [a,b] — RY of M with ¢/ # 0. Let u € S9! be given, without loss of
generality not orthogonal to M, and let 13,,(H,;) = 1. Then there is a
unique s € [a,b] with M N H,; = {y(s)}, hence ¢t = (u,y(s)). Substituting ¢
by s - sgn (u,y’), we get

b
Board (X 1) = [ [ gtu . y() ' () s B

b
- / W10y, 4/(s)) ds.

Defining a Finsler metric F' by
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F(z,u) := h(Il;, u),

we see that b
Ecard (X NHy) = / F(y(s),y'(s))ds,

hence we can formulate the following result.

Theorem 4.6. The expected number of hyperplanes in the regular hyperplane
process X hitting the segment M is equal to the Finsler length of M, for the
Finsler metric defined by the support function of the local associated zonoids.

For our second question we assume now, in addition, that X is a Poisson
process. The question concerns the processes of lower dimensional flats that
are generated by intersecting hyperplanes of X. For k € {2,...,d} we take,
in every realization of X, all intersections of any k hyperplanes in X which
have linearly independent normal vectors. This defines a simple process of
(d — k)-flats. We denote it by X, and its intensity measure by ©y. Using the
strong independence properties of Poisson processes, it can be shown that

Or(A) = %/gd /5d 1a(HiN---NHy)O(dHy)---O(dHy,)  (97)

d—1 d—1

for A € B(€4_,.). This formula is similar to (90). From (97) and the regularity
of X it can be deduced that X is also regular. In particular, the intensity
function of X}, is defined; we denote it by 7. A computation gives

@) =g [ [ ) ). (98)

The geometric question we want to answer is whether one can find sharp
bounds for the intensity function of the intersection process of order k in
terms of the intensity function of the process X itself. The answer comes
from a beautiful interpretation of the integral (98). We have mentioned in
Subsection 4.1 that the integral representation (84) implies the representation
(85) for the k-dimensional projection volume. Further, we know from (17) that
averaging the k-dimensional projection volumes over all directions gives the
kth intrinsic volume. Applying this to the convex body II,, which has the
representation (96), we must get a formula for the intrinsic volume Vi (I1,).
The result is

k
Vi(II,) = %/544 -~-/Sd71[u1,...,uk] pr(duy) - -+ pr(dug).

Comparison with (98) now shows that

(x) = Vi(27H L)
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The intrinsic volumes of convex bodies satisfy well-known inequalities. As
a consequence, and with some additional arguments concerning the equality
case, the following sharp estimate can be obtained.

Theorem 4.7. Let X be a reqular Poisson hyperplane process in R® with in-
tensity function v. Let k € {2,...,d}, and let v be the intensity function of
the intersection process Xy, of order k. Then

(d)nk
Yr(z) < dkﬁd—kﬁs_lv( )

for x € R Equality for all x € R? holds if and only if the process X is
stationary and isotropic.

Hints to the literature. Processes of k-flats are treated, for example, in
[52]. The contents of this subsection are taken from [49], where full proofs can
be found.
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