Characterizing the Mixed Volume
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Abstract. We investigate functional properties of the mixed volume that are suf-
ficient to characterize it, up to elementary modifications.

2010 Mathematics Subject Classification: 52A39

1 Introduction

Let K™ denote the space of convex bodies (nonempty, compact, convex subsets) with the
Hausdorff metric in n-dimensional Euclidean space R™ (n > 2) and K? the subspace of
centrally symmetric bodies. The mized volume V : (K™)™ — R is the unique symmetric
function for which

V(Kiy,...,K;,)

in

1<it,e..in<m

form e N, Ky,..., K, € K", \,..., A\, > 0, where | - | denotes the volume. The
non-trivial fact that |[A\i K7 + -+ + A\ K| is indeed a polynomial, was emphasized by
Minkowski. It is the basis of the Brunn—Minkowski theory of convex bodies, of which
the mixed volume is a central notion; see [5], for example.

Motivated by an attempt to extend the mixed volume to log-concave measures,
we have become interested in characterizing the classical mixed volume by some of its
functional properties, not taking recourse to the notion of volume. Thus, we want to
obtain the mixed volume directly as a multilinear function, instead of constructing it
from the volume, using polynomial behaviour under Minkowski linear combinations.

The following properties of a function F' : (K™)" — R, which are shared by the
mixed volume, are certainly good candidates for figuring in a characterization. Here
a function f : K" — R is called (Minkowski) additive if f(K + L) = f(K) + f(L),
where K + L is the vector sum of K,L € K", and f is increasing if K C L implies
F(K) < £(L).

(P1) F is Minkowski additive in each variable.
(P2) F is increasing in each variable.

(P3) F' is symmetric (invariant under permutation of its arguments).

These important properties are far from being characteristic for the mixed volume,
as shown by the following examples.
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Example 1. Let p be a finite, positive Borel measure on the group GL(n). By h(K, )
we denote the support function of the convex body K. For each K € K™ we define a
convex body K* by

h(K*, u) = / h(aK,u) p(da), u € R"™,
GL(n)

(clearly this defines a support function) and put

F(Ky,... Ky =V(K!' .. KM, K. . K,cK"

n

Then F has properties (P1), (P2), (P3). Moreover, F' is translation invariant in each
variable.

Example 2. By S" ! we denote the unit sphere of R". Let the function f : (S*~1)" —
R be continuous, non-negative and even in each variable, and assume that f is sym-
metric. Define

F(Ky,..., K,)

::/ / h(K1,u1) - h(Kp,un) f(ug, ..., up)o(duy) - - o(duy),
S’I’L*l S’ﬂfl

where o is the spherical Lebesgue measure on S"~!. If ¢ € R" and (-,-) denotes the
scalar product, then

F(Kl—l-t,Kg,...,Kn)—F(Kl,...,Kn)

= / / (uy,t)h(Ka,ug) -+ h(Kp,un) f(ur, ..., up) o(duy) - - - o(duy,)
Sn—1 Sn—1
0

)

since f is even in u;. Hence, F' is translation invariant in the first argument, and
similarly in the other arguments. Therefore, we can always assume that K; contains
the origin, for ¢ = 1,...,n. Then it follows that F' is increasing in each argument.
Thus, F' has properties (P1), (P2), (P3).

These functions F' are far from the mixed volume. In fact, the mixed volume even
cannot be represented in the form

V(Kl,...,Kn)_/( PO Bt s ),
Sn— n

for all Ki,..., K, € K", with a finite signed Borel measure p on (S"~1)" (this follows
from [5, Theorem 5.2.2]). We remark that, on the other hand, there exists a sequence
(fr)ren of C™ functions on (S™~1)" with

/(Snl)n h(K1,u1) - h(Knytn) fre(uty - .oy un) 0™(d(ug, ..o yup)) — V(K. .., Ky)
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as k — oo, for all Ky,..., K, € K". This was proved by Weil [§], and in a slightly
sharper version (fj real analytic) by Przestawski [4].

Example 3. Let Ao,..., A, € K™ be fixed convex bodies and define

n

P(Ky,... Ky) =[]V, Az ..., An)
=1

for Ky,...,K, € K". Then F has properties (P1), (P2), (P3).

If we demand only the properties (P1) and (P2), then each of the previous exam-
ples can be generalized in the obvious way. We give one further example with these
properties.

Example 4. Embed R” as a subspace in RY with N > n and let ¢1,...,p, € GL(n)

be fixed linear maps from R" into RY. Let A, ..., Ay be fixed convex bodies in RY
and define
F(Kl, e ;Kn) = V((lel, e 7‘~PnKn7An+1; e ,AN)

for K1,..., K, € K", where V denotes the mixed volume in RY. Then F has properties
(P1) and (P2).

These examples show clearly that, for a possible characterization of the mixed
volume, further assumptions are necessary, which must somehow tie the variables of
F' closer together. Here the criterion for the vanishing of the mixed volume comes to
mind. It says (see [5, Th. 5.1.7]) that V(Ki,...,K,) = 0 holds if and only if the
n-tuple (K1, ..., K,) is degenerate, in the sense of the following definition.

Definition. The n-tuple (K7i,..., K,) of convex bodies in R™ is degenerate if there do
not exist segments S; C Ky,...,5, C K,, with linearly independent directions.

Of the criterion for the vanishing of the mixed volume, we consider only the following
two rudimentary forms.

(P4) F(Ky,...,K,) =0 if one of the arguments Ki,..., K, is a singleton.
(P5) F(Ky,...,K,) =0 if two of the arguments K3, ..., K,, are parallel segments.

Properties (P1) and (P2) alone already have a number of implications, which we
collect in the following lemma.

Lemma 1. Suppose that the function F : (K™)" — R satisfies (P1) and (P2). Then F
satisfies (P4), and in each variable it is translation invariant, continuous and positively
homogeneous. Moreover, F' > 0.

If we restrict ourselves to centrally symmetric convex bodies, then conditions (P1),
(P2) and (P5) turn out to be sufficient for a characterization of the mixed volume. It



is a bit surprising that the seemingly weak condition (P5) for the vanishing of F' rules
out so many other possibilities not leading to the mixed volume.

If we only consider F' on zonotopes, then even the monotonicity (P2) can be relaxed.

(P2") F(K,Ks,...,K,) < F(M,Ks,...,K,) whenever K C M with dim K < 1 and
dim M < 2; similarly in the other arguments.

By Z™ we denote the set of zonotopes, that is, of finite sums of segments, in R™.

Theorem 1. If the function F : (Z™)" — R satisfies (P1), (P2'), (P4) and (P5), then
F(K1,...,Kn) =aV(Ki1,...,K,)  for Ki,...,Kn€ 2",
with a constant a > 0.

Under the full assumption of monotonicity, this result extends to centrally symmet-
ric bodies and one non-symmetric body.

Theorem 2. If the function F : K™ x (K?)"~! — R satisfies (P1), (P2) and (P5), then
F(K1,...,Kn) =aV(K1,...,K,)  for K1 € K" and Ko, ..., K, € K",

with a constant a > 0.

An alternative formulation expresses a certain minimality property of the mixed
volume among all functions satisfying properties (P1) and (P2).

Corollary. Let F : (K2)" — R satisfy (P1) and (P2). If F is bounded from above by
a constant multiple of the mized volume, then F is a constant multiple of the mized
volume.

In fact, under the assumptions of the Corollary, F' is non-negative, by Lemma
1. If there exists a constant ¢ with 0 < F(Kj,...,K,) < ¢V(Ky,...,K,) for all
Ki,...,K, € K7, then F satisfies (P5), since V' does.

The case of non-symmetric bodies looks to be harder and seems to require different
methods. The restriction to centrally symmetric convex bodies is clearly necessary
in Theorem 2, since condition (P5) cannot distinguish between K and —K. In fact,
if F(K1,...,K,) is defined as a linear combination, with non-negative coefficients, of
V(£Ky,...,£Ky), then F satisfies (P1), (P2), (P5). One may conjecture that the
converse is also true, but we have only been able to prove this in special cases and with
additional assumptions. The next theorem settles the conjecture in the two-dimensional
case. In the following, we write —K =: K*.

Theorem 3. If the function F : (K?)? — R satisfies (P1), (P2) and (P5), then
F(A,B)=aV(A,aB+ (1 —a)B")

for A, B € K2, with constants a > 0 and « € [0, 1].



To extend this result (with two not necessarily symmetric arguments) to higher di-
mensions, we need an additonal condition, which expresses a further important property
of the mixed volume.

(P6) F(pKy,...,pK,) = F(Ki,...,K,) for all ¢ € SL(n) (whenever both sides of
the equation are defined).

Theorem 4. If the function F : (K™)? x (K2)"2 — R satisfies (P1), (P2), (P5) and
(P6), then

F(A,B,Cl, e Cn_Q) = aV(A, aB + (1 - a)B*, Ci,.. .,Cn_Q)
for A,B € K™ and C1,...,Cph_o € K, with constants a > 0 and a € [0, 1].

In view of the fact that the essential properties (P1) and (P2) are preserved under
linear maps, it appears natural to ask whether the function defined by

F(Kl, . ,Kn) = V((lel, . ,(ann), Ky, ...,K, € K:n,

where ¢1,...,p, € GL(n) are fixed linear transformations, can be characterized by
suitable properties. This function F' has in general none of the properties (P3), (P5),
(P6). Property (P5) should be replaced by the following one.

(P5') To any nondegenerate segment S there exists a nondegenerate segment S, with
unique direction, such that F'(S, S, Ks,...,K,) =0 (for all K3,..., K, such that the
left side is defined), similarly for any other ordered pair of arguments.

What we can prove, is a corresponding generalization of Theorem 3.

Theorem 5. If the function F : (K?)? — R satisfies (P1), (P2) and (P5'), then
F(A,B) =V(A,p(aB + (1 - a)B"))
for A, B € K2, with a linear transformation ¢ € GL(2) and a constant « € [0, 1].

We prove Theorems 1 and 2 in the next section and Theorems 3 and 4 in Section 3.
The proof of Theorem 5 follows separately in Section 4, since the construction of the
linear map ¢ requires an extra argument.

2 Proof of Theorems 1 and 2

In this section, we prove Theorem 1, Lemma 1, and Theorem 2.

Let F be a function on D(F) satisfying (P1), (P2'), (P4), (P5), where D(F) is one
of the domains of F' in Theorems 1 to 4. If F' = 0, the assertions of Theorems 1 to 4
hold with a = 0; therefore, we assume in the following that F' is not identically zero.

We prepare the proofs of Theorems 1 and 2 with first conclusions from the proper-
ties.



Let Ko,..., K, be fixed convex bodies for which (5, Ko, ..., K,) € D(F) for seg-
ments S. For segments S contained in a fixed line through the origin, the function
S — F(S,Ko,...,K,) is Minkowski additive, increasing and translation invariant. It
follows that F'(S, Ks,...,K,) = f(length(S)), where f is an increasing solution of
Cauchy’s functional equation and thus a linear function (e.g., see [1]). Thus, F is
positively homogeneous on segments, in each argument (observe that F' is translation
invariant in each argument, by (P1) and (P4)).

All segments appearing in the following are assumed to have positive length. A
segment is called centred if it has its centre at the origin o.

Proposition 1. Let S, Ty, T be centred segments. If
Ti + RS = Ty + RS, (1)
then
F(Ty,S,A1,...,An_2) = F(T5,S,A1,..., Ap_2)

for all convex bodies Ay, ..., An—go for which (S1,S2, A1, ..., An—2) € D(F) for segments
S1,95.

Here, the role of the first two arguments can be played by any other two arguments
(in any order).

Proof. Under the assumption (1), we can choose A > 0 with 77 C T» + AS. Properties
(P2'), (P1), (P5), applied in this order, give

F(T1,S,A1,...,Ap_2)

< F(Ty+\S,S, Ay, ... Ap—2)

= F(T5,5,A1,...,An—2) + F(AS, S, A1,..., Ap_2)

= F(T»,S,Aq,..., Ap_2).
Since the assumption is symmetric in 7} and 75, the assertion follows. ]
Proposition 2. F' is symmetric on segments.

Proof. Since F is, in each variable, translation invariant and positively homogeneous
on segments, we may restrict ourselves to centred segments of unit length. First let
n =2, and let S,7 C R? be two centred unit segments. If S and T are parallel, then
0=F(S,T)=F(T,S), by (P5). Assume that S, T have different directions. Let D be
a diagonal of the parallelogram S + T. Proposition 1 shows that F(D,S) = F(T,S)
and F(D,T) = F(S,T). Also by Proposition 1, F(D,S) = F(D,T), hence F(T,S) =
F(S,T).

This symmetry extends to n dimensions. In R™, assume that the centred segments S

and T have different directions. Let span{S, T} be the two-dimensional linear subspace
spanned by S and T'. In the following, it is assumed that (A4, B, K3, ..., K,) € D(F).



The function f defined by f(A, B) := F(A, B, Ks, ..., K,) (with fixed K3, ..., K,) for
convex bodies A, B in span{S,T} has properties (P1), (P2'), (P4), (P5) with respect
to span{S,T}. As just proved, it follows that f(S,T) = f(T,S), which gives

F(S,T,Ks,...,K,) = F(T,S,Ks, ..., Ky). (2)

Of course, a similar symmetry holds for any other pair of arguments of F', and the
symmetry of F' on segments follows. O

Proof of Theorem 1. Under the assumptions of Theorem 1, we show that there is a
constant a > 0 such that

F(S1,...,8,) =aV(Si,...,S) (3)

for all segments St, ..., S,.

In order to give an inductive proof starting at dimension one, we extend the assertion
ton = 1, claiming that a function F' on closed intervals in R that is Minkowski additive,
increasing and is zero on singletons, must be a constant multiple of the length of the
intervals. This is true, as mentioned above.

Now let n > 2 and suppose that the assertion (3) has been proved in spaces of
smaller dimension. Let S,T5,...,T, be segments, without loss of generality centred.
We define

f(Ka,...,Ky) = F(S,Ks,...,K,)

for Ks,...,K, € 2" with K; C S+, where S+ denotes the (n — 1)-dimensional linear
subspace orthogonal to S. Then f has properties (P1), (P2'), (P4), (P5), in the (n—1)-
dimensional space S*. Denoting by V' the mixed volume in S+, we conclude from the
induction hypothesis that there is a constant ¢(S) such that

F(Sas%"'ﬂs’n) = C(S)V/(527' : 7Sn)

for all segments S, ...,S5, C S*. Putting a(S) := nc(S)/length(S), we get from [5,
(5.3.23)] that
F(S,S2,...,5,) =a(S)V(S, Sa,...,5).

Since F' and V are positively homogeneous on segments, we have a(AS) = a(S) for
A>0.

Let S5 be the image of T, under orthogonal projection to S*. From Proposition 1
we get
F(S,T5,Ts,...,T,) = F(S,S2,Ts,...,T,),

also if Sy is one-pointed, since then T is parallel to S, and both sides are zero. The
last n — 2 arguments can be treated similarly, hence

F(S,TQ,.. . ,Tn) = F(S,SQ,. . ,Sn) = a(S)V(S, 52,... ,Sn)

The latter is equal to a(S)V (S, Ty, ..., T,), since V has the same properties as F.. The
obtained equality
F(Sa TQ’ s 7Tn) = a(S)V(Sa TQ’ s 7Tn)



holds for arbitrary n-tuples S, 715, ..., T, of segments.

From Proposition 2 we have
F(S, TQ, . ,Tn) = F(TQ, S, T3, N ,Tn> = a(TQ)V(TQ, S, T3 . ,Tn),

and we can conclude that a(S) does not depend on S. This proves (3).

Using (P1), we can replace each line segment in (3) by a zonotope. This completes
the proof of Theorem 1. O

Proof of Lemma 1. We prove a slightly more general version of Lemma 1, assuming
that F' is a function on D(F'), where D(F) is one of the domains of F' in Theorems 1
to 5, and that F satisfies (P1) and (P2) on this domain.

In the following it is assumed that K, M, M’ K, ..., K, are convex bodies such
that (K, M,Ks,...,Kn),(K,M',Ks,...,K,) € D(F). For fixed K, ..., Kn, write
f(K,M):=F(K,M,Ks,...,K,). Below, o is the origin of R”, x € R", and a singleton
{x} is written as x. From f(o, M) = f(o+ o0, M) =2f(0o, M) we get f(o, M) = 0.

Suppose there exist x € R™ and and a convex body M such that f(z, M) # 0.
Since 0 = f(o,M) = f(x—x, M) = f(x, M)+ f(—z, M), we can assume (interchanging
the roles of z and —uz, if necessary) that f(x, M) > 0. We choose a convex body M’
with M C M’ and o C M’; then a := f(x,M') > f(z, M) > 0. From 0 = f(o, M) =
flz, M") + f(—x,M') we get f(—x,M') = —a. Since 0o € M', we have M’ C 2M’ and
hence —a = f(—z,M') < f(—x,2M’) = 2f(—x,M') = —2a, a contradiction. This
shows that f(x, M) = 0 for all z and M and hence, by similar reasoning for the other
arguments, that F'(Ky,...,K,) = 0 whenever (Ki,...,K,) € D(F) and one of the
arguments is a singleton. Thus, F satisfies (P4). Together with (P2) this shows that
F>0.

From (P4) we get, in particular, that F(K1+z, Ko, ..., K,) = F(K,Ko,...,K,)+
F(z,Ko,...,K,) = F(Ki,Ka,...,K,) for (Ki,...,K,) € D(F), and similarly in the
other arguments; hence F' is translation invariant in each variable.

From (P1), (P2), (P4) we can deduce that the function F' is continuous in each
variable; the proof is carried out in [2]. Additivity and continuity now also give positive
homogeneity in each variable. O

Now we assume that F' is a function on the domain as in Theorem 2 and that it
satisfies (P1), (P2), (P5). Proposition 1 can be extended as follows.

Proposition 3. Let k € {1,...,n — 1}, and let Si,..., Sk be centred segments. If
K, M € K™ are convex bodies with

KA4+R(S; 4+ 8,) =M+R(S; + -+ Si), (4)
then
F(K,Sl,...,sk,Al,...,An_k_l) = F(M,Sl,...,Sk,Al,...,An_k_l)

for Ay, ..., Ap_—1 € K7



Proof. Under the assumption (4), we can choose A > 0 with K C M + A(S1 +-- -+ Sk).
Properties (P2), (P1), (P5), applied in this order, give

F(Kasla"'y‘s’kaAla"' 7An—k—1)

SFEM+XSt+-+5k),51,- -+, Sk, A1,y ooy A1)

k
=F(M,S1, ..., Sk, A1, Appo1) + 3 F(AS:, Sty Sko vy A1)
i=1
= F(M, Sl, ce ,Sk,Al, ce aAn—k—l)-
Since the assumption is symmetric in K and M, the assertion follows. O

Proof of Theorem 2. Under the assumptions of Theorem 2, F' has all the properties
stated in Lemma 1. It follows from Theorem 1 that

F(Z,S,...,5,) = aV(Z,Sa,...,5)

with a constant a, for zonotopes Z and segments Ss, ..., S,. By continuity, this equa-
tion holds also if Z is a zonoid. We use an argument that we have learned from [3]. Let
K be a generalized zonoid, that is, a convex body for which there exist zonoids Z, Zs
such that K + Z1 = Z5. Then we get

F(K,Sa, ..., S0) + F(Z1,52,...,5) = F(K + Z1,53,...,5)

— F(Z2, 89, ...,50) = aV(Z2, 89, ..., 50) = aV(K + Z1, 55, ..., Sp)
=aV(K,Ss,...,S,) +aV(Z1,S2,...,5,)

— V(K, S, ..., S0) + F(Z1, S, ..., 5)

and hence
F(K,S2,...,S,) =aV(K,Ss,...,S).

Every centrally symmetric convex body with a support function of class C'**° is a gen-
eralized zonoid (see, e.g., [5, Section 3.5], in particular Theorem 3.5.3). Therefore, the
generalized zonoids are dense in the set of all centrally symmetric convex bodies. Since
F and V are continuous, the last equality holds for all centrally symmetric convex bod-
ies K. In the same way, each of the last n — 1 arguments can be replaced by a centrally
symmetric convex body.

It remains to replace one of the convex bodies by a non-symmetric body.

Let K € K™, and let So,...,S, be segments with linearly independent directions.
It follows from Proposition 3 and the translation invariance of F' in its first variable
that
F(K,So,...,S,) = F(K*,S2,...,5).



Now the already proved part of Theorem 2 for centrally symmetric bodies gives

2F(K,Ss,...,8,) = F(K+K*S,,...,5)

= aV(K+ K* Sy,...,S,) =24V (K,Ss,...,S).
As above, this can be extended to
F(K,Cy,...,Cp) =adV(K,Cy,...,C,) for Cy,...,C, € 7.

This completes the proof of Theorem 2. O

3 Proof of Theorems 3 and 4

Already the assertions of the remaining theorems indicate that the proofs must be
of an essentially different kind: a Minkowski combination aB + (1 — a)B* appears
as an argument, and the number « has to be found. For the treatment of centrally
symmetric bodies in the previous section, the case of segments was crucial. This cannot
be sufficient now. However, for non-symmetric bodies, a similar role can be played by
the triangles (see the end of the proof of Theorem 4). For this reason, much of the
following proof employs two-dimensional convex bodies. The additivity property must
now be exploited in a deeper way: we use a result of Firey [2], which is based on
a version of the Riesz representation theorem. With this, we construct an additive
map on two-dimensional convex bodies and then find that it is essentially of the form
B +— aB+ (1 — a)B* (see Lemma 3 below); this is the crucial tool of the proofs.

Let F satisfy the assumptions of Theorem 4, but without (P6) for a while, and let
F # 0. As shown in Section 2, F' is then continuous and positively homogeneous in
each argument, non-negative, and symmetric on segments. Further, we show that F
satisfies the following condition (P7).

(P7) If F(Ky,...,K,) =0, then (Ki,...,K,) is degenerate.

For the proof, suppose that (P7) were false. Then there is an n-tuple (K9, ..., K9)

with F(KY,...,KY) = 0 which is not degenerate, hence there are segments S; C
K),...,S, C K? with linearly independent directions. Since F is increasing in each
variable, it follows that F'(Si,...,S,) =0. We put C := S; +--- + S,, and assert that
F(C,...,C, 8.\, Sr,) =0 (5)

k

for k € {0,...,n} and rg4q,...,7 € {1,...,n}. We prove this by induction on k. The
case k = 0 holds by assumption and by the symmetry of F' on segments if r1,...,7,
are all different, and by (P5) if they are not all different. Suppose (5) holds for some
k€ {0,...,n—1}. Adding over ;41 from 1 to n, we obtain

F(C,...,C, S,
——

k+1

751””) =0,

kt20
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which completes the induction.

For given K1, ..., K, € K™ we can choose S, ..., S, in such a way (by homogeneity
and translation invariance) that K, ..., K, C C. Then the case k = n of (5) shows that
F(Ky,...,K,) =0, a contradiction to F' # 0. This shows that F' satisfies (P7). O

We fix n—2 centred segments Uy, ..., U,_s with linearly independent directions and
also a two-dimensional linear subspace E that is complementary to span{Uj,...,U,_2},
the linear subspace spanned by Uy,...,U, 2 (with E = R? if n = 2). We denote by
K(E) the set of convex bodies in E and by K(g)(E£) the subset of bodies with nonempty
interior relative to E. Let B € Ky (E).

The function defined by A — F(A,B,Uy,...,U,—2), A € K", is not identically
zero by (P7), it is Minkowski additive, positively homogeneous, increasing, and zero on
singletons. These are the assumptions under which Firey’s work [2] yields the following
result, which we formulate here as a lemma.

Lemma 2. Under the previous assumptions, there are a number p € {1,...,n} and
n — p pairwise orthogonal (centred) unit segments o1, ...,0n—p Such that one of the
following cases occurs.

Case 1. p > 2, and there is a conver body K of dimension p, contained in the
orthogonal complement of span{o1,...,on_p}, such that

F(A,B,Ul,.. .,Un,Q) = V(A,K, ,K,O‘l,...,O'n,p)
N—_——
p—1
for all A € K™. The body K is uniquely determined up to a translation.
Case 2. p=1, and there is a constant ¢ > 0 such that

F(A,B,Uy,...,Up—2) =cV(A,01,...,0n-1)

for all A e K™.

We assume in the following, without loss of generality, that K has its Steiner point
at the origin o; it is then uniquely determined.

A comment is in order which concerns the application of Minkowski’s existence the-
orem in [2]. Firey’s argument yields the existence of a finite Borel measure p (depending
on Uy,...,U, 2 and B) on S"~! with

F(A,B,Uy,...,Up—2) = 711/5 1 h(A,u) p(du) for all A € K" (6)
The number p appearing in Case 1 is the dimension of the smallest linear subspace
L C R™ containing the support of y, and the convex body K is obtained by applying
Minkowski’s existence theorem in L to the measure p, considered as a measure on
S"~1' N L. This theorem does not hold in a one-dimensional space. Therefore, Firey’s
equation (5) is not valid for p = 1: if o’ (in Firey’s notation) contains precisely one
point of the 0O-sphere ' = S" ' N L, then u(w') = ¢ can be any positive number,
whereas s(K;w’) = 1. This is the reason for the appearance of the constant ¢ (which
is missing in [2]) in Case 2.
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Now we apply Lemma 2. Suppose, first, that Case 2 holds. Then we have
F(A, B, Ul, ey Un_g) = CV(A, O1y--. 70n—1) =0

for all convex bodies A C span{oi,...,0n—1}. We can choose a segment S; C
span{oy,...,0,—1} with dimspan{U;,...,U,—2,51} =n — 1 and then (since dim B =
2) a segment Sy C B with dimspan{Ui,...,U,_2,51,52} = n. The n-tuple
(Ur,...,Upn—2,51,52) is not degenerate, hence F(Sy,B,Us,...,U,—2) # 0 by (P7).
This is a contradiction, hence Case 2 does not occur.

In Case 1, p > 2, and by (P5) we have

VU, K,...,K,o1,...,0n—p) =0 fori=1,...,n—2,
1
i

thus each n-tuple

(K1,...,.Kp)=U,K,...,K,01,...,0n—p)
p—1

is degenerate, by (P7). Therefore, the following holds (see [5, Theorem 5.1.7]). There
are a number k € {1,...,n} and indices 1 <14y < --- < i < n such that

dim(K;, +---+ K;,) < k. (7)

Let s < p—1 be the number of indices among i1, ..., which are from {2,...,p}, and
suppose that s > 1. Then either k—s or k —s—1 of the indices are from {p+1,...,n}.
Since dim K = p and lin K and span{oy,...,0,—,} are complementary subspaces, we
get

dim (K, +"'+Kik) >p+k—s—12>k,

a contradiction. Hence, s = 0. From (7) it then follows that U; C span{oy,...,0n—p},
fori =1,...,n — 2. Therefore, p = 2 and span{Uy,...,U,_2} = span{oy,...,0n_2}.
This space is the orthogonal complement of a two-dimensional subspace Y, which con-
tains the convex body K (by Firey’s construction). We put

TB =K

and have thus defined a map T : K(o)(E) — K(Y'). In the following lemma, we deter-
mine this map explicitly. For this, the previously introduced objects Uy, ..., Up—1, E,Y
remain fixed, and we introduce the following notation. By 7wy : R — Y we denote the
orthogonal projection. We write M = M’ (M Cy M') for convex bodies M, M’ if and
only if there exists a vector ¢ with M = M’ +t (respectively, M C M’ + t). Further,
we put P :=Uj + - -+ Up—2 and denote by |P| the (n — 2)-dimensional volume of P.
(If n = 2, we omit P and replace |P| by 1.)

Lemma 3. The map T can be extended to an additive, continuous map on all of K(E).
The extension satisfies

TB = blary B+ (1 — a)my B*] for B e K(E), (8)
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with
alP|

S —— 9
(n—1)(n—2)! ()
where a is a positive constant depending only on F, and with a constant o € [0,1],
possibly depending also on Uy, ..., Uy—2 and E.

b=

Proof. We need the following conclusion from Firey’s [2] proof in Case 1. In our
situation, L = Y, and the restriction of 1 to S"~!' NY is the length measure S1(K,-).
For u € S" 1 NY, we have h(A,u) = h(ry A, u), hence (6) reduces to

1
F(A,B,UL,....Un ) = n/ Wy A, u) §1(TB, du)
Sn—1ny

2
= —wv(myA,TB), (10)
n
for A € K™, where v denotes the mixed volume in the two-dimensional space Y.

We make repeatedly use of the following fact. If M, M’ € K(Y), then
v(A, M) < v(A, M) for all A € K(Y) implies M Cy M. (11)

This result, which extends to higher dimensions but is used here only for n = 2, is due
to Weil [7].
Let By, B2 € K)(E). From the additivity of F' in its second argument and from
(10) we get
’U(A, T(Bl + Bg)) = ’U(A, TBl) + ’U(A, TBQ) = ’U(A, TBy + TBQ)

for all A € K(Y) and hence T'(By + B2) =4 T'(B1) + T'(B2). Since each body T'B has
its Steiner point at the origin, it follows that

T(Bl + Bg) =TB, +TBHB>.

Thus, T is additive.

In a similar way, it follows from the positive homogeneity of F' in its second argument
that
T(AB) =\TB

for A > 0.
Suppose that By Cyy Ba. Since F' is increasing in its second argument, (10) gives

v(A,TBy) <v(A,TB3) for all A € K(Y),

and we conclude that
By Ciyy By = TB; Ci T'Bs. (12)

We show that 7" is continuous. Let (B;)ien be a sequence in K (E) converging to
some convex body B € K (E). There is a fixed convex body C € K(g)(E) containing
all the B;, hence T'B; C TC. Thus, the sequence (T B;);cn is bounded and hence has a
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convergent subsequence, say T'B;, — M € K(Y) for j — oo. This convergence implies
that (n/2)F(A, B;;,Ux,...,Up2) = v(A,TB;;) — v(A, M) for all A € K£(Y'). From the
continuity of F' we have (n/2)F(A, B;,U1,...,Uy—2) — (n/2)F(A, B,Uy,...,Up2) =
v(A,TB). The equality v(A, M) = v(A,TB) for all A € K(Y) yields TB = M and
then TB = M, since both bodies have their Steiner point at the origin. Since every
convergent subsequence of (T'B;);cn converges to T B, the sequence itself converges to
T'B. This establishes the continuity of 7" on K (g)(£).

We extend T to all of K(E). Let S € K(E) be a segment or a singleton. Let
Bi, B € K(g)(E) be such that B; — S. Then B; + B — S + B, hence TB; + TB =
T(B; + B) — T(S + B). From this it follows that the sequence (T'B;);cn converges
to some convex body M and that M + TB = T(S + B). Therefore, M is uniquely
determined, and we can define T'S := M. Then T(S + B) = T'S + T'B for arbitrary
B € Ko (E). If 51,8 € K(E), we choose B € K()(E) and have T'(S1 + S2) +T(B) =
T(S1+52+B)=T54+T(S2+B) =T5 +TS52+TB, hence T'(S; + S2) = T'S1+T55.
Thus, the extended mapping 7" is additive. Similarly, if B; — S, then B;+ B — B+ 5,
hence T'(B;+B) — T(S+B) and thus TB;+TB — T'S+T B, which implies TB; — T'B.
Hence, the extended map T is continuous. By similar arguments, the other properties
of T' (homogeneity, monotonicity) can be extended.

Let C € K(g)(E) be o-symmetric. For A € K(E) it follows from Theorem 2 that
F(A, C, Ul, ceey Un,Q) = CLV(A, C, Ul, ey Unfg),

where the constant a is positive, since we have assumed that F' # 0. Recalling that
P=U;+---+U,_9, we have

(n—2)W(A,C,Uy,...,Up_s) =V(A,C,P,...,P),

and formula [5, (5.3.23)] gives

(Z) V(A,C,P,...,P) = |Plu(ny A,y C).

Hence,

1 1
F(A,CUy,...,Uy—2) = mﬁ‘f)‘v(ﬂ'yz‘l,ﬂ'yc).
2

From (10) we have
2
F(A, C, Ul, ey Un_g) = EU(WYA’ TC)
Since, in the last two equations, my A can be any convex body in Y, we deduce from
(11) that TC =, bmy C, where b is given by (9).

The body C' is centrally symmetric, hence also 7'C' is centrally symmetric (as follows
from Firey’s proof of Lemma 2). Since both sets have their centre at the origin, we
conclude that T'C' = by C. Defining the linear map A : E — Y as the restriction of
bmy to E, we thus have

TC =AC for C € K(E) with C = —C. (13)
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By continuity, this holds also if dim C' < 2.

To study T on nonsymmetric sets, we define 77 : K(Y) — K(Y) by T'(B) :=
T(A™1B) for B € K(Y); then

T'C=C for C € K(Y) with C = —C.

We start with a triangle A C Y. The set A +A* =: H (recall that A* := —A) is a
o-symmetric hexagon. It follows that

T'A+T A =T(A+A)=TH=H.

Hence, T"A and T’ A* are summands of H. Let S1, S5, S3 be the o-symmetric segments
which are translates of the edges of A. Since A and A* both contain a translate of
S;, it follows from (12) that each of T'A and T'A* contains a translate of T"S; = S;,
i=1,2,3.

The facts observed in the previous paragraph are invariant under affine transfor-
mations of Y. We may, therefore, introduce a scalar product (-,-) on R" for which A
becomes regular. Without loss of generality, we assume that A has vertices o, u1, uo,
where u1,us € Y are unit vectors. We put ug := ug — uy, then

1
(Ul,u2> = <u3,u2) = 5-

The edges of the hexagon H are, say in clockwise order, translates of the segments
51,5, 853,51,59,S53. Since T'A is a summand of H, it has corresponding edges which
are translates of ayS1, @252, a3S53, asS1, @552, a6S3 with 0 < a; < 1 (here we allow
edges of length zero). The triangle 7A* has corresponding edges which are translates
of (1 — 041)51, (1 — 042)52, (1 — Ozg)Sg, (1 — 044)51, (1 — 045)52, (1 — 046)53.

Let z,y be the endpoints of a longest segment parallel to S contained in T'A. We
may assume that y — x = rug with » > 0. Since T'A contains a translate of So, we
have r > 1. We may further assume, as is easy to see, that z is a vertex of 7'A. Then
either

Y =T+ aju] + agug + Aagus

with 0 < A <1, or
Y =T+ arul + aoug + Uz — oty

with 0 < p < 1. In the first case, we obtain

1 1 1 1
1Sr:<y—x,UQ>:§Oé1+Oé2+§)\063§5051 +oz+ as, (14)

and in the second case

1 1 1 1 1
1<r=(y—mzug) = 5041 + o+ 5043 — §Ma4 < 5041 + g + 5043. (15)

In a similar way, considering the triangle 7A*, we obtain

13%(1—041) +(1—a2)+%(1—a3). (16)
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Adding (14), respectively (15), to (16), we see that equality must hold in (14), respec-
tively (15), which means that

Y — T = qiu1 + aoug + agus. (17)

For a unit vector v € Y orthogonal to us we have (uz,v) = (ug —uy,v) = —(u1,v) # 0,
hence (17) gives a; = 3. In the same way (going ‘the other way round’ from z to y)
we obtain that oy = ag.

Applying the same argument to S1 or S3, we deduce that a3 = a3 = a5 =: a and
a9 = ay = ag =: . Since (14) holds with equality, we have o + § = 1. Thus, we have
obtained that

T'A = a(A)A + (1 — a(A))A*,

where we have written a(A) to point out a possible dependence on A. It remains to
show that there is, in fact, no such dependence.

For this, let G be a line and z a point in Y with z ¢ G. Let u,v,w be different
points on G, in this order, and let Ay := conv{z,u,v}, Ag := conv{z,v,w}, A =
conv{z,u,w}, S := conv{z, v} and write a(4;) =: o; for i = 1,2 and a(A) =: a. Then
A+ S = A1+ Ay and therefore

a(Ar+ Ag) + (1 — a) (A1 + Ag)* (18)
=a(A+9)+(1—-a)(A+9)"

=aA+(1-a)A*"+S=, T'A+S=TA+T'S
=T'(A+9)=T(A1+ D) =T' A1 +T' Ay

=t 1A + (1 — aq)A] + a2Ag + (1 — ag) A3, (19)

Let £ € Y denote the outer unit normal vector of the edge conv{z,u} of the triangle
A;. The support sets of the polygons (18) and (19) with outer unit normal vector £
must have the same length, hence o = ay (note that none of the triangles Ay, A}, A
has an edge with outer normal vector £). Therefore, for u,w € G the value a(A) for
A := conv{z,u,w} depends only on u. For the same reason, it depends only on w.
Hence, it is a constant for u,w € G. Since T” is positively homogeneous, the value a(A)
is constant for all triangles A with an edge on G. Taking a line G’ intersecting G and a
triangle with edges on G’ and G, we see that the value is also independent of the line.
Therefore, T'A =, aA+(1—a)A* with a fixed a € [0, 1], for all triangles A. Since every
convex polygon P is a sum of triangles and segments, we get TP = aP + (1 — a) P*
and then, by approximation and continuity, 7"B =, aB + (1 — «)B* for all B € £(Y).

Recalling that T'(B) = T(A~'B) for B € K(Y) and that A = b7y |p, we arrive at
(8). This finishes the proof of Lemma 3. O

Now we complete the proofs of Theorem 3 and Theorem 4 separately.
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Proof of Theorem 3. If n = 2, no segments Uy, ..., U,_o appear, and the previous proof
and result hold with £ =Y = R? and |P| = 1. In view of (9), equation (8) simplifies
to

TB =4 alaB+ (1 — a)B] for B € K2.

Hence, (10) gives
F(A,B)=aV(A,aB+ (1 —a)B")

for A, B € K2. This completes the proof of Theorem 3. O

Proof of Theorem 4. Now we assume that n > 3 and that F' satisfies also condition
(P6). From (8) and (10) we have

2
F(A,B,Uy,...,Uy—2) = Ebv(ﬂ‘yA,T(‘y[aB + (1 —a)BY)) (20)

for A€ K™ and B € K(E).

So far, the linearly independent segments Uy, ...,U,_2 and the two-dimensional
linear subspace E, complementary to span{Ui,...,U,_2}, were fixed. The constant «
in (20) may depend on this data, therefore we write @ = a(Uy,...,U,—2, E). To show
the independence, we first fix Uy, ..., U,_s and consider two two-dimensional subspaces
E1, E, both complementary to span{Ui,...,U,_2}. Write a(Uy,...,Up—_2, F;) =: .
Let B € K(Y) and B; € K(E;) be convex bodies such that myB; = B, i = 1,2. It
follows from Proposition 3 (modified for the appropriate variables) that

F(A,By,Uy,...,Uy—9) = F(A,By,Uy,...,Up_2),
hence (20), together with my B; = B, gives
v(ryA,anB+ (1 — aq)B*) = v(ny A, aaB + (1 — a2) BY).
Since this holds, in particular, for all A € I(Y'), we deduce from (11) that
1B+ (1 —a1)B* =4 aeB+ (1 — ag)B™.
Choosing for B a triangle in Y, we conclude that a; = ag. Thus, (Ui, ..., Up—2, F)

does not depend on E, and we denote it by a(Uy, ..., Up—2). From (20) and (9) we can
deduce that «(Uy,...,U,—2) does not change if, say, U; is dilated by a positive factor.

Now let (Uq,...,U],_5) be a second (n — 2)-tuple of centred segments with linearly
independent directions and such that

span{U1, ..., U, o} =span{U],..., U} ,} =Y.

We write P/ = U + --- + U} _, and a(Uy,...,Up—2) = «a, a(Uf,...,U]_,) = .
Since «(Uy, ..., Up—2) does not change under dilatation of one of its arguments, we can

assume that |P| = |P’|. Then there exists a linear map ¢ € SL(n) with ¢U; = U/ for
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i=1,...,n—2and gy =y for y € Y. Now we use property (P6). For A, B € K(Y)
we obtain from (20) that

2
ﬁbv(A, aB + (1 — «)BY)

= F(A,B,Uy,...,Ups) = F(pA, oB, U, ..., oUn_2) = F(A,B,U.,....U._,)

» Y n—2

= Zhu(A, 0B+ (1— o)BY).
n

By the argument used above, we can conclude that @ = «'. This shows that

a(Uy,...,Up_2) depends, in fact, only on Y = span{Ui,...,U,_2}*, and we denote it
by a(Y).

Let Y’ be a second two-dimensional linear subspace. There exists a rotation p €
SO(n) with Y’ = pY. For A, B € K(Y) we get

%bv(A,a(Y)B + (1 a(Y)BY)
= F(AaBaUlv"'vUn—Q) = F(pA7pBapU17"')pUn—2)

= %bv(pA, a(Y')pB + (1 —a(Y'))pB")

_ %bU(A, a(Y)B + (1 - a(Y"))B*),

by the rigid motion invariance of the mixed volume. As above, we conclude that
a(Y) =a(Y").

We have shown that the constant « in (20) is independent of Uy, ..., U,—_2 and the
two-dimensional subspace in which B lies. We can write (20) in the form

F(A, B, Uy,..., Un_2) = aV(A, aB + (1 — Oé)B*, Ug,..., Un_Q), (21)

valid for A € K™ and two-dimensional convex bodies B € K". By continuity, the
assumption on the linear independenc of the directions of Uy,...,U,_2 is no longer
required. That (21) holds, in fact, for general convex bodies B € K™, can be shown
by a similar extension procedure as in Section 2, replacing generalized zonoids by
generalized triangle bodies. A convex body K € K" is called a triangle body if it can
be approximated by finite sums of triangles, and it is called a generalized triangle body
if there exist triangle bodies T7,T5 such that K +T; = T. By [6, Lemma 2|, the set of
generalized triangle bodies is dense in ™. Therefore, the kind of argument from the
proof of Theorem 2 can be used to extend (21) from two-dimensional convex bodies B
to general convex bodies.

As in Section 2, each argument U; can be replaced by a centrally symmetric convex
body, thus we get

F(A, B,C4,..., Cn,Q) = CLV(A, aB + (1 — Ot)B*, cy,..., Cn,Q)
for A,B € K" and C1,...,Cy,_2 € K?. This finishes the proof of Theorem 4. O
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4 Proof of Theorem 5

Let n = 2, and let F have the properties of Theorem 5. By Lemma 1, F' is non-negative,
in each variable translation invariant, continuous and positively homogeneous, and it
vanishes if one of its arguments is a singleton.

In the following, all segments are again nondegenerate. Let S be a segment. By
(P5'), there exists a segment S with F(S,S) = 0, and every segment parallel to S has
the same property. We make S unique by demanding that it has centre o and length
1, with respect to a given Euclidean metric. Then (P5’) implies for segments S; that

F(S, 51) =0& Sl || S (22)

Similarly, to each segment S there exists a unique centred segment S of unit length
such that .
F(5,8)=0< 51 S. (23)

We modify the proof of Theorem 3. Let B € IC%O), the set of two-dimensional

convex bodies in R?. The function A — F(A, B), A € K2, is not identically zero, since
otherwise F'(S,S1) = 0 for an arbitrary segment S and all segments S; C B, which
contradicts (22). Now we can apply Lemma 2. Its case 2 cannot occur, for the same

reason as just explained. Hence, there is a unique convex body K € IC?O), with Steiner

point o, that satisfies F(A, B) = V(A,K) for all A € K2, and we can define a map
T: IC%U) — IC%O) by T'B := K. Precisely as in Section 3 it follows that 7' is additive,
positively homogeneous, increasing up to translations, continuous, and can be extended
to a mapping T : K? — K? under preservation of all these properties. In particular, we
have

F(A,B)=V(A,TB) forall A,B¢c K> (24)

Let z € R? (and recall that we identify {z} with x). Since F(A,z) = 0 for all
A € K2, we obtain V (A, Tx) = 0 for all A € K2. This implies

Tz = o.

We want to use the properties of T" to show that it is induced by a linear mapping.
First we assert that under the mapping T the following holds.

(a) Only singletons are mapped to singletons.
(b) Segments are mapped to segments.

(c) Segments of different directions are mapped to segments of different directions.

Proof of (a): If TB is a singleton, then (24) yields F'(A,B) = V(A,TB) = 0 for
all A € K2. If B is not a singleton, it contains a segment S, and we would have
F(51,5) = 0 for all segments S, which contradicts (23). This contradiction shows
that B is a singleton.

Proof of (b): Assume that S is a segment and 7'S is not a segment. By (a), T'S is
not a singleton, hence dim7'S = 2. It follows that 0 = F'(S,S) = V(5,TS) # 0, since
S is not a singleton, a contradiction.
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Proof of (c): Let S1,S2 be segments of different directions. As just proved, T7'S;
and T'Sy are segments. Assume, to the contrary, that 7'Sy || T'S2. Then (24) gives
F(T'S1,82) = V(TS,TS2) =0, and (23) implies that T'Sy || Sy. This gives F(Sg, Si) =
V(SQ,TSl) = 0 and hence S5 I S1. Therefore, F(Sl, Sy) = 0. Since also F(Sl, S1)=0
by the definition of Sy, now (22) (applied to S instead of S) yields that Sy || S, a

contradiction. This completes the proof of (c).

For x € R?\ {0} we denote by S, the segment with endpoints 2. The image T'S,
is a segment with centre o, hence of the form S, with y € R?\ {o}. For A > 0 we have

TShe = T(IMSs) = [AITS, = [A|S, = Shy-

We fix two linearly independent vectors a,b € R%2. Then T'S, = S,, T'Sy = S, with
linearly independent vectors u,v € R?. By the homogeneity of T, also TSy, = Sxu,
TS)\b S)\v for A > 0.

We consider the diagonals of the parallelogram S, + S,. We have
Satb C Sa + S, Sa—p C Sa +Sp

and
SQa - Sa+b + S[l—bu SQb - Szz+b + Sa—b‘

From (12) and o-symmetry we obtain that
TSavp C Sy + Sy, TS,_p CSy+ 5y (25)

and
28, C TSy +TSq—b, 25, CTSevp +TSa—p. (26)

We have T'S,yp = S; and T'S,_, = S, with linearly independent vectors z,y € R2,
say
r=Xu+pv, y=yu-+ov.

Then (25) implies that |A[, ||, |[y],]d] < 1. From

) I ~y A
= —xr — — = —— —_— D — —
u=pr—5y, v=—pmr+ 5y, AG — pry
and (26) we obtain ||, |ul, |V],[0] < |D|/2. This gives |D| < || + |uy| < D?/2, hence
|D| > 2. On the other hand, |D| < |\o|+|uy| < 2. We conclude that |A], |, 7], 0] = 1.
This means that either T'Sy4p = Sutv, T'Sa—b = Su—v Or T'Setp = Su—v, T'Sa—p = Sutv-
Replacing v by —wv, if necessary, we can assume that T'S,p = Syt and T'S,_p = Sy—y.

Let A\, u > 0. Since T'S)g = Sxu, T'Syv = Sup, the same argument as above shows
that either T‘S’Aa-‘rub = S)\u-i-/wa TS/\a—ub = S/\u—;w or TSAa-i—ub = SAu—/un TS)\a—ub =
Sxutuv- Since for A\, u = 1 the first case occurs, it follows from the continuity of T
that the first case occurs for all A\, u > 0. Now we define a (nondegenerate) linear map
¢ : R? — R? by

o(Aa + pb) == Au + pv
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for A, 1 € R. Then we have T'S = ¢S for every centred segment S C R? and hence
TC = pC for C € K? with C = —C.

This equation corresponds to equation (13) in Section 3, with E replaced by R? and
A replaced by ¢. We continue the proof verbally as there, to end up with an equation
corresponding to (8), namely

TB = plaB + (1 — «) B*] for B € K2,

with « € [0, 1]. Together with (24) this completes the proof of Theorem 5. O
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