Chapter 2

Tensor Valuations
and Their Local Versions

Daniel Hug and Rolf Schneider

Abstract The intrinsic volumes, recalled in the previous chapter, provide an array of
size measurements for a convex body, one for each integer degree of homogeneity
from O to n. For measurements and descriptions of other aspects, such as position,
moments of the volume and of other size functionals, or anisotropy, tensor-valued
functionals on convex bodies are useful. The classical approach leading to the intrinsic
volumes, namely the Steiner formula for parallel bodies, can be extended by replacing
the volume by higher moments of the volume. This leads, in a natural way, to a series
of tensor-valued valuations. These so-called Minkowski tensors are introduced in the
present chapter, and their properties are studied. A version of Hadwiger’s theorem for
tensor valuations is stated. The next natural step is a localization of the Minkowski
tensors, in the form of tensor-valued measures. The essential valuation, equivariance
and continuity properties of these local Minkowski tensors are collected. The main
goal is then a description of the vector space of all tensor valuations on convex
bodies sharing these properties. Continuity properties of local Minkowski tensors and
of support measures follow from continuity properties of normal cycles of convex
bodies. We establish Holder continuity of the normal cycles of convex bodies, which
provides a quantitative improvement of the aforementioned continuity property.

2.1 The Minkowski Tensors

We use the notation introduced in Chap. 1. We recall that the intrinsic volumes,
certainly the most important valuations in the theory of convex bodies in Euclidean
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space, all arise from one basic valuation, the volume functional. In fact, they are
generated by the Steiner formula (Chap. 1, formula (1.16)),

Va(K+pB") =Y p" i ;Vi(K), p>0. 2.1
Jj=0

Here and in the following, K € J#" denotes a convex body. The point to be kept in
mind is that the evaluation of the volume of parallel bodies leads to a polynomial
expansion and that the coefficients yield new valuations, which inherit some essential
properties of the volume functional, but are no longer simple.

The volume functional, which we may write as

Valk) = [ ax,

where dx indicates integration with respect to Lebesgue measure, has a natural
vector-valued analogue, the moment vector

/xdx,
K

which is needed to define the centre of gravity,

1
c(K) = Vi) /dex,

of convex bodies K with positive volume. If one wants to study moments of inertia,
for example, one has to consider matrices with entries of type

/K‘ﬁiéjd%

where &;,..., &, are the coordinates of x € R” with respect to an orthonormal basis.
This can be continued and leads to a series of simple valuations with values in spaces
of symmetric tensors. Application to parallel bodies and polynomial expansion then
reveals more general tensor-valued valuations. In the present section, we introduce
these tensor valuations.

First we fix some conventions how to deal with tensors. We use the scalar product
of R” to identify R" with its dual space. Thus, each vector a € R" is identified with
the linear functional x — a - x from R” to R. For r € Ny, an r-tensor, or tensor of
rank r, on R” is defined as an r-linear mapping from (R")" to R. It is symmetric if it is
invariant under permutations of its arguments. By T” we denote the real vector space
(with its standard topology) of symmetric r-tensors on R”. By definition, T? = R,
and by the identification made above, T' = R”". The symmetric tensor product of
the symmetric tensors a; € T', i = 1,...,k, is defined as follows. We write so = 0,
si=ri+---+rifori=1,... k, then
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(a1®-~®ak)(x1,---7xsk)3— Y Ha, Xo(sii+1)2- - Xo(s;))

Sk 66/(5](
for xi,...,x, € R", where .#(m) denotes the group of permutations of the numbers
1,...,m. Then a; ®---®a; € T, Thus the space of symmetric tensors (of

arbitrary rank) becomes an associative, commutative graded algebra with unit. We
shall always use the abbreviations a ® b =: ab,

al@"'Gak::al"'aka a@...@a::ar’ aO::l.
——

r

For instance, for a vector a € R", the r-tensor a” with r > 1 is given by
a(xp,...,x)=(a-x1) - (a x), x1,...,x € R".

The scalar product,
Q(xay):x'y? xv}’ERn7

is a symmetric tensor of rank two; we call Q the metric tensor.

Let (eq,...,e,) be an orthonormal basis of R”. Then the tensors ¢;, - - -e; with
1 <iy <--- <i, <nform abasis of T”. The corresponding coordinate representation
of T € T" is given by
(2.2)

r

T = Z Liy...iy€i; """ €
1<i < <ip<n

with
r
til...ir = (m1 ".ml/l)T(eilw"ﬂeir)? (23)

where my, counts how often the number k appears among the indices iy,...,i. (k=
.,n). (We remark that (2.3) should replace the formula given in [19, p. 463, line
—8].)
Now we define the moment tensors, which generalize the volume. Integrals of
tensor-valued functions can, of course, be defined coordinate-wise. For r € Ny, let

1
P(K) = /x dx, Ke " (2.4)
r! Jk
Thus, ¥.(K) € T", and explicitly

W(K)(V1,---50r) = rl _/K(x yi) - (e yr) dx

for yi,...,y, € R". The factor 1/r! in (2.4) is only for convenience. It is clear that
Y. : %" — T is a simple valuation.

Immediately from (2.4) we see how ¥, behaves under translations. Since the
binomial theorem holds for the symmetric tensor product, for t € R" we get
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r

B(K+1)=Y %qf,_ (K. (2.5)
j=0J:

Formally, this looks like an ordinary polynomial, but we have to keep in mind that
here, according to our notational conventions,

'Pr,‘Ktj:lPr,'K t O
J(K) J(K)Oro '®
J

Nevertheless, in view of (2.5) one says that ¥, has polynomial behaviour under
translations.

Also the behaviour under rotations is easy to see. Let O(n) be the orthogonal group
of R”. Its elements are called rotations of R"; thus, rotations in our terminology can
be proper (orientation preserving) or improper. For ¥ € O(n) and for yy,...,y, € R"
we have

‘I’r(ﬁK)(yh...,y,):%/ﬂK(x.yl)...(x.yr)dx

= [ (0 ds

e,
riJK
=%(K) (D 'yr,..., 0 ) = (OB(K) 01, - 00)-

Thus,
¥ (9K) = 0% (K),

where the usual operation of O(n) on T” is defined by
(ﬁa)(yl""7yr) :a(ﬁilylw-'aﬂilyr)

foraeT".

The tensor functional ¥, also satisfies a Steiner formula. To express it in a con-
venient way, we have to introduce further tensor functionals. In the following, we
use the support measures Ay (see Chap. 1, Sec. 1.3), which are Borel measures on
X" =R" x S""!. The constants k;, ®; were introduced in Chap. 1, (1.14).

Definition 2.1. The Minkowski tensors are defined by

1 w,—
O (K) =k
rls! Wy —f+-s

/ X' Ap(K,d(x,u)) (2.6)
fork=1,...,n—1 and r,s € Ny. Further, we define
@0(K) == ¥(K) 2.7

and
O =0  ifk¢{0,...,n}orr¢Nyors¢Nyork=n,s#0.
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The latter definition will allow us later to extend some summations formally over
all nonnegative integers.
Now we can formulate a Steiner-type formula.

Theorem 2.2. For r € Ny, K € Z" and p > 0, the formula

n+r

(K+pB") = Y p" i,V (K) 2.8)
k=0
holds, where
v =Y e 2.9)
seNp

For r = 0, formula (2.8) reduces to the ordinary Steiner formula (2.1) for the
volume.

We indicate the proof of formula (2.8). For this, we need to compute an integral
Jgn f(x) dx by a procedure that generalizes the transformation to polar coordinates,
with the role of the unit sphere played by the boundary of a general convex body.
Since such a general convex body need neither be smooth nor strictly convex, this
generalized transformation formula makes use of the support measures. These satisfy
themselves a Steiner formula [20, Theorem 4.2.7], of which here the following
special case is relevant. We write K, := K + pB", for p > 0, and define the mapping

Tp I X, Tp(x,u) := (x+pu,u).
Then
n—1 1
280-1(Kp, ) = Y. " oty A(K ),
k=0

where 7, A (K, -) is the image measure (push-forward) of Ax(K,-) under 7,. Using
this, the following formula can be proved ([20, Theorem 4.2.8]).

Lemma 2.3. Let K € 2", and let f : R"\ K — R be a nonnegative measurable
function. Then

n—1 ) )
/ flx)dx = an,j/ z"*H/ Fx+tu) Aj(K,d(x,u))dr. (2.10)
RM\K =0 0 xn
To prove now formula (2.8), we first write

% (K,) :%(K)+l/ ¥ d.
Kp\K

r!

To the last term we apply the transformation (2.10) coordinate-wise and obtain
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n—l P
/ ¥ dy = an,j/ t"—H/ (1) A (K, d(x,u)) dr
Kp\K =0 0 zn
n—1 P i1 r r
= a)n,-/ " / < >xr_SuStSA- K,d(x,u))dt
Y o |, X J(K.d(x.a)

r n—j+s
Y Y o (’) LAl / XU A (K d(x, 1)),
j=05=0 zn

S
- o

s/n—j+s

Introducing the index k = j 4 r — s and using the definition (2.6), we obtain the
assertion (2.8).

2.2 A Classification of Tensor Valuations

To describe our next goals, we recall Hadwiger’s characterization theorem (Chap. 1,
Thm. 1.23). It determines the real vector space of all mappings ¢ : #" — R which
are

e valuations,
e rigid motion invariant,
e continuous.

The result is that this vector space is spanned by the intrinsic volumes Vj,...,V,.
These intrinsic volume functionals are linearly independent, because they have
different degrees of homogeneity and are not identically zero; hence the vector space
in question has dimension n+ 1.

As the intrinsic volumes have been generalized to Minkowski tensors, it is natural
to ask whether, respectively in which form, Hadwiger’s characterization theorem can
be extended. For tensor valuations of rank one, there is a closely analogous result.

Theorem 2.4. The real vector space of all mappings v : & " — R" which are

e valuations,
e rotation equivariant, and such that (K +1t) — w(K) is parallel to t,
e continuous,

is spanned by the mappings
K / XCK,d),  j=0,....n.
K

Recall from Chap. 1, Sec. 1.3, the relation between the support measures A;(K, -)
and the curvature measures C;(K,-). The integral [, xC;(K,dx) is the moment vector
of the curvature measure C;(K, -). Again, the vector space in question has dimension
n+ 1, because the moment vectors have different degrees of homogeneity and are
not identically zero. The result was proved by Hadwiger and Schneider [8]. Although
it looks similar to Hadwiger’s characterization theorem, its proof uses a different
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approach. One might wonder why the dimension of the vector space is still n+ 1.
The Steiner formula for the moment vector || g xdx has, in fact, n+ 2 terms. However,
one of these, namely |, pn xdx, is identically zero.

For tensor valuations of ranks larger than one, the situation is more complicated.
It remains true that each Minkowski tensor @,:’S defines a mapping I" : #" —
T?, for p = r+ s, which is a valuation and is continuous. The behaviour under
isometries (combinations of rotations and translations) can be described as follows.
First, we point out that in Hadwiger’s theorem, ‘rigid motions’ are orientation
preserving, whereas in the following, a ‘rotation’ is an element of O(n) and thus can
be improper. The mapping I is rotation covariant, that is, if ¥ € O(n) is a rotation,
then I'(0K) = 9T (K) for all K € J#™. We recall that the operation of the orthogonal
group appearing here is defined by

(OT)(y1,--,yp) =T(® 'yp,...,07y,)  foryr,...,y, ER", T € TP,

Further, I" has polynomial translation behaviour, by which we mean that

| —

p .
C(K+1)=Y =LKy forKe " teR",
=

~

with tensors I}, j(K) € TP/, which are independent of ¢. (By convention, 0° = 1
here.) We say that I" is isometry covariant if it has both properties, rotation covariance
and polynomial behaviour under translations.

One new aspect appearing for higher ranks is the following. For rank two, there
is a constant mapping I" : #" — T? that has all the properties listed above, namely
I'(K) = Q, the metric tensor. Since Q does not depend on K, this mapping I is
trivially a valuation, continuous, and has polynomial behaviour under translations.
Since, for ¥ € O(n),

OW1,y2) =y1-y2 =0y -8 1y = (90) (y1,2),

I' is also rotation covariant. Since the considered properties are preserved under
symmetric products, it follows that also the mappings K — Q" ®*(K), for any
m € Np, share these properties with the Minkowski tensors. But this is as far as we
can go, as the following characterization theorem due to Alesker [1] shows.

Theorem 2.5 (Alesker). Let p € Ny. The real vector space of all mappings I :
K" — TP which are

e valuations,
e isometry covariant,
e continuous,

is spanned by the tensor valuations

Q"o @2.11)



32 Daniel Hug and Rolf Schneider

where m,r,s € Ny satisfy 2m~+r+s = p, where k € {0,...,n}, and where s =0 if
k=n.

The characterizations given in Theorem 1.23 of Chap. 1 (i.e., Hadwiger’s charac-
terization theorem) and Theorem 2.4 are special cases of this result. However, there
is an essential difference: for p > 2, the spanning tensor valuations (2.11) are no
longer linearly independent. They satisfy a series of linear relations, known as the
McMullen relations. We prove these now.

The crucial relation is the identity

Q@10 =27 . (2.12)
Explicitly, this reads
2 r
0¥-1(K) == [ ¥u, 1 (Kdexw). (2.13)

It suffices to prove this identity for smooth convex bodies, because the general
case can then be obtained by approximation. If K is smooth, we denote by u(K, x)
the unique outer unit normal vector of K at its boundary point x. For a smooth convex
body K, the measure 2A,_{(K,-) is the image measure of the Hausdorff measure
"1 on JK, the boundary of K, under the measurable mapping x — (x,u(K,x))
from dK to X". Therefore, equation (2.13) is equivalent to

1
0% (K)= — /(9 (K0 (). 2.14)

r!

To prove this, we use coordinates. We introduce an orthonormal basis (ey, ..., e,) of
R™ and write x € R” in the form x = xje; + - - - + x,e, (s0 x1,. .., X, are now Cartesian
coordinates). For given iy,...,i,,j € {1,...,n}, we define the vector field v by

v(x) ==X, - xi5, xeR".
To this and the convex body K we apply the divergence theorem. It says that

/divv(x)dx: . v(x) - u(K,x) 2" (dx).
K oK

To write this explicitly in a concise form, we use the Kronecker symbol 6 and indicate
by X, that x,, has to be deleted. Then we get

LY B = [ e, (e u(K ) 47 (@),
Jxk = 9K

Using tensor notation, this can equivalently be written as



2 Tensor Valuations and Their Local Versions 33

.
Z (ei.e))F—1(K) (e, €i,..-¢i)

1 ~1
_ m/al{x’(eil,...,e,-r)u(K,x)(ej)%" (). (@15
This identity holds for arbitrary (r+ 1)-tuples (iy,...,i,, j) from {1,...,n}.

To prove the identity (2.14), we have to check (only) that the (r + 1)-tensors on
either side attain the same value at any (r+1)-tuple (¢;,...,e;,,,) of basis vectors.
Now, by the definition of the symmetric tensor product, for the left side of (2.14) we
have

(r—|— 1)!(Q‘Pr,1(K))(€i],...,eirﬂ)

= ) Qi Ciny) 1K) (€iggs)s i, ))- (2.16)
occs (r+1)

For the right side of (2.14) we obtain from (2.15) that

1 ' r n—
(r+1)! E/aK(x u(K.x))(ei, .. ei,,,) 2" (d)

1 -1
-~ ¥ /aer(e,-G(l),...,eia(r))u(K,x)(e,'a(m))jf" (dx)
ToeS(r+1)
_ Z Z Q(e’a elo(;“))‘flr—l(K)(eia(l)“"7éia(k)""’eia(r))
=loes(r+1)
= Z Q(e,g g V¥, 1(K)(e,~6(3),...,eia(m)).
ces(r+1)

The latter agrees with (2.16). This completes the proof of (2.12).

From (2.12), further identities can be derived by applying (2.12) to the parallel
bodies of a given convex body. For this, we write (2.12) in another explicit form,
which is a counterpart to (2.14) for strictly convex bodies. If the convex body K is
strictly convex, then to each unit vector u € S"~! there is a unique boundary point of
K at which u is attained as outer normal vector. We denote this boundary point by
x(K,u). For a strictly convex body K, the measure 2A,_; (K, -) is the image measure
of the area measure S, (K, -) under the measurable mapping u — (x(K,u),u) from
St1o X (for the area measure, see Sec. 1.3 of Chap. 1 or [20, Sec. 4.2]). Therefore,
equation (2.13) is transformed into

1
0% 1 (K) = - /S (K o) S, (K. du). 2.17)

We apply this to a parallel body K + pB", for p > 0, which is also strictly convex
if K is strictly convex. For the left side we get, using the Steiner formula (2.8),

n+r—1

Q¥ 1(K+pB") = Y p"" i, 10V V(K. (2.18)
k=0
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To compute the right side of (2.17) for K + pB”", we note that
x(K+pB",u) =x(K,u) + pu,

and hence

K(K+pB"u) =Y (;) P Ix(K,u)

Jj=0

Further, we have to use the Steiner-type formula

n—l—i (= 1 . .
Su_1(K+pB",- Zp ( ; )Sz(K,)
(see [20, (4.36)]). Therefore, we also have
O¥._i(K +pB") (2.19)

1n—1 n—1 r .
_ U~ Jj+1 Kd ntr—1—i—j
"!i—0< i >/S’”Z(> Si(Kdu)p
1n+r 1 1 r n—1
e 2.2
Z P Z(s—l)(k—r—l—i—s) (2:20)

x / S 1 (KA u)).
Here we have introduced new indices by s = r+ 1 — j and k = i + j, and instead of
the measure A, (K, -) we have used its re-normalization
nky,
()

Comparing the coefficients in (2.18) and (2.19), we now get

On(K,") = 2" A(K, ).

Kntr—1 kQV’ (k)
1r+1 " n—1 r+l—s U
T K.d
r!s=1 <S_1) <k—r—1+s>/ O—r—14s( (x,u)).

With the help of the identity 27K, = @2, this can be simplified. Replacing r+ 1
by r, we obtain
r—2
v P (K)=21 ¥ s (K). @.21)
seNp

So far, this identity has been proved for strictly convex bodies K. By approximation,
this result can be extended to general convex bodies.

Now, multiplying (2.9) (with r replaced by r — 2) by Q and comparing with (2.21),
we immediately get the McMullen relations. McMullen [15] proved these relations
in a different way, namely first for polytopes.
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Theorem 2.6 (McMullen). For r € Nwithr >2 and k € {0,...,n+r—2},

QY o =2n Y sd (2.22)

seNp seNp

For r = 1, relation (2.22) also holds, but only expresses the well-known fact that

./Sn_l uS;(K,du) =0
for j=0,...,n— 1. For rank two, the McMullen relations are given by
0" =21 +4nd)?, k=0,....n.
We recall that
B (K) =V,

ol (K) = a / wA i (K d(nu)  fork>1, &M (K) =0,
Zﬂ

02 (K) = by / W Au(K,d(x,u) fork < n—1, 8%(K) =0,
Zﬂ
with positive constants ag, by.
Now the question arises whether the McMullen relations are essentially the only
linear dependences between the basic tensor valuations Q™ df',:"s. This is, in fact, true.
The following was proved by Hug, Schneider and Schuster [13].

Theorem 2.7. Any nontrivial linear relation between basic tensor valuations Q™ @,:’S
can be obtained by multiplying suitable McMullen relations by powers of Q and by
taking linear combinations of relations obtained in this way.

This result opened the way to determine bases and dimensions of the vector spaces
in question. Let T}, ; denote the real vector space of all mappings £ — T that are
continuous, isometry covariant valuations and homogeneous of degree k. Theorem
3.1 of [13] gives an explicit formula for the dimension of 7}, ;. As an example for
explicit bases, we present here the case of rank two:

e T5: abasis is {Q(Dg’o}.

Ty abasis is {@)%, 0DV}

Ty fork=2,...,n—1: abasis is {@°, &, 00},
T» ,: a basis is {@3’702, QCP,?"O}.

T fork=n+1,n+2: abasis is {45,3;()2}.

Thus, the vector space of continuous, isometry covariant tensor valuations of rank
two has dimension 3n+ 1.
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2.3 Local Tensor Valuations

In the same way as the intrinsic volumes have local versions, the support measures,
so the Minkowski tensors have natural measure-valued extensions. We abbreviate
now the normalizing factor appearing in (2.6) by

ns . 1 Wy —x

nk

rls! @, _gas

and define the local Minkowski tensors by
or (K. m) 1=, / X Ac(K,d(x,u)) (2.23)
U

for n € A(X"), the o-algebra of Borel sets in X", and for r,s € Ng, k € {0,...,n—1}.
These local tensor valuations can also be introduced in a way that generalizes the
introduction of the support measures by means of a local Steiner formula (see [20,
Thm. 4.2.1]). For this, we define, for K € 2™ and n € (X"), a tensor in T"** by

Y (K,m) = /KP\K 1, (pk(x),uk(x))px(x)r(x—pl((x))sdx (2.24)

for p > 0 and r,s € Ny. Here 1;, is the characteristic function of the set 1 and pg (x)
denotes the point in K nearest to x; the vector ug(x) := (x — px(x))/||x — p(K,x)|]
points from pg (x) to x, for x ¢ K. (Variants of the tensor (2.24) have been introduced
in [16] and [11], aiming at applications.) Noting that for (x,«) in the support of the
measure A;(K,-) and ¢ > 0 the relations pg (x+ru) = x and ug (x+ru) = u hold, we
obtain from Lemma 2.3 that

n—1
%r,s(K,n) — 1! Z Pn7'1+'Yanj+s¢;’S(K’n)' (2.25)
=0

J=

Equation (2.23) defines a mapping (]),:’S from J#™ x %(X") into T"+5. We want to
list the properties of this mapping and collect, therefore, the most important properties
which a general mapping I : £ x (X") — TP may have. For n € #(X"),r € R"
and ¥ € O(n), we write N +1 := {(x+1,u) : (x,u) € n} and 91 = {(Vx,Vu) :
(x,u) € n}. Moreover, recall from Chap. 1, Sec. 1.3, that ne(K) = {(pk (x),ux (x)) :
x € R"\ K} denotes the normal bundle of K. The following properties will play an
important role.

e [ has polynomial translation behaviour of degree g, where 0 < g < p, if

| —

I'(K+t,n+1)= I, ;(K,n)t/ (2.26)

J

q

~

0



2 Tensor Valuations and Their Local Versions 37

with tensors I, j(K,n) € TP/, forall K € #", 1 € (X") and t € R" (the factor
1/j!is convenient); here I}, = I". In particular, I" is called translation invariant if
it is translation covariant of degree zero.

o [ is rotation covariant if I (OK,9n) =9I (K,n) forall K € Z", n € B(X")
and ¥ € O(n).

e [ is isometry covariant (of degree g) if it has polynomial translation behaviour of
some degree g < p (and hence of degree p) and is rotation covariant.

o I is locally defined if for n € #(X") and K,K' € ™" with nNne(K) =nN
nc(K’) the equality I'(K,n) = I'(K’, 1) holds.

o IfI'(K,-) is a TP-valued measure for each K € Z", then I is weakly continuous
if for each sequence (K;);en of convex bodies in .#™ converging to a convex body
K the relation

lim [ far(x / Fdr (K

i—yoo

holds for all continuous functions f : X" — R.

In the previous definitions, the set £ may be replaced by £2".
Returning to the local Minkowski tensors, we note that from the properties of the
support measures, the following can be deduced for each I = ¢,:’s.

e ForeachK € #", I'(K,-) is a T"**-valued measure.
I' is weakly continuous.

For each n € #(X"), I'(-,n) is measurable.

For each n € A(X"), I'(-,n) is a valuation.

The mapping I" is isometry covariant.

The mapping I is locally defined.

It will be the main goal of the rest of this chapter to determine all mappings with of
these properties. In fact, it will turn out that some properties are consequences of the
others.

2.4 A Characterization Result for Local Tensor Valuations on
Polytopes

In a first step to achieve the goal just formulated, we consider local tensor valuations
on the space &" of polytopes.

Let P € &" be a polytope. By %, (P) we denote the set of k-dimensional faces
of P, for k € {0,...,n}. For F € .%;(P), the set v(P,F) = N(P,F) NS"~! is the set
of outer unit normal vectors of P at its face F (see [20], Sec. 2.4, for the normal
cone N(P, F)). From a representation of the support measures for polytopes (see [20],
(4.3)), one can deduce that the local Minkowski tensors of a polytope P have the
explicit representation

¢,§S(P,n)=c // (x,u)x"u 2075 (du) P (dx),  (2.27)
PF)
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fork € {0,...,n—1} and r,s € Ny, where
\S —1
C;Ak = (1510, gas) - (2.28)

We point out that the integrations in (2.27) are only with respect to Hausdorff mea-
sures. The structure of (2.27) should be well understood, since it plays an important
role in the following.

If one studies valuations on polytopes, it is always advisable to see how far one
gets without the assumption of continuity. Theorem 1.31 from Chap. 1, for example,
does not need any continuity assumption. However, without this assumption, there
are mappings on &" which share the preceding properties with the local Minkowski
tensors, but are far more general. Hence, a possible classification theorem has to take
these into account.

To define these generalizations, we associate with each face F of a polytope the
linear subspace that is a translate of the affine hull of . We denote this subspace by
L(F) and call it the direction space of F. For a linear subspace L of R”, we denote
by 7z : R" — L the orthogonal projection. Then we define Q; € T? by

QL(a,b) =Tma-wrb for a,b € R”.

We note that Qs = 90y, for ¥ € O(n).
Now we define the generalized local Minkowski tensors by extending (2.27) in
the following way:

7 (P) (2.29)

=C 0’ // Ly (x,u)x"u® 22" %1 (du) 7% (dx),
JcFE%(P) HE Je Jvier)

for r,s, j,k € Ng with 1 <k <n— 1. This definition is supplemented by

15,0, r.s
¢(§ = ¢() I

but ¢, remains undefined for j > 1. Each mapping I' = ¢,/ has the following
properties. It is isometry covariant and locally defined. For each P € 22", I'(P,-) is a
T?-valued measure, with p =2j+r+s. For each n € Z(X"), ['(-,n) is a valuation.
The first of these properties are easy to see; the proof of the last one uses Theorem
1.7 of Chap. 1; we refer to [12], Theorem 3.3, for the details.

Now we can state a characterization theorem. It is motivated by Theorem 2.5 of
this chapter and Theorem 1.31 of Chap. 1.

Theorem 2.8. For p € Ny, let T,(2") denote the real vector space of all mappings
I: 2"x A" — T

with the following properties.
(a) [ (P,-) is a TP-valued measure, for each P € ";
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(b) I' is isometry covariant;
(c) I is locally defined.

Then a basis of T,(") is given by the mappings

0",

where m,r,s, j € Ny satisfy 2m~+2j+r+s = p, where k € {0,...,n— 1}, and where
j=0ifke {0,n—1}.

That only j = 0 appears if k = n— 1, is due to the easily proved identity

(P,:’ilj _ i(—l)i <j) (s+20)! O 4512 Qj7i¢,:i-;2i- (2.30)

i sl

Theorem 2.8 is a stronger version of a theorem proved in [19]. Some modifications,
including the linear independence result, were proved in [12]. We state this linear
independence as a separate theorem.

18,J

Theorem 2.9. Let p € Ny. On ", the generalized local Minkowski tensors Q™ ¢,
with
m,r,s,j €Ng, 2m~+2j+r+s=p, ke{0,...,n—1},

and j=0ifke {0,n—1},
are linearly independent.

The proof starts with a general linear relation and takes advantage of the fact that
it involves general Borel sets. This generality, together with homogeneity considera-
tions, can be used to simplify the relation. The simplified relation is then applied to a
tuple (x,...,x) of vectors x = xje] + - - - + x,€,, and from the fact that the resulting
polynomial in xy, ..., x, is zero, one can deduce that all coefficients must be zero.

We shall now describe the main steps and ideas of the proof of Theorem 2.8 (the
details are found in [12] and [19]). For this, we suppose that
Ir: 2"xA(X") — T

is a mapping which has the following properties.

e Foreach K € ", I'(K,-) is a TP-valued measure.
e [ is isometry covariant.
e [ is locally defined.

That I" is isometry covariant, includes that it has polynomial translation behaviour
of some degree g. Thus, there are mappings I, : 2" x B(X") = TP~/ j=0,...,q,
(possibly zero for some j and with I}, = I') such that

| —

I'K+t,n+t)=

q
j=

(K )t/

~

0
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for all K € &, n € B(X") and ¢t € R". This implies similar behaviour of the
coefficient tensors, namely

I, j(K+t,n+t)= Z Fp (Kt (2.31)

for j=0,...,qand all K € ", n € B(X") and r € R", in particular (case j = g),
I;—q(K+t’n+t) :I;’—q(Kan)'

Properties of I),_; can be derived from those of I", by means of the following
relation. There are constants aj, (j =0,...,q,m=1,...,q+ 1), depending only on
q, j,m, such that

q+1
I, j(K,mt/ =Y ajul (K+mt,n+mt) (2.32)

m=1

forall K € 2", n € #(X") and ¢ € R". In particular, we can deduce that I}, ;(K, )
is a TP~ /-valued measure and that

(9K, ) = 0T, (K, n) (2.33)
for ¥ € O(n). Together with (2.31) this shows that also I}, ; is isometry covariant.

Lemma 2.10. For each K € &, the measure I' (K, -) is concentrated on ne(K).

The proof uses that I" is locally defined and has polynomial translation behaviour.
Further it uses that the only translation invariant finite signed measure on the bounded
Borel sets of R" is Lebesgue measure, up to a constant factor.

The essential step to prove Theorem 2.8 is the translation invariant case, that is,
the following result.

Theorem 2.11. Let p € Ny. Let I' : 2" x B(X") — TP be a mapping with the
following properties.

(a) I'(P,-) is a TP-valued measure, for each P € 2P";
(b) I' is translation invariant and rotation covariant;
(c) I' is locally defined.

Then I' is a linear combination, with constant coefficients, of the mappings
0,s,
Q"¢

where m,s, j € Ny satisfy 2m+2j+s = p, where k € {0,...,n— 1}, and where j =0
ifke {0,n—1}.

If this has been proved, then one can use the properties of the coefficient tensors
I',_; mentioned above, to give for Theorem 2.8 an inductive proof, which step by
step reduces the degree of the polynomial translation behaviour of I".
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Now we indicate some ideas in the proof of Theorem 2.11. To show, as we have to
do, an equality for measures on Z(X"), it is sufficient to prove equality on product
sets B x @ with B € Z(R") and ® € Z(S""!). Let P € &". By Lemma 2.10, I'(P,")
is concentrated on ne(P). The polytope P is the disjoint union of the relative interiors
of its facets. Therefore,

(PR x )= i Z P.(BNrelintF) x (0NV(PF))).  (2.34)

Consequently, it is sufficient to determine I" (P, 8 x @) for the case where 3 C relint F
and @ C v(P,F), for some face F € .Z(P).

Therefore, we may restrict ourselves to the following situation. We are given
a number k € {0,...,n— 1}, a k-dimensional linear subspace L C R", a bounded
Borel set B C L, a Borel set ® C S" ' NL*, a k-dimensional polytope F C L with
B CrelintF. It suffices to determine I' (F, 8 X ®) in this case.

First, we fix @ and use the standard characterization of Lebesgue measure in L to
show that

I'(F,p x o) :a(L’w)%k(ﬁ)a

where the constant a(L, @) is a tensor in T? that depends on the subspace L and the
Borel set . The main task is to determine this tensor function. It has an important
covariance property, namely

a(VL,%w) = Va(L,®) for ¥ € O(n)

and
Ya(L,0) =a(L, ) if ¥ fixes L pointwise.
From this, it is deduced in [19] that

lp/2]  Lp/2]

Z ol Z cpiii 0L / W e () (235)

with real constants c,; ;. Once this has been proved, things can be put together to
finish the proof of Theorem 2.11.

The only hints we can give here to the proof of (2.35) is the formulation of two
lemmas. The first exhibits the crucial point where the tensors O, enter the scene.

Lemma 2.12. Let L C R" be a linear subspace. Let r € Ny, let T € T" be a tensor
satisfying OT = T for each © € O(n) that fixes L pointwise. Then

lr/2) ,
T=1Y om 1"
j=0

with tensors TV =21 € T"=2/(LY), j= /2]
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Here T? (L") denotes the space of p-tensors on L+, and for T € T?(L") we have
used the notation

(T, T)(x1,. 0 xp) =T (mpix1,. ., paxp)  forxp,...,x, € R

The proof of Lemma 2.12 is based on the fact that the algebra of symmetric tensors
on R” is isomorphic to the polynomial algebra on R”, and it uses some manipulations
with polynomials.

The second crucial lemma deals with rotation covariant tensor measures on the
sphere.

Lemma 2.13. Let r € Ny, and let u : B(S"~') — T be a T"-valued measure satis-

Jying
p(dw) = (du)(w)  foral ®c B(S"") and all ¥ € O(n).

Then
/2] o '
wo) =Y a0’ / U ), o BEY,
J:0 Jo
with real constants aj, j=0,...,|r/2].

A first step of the proof uses that the total variation measure of [ is rotation
invariant and hence a constant multiple of spherical Lebesgue measure. Then the
Radon-Nikodym theorem, applied coordinate-wise, yields a representation

u(w) = /w Faemt, e BEY),

with an almost everywhere defined measurable mapping f : S"~! — T". A special case
of Lemma 2.12 together with the covariance property and Lebesgue’s differentiation
theorem can then be used to determine the function f.

2.5 The Characterization Result on General Convex Bodies

If we want to extend Theorem 2.8 from polytopes to general convex bodies, we
certainly need some continuity assumption. This raises the question whether q)kr’s’j
has a weakly continuous extension from polytopes to general convex bodies. To

make this question more precise, let
I: "<z - TP (2.36)

be a mapping and consider the following properties, which it may or may not have:

(A) I'(K,) is a TP-valued measure, for each K € 2",
(B) I is isometry covariant;
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(C) I islocally defined;
(D) I is weakly continuous.

Question. For given k € {0,...,n—1} and r,s, j € Ny, is there a mapping I" as in
(2.36) having properties (A) — (D) and satisfying I'(P,-) = ¢,/ (P, -) for P € 2"?

This is trivially true for k = 0, since ;" = 9" by definition, and ¢ is not defined
for j > 1. Itis also true for k = n — 1, since we may define

:Z]: ( )”Z’VWQJ i 2 (i)

sl

for K € Z; by (2.30), this is consistent with the case of polytopes. The weak
continuity of q)”“’ follows from (2.23) and the weak contlnultoy of the support
measures. Further, the answer is affirmative if j = 0, since ¢, (P,-) = ¢,”*(P,")
for P € 2", and we can define ¢;"°(K,-) = ¢;*(K,-) for K € Jif” It remains to
consider the cases of (])r’” where 1 < k S n—2 and j > 1.

Proposition 2.14. For k € {1,...,n—2} and r,s € Ny, the answer to the question
above is affirmative for j = 1.

Postponing the proof of this proposition to Section 2.6, we can now state the
following characterization theorem. It includes the fact that the statement of Proposi-
tion 2.14 does not extend to j > 1.

Theorem 2.15. For p € Ny, let T,(.#™) denote the real vector space of all mappings
I " x B(E") — TP with properties (A)—(D).
A basis of T,(™") is given by the mappings

Q’"(b,:"x’j, ke{0,....n—1}, m,r,s €Ny, j€{0,1},

where 2m+2j+r+s=pand j=0ifk € {O,n—1}.

As in the case of polytopes, where Theorem 2.8 follows from Theorem 2.11, it
suffices to consider the translation invariant case. By an inductive argument, which
was already used by Alesker [1] in his proof of Theorem 2.5, Theorem 2.15 can be
deduced from the following result. We also observe that linear independence can be
deduced from Theorem 2.9.

Theorem 2.16. Let p € Ny. Let I' : & x B(X") — TP be a mapping with the
properties (A),(C), (D) and

(B’) I' is translation invariant and rotation covariant.

Then I' is a linear combination, with constant coefficients, of the mappings
0", ke{0,....,n—1}, myseNy, je{0,1},

where 2m+2j+s=pand j=0ifk€ {0,n—1}.
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For the proof, some further simplifications are possible. If I" satisfies the as-
sumptions of Theorem 2.16, then it is not difficult to see (cf. [12], Lemma 3.5) that
= ):Z;(l) I, where I} is a mapping with the same properties which is, moreover, ho-
mogeneous of degree k. Therefore, to prove Theorem 2.16, we can and will assume in
addition that I" is homogeneous of some degree k € {0,...,n—1}. Ifk € {0,n—1},
then Theorem 2.11 shows that the restriction of I to 2" is a linear combination
of mappings Q’”(])k0 *, and by weak continuity this holds also for I" on .#™. Hence,
we can assume now that I is homogeneous of some degree k € {1,...,n—2} (and,
therefore, n > 3). Under these assumptions, Theorem 2.11 implies that there are
constants ¢y, s (only finitely many of them different from zero) such that

F(P’) = Z ijst(P]?,Saj(P?_) for P € P".
m,j,s>0
2m+2j+s=p

Since I" and q),? 0 and by the postponed Proposition 2.14 also ¢,? S are weakly
continuous, the mapping I"’ defined by

/ 0,s,j
r'=r— Y  cnQ"0." (2.37)
m,j,s>0, j<1
2m+2j+s=p

has the properties (A), (B’), (C), (D), and for P € &?" it satisfies

0,s,j
r'e.) = Z ijst¢k7”(Pv‘)-
ms>0, j>2
2m+2j+s=p

Theorem 2.16 and thus Theorem 2.15 is proved if we show that I" is identically zero.
We sketch the main ideas leading to this result and refer to [12] for the details.
The strategy of the proof is indicated by the following lemma. We write

F(K.f)i= [ ) I (K d(x.0)
JEn
for K € #™ and continuous real functions f on the unit sphere S"~!.
Lemma 2.17. If the function I'' defined by (2.37) is not identically zero, then there

exist a convex body K € ™, a continuous function f on S"~', a p-tuple E of vectors
Sfrom R", and a rotation © € O(n) such that K and f are invariant under ¥, but

(K, f)(OE) # I'(K, f)(E).

If this is proved, then it follows from the invariance of K and f under ¥ and from
the rotation covariance of I'’ that

I''(K,f)(OE) =I" (0K, 0f)(0E) =T" (K, f)(E),

which is a contradiction. The conclusion is that I’ = 0, which proves the theorem.
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The (lengthy) proof of Lemma 2.17 constructs a sequence (P;);cy of polytopes
converging to a convex body K, such that K has a symmetry ¢ (a rotation mapping K
into itself) with the following property. For each i, the rotation ¥ is not a symmetry
of P, and this fact can be strengthened as follows. If I'’ is not identically zero, then
there are a continuous function f on S"~!, invariant under ¥, and a p-tuple E of
vectors from R”, such that

\T'(P, f)(OE)—T"(P, f)(E)| > ¢>0. (2.38)

The function f, the p-tuple E and the constant ¢ are independent of i. By the weak
continuity of I', it then follows that [I"'(K, f)(OE) —I''(K, f)(E)| > ¢ > 0.
The polytopes P; are constructed as follows (we describe the construction for n > 4;

a modification is necessary for n = 3). Let (e1,...,e,) be the standard orthonormal
basis of R”, and identify lin{ey,...,e,—1} with R ! InR"!, we consider the lattice
' = {mier + -+ my_rep_y imy,...,mu_y € Z}.

Its points are the vertices of a tessellation of R"~! into (n — 1)-cubes. We lift the
homothets of this lattice to a paraboloid of revolution. For this, we define the lifting
map ¢ : R""1 — R” by {(x) := x + ||x||*e, for x € R*"!. For t > 0 we define the
polyhedral set

R, :=conv((2:Z" 1.

It is well known and easy to see that under orthogonal projection to R"~!, the
facets of R, project into the cubes of the tessellation induced by 2:Z"~!. With
H, :={y€eR":y-e, < h} for suitable & > 0, we define

Pi:=Ry;NH, and K:=epilNH, .

Then P; is a convex polytope, and P, — K for i — oo.

The details of the estimates leading to (2.38) (if & > 0 is sufficiently small) are
found in [12].

We point out, however, that the last argument of the proof given there (which
concerns the case n = 3) needs a correction, and we replace the reasoning on page
1561 of [12] by the following.

Let

d d—1 .
FA):=Y ¢ ) (lcosrﬁd—f— V1 —lzsinrﬁd)zj, A €10,1],
=2 r=0

where d € N, d > 2, c; € R, ¢4 #0, By = m/d. We have to show that F is not

constant. First we note that F(1) = P(A) ++/1 —A2Q(A) with polynomials P and
0, in particular,

d-1 J

P() =Y ¢;

j=2  r=0(=0

@) 2% (cos ) (1= 22)" (sinry) .
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Suppose, to the contrary, that F(1) = ¢ for A € [0, 1], with a constant c. Then
(P(A)—c)*=(1-L1)(1+1)0(1)? (2.39)

for A € [0,1] and hence for all A € R. If P— ¢ and Q are not identically zero, then the
multiplicity of 1 as a root of either (P —c)? or Q? is even, but according to (2.39), for
(P— c)2 it is odd. This contradiction shows, in particular, that P is constant. However,
we have

d—1
lim A7 2P(A) =
,11330 (1) Cdr;)

4 /24 d—t 2. 2d-2¢
—1 r nr
g;)<2£>( )" (cosrBy)~ (sinrBy)

d—1
=cy Z Re (cosrfy +isin rﬁd)z‘l
r=0

d—1 .
=c4Re Z exp (rgi . 2d> =dcy #0,
r=0

a contradiction

2.6 A Weakly Continuous Extension

The main purpose of this section is to sketch the proof of Proposition 2.14, which
was formulated in the previous section. Moreover, for an arbitrary convex body K we
shall give an explicit description of q),:’s‘l (K,-) as an integral over the normal bundle
of K involving generalized curvatures and principal directions of curvature, which is
then specialized for smooth convex bodies.

It is well known that the map K — A;(K,-) is weakly continuous on .. This
follows most easily from the weak continuity of the local parallel volume map
K— "My (K,-)), for all p > 0. As an immediate consequence we obtain that K —
¢7°(K,-) is weakly continuous. In order to show that P~ ¢, (P,-) has a weakly
continuous extension from polytopes to general convex bodies, we shall proceed in
a different way. The starting point is a description of the support measure A (K, )
of K by means of a current, the normal cycle Tk of K, evaluated at suitably chosen
differential forms ¢, (the Lipschitz—Killing curvature forms), as first explained in
[21]. From the continuity of the map K — Tx (in a suitable topology), it follows
again that the support measures are weakly continuous. The main task then is to
find suitable tensor-valued differential forms @;" such that Tp evaluated at ¢;*
yields (j),:’s’l (P,-), for an arbitrary polytope P.

We start with some basic terminology and facts of multilinear algebra and geomet-
ric measure theory (see [6]), which will also be useful in the final section. Let V be a
finite-dimensional real vector space. Then A, V, for m € Ny, denotes the vector space
of m-vectors of V, and \"™V is the vector space of all m-linear alternating maps from
V™ to R, whose elements are called m-covectors. The map A"V — Hom(A,,V,R),
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which assigns to f € A"V the homomorphism vi A -+ A vy +— f(vq,...,Vp), allows
us to identify A"V and Hom(A,, V,R). By this identification, the dual pairing of
elements a € A,V and ¢ € A"V can be defined by (a, ®) := @(a). If V' is another
finite-dimensional vector space and f : V — V' is a linear map, then a linear map
/\mf : /\mV - /\mV/ is determined by (/\mf)(vl ASEE AVm) = f(vl) AN /\f(vm),
for all vi,...,v, €V.

To introduce the normal cycle Tx of K € J#", we remark that the normal bun-
dle nc(K) C R?" of K is an (n — 1)-rectifiable set. In fact, the map F : dK; —
R" x §"~! given by F(x) := (pg(x),ux(x)) is bi-Lipschitz, and hence the im-
age nc(K) is an (n — 1)-rectifiable subset of R?". Therefore, for .#"~!-almost
all (x,u) € ne(K), the set of ("' _ne¢(K),n— 1) approximate tangent vectors
at (x,u) is an (n— 1)-dimensional linear subspace of R?", which is denoted by
Tan"~! ("' _ne(K), (x,u)). This approximate tangent space is spanned by an
orthonormal basis (a; (x,u),...,a,—1(x,u)), where

ki )
ai(xvu : (x M)

1

and where (b1 (x,u),...,b,_1(x,u)) is a suitable orthonormal basis of u*, which is
chosen so that (b (x,u),...,b,—1(x,u),u) has the same orientation as the standard
basis (eq,...,e,) of R". Here, k;(x,u) € [0,00] for i = 1,...,n — 1 with the usual
convention

b;(x, u))

! =0 and kix,u)

- _ NS i k() = eo,
1+ k;(x,u)? 1+ ki(x, u)? ()

The dependence of a;,b;,k; on K is not made explicit by our notation. We remark
that b;,k;, i = 1,...,n— 1, are essentially uniquely determined (see [18, Prop. 3,
Lemma 2]). The numbers k;(x, «) can be interpreted as generalized curvatures with
corresponding generalized principal directions of curvature b;(x,u). Moreover, we
can assume that b;(x + €u,u) = b;(x,u), independent of € > 0, where (x,u) € ne(K)
and (x + eu,u) € ne(Ke). For 2" -almost all (x,u) € ne(K),

ag (x,u) :==ay(x,u) A Nap—1(x,u)

is an (n — 1)-vector, which fixes an orientation of the approximate tangent space
Tan"~ ! ("' _nc(K), (x,u)). Then

Tk := (%n—l an(K)) Nag

defines an (n — 1)-dimensional current in R?", the normal cycle of K. Explicitly, we
have

Ti(p) = [ g (K 0. 95.0) 27 ).
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for all #"~'_nc(K)-integrable functions ¢ : R>* — A" "' R?". Note that T is a
rectifiable current, which has compact support, and thus Tx can be defined for a
larger class of functions than just for the class of smooth differential forms.

In order to define the Lipschitz—Killing forms @, k € {0,...,n— 1}, let I, :
R?" — R", (x,u) > x, and Il : R** — R", (x,u) +— u. Let £, be the volume form
on R" with the orientation chosen so that Q,(e1,...,e,) = {(eg A--- Nep, ,) = 1.
Then differential forms ¢ : R?* — A" 'R?" k€ {0,...,n— 1}, of degree n — 1 on
R?" are defined by

1
n—1—k)w, ¢

OG- Gr) = g

k n—1
x ) Sgn(0)</\ Méspm A N\ hés /\an>7
ce.s(n—1) i=1 i=k+1
where (x,u) € R¥", & ,...,&, 1 € R?, and .7 (n — 1) denotes the set of all permuta-

tions of {1,...,n— 1}. Then, writing

n—1
K(x,u) := H /14 ki(x,u)?,

i=1

we have
[Tics ki(x,u)
Wy —k [|=n—1—k K(x7 I/t)

<aK(x7 M)v (Pk(xv M)> =

for 57"~ !-almost all (x,u) € ne(K). The summation extends over all subsets I of
{1,...,n— 1} of cardinality n — 1 — k, where a product over an empty set is defined
as 1. Then, for n € #(X"),

TK(ITI(pk) :Ak(K777),

which provides a representation of the kth support measure of K in terms of the
normal cycle of K, evaluated at the kth Lipschitz—Killing form ¢.

The construction of suitable tensor-valued differential forms (p,:’s is slightly more
involved. For the explicit definition, we refer to [12], Section 4. We simply remark
that the map

) -1 '
of R = N\ R T), (xu) = @ (x,u),

is a differential form of degree n — 1 on R?" with coefficients in T"+5*2 (see [6,
p. 351]). In particular, {a, ;" (x,u)) € "2, for all (x,u) € R*" and a € \,_; R*",
where we identify \"~'(R*,W) and Hom(A,,_; R**,W), for an arbitrary vector
space W. A straightforward calculation shows that

(Va, ¢ (9x, Du)) = O(a, ¢ (x,u)),
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for all ¥ € O(n), where in each case the natural operation of the rotation group is
used (in particular, 9€ := (9p, ¥q) for & = (p,q) € R" x R" = R?"). As a result of
the construction and by some calculations, which use that for a polytope P we have
ki(x,u) = 0 if and only if b;(x,u) € L(F) and k;(x,u) = oo otherwise, we obtain

Tr(1y ") = 0" (A1)

forall P € 2" and n € B(X").
It is known that

e Tx is acycle for K € Z" (see [17, Prop. 2.6));

e the map K — Tk is a valuation on £ (see [17, Thm. 2.2]);

o Tx. — Tk in the dual flat seminorm for currents, if K;, K € 2", i € N, and K; — K
in the Hausdorff metric, as i — oo (see [17, Thm. 3.1], and for the dual flat
seminorm, [6, Sec. 4.1.12, p. 367]).

In the next section, we prove a strengthened form of the continuity assertion stated
in the third point, namely local Holder continuity of the normal cycles of convex
bodies with respect to the Hausdorff metric and the dual flat seminorm.

The third point above implies that if £ : R*” — R is of class C*, then the map

" — R? K TK(f(P/:,S)7

is continuous. But then the same is true if f is merely continuous. Hence, (K,n) —
T (1, 9") is the weakly continuous extension of the map (P, 1) ~ ¢ (P, 1) from
polytopes P to general convex bodies. Moreover, we have the following result (with
(A) — (D) as formulated at the beginning of Sec. 2.5).

Theorem 2.18. The map ™" x B(E") — T2, (K, 1) — Tx (1,9,"), satisfies
the properties (A) — (D).

The next corollary then is an immediate consequence.

Corollary 2.19. Let r,s € Ng and k € {1,...,n—2}. Then, for each € B(X"), the
map K — ¢/ (K,n) is a valuation and Borel measurable on ™.

Since the global functionals ¢,:’S’1(P, X" are continuous, Alesker’s characteri-
zation theorem must yield a representation for them. Such a representation was
explicitly known before. In fact, for » = 0 it follows from another relation by Mc-
Mullen (see [15, p. 269] and [14, Lemma 3.3]) that

00" (P.E") = Q@) (P) = 2x(s+2) B (P).

The general case is covered by [14, p. 505].

It is instructive to express the new local tensor valuations q),:"s’l (K,-) for a general
convex body K in terms of the generalized curvatures k;(x, «) and the corresponding
principal directions of curvature b;(x,u), i = 1,...,n— 1. A short calculation shows
that
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o0 (K.m) (2.40)
n_l H icrk ‘(.X, M)
o[ ey AN g )
* Jnrme(k) z; |I\:n2717k K(x,u)
i¢l
If k=1, then

n—1
rs,1 s ros } 2Hj:j9éikj(x7u) n—1
o7 (K,m) =G /mnc(K)x u ; bi(x,u) T Kea) " (d(x,u)),

and for k = n— 2, we have

oK =Cla | ﬂMZb P Y%

Ji#i

kj(x,u)
K(x,u)

2" (d(x,u)).

For n = 3, these two special cases coincide and we get

sl s . Ykl()c,u)bz(x,u)z4—Icz(x,u)b](x,u)2 2
o7 (K,m)=C3 xXu K :
1 (K,m) 3’1/mnc( ) u 0 H0°(d(x,u))

For a convex body of class C?, we write u, for the unique exterior unit normal
of K at the boundary point x € JK of K. An application of the coarea formula then
yields

n—1
‘P/:’S’I(KJ?):Crr{,sk/aKln(xmx)xruiZbi(x)z Y [k (d),
i1

[l|=n—1—k j€I
i¢l
where the k;(x) are the principal curvatures and the unit vectors b;(x) give the

principal directions of curvature of K at x € JK. In particular, for a convex body K
in R3 with a C? boundary we get

(bl”’] (K,m)=C3) /81( 1y (o, u)x"u, (ko (x) ba (x)? +k2(x)b1(x)2) A% (dx).

2.7 Holder Continuity of Normal Cycles of Convex Bodies

The normal cycle Tx of a convex body K in R” has a useful continuity property,
which we have used in the previous section. If K;, i € N, and K are convex bodies
in R" and K; — K in the Hausdorff metric, as i — oo, then Tk, — Tk in the dual flat
seminorm for currents (cf. [6, Sec. 4.1.12, p. 367]). This was stated without proof in
[22, p. 251] and was proved in [17, Thm. 3.1]; see also [7, Thm. 3.1]. The continuity
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property has been used in the theory of valuations on manifolds (see, for instance,
[2]). It is also a crucial ingredient in [12], in the course of the proof of a classification
theorem for local tensor valuations on the space of convex bodies, as we have seen in
the previous section.

The purpose of this section is to obtain a quantitative improvement of the preceding
continuity result, in the form of a Holder estimate. As usual we equip .#™" with the
Hausdorff metric d;. We denote by &~ (R?") = & (R?*, A"~ R?") the vector space
of all differential forms of degree n — 1 on R?* with real coefficients of class C*.

Theorem 2.20. Let K,L € %", and let M C R?" be a compact convex set containing
K1 x S" ' and Ly x S"~1. Then, for each ¢ € 5"‘1(1&2"),

T (@) — T1(@)| < C(M, @) dpy (K, L)+,

where C(M, @) is a constant which depends (for given dimension) on M and on the
Lipschitz constant and the sup-norm of ¢ on M.

According to the definition of the dual flat seminorm, this result can be interpreted
as local Holder continuity of the normal cycles of convex bodies with respect to
the Hausdorff metric and the dual flat seminorm. A similar, but essentially different
quantitative result is obtained in [4, Thm. 2]. It refers to more general sets and is,
therefore, less explicit. On the other hand, its restriction to convex bodies does not
yield the present result, since at least one of the sets in [4] has to be bounded by
a submanifold of class C2. We have not been able to decide whether the stability
exponent 1/(2n+ 1) in Theorem 2.20 can be improved.

It remains to prove Theorem 2.20. We continue to use the same notation as in
Federer’s [6] book, in order to facilitate the comparison. For the scalar product of
vectors x,y € R"”, however, we continue to write x - y; the induced norm is denoted by
|-|. The same notation is used also for other Euclidean spaces which will come up in
the following. We identify R” and its dual space via the given scalar product.

Given an inner product space (V,-) with norm |-| we obtain an inner product
on A,,V.For &n e A,V with E =viA---Av, and = wy A -+ Awy,, where
vi,w; €V, we define & - 1 = det((v;,w;)]",_;). This is independent of the particular
representation of & 7. For general £, € A,,V the inner product is defined by
linear extension, and then we put |§]:= /& -& for & € A, V. If (by,...,by) is an
orthonormal basis of V, then the m-vectors b;; A---Ab;, with 1 <ij <--- <ip <n
form an orthonormal basis of A, V. Moreover, if £ € A p,Vorn e,V issimple,
then

EAn| < [E]Inl. (2.41)

Let (b1,...,by) be an orthonormal basis of V, and let (b7,...,b}) be the dual basis in
V* = A'V. We endow A"V (which is identified with A, V*) with the inner product
for which the vectors bjfl JARRRWA b;‘m, for1 <ij <---<i, <n, are an orthonormal
basis. Then

(8, @) < |E]| 2| (2.42)
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for & € A,V and @ € A™V. The preceding facts are essentially taken from [6,
Section 1.7].

Finally, if V is an n-dimensional inner product space, then comass and mass
are defined as in [6, Section 1.8]. In particular, for @ € A"V the comass ||| of
P satisfies | P|| = |P| if P is simple. Moreover, for & € A,V the mass ||&|| of &
satisfies ||€|| = |&] if € is simple.

The proof of Theorem 2.20 will be preceded by a sequence of lemmas. In order to
obtain an upper bound for |Tx — T |, we first establish an upper bound for |Ty, — T4|,
for A € {K,L} and € € [0, 1], which is done in Lemma 2.21. Then we derive an upper
bound for |Tx, — T, | under the assumption that the Hausdorff distance of K and L is
sufficiently small. This bound is provided in Lemma 2.26, which in turn is based on
four preparatory lemmas.

Lemma 2.21. Let K € #" and € € [0,1]. Let ¢ € & (R*"). Then

Tk (¢) — Tk (@) < C(K, p)e,

where C(K, @) is a real constant, which depends on the maximum and the Lipschitz
constant of ¢ on Ky x S"~! and on "1 (9K;).

Proof. We consider the bi-Lipschitz map
F: :ne(K) — ne(Ke), (x,u) = (x+€u,u).

The extension of Fe to all (x,u) € R*" by Fe(x,u) := (x+ €u,u) is differentiable for
all (x,u) € R?". By [6, Theorem 3.2.22 (1)], for 5"~ !-almost all (x,u) € nc(K) the
approximate Jacobian of F; satisfies

apJn*IFs(xvu) = H/\n—l apDFE(xa u)aK(xvu)” >0, (2.43)
and the simple orienting (n — 1)-vectors ag (x,u) and ag, (x + €u,u) are related by

/\n lapDFS( ) K(X,M)
I An—1ap DFe (x, u)ag (x,u)||

ak, (x+ €u,u) = (2.44)

The orientations coincide, since
</\n—1(Hl +pH2)aK(x7M) A M7-Qn> >0

for all p > 0. Thus, first using the coarea theorem [6, Theorem 3.2.22] and then
(2.43) and (2.44), we get

Ti(0)= [ (awog)ar!

nc(Ke)

/ (ak, o Fe(x,u), @ o Fe(x,u)) apJy—1 Fe (x,u) " l( (x,u))

/ N1 ap DFe (x,u)ag (x,u), @ o Fe(x,u)) 2" (d(x,u)).
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By the triangle inequality, we obtain

Tk (@) — Tk (@)
S /"C(K){|<(/\n_1 apDFg(x’ M) a /\n—l id)a[((x’ M)a (POFg(x, u)>|

o e (x,0), 9 (x+ w,0) — 9, 1)) } 227 (d(x,0).
We have

|<(/\n—1 apDFS(xa u) - /\n—l ld) (ZK()C, I/l), ¢ OF‘E(xvu»‘
< |@(x+eu,u)||(Ay—1 apDFe (x,u) — A\, id) ax (x, u)|,

where we used (2.42). Now ag(x,u) is of the form A" (v;,w;) with suitable
(vi,w;) € R? and |v;|* +|w;|* = 1. Moreover, we have DFe (x,u) (v, w) = (v+£w, w),
for all (v,w) € R2, Writing z? =, z} := w;, we have

|(Au_1apDFe(x,u) — A\, id) ak (x,u)|
n—1 n—1

/\(Vi+€Wi,Wi) - /\(Vi,Wi)
i=1 i=1

n—1 n—1

= X EEAGE )~ A m)
0;€{0,1} i=1 i=1

n—1

<e )Y N @ wi)

0;€{0,1}, Y o>1 i=1
<c(n)e,

where we used (2.41) and the fact that |(v;,w;)| = 1 and |(w;, w;)| < 2. We deduce
that

|Q(x+eu,u)l | (An—1apDFe(x,u) — A\, id)ak (x, ”)| <Ci(K,p)e.
Furthermore, again by (2.42) we get
[{ak (x, 1), @(x + eu,u) — @(x,u))| < |@(x+eu,u) — @(x,u)| < C(K, @) €.
Thus we conclude that
Tk () — Tk ()] < C3(K, @) e " (ne(K)).

Since F : dK; — ne(K), z— (p(K,z),z— p(K,z)), is Lipschitz with Lipschitz con-
stant bounded from above by 3, the assertion follows. O

A convex body K € #™ is said to be £-smooth (for some € > 0), if K = K’ + eB"
for some K’ € J#™". For a nonempty set A C R", we define the distance from A
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to x € R" by d(A,x) := inf{|a — x| : a € A}. The signed distance is defined by
d*(A,x) :=d(A,x) —d(R"\ A,x), x e R", if A,R"\ A # 0. If K is e-smooth, then
dK has positive reach. More precisely, if x € R” satisfies d(dK,x) < €, then there is
a unique point p(dK,x) € JK such that d(dK,x) = |p(dK,x) —x|.

Lemma 2.22. Let € € (0,1) and 6 € (0,€/2). Let K,L € Z" be €-smooth and
assume that dy (K,L) < 8. Then

p:0K — dL, x+— p(dL,x),

is well-defined, bijective, bi-Lipschitz with Lip(p) < €/(e — 6), and |p(x) —x| < &
forall x € dK.

Proof. Since dy(K,L) < 8, we have K C L+ 8B", L C K+ 6B", and a separation
argument yields that
{xeL:d(dL,x)> 8} CK. (2.45)

This shows that dK C {z € R" : d(dL,z) < 6} and therefore the map p is well-
defined on dK and |p(x) —x| < & for all x € JK. By [5, Theorem 4.8 (8)] it follows
that Lip(p) < /(e — 8). Since L is e-smooth, for y € L there is a unique exterior
unit normal of L at y, which we denote by u =: u; (y). Put yo := y — €u and note
that yo + (¢ — §)B" C KN L by (2.45). Then x € JK is uniquely determined by the
condition {x} = (yo+[0,00)u) NIK and satisfies p(x) = y. This shows that p is
surjective.

Now let x1,x, € dK satisfy p(x;) = p(x2) =: po € JL. Since there is a ball B of
radius € with pg € B C L, the points x1,x; € dK are on the line through pg and the
center of B. By (2.45), they cannot be on different sides of pg, hence x; = x,. This
shows that the map p is also injective. If d*(dK,-) : R" — dK denotes the signed
distance function of dK, then q : dL — 9K, 7+ z—d* (9K, z)ur(z), is the inverse of
p. Since the signed distance function is Lipschitz, Lemma 2.23 below shows that g is
Lipschitz as well. O

The following lemma provides a simple argument for the fact that the spherical
image map of an &-smooth convex body is Lipschitz with Lipschitz constant at
most 1/€.

Lemma 2.23. Let K € Z™" be €-smooth, € > 0. Then the spherical image map ug is
Lipschitz with Lipschitz constant 1/€.

Proof. Letx,y € K, and define u := ug(x), v:=ug(y). Then x —eu+ev € x—eu+
€B" C K, and hence (x — eu+ev—y)-v <0. This yields

ev—u)-v<(y—x)-w (2.46)
By symmetry, we also have €(u—v)-u < (x—y) - u, and therefore
ev—u) - (—u) < (y—x)-(—u). (2.47)

Addition of (2.46) and (2.47) yields
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2
gv—ul" < (y—x) (v—u) <|y—x[lv—ul,
which implies the assertion. a

Lemma 2.24. Let € € ( 1) and 6 € (0,€/2). Let K,L € X" be e-smooth and
assume that dpy (K,L) < 8. Put p(x) := p(dL,x) for x € K. Then

G:nc(K) —me(L),  (x,u) = (px),ur(p(x))),
is bijective, bi-Lipschitz with Lip(G) <2/(e — §) < 4/¢, and
Gx,u) = (x,u)| <5+21/8/¢
Sfor all (x,u) € nc(K).

Proof. Tt follows from Lemma 2.22 that G is bijective. Then, for (x,u), (y,v) € nc(K)
we get

G(x,u) =G(y,v)| < |p(x) —p ()\+|uL( () —ur(p())l

S—I fyHeg 6\x ¥l
8+1
<o 5| x =y
< 2 j(ou) - o)
< 2ol — o),

where we have used again Lemma 2.22 and Lemma 2.23. Let x € dK and z:= p(x) €
dL. We want to bound u; (z) - ug (x) from below. If x ¢ L, then

conv ({x} U (z—eur(z)+ (e — 8)B")) CK,

and therefore

) 25
> >1——
u(2) - ux (x) 2 e+6 — €
If x € L, then in a similar way we obtain
) 1)
> >1——
ur(z) - ug (x) > . =l
hence
20
ur(z) ug(x) >1-— s (2.48)

holds for all x € K. Thus

lup(z) —ug(x)] <24/8/

which finally implies that, for all (x,«) € ne(K),
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|G(x,u) = (x,u)| < |p(x) —x[ + |ur(p(x)) — ux (x)]|

<d5+24/8/e.

Since G~! : ne(L) — ne(K) is given by G~ !(z,u) = (q(z),ux(q(z))) (with ¢ as
defined in the proof of Lemma 2.22), it follows that also G lis Lipschitz. O

Next we show that, under the assumptions of Lemma 2.25, A,_;DG(x,u) is
an orientation preserving map from the approximate tangent space of nc(K) to
the approximate tangent space of ne(L). It seems that a corresponding fact is not
provided in the proofs of related assertions in the literature.

Lemma 2.25. Let € € (0,1) and 6 € (0,&/(4n)). Let K,L € " be €-smooth and
assume that dy(K,L) < 8. Then, for 7" -almost all (x,u) € ne(K), the (n—1)-
vector \,_1DG(x,u)ax (x,u) € Tan" ' ("' _nc(L),G(x,u)) has the same orien-
tation as ar,(G(x,u)).

Proof. Letx € dK, u = ug(x), and % := p(x), hence d(dL,x) = |x — x|. The orien-
tation of Tan"~! (9K, x) is determined by an arbitrary orthonormal basis (by (x),...,
byp—1(x)) of ut with Q,(b1(x),...,by—1(x),u) = 1. Similarly, any orthonormal basis
(b (X),...,by_1(%),it) with ii := ur(p(x)) determines the orientation of the space
Tan""!(dL, p(x)). Since G is bi-Lipschitz, we can assume that (x,u) € ne(K) is such
that all differentials exist that are encountered in the proof. Moreover, we can also
assume that A,_; DG(x,u)ag (x,u) spans Tan"~ ! ("~ _ne(L),G(x,u)), where we
write again G for a Lipschitz extension of the given map G to R?". In the following,
we put b; := b;(x) and b; := b;(¥) fori=1,....n— 1.

By our previous discussion, the differentials of the maps nc(K) — 9K, (x,u) — x,
and JL — ne(L), z— (z,ur(z)), are orientation preserving. Hence, it remains to be
shown that the differential of p : K — JL, x — p(x), is orientation preserving, that
is,

A = Q,(Dp(x)(b1), - ..,Dp(x)(bn-1),it) > 0.

First, we assume that x # ¥, that is, x ¢ dL. Since Dp(x) (i) = 0, we get

and thus ) _
A =det(B) 2,(Dp(x)(b1),...,Dp(x)(bp_1), i),

where B = (B;;) with B;j :=b;-b; fori,j € {1,...,n—1}. We choose l_)l,._..,l_)n,l
as principal directions of curvature of dL at ¥ = p(x). Then Dp(x)(b;) = 7; b; with

Tii=1—d(dL,x)k | IL, %, —= ) >0,
| — |
fori=1,...,n— 1. Here we use that L is €-smooth, hence dL has positive reach,

d(dL,x) < € and
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ki(oLx, 2 )| < 1/e.

e — |
Hence it follows that A > 0 if we can show that det(B) > 0. Let B = (B;;) be defined
by El'j = Bij, E,’n = b; - i, Enj = M'bj, and Enn =u-i, fori,j e {1,...77!— l}
Then

1= .Qn(bl,...,bnfl,u).Qn(Bl,...,l_)nfl,lx_t) = det(é)

n—1
<u-idet(B)+ Y |bi-il| -1
i=1

<u-idet(B)+vVn—14/1—(u-it)2.

From (2.48) and our assumptions, we get u-i > 1 — (26)/e > 1 —1/(2n), and

therefore
V1= (u-i)> <y/1/n.

1 <u-iidet(B)+]1,

Thus

which implies that det(B) > 0.

Finally, we have to consider the case where x € dL. For 7" !-almost all x €
dK NJL, we have Tan" ! ("' (K NIL),x) = u' and Dp(x) = id, ., since
p(z) =zforall z€ dJKNJL. Hence, A = Q,(b1,...,by_1,8) =u-i > 0. O

Lemma 2.26. Let € € (0,1) and 6 € (0,&/(4n)). Let K,L € X" be €-smooth and
assume that dy (K,L) < 8. Let M C R*" be a compact convex set containing Ki_¢ x
S"Vand Li_¢ x S" Y in its interior. Then

Tk (@) — TL(@)| < C(M, @) (4/e)" 1 (8 +2\/5/¢)

for @ € &' (R?), where C(M, @) is a constant which depends on the sup-norm
and the Lipschitz constant of @ on M, and on 7"~ (9K)).

Proof. Let G be as in Lemma 2.24 (or a Lipschitz extension to the whole space with
the same Lipschitz constant). Then [6, Theorem 4.1.30] implies that

T, = GyTk,

since A,_;DG preserves the orientation of the orienting (n — 1)-vectors, by Lem-
ma 2.25. (In [17] a corresponding fact is stated without further comment.) Recall
the definitions of the dual flat metric Fj; from [6, 4.1.12] and of the mass M (of a
current) from [6, p. 358]. Using [6, 4.1.14], dTx = 0, the fact that Ty has compact
support contained in the interior of M and Lemma 2.24, we get

FM(TL — TK) = FM<GﬁTK — TK)
<M(Tig) - |G — idllpe(r o (4/8)"
<" IK))(4/€) (8 +24/8/¢),
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where [|G —id|[ ¢ (g) o 1= sup{|G(x, 1) — (x,u)| : (x,u) € ne(K)}. The assertion now
follows from the definition of Fy, since ||d¢|| can be bounded in terms of the sup-
norm and the Lipschitz constant of ¢ on M. ad

Now we are in a position to complete the proof of Theorem 2.20.

Proof of Theorem 2.20. Let ¢ € &~ (R"). Let & := dyy(K,L) > 0 and & := 87T
Assume that § < (4n)’2'57#. Then § < €/(4n). Lemma 2.21 implies that

Tk (¢) — Tk (@) < C(M, @) €,
IT(@) —Tr.(9)| <C(M, @) €.

Since K¢ and L, are g-smooth, dy(Ke,Le) = 8, (Ke)1—¢ = Kj and (Lg)1—¢ = Ly,
Lemma 2.26 shows that

Tk (9) = Tr.(9)| < C(M, @) (4/€)" ' (5 +2+/8/¢).
The triangle inequality then yields

Tk (9) — To(9)| < Ca(M, @) (e +€' "5 +e'"\/5/e)

If 6§ > (4n)_%, we simply adjust the constant. o

References

1. Alesker, S., Description of continuous isometry covariant valuations on convex sets. Geom.
Dedicata 74 (1999), 241-248.

2. Alesker, S., Fu, J. H. G., Theory of valuations on manifolds, III. Multiplicative structure in the
general case. Trans. Amer. Math. Soc. 360 (2008), 1951-1981.

3. Chazal, F., Cohen-Steiner, D., Mérigot, Q., Boundary measures for geometric inference. Found.
Comput. Math. 10 (2010), 221-240.

4. Cohen-Steiner, D., Morvan, J.-M., Second fundamental measure of geometric sets and local
approximation of curvatures. J. Differential Geometry 74 (2006), 363-394.

5. Federer, H., Curvature measures. Trans. Amer. Math. Soc. 93 (1959), 418-491.

6. Federer, H., Geometric Measure Theory. Springer, Berlin, 1969.

7. Fu, J.H.G., Algebraic integral geometry. In: S. Alesker and J.H.G. Fu, Integral Geometry and
Valuations (E. Gallego and G. Solanes, eds.), pp. 47-112; Advanced Courses in Mathematics
CRM Barcelona, Springer, Basel, 2014.

8. Hadwiger, H., Schneider, R., Vektorielle Integralgeometrie. Elem. Math. 26 (1971), 49-57.

9. Hug, D., On the mean number of normals through a point in the interior of a convex body.
Geom. Dedicata 55 (1995), 319-340.

10. Hug, D., Generalized curvature measures and singularities of sets with positive reach. Forum
Math. 100 (1998), 699-728.

11. Hug, D., Kiderlen, M., Svane, A.M., Voronoi-based estimation of Minkowski tensors. Preprint.

12. Hug, D., Schneider, R., Local tensor valuations. Geom. Funct. Anal. 24 (2014), 1516-1564.



2 Tensor Valuations and Their Local Versions 59

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Hug, D., Schneider, R., Schuster, R., The space of isometry covariant tensor valuations. St.
Petersburg Math. J. 19 (2008), 137-158.

Hug, D., Schneider, R., Schuster, R., Integral geometry of tensor valuations. Adv. in Appl. Math.
41 (2008), 482-509.

McMullen, P., Isometry covariant valuations on convex bodies. Rend. Circ. Mat. Palermo (2),
Suppl. 50 (1997), 259-271.

Meérigot, Q., Ovsjanikov, M., Guibas, L., Voronoi-based curvature and feature estimation from
point clouds. IEEE Trans. Vis. Comp. Graphics 17 (2010), 743-756.

Rataj, J., Zéhle, M., Curvatures and currents for unions of sets with positive reach, II. Ann.
Global Anal. Geom. 20 (2001), 1-21.

Rataj, J., Zdhle, M., General normal cycles and Lipschitz manifolds of bounded curvature. Ann.
Global Anal. Geom. 27 (2005), 135-156.

Schneider, R., Local tensor valuations on convex polytopes. Monatsh. Math. 171 (2013),
459-479.

Schneider, R., Convex Bodies: The Brunn—Minkowski Theory. Second edition. Encyclopedia of
Mathematics and Its Applications 151, Cambridge University Press, Cambridge, 2014.

Zihle, M., Integral and current representation of Federer’s curvature measures. Arch. Math. 46
(1986), 557-567.

Zihle, M., Approximation and characterization of generalised Lipschitz—Killing curvatures.
Ann. Global Anal. Geom. 8 (1990), 249-260.



