Random conical tessellations

Daniel Hug* and Rolf Schneider

Abstract

We consider tessellations of the Euclidean (d — 1)-sphere by (d — 2)-dimensional great
subspheres or, equivalently, tessellations of Euclidean d-space by hyperplanes through
the origin; these we call conical tessellations. For random polyhedral cones defined as
typical cones in a conical tessellation by random hyperplanes, and for their dual cones,
we study expectations of certain geometric functionals and extend formulas of Cover
and Efron (1967), by including additional geometric functionals, among them the conical
intrinsic volumes. For isotropic conical tessellations, we find counterparts to results of
Miles (1961); they can be interpreted as giving the covariance matrix for a random vector
whose components are total k-face contents of certain spherical random polytopes.
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1 Introduction

Random mosaics in Euclidean spaces are an intensively studied topic of stochastic geometry.
We refer the reader to Chapter 10 in the book [22] and to the more recent survey articles
(3], [9], [23] and [19]. A much investigated particular class, besides the Voronoi tessellations,
are hyperplane tessellations, in particular those generated by stationary Poisson processes of
hyperplanes, initiated by the seminal work of Miles [13], [14], [15], [17] and Matheron [10], [11].
Relatively little has been done on random tessellations of spaces other than the Euclidean.
Tessellations of the sphere of arbitrary dimensions by great subspheres (of codimension 1)
were briefly considered by Cover and Efron [4], and those of the two-dimensional sphere in
more detail by Miles [18]. Relations between various densities of random mosaics in spherical
spaces were studied by Arbeiter and Zahle [2].

In the following, we start a more detailed investigation of tessellations of the sphere S?~!
by random great subspheres. Equivalently, we consider random hyperplanes through the
origin in R% and the tessellations of R? into convex polyhedral cones which they generate.
For that reason, we talk of ‘conical tessellations’.

Our starting point are some older results due to Miles [13] and to Cover and Efron [4],
to which we seek conical analogues or extensions, respectively. In his thesis [13], Chap. 11,
Miles has obtained results on first and second order moments for some geometric functionals
of typical cells of stationary Poisson hyperplane tessellations in Euclidean spaces (the results
are surveyed, without proofs, in [17]). The functionals of polytopes considered by him are
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numbers of k-faces, volumes of k-skeletons, and intrinsic volumes. For certain spherical
random polytopes, the expected numbers of k-faces and expected volumes of k-skeletons
were studied by Cover and Efron [4].

The spherical counterparts of the intrinsic volumes (also called conical intrinsic volumes)
have recently found interesting applications, for example in [1], [12]. Therefore, it seems
appropriate now to pay increased attention to them also in stochastic geometry. Below,
we first supplement the results of Cover and Efron [4] on spherical random polytopes, or
random cones, by also regarding conical intrinsic volumes (Theorem 4.1). Then we prove
conical analogues to the mentioned results of Miles [13], in particular on second moments of
volumes of skeletons (Theorem 8.1). This comprises also the higher-dimensional extension of
the results of Miles [18], Theorem 6.3, on tessellations of the two-dimensional sphere.

In Section 2 we introduce the geometric functionals of polyhedral cones that will be
studied, and in Section 3 the two types of random cones for which we investigate expectations
or variances of these functionals. Expectation results of Cover and Efron are extended in
Section 4. Sections 5 to 7 are then preparatory to the results on second moments, which are
finally obtained in Section 8.

2 Geometric functionals of convex cones

We work in d-dimensional Euclidean space R? (d > 2), with scalar product (-, -), and denote
by S¢~! its unit sphere. Let o,,, m € Ny, be the m-dimensional spherical Lebesgue measure
(i.e., the m-dimensional Hausdorff measure) on m-dimensional great subspheres of S¥~!. For
n € N we put

27‘('”/2

[(n/2)

Let C% denote the set of closed convex cones in R?, which includes k-dimensional linear
subspaces, k € {0,...,d}. We equip C? with the topology induced by the Fell topology (see
22, Sec. 12.2]). A cone C € C% is called pointed if it does not contain a line. We write PC?
for the set of polyhedral cones in C%. This set is a Borel subset of C%. For C' € PC¢ and for
k €{0,...,d}, we denote by Fi(C) the set of k-dimensional faces of C.

For C' € C%, the dual cone is defined by

Wy = an_l(Snfl) =

C°:={yeR: (y,z) <0 forall z € C}.

This is again a cone in C%, and C°° := (C°)° = C. If C is pointed and d-dimensional, then
C° has the same properties. If C € PC? and F € F,(C) for k € {0,...,d}, then the normal
cone N(C, F) of C at Fis a (d — k)-face of the polyhedral cone C°, also called the conjugate
face (of F with respect to C) and denoted by Fg. If Fo = G, then Geo =

The following fact is occasionally useful.

Lemma 2.1. Suppose that C € C% is pointed, and let L C R? be a linear subspace. Then
LNC#{0} & LtNnintC° = 0.

Proof. Suppose that L N C # {0}. Choose v € LN C, v # 0. Suppose there exists y €
L+ Nnint C°. Since y € L+, we have (y,v) = 0. Since y € int C°, the points ¢ in some
neighbourhood of y belong to C° and hence satisfy (y',v) < 0. But since (y,v) = 0 and
v # 0, this is impossible.



Suppose that L Nint C° = (). The disjoint convex sets L and int C° can be separated
by a hyperplane, hence there is a vector v # 0 with (v,y) <0 for all y € int C° and (v, z) > 0
for all z € L*; the latter implies (v,z) = 0 for z € L+ and thus v € L. Since C does not
contain a line, int C° # (), hence (v,y) < 0 holds for all y € C°. Therefore, v € C°° = C.
Thus, v e LNC. O

A set M C S% 1 is spherically conves if pos M is convex; here pos denotes the positive
hull. To include some degenerate cases in the following, we define pos @ := {0}. If C' € C?, the
set K = C NS is called a convex body in S*~ !, and we have C' = pos K. In particular, the
empty set and k-dimensional great subspheres, that is, intersections of (k + 1)-dimensional
linear subspaces with S*~!, for k& € {0,...,d—1} (and thus including S*~!), are convex bodies
in S¥71. The set of convex bodies in S¥~! is denoted by /Cs (this notation, as well as the term
‘convex body’, differ from the usage in [22, Sec. 6.5], where the empty set is excluded). For
K € K4, the dual convex body K° is defined by

K°:={yesS¥l:(yz)<Oforallze K} = (pos K)° NS L.

To introduce the conical quermassintegrals and the conical intrinsic volumes, we make
use of the correspondence between convex cones in R? and spherically convex sets in S%~1.
For the latter, the functionals to be considered were already introduced by Santalé [20, Part
1V], with different notation. We follow here the approach of Glasauer [7] and refer to [22,
Sec. 6.5] for further details.

Let G(d, k) denote the Grassmannian of k-dimensional linear subspaces of R?, and let v,
be its normalized Haar measure (the unique rotation invariant Borel probability measure on
G(d,k)), k=0,...,d. For K € K, the spherical quermassintegrals are defined by

1

UK) =5 [ KNy, =0 1)
2 Ja(d,d—y)

where x denotes the Euler characteristic. (Of course, Up(K) = 3x(K) and Ug(K) = 0, but
this is included for formal reasons). We recall from [22, p. 262] that if K is a convex body
in ST! and not a great subsphere, then y(K N L) = 1{K N L # 0} for v4_; almost all
L € G(d,d — j). Hence, in this case 2U(K) is the total invariant probability measure of the
set of all (d — j)-dimensional linear subspaces hitting K. Since x(S¥) = 1+ (—1)* for a great
subsphere S¥ of dimension k € {0,...,d — 1}, we have

1, if k—j >0 and even,
Uj(st) =
0, if k—j <0 or odd.

For cones C' € C¢%, we now define

U;(C) :=U;(Cnsi. (2)
If C € C% is not a linear subspace, then
1 .
U =5 [ UCNLA O vy(dl), =0, 3)
G(d,d—3)

If L¥ ¢ R? is a linear subspace of dimension k, then

L 1, if k—j > 0 and odd,
U;(L7) =
0, if k—7 <0 or even.



Let 0<j<m<d-—1,1let M C R? be an m-dimensional linear subspace and C € Cc?a
cone with C' C M. The image measure of v4_; under the map L — LN M from G(d,d—j) to
the Grassmannian of (m — j)-subspaces in M is the normalized Haar measure on the latter
space. Here (and subsequently) we tacitly use the fact that vy ;({L € G(d,d—j) : LN M ¢
G(d,m — j)}) = 0; see [22, Lemma 13.2.1]. Therefore, it follows from (1), (2) that U;(C)
does not depend on whether it is computed in R? or in M.

In particular, for C € C? and m € {1,...,d}, we have

Um,l(C N Sd_l)

dimC <m = Up_1(C) =

Wm
If C c C% is not a linear subspace, the duality relation
o 1
U;(C) + Ua—(C°) = 5 (5)

holds for j = 0,...,d. If C is pointed and d-dimensional, this follows from (3) and Lemma
2.1. If C € C% is not a subspace, the assertion can be obtained from the previous case by
approximation, using easily established continuity properties. If C is a subspace, duality is
of little interest, in view of (4).

We now recall the spherical intrinsic volumes and refer to [22, Sec. 6.5] for details. Let
ds be the spherical distance on S%~!; thus, for z,y € S¥ !, dy(x,y) = arccos (z,y). For
K € K\ {0} and x € S1, the distance of z from K is ds(K,z) := min{ds(y,z) : y € K}.
For 0 < € < 7/2, the (outer) parallel set of K at distance ¢ is defined by

M (K):={zeS¥1:0<dy(K,z) <e}.

By the spherical Steiner formula, the measure of this set can be written in the form

d—2
Jd—l(ME(K)) = Z gd7m(5)vm(K)
m=0

with ]
gdm(€) = Wm41Wd—m-1 / cos™ psin? "2 o dgp
0

for 0 < e < m/2. This defines the numbers vo(K),...,vg—2(K) uniquely. The definition is
supplemented by setting v,,(0) := 0,

va-1(K) := ga1(X)

Wd

and

vo1(K) == vg-1(K°).
Note that v,,(S¥1) = 0 for m = 0,...,d — 2 and vg_1(S*!) = 1. The numbers v;(K) are
the spherical intrinsic volumes of K. In particular, for K € s and m =0,...,d — 1,
om(K)

dimK <m = v,(K)= .
Wm+1

For spherical polytopes, the spherical intrinsic volumes have representations in terms of
angles, similar as in the Euclidean case. For a spherical polytope P and for k € {0,...,d—2},



we denote by Fi(P) the set of k-faces of P. Let P be a spherical polytope and F' € Fy(P).
The external angle y(F, P) of P at F' is defined by

0q_k_2(N(pos P,pos F) N S41)

V(F, P) := ~(pos F,pos P) :=

Wd—k—1
With these notations, we have
1
P) = F)y~(F, P =0,...,d—2.
n(P)= o 3 on(PN(EP), m=0,..,

FeFn(P)

For cones C € C%, the conical intrinsic volumes are now defined by
Vin(C) 1= vp_1(C N ST, m=0,...,d.

The shift in the index has the advantage that the highest occurring index is equal to the
maximal possible dimension of C'. Since C' is a cone, there is no danger of confusion with the
intrinsic volumes of compact convex bodies.

For a cone C € C% with dim C = k, the internal angle of C at 0 is defined by

op—1(C NS
Wi '

B(0,C) =

Then, for an arbitrary polyhedral cone C' € PC? and for m = 1,...,d — 1, we have

V(@)= ) BO,F)N(F0).
FeFm(C)
In particular, if dim C' = m, then V,,,(C) = (0, C).

In contrast to the quermassintegrals and intrinsic volumes of convex bodies in Euclidean
space, which differ only by their normalizations, the conical quermassintegrals and conical
intrinsic volumes are essentially different functionals. However, they are closely related. A
spherical integral-geometric formula of Crofton type (see [22, (6.63)]) implies that

| 4=a=

Ui(€)= Y Vi (©) (6)
k=0

for C € C?and j =0,...,d — 1. From (6), it follows that

V}' = U];l*UjJrl fOI“jZl,...,d*Q,
Vici = Ugo, (7)
Va = Ug1.

The duality relation
Vi (C) = V4o (C°), m=0,...,d (8)

holds for C' € C%. For m € {0,d} it holds by definition. For m € {1,...,d — 1}, it follows
from (5) and (7) if C is not a subspace, and from

Vi(LF) = 1 9)

(Kronecker symbol) if C' = L* is a k-dimensional subspace; here (9) follows from (4) and (7).



As did Miles [13, Sec. 5.8] for convex polytopes in R?, we use the conical quermassintegrals
to define a more general series of functionals for polyhedral cones, which comprises some
interesting special cases. For C € PC4, k=1,...,dand j =0,...,k—1, let

Vi (C) = Y Ui(F). (10)

FeFi(C)

Then, in particular,
dimC =d = Yd,j(C) = U](C)

If C € PC? is such that the k-faces of C' are not linear subspaces, then

ViolC) = 5(C), ()

where fi(C) denotes the number of k-faces of C.
Further, for C € PC% and k € {1,...,d}, we define the functional A; by

A(C) = > Vi(P). (12)

FeF,(C)

Since the conical intrinsic volumes and the conical quermassintegrals are intrinsically
defined, it follows from (7) that
Vi e-1(C) = A(C).

3 Conical tessellations and the Cover—Efron model

In this section, we introduce random conical tessellations and the two basic types of random
polyhedral cones that they induce. These random cones were first considered by Cover
and Efron [4]. We slightly modify and formalize the approach of [4], to meet our later
requirements.

Recall that G(d,d — 1) denotes the Grassmannian of (d — 1)-dimensional linear subspaces
of R%. We say that hyperplanes Hy, ..., H, € G(d,d — 1) are in general position if any k < d
of them have an intersection of dimension d — k. For a vector = € R%\ {0}, let

et ={yeR?: (y,z) = 0}, z” ={yeR?: (y,z) <0}.

We shall repeatedly make use of the duality

n

(pos{xi,...,zp})° = ﬂ z7, pos{zi,...,zp} = (m xi_> (13)

i=1 =1

for z1,...,xz, € R

Vectors 1, ..., 2, € R? are said to be in general position if any d or fewer of these vectors

1 1

are linearly independent. Thus, the hyperplanes z7,...,x; are in general position if and

only if x1,...,x, are in general position. If this is the case, then

pos{zi,...,zn} #R? & ﬂx;;«é{O} & dimﬂx;:d, (14)
i=1 i=1

6



where the last implication = follows from general position. In fact, suppose that C :=
Ni_, x; satisfies 0 < k = dimC < d. Let Ly = linC. Choose p € relintC' and define
I:={ie{l,...,n}:p€x;}, hence p € intz; for j € {1,...,n}\I. Then C C Nicr zi
implies that Li, C ;s zi C Nicr z; - Since p € int z; for j € {1,...,n} \ I, we also have
Mics i C Lg, and thus Ly = ;c; 2 = iy z; and Lit = pos{z; : i € I}, by (13). But
then necessarily |I| > d — k. The assumption of general position implies that |I| = d — k,
which is a contradiction to L;- = pos{z; : i € I}.

Let Hy,...,H, € G(d,d — 1) be in general position. The hyperplanes Hy, ..., H, induce
a tessellation 7 of R? into d-dimensional polyhedral cones. We call T a conical tessellation of
Re. For k € {1,...,d}, the set of k-faces of T is defined as the union of the sets of k-faces of
these polyhedral cones (the d-dimensional cones are the d-faces). We write Fy(Hq,. .., Hy)
for the set of k-faces of the tessellation 7. Later, we shall often abbreviate (H1, ..., Hy,) =: 1,
and then write Fy(ny,) for Fi(H1,...,Hy). By fr(T) we denote the number of k-faces of the
tessellation 7.

The spherical polytopes C' N S?!, where C is a cone of T, form a tessellation of the
sphere S?~1, or spherical tessellation. In the following, it will be more convenient to work
with convex cones than with their intersections with S

If we denote by H ™~ one of the two closed halfspaces bounded by the hyperplane H, then
it follows from (14) that the d-dimensional cones of the tessellation 7 induced by Hy, ..., H,
are precisely the cones different from {0} of the form

n
(eH;, & ==+l
=1

We call these cones the Schldfli cones induced by Hi, ..., H,, n > 1, because Schléfli (gener-
alizing a result of Steiner) has shown that there are exactly

d-1 _
C(n,d) = 2; ( i 1) (15)

of them (the simple inductive proof is reproduced in [22, Lem. 8.2.1]; also references are found
there). We consistently define C(0,d) := 1 (where the only cone is R? itself) and C(n,d) := 0
for n < 0.

Each choice of d — k indices 1 < i1 < -+ < iq_r < n determines a k-dimensional subspace
L=H,n---NH;, ,. Forie{l,...,n}\{i1,...,iq—}, the intersections of L with the
hyperplanes H; are in general position in L and hence determine C(n — d + k, k) Schlafli
cones with respect to L. Each of these is a k-face of the tessellation 7, and each k-face of T
is obtained in this way. Thus, the total number of k-faces is given by

n

FolT) = <d_k>0(n—d+k,k) —: C(n,d, k), (16)

for k=1,...,d. In particular, fi(T)=1ifn=d—kand f(T)=0ifn <d—k.

Now we turn to random cones. The random vectors appearing in the following can be
assumed as unit vectors, since only their spanned rays are relevant. All measures on S%!
or G(d,d — 1) appearing in the following are Borel measures. Generally, we denote by B(T")
the o-algebra of Borel sets of a given topological space T'. Let ¢ be a probability measure
on S which is symmetric with respect to 0 (also called even) and assigns measure zero to



each (d — 2)-dimensional great subsphere. Let X7,..., X,, be independent random points in
S%-1 with distribution ¢. With probability 1, they are in general position. In the following,
we denote probabilities by P and expectations by E.

From Schlafli’s result (15), Wendel has deduced that

C(n,d)
27’1,

@ = P(pos{X1, .., X} £ RY) = (17)

(see [22, Thm. 8.2.1]). This result, having an essentially geometric core, does not depend on
the choice of the distribution ¢, as long as the latter has the specified properties.
Cover and Efron [4] have considered the spherically convex hull of X7, ..., X,,, under the

condition that this convex hull is different from the whole sphere. We talk of the Cover—Efron
model if a spherically convex random polytope or its spanned cone is generated in this way.

Definition 3.1. Let ¢ be as above. Let n € N and let X1,...,X, be independent random
points with distribution ¢. The

(¢, n)-Cover—Efron cone Cy,

is the random cone defined as the positive hull of X1, ..., X, under the condition that this is
different from R®.

Thus, C,, is a random convex cone with distribution given by P(C,, = R%) = 0 and

P(C, € B) = (1@/ 15(pos{z1, .., an}) 8" (d(21, ., 2n) (18)
p'f'L (Sd*l)n

for B € B(PCY), where PCY := PC*\ {R?}. Hence C' € B C PCj implies C # R?.

By duality, the Cover—Efron model is connected to random conical tessellations, as we
now explain.

Let ¢* be the image measure of ¢ under the mapping x — 2 from the sphere S¢~! to the
Grassmannian G(d,d — 1). Every probability measure ¢* on G(d,d — 1) that assigns measure
zero to each set of hyperplanes in G(d,d — 1) containing a fixed line is obtained in this way.
Let H1,...,Hy be independent random hyperplanes in G(d, d—1) with distribution ¢*. With
probability 1, they are in general position.

Definition 3.2. Let ¢* be as above. Let n € N and let Hi,...,H, be independent random
hyperplanes with distribution ¢*. The

(¢*,n)-Schlifli cone Sy

is obtained by picking at random (with equal chances) one of the Schlifli cones induced by
Hi,.oo, Hy.

Since consecutive random constructions, of which this is an example, will also appear later,
we indicate, once and for all, how such a procedure can be formalized. Let Q} := G(d,d—1)?
be the set of n-tuples of (d — 1)-subspaces in general position. The probability measure P,
on Q7 is defined by P, := ¢*"L_Q} (where L denotes the restriction of a measure). We
interpret the choice described in Definition 3.2 as a two-step experiment and define a kernel
K3 Qp x B(PC?) — [0,1] by




for 1, € Q}F and B € B(PC?). Then (following, e.g., [6, Satz 1.8.10]), we define a probability
measure P, x K4 on B(Q}) ® B(PC?) by

(P, x K1)(A) = / / L (1, 02) K (0 deon) 67 ()
G(d,d—1)n Jpcd

1 *10

CG}—d(Wn)

for A € B(Q}) ® B(PC?). Now S, is defined as the random cone whose distribution is equal
to (P, x K3)(QF x -). Thus,

1

P(S, € B) :/ 15(C) ¢ (d(Hy, ..., Hy))  (19)
c(dd—1yn C(n,d) Cefd(%:,...,Hn)

for B € B(PCY).

To relate S,, and C,, we rewrite equation (18), using the symmetry of ¢ and then (17)
and (13). For B € B(ch), we obtain

1 1
P(Cn € B) = @/ 27 Z 1B(p08{51l‘1,...,€n$n}) qbn(d(l'l’,l’n))
pn (Sdil)n EiZil
1 n ’
= —_— 1 £iT; o"(d(x1,...,zn
/(Sd‘l)" C(n,d) 521 7 ((zl ) ) e )

B /(Sdl)n C’(rlz d) Z 15(C°) ¢"(d(z1,...,2n))

CeFy(zi,....zd)

1 0\ 1*n
N /G(d,d1)n C(n,d) Z 15(C°) ™ (d(Hy,. .., Hy))

CE]'—d(Hl,...,Hn)

= P(S, € B),
where (19) was used in the last step. Thus,
C, =S, in distribution, (20)

since also P(S° = R%) = P(S,, = 0)) = 0.

4 Expectations for random Schlafli and Cover—Efron cones

In this section, ¢* is a probability measure on the Grassmannian G(d,d—1) with the property
that it is zero on each set of hyperplanes containing a fixed line through 0. For n € N, we
consider the (¢*,n)-Schliafli cone and want to compute the expectations of the geometric
functionals Y}, ;, defined by (10), for this random cone.

In his study of Poisson hyperplane tessellations in Euclidean spaces, Miles [13, Chap. 11]
has employed the idea of defining, by means of combinatorial selection procedures, differ-
ent weighted random polytopes, which could then be combined to give results about first



and second moments. In this and subsequent sections, we adapt this approach to conical
tessellations.

First we describe a combinatorial random choice. Let Hy, ..., H, € G(d,d — 1) be hyper-
planes in general position, and let L € G(d, k), for k € {1,...,d}, be a k-dimensional linear
subspace in general position with respect to Hy, ..., H,, which means that H1NL,...,H,NL
are (k — 1)-dimensional subspaces of L which are in general position in L. Let j € {1,...,k}.
The tessellation 77, induced in L by Hy N L,...,H, N L, has C(n, k, j) faces of dimension j,
by (16). If n < k — j, then clearly C(n, k, j) = 0. The following is an immediate consequence
of general position.

Lemma 4.1. Let j > 1. To each j-face F; of Ty, there is a unique (d — k + j)-face F of the
tessellation T induced by Hy, ..., H,, such that F; = FNL.

Conversely, if F € Fq_+;(T) and F'( L # {0}, then F N L is a j-face of Tr.

In the following, we assume that n > k — j. We choose one of the j-faces of Ty, at random
(with equal chances) and denote it by Fj. Then F; = LNF with a unique face F' € Fq_p4;(T).
The face F} is contained in 2k=J Schlafli cones of 77, and thus in 2577 Schlifli cones of 7.
These are precisely the Schlafli cones of 7 that contain F. We select one of these at random
(with equal chances) and call it C%J(Hy, ... H,,L).

Let H1,...,H, be independent random hyperplanes with distribution ¢*. We apply the
described procedure to these hyperplanes and to a random k-dimensional subspace. This
random subspace will here be chosen as explained below, and in a different way in Section 6.

Let £ € G(d,k) be a random subspace with distribution v, which is independent of
Hi,...,Hpn; for k = d, L = R? is deterministic. We may assume, since this happens with
probability 1, that H1,...,H, and £ are in general position. Then we define

Clal = CWI (3, . Ha, L) 2y

More formally, C,Lk’j l'is a random polyhedral cone with distribution given by

P(Ckil e B) (22)
1 1
= —— — 1p(C) v (dL) ¢™" (dnn)
/G(d,dl)" /G(d,k) C(n, k,j) Fefd§_j(nn> 2k—j CEFZUM”)
FNL#{0} COF

for B € B(PC%) and n > k — j (recall that 7, is a shorthand notation for (Hy, ..., Hy,)).

If n > k — j, then almost surely F' € F4_j4;(n,) is not a linear subspace. Thus, (3)
implies that the inner integral in (22), up to the combinatorial factors, can be written as

/G(dk) > YFnL#{0}} Y 1{FCCHp(C)u(dL)

FeFq_k+j(nm) CeFa(m)
- Y e Y rc o}/ VF AL £ {0}} v(dL)
CeFq(nnm) FeFq kyji(nm) Gdk)
= > 15(C) > {F CCRU(F)
CEeFy(nn) FeFq kyi(nn)
=2 Z 13(C)Ya—ryja—r(C),
Ce.]‘—d(nn)

10



according to (10). Therefore, we obtain

. 2
P(Cckil ¢ B :A/ 1 Yo paia— T(dn,,). 2
(Cy e B) O k3) Sy Ce; | B(O)Yak1ja—r(C) ¢™ (dnn) (23)
’ d(Tn

From (19) and (23) (both formulated for expectations) we get, for every nonnegative,
measurable function g on PC? and n > k — j, the equation

2C(n,d)

[khj} e .
Eg(Cy7) = 2k=iC(n, k:,])E (QYd—k—&-J,d—k)(Sn)‘ (24)
With g =1, (24) reads
2k=1C(n, k, j
EYq k1jd—k(Sn) = 20((nd))’ (25)

for 1 <j<k<dandn>k—j, so that we can also write

E (9Yq—k+j,d—k)(Sn)

9(Cy7) EYq ttj,a—k(Sn)

Thus, the distribution of C"/) is obtained from the distribution of S, by weighting it with
the function Yy 4—x. This is the conical counterpart to [13, Sec. 11.3, Lemma)l. In analogy
to [13, Sec. 11.3], we point out some special cases.

If k = j = 1, the procedure is equivalent to choosing a uniform random point in S,
independent of H,...,H,, and taking for CT[LI’I] the Schlafli cone containing it. The weight
function satisfies Y 4-1(C) = V4(C).

If k = d, the procedure is equivalent to choosing a j-face of the tessellation 7 at random
(with equal chances) and then choosing at random (with equal chances) one of the Schlafli
cones containing it, which gives 9l The weight function satisfies Y;o(C) = 5 f;(C), since
the assumption n > d — j implies that the j-faces of C' are not linear subspaces. In particular,
for j = d it is constant, and C’,[Ld’d] = .5, in distribution.

By specialization, the equation (25) includes some results obtained by Cover and Efron
[4]. They proved for k = 1,...,d that

dk( n\CO(n—d+k, k

(formula (3.1) in [4], after correction of misprints). This equation is obtained from (25) by
choosing k = d and then replacing j by k& (and observing (11) and (16)) for n > d — k. For
n = d — k both sides are equal to 1, and for n < d — k both sides are zero. The duality (20)
gives

28 C(n—k,d—k)

Efe(Cp) = —£ ’

for k=0,...,d — 1, which is formula (3.3) in [4].

In the summary of their paper [4], Cover and Efron also announced results on the ‘expected
natural measure of the set of k-faces’. As such a natural measure one can consider the
functional Ay defined by (12) for polyhedral cones (or its natural analogue in the case of
spherical polytopes). With this definition, one has

2475 (")

C(n,d) ’

E Ay (Sn) = (26)

11



for k=1,...,d, and
Z)C(n —k,d—k)
C(n,d) ’
for k =1,...,d — 1. In contrast to (27), relation (26) holds also for k = d, by (25). Cover
and Efron did not formulate these results; however, some arguments leading to them are
contained in their Theorems 2 and 4. We note that (26) is the special case of (25) which is
obtained by replacing k by d — k + 1 and setting j = 1. Here we use that for n > d — k, the
k-faces of S,, are not in G(d, k). For n < d — k, the equation is apparently true as well.

EAy(Cp) = (

(27)

For (27), we extend and complete the arguments given in [4]. For the proof, we can
assume that n > k. Let k € {1,...,d —1}. By (20) and (19),

ST AK(C®) ™ ().

1
E Ax(Cy) = E Ap(S°) :/
CEfd("]n)

a(d,a—1)yr C(n, d)

Let n, = (Hi,...,Hy,), where Hy,...,H, € G(d,d — 1) are in general position. Let
F € Fy_k(nn). Then there are indices 1 < i1 < --- < i < n such that

F C Li1,...,ik = Hi1 n---N Hik-

Let Cr be the set of Schléfli cones C' € Fy(n,) with F' C C. Let u; be a unit normal vector of
Hi;, 5 =1,...,k. Then the cones C' € Cr are in one-to-one correspondence with the choices
€1y...,6x € {—1,1} such that

k
CcC ﬂ 6ju;.
j=1
The face of C° conjugate to F' (with respect to C') is then given by

Fo =pos{ejuy, ..., epui}.

It follows that the faces ﬁc, C € Cp, form a tiling of LZJI and therefore

yeensll?

Y YFcCOWilFe) =1 (28)
CeFq(nm)

The faces F' € Fy_i(nn) with F C L;, ., are the Schléfli cones of the tessellation induced
in L;, ., hence there are precisely C(n — k,d — k) of them. Now we obtain, using (28) and
the latter remark,

doom(C)= > PR AEESY > VilFo)

CeFq(nm) CeFq(nm) GEFR(C®) CeFy(mm) FeFq(C)

= ) > {F c CIi(Fe)

FeFi_r(nm) Ce€Fa(nn)

- Z Z 1{F C Lih---,ik} Z 1{F - C}Vk(ﬁC)

1<i1 <-<ig<n FEF4_j(nn) CeFa(nn)
— <Z>C(n —k,d—k),
which yields (27).

12



The following expectations do not appear in [4]. Replacing k and j in (25) both by d — k,
then for n > 1 we obtain

C(n,d—k)

EUk(Sn) = 20(md)

Note that if n < d — k, then both sides of the equation are equal to 1/2.
Since C), is almost surely pointed, the dualities (5) and (20) yield

C(n,d) — C(n, k

where both sides of the equation are equal to 0 if n < k.

The relations given in (7) can now be used to deduce the following.

Theorem 4.1. The expected conical intrinsic volumes of the (¢*,n)-Schlafli cone S,, and the
(¢, n)-Cover—Efron cone Cy, are given by

n

,>C(n, d)~!

BV = ("

forg=1,...,d and

(77)0(71,61)—1, j=1,....d—-1,

EVi(C) =4
a " Nomat j=d
d*]_ TL, 9 j_ .

Of course, for j = 1,...,d — 1, the dualities (8) and (20) can also be used to derive the
second relation from the first.

We point out that the results obtained so far hold for general distributions ¢*, as specified
at the beginning of this section.

5 Some first and second order moments

For stationary random mosaics in R? it is known (e.g., [22, Thm. 10.4.1]) that the distribution
of the zero cell is, up to translations, the volume-weighted distribution of the typical cell. In
this section, we derive an analogous statement for conical tessellations (Lemma 5.2). Together
with the expectation (33), it yields the second moment (35), which is an essential prerequisite
for the proof of the main result, Theorem 8.1.

Recall that 141 denotes the unique rotation invariant probability measure on the Grass-
mannian G(d, d—1). The subsequent results require this special distribution for the considered
random hyperplanes, instead of the general distribution ¢* of the previous sections.

First we formulate a simple lemma.
Lemma 5.1. If A€ B(S* ') and k € {1,...,d — 1}, then

W—
/ Ga-tt(ANHL N0 Hy) vy (d(Hy, .. Hy)) = ——Lo41(A). (29)
G(dsd—1)* Wy

13



Proof. As a function of A, the left-hand side of (29) is a finite measure, which, due to the
rotation invariance of v4_1, must be invariant under rotations. Up to a constant factor, there
is only one such measure on B(Sdil), namely o4_;. The choice A = S%~! then reveals the
factor. O

Now let Hi,...,H, be independent random hyperplanes through 0 with distribution
vq—1. Before treating the (v4_1,n)-Schléfli cone, we consider a different random cone, which
corresponds to the zero cell in the theory of Euclidean tessellations. Let e € S¥~! be a fixed
vector. With probability 1, the vector e is contained in a unique Schléfli cone induced by
Hi,...,Hn, and we denote this cone by S5. If e ¢ H € G(d,d — 1), we denote by H€ the
closed halfspace bounded by H that contains e.

Let k € {0,...,d — 1}. Almost surely, each (d — k)-face of S is the intersection of S¢
with exactly k of the hyperplanes Hi,...,H,. Conversely, each intersection of k distinct
hyperplanes from Hy, ..., H, a.s. intersects S¢ either in a (d — k)-face or in {0}. Observing
this, we compute

EAai(S) =E > Var(SEnH, N---NHy,)

1<) << <n

> EVaw(HSN-nHENH, NN H,,)

1<ip < <ig<n

= (Z)Evdk(Hz+1m-~-mHzmHm---ﬂHk)

:<”>/ / Vyw(HEy M- NHEANH O+ Hy)
k) Ja@da—1yn—+ Ja(d,d—1)k

x vh_(d(Hy,. .. Hy)) vy F(A(Hiy1, - .. Hy)).

If n = k, the outer integration does not appear, and Hj,_; N --- N H}, has to be interpreted
as R%. For n < k, both sides of the equation are zero.
By Lemma 5.1, the inner integral is equal to
1
w—dad_l(HgH N---NHS NS,

hence we obtain
n

EAui(S5) = (k)sz_k) (30)

for k =0,...,d — 1. Here both sides of the equation are zero if n < k, and they are equal to
1 forn=k.

We next derive a similar formula for E f;_£(S5) (in analogy to [21, Sec. 5]). Let k €
{0,...,d— 1} and n > k. As above, we obtain

Efer(Sy) = E > L{S;NH, N---NHy #{0}}

1<i1 << <n

_ <n>/ / 1{Hg+lm...ﬁH5ﬁH1ﬁ'“ﬂHk#{0}}
k) Jaa,a-1n—+ Ja@d—1)k

x v (d(Hy, ... Hp)) v~ F(d(Hgs1, - .., Hy)).

14



Let G(d,d — 1)¥ denote the set of all k-tuples of (d — 1)-dimensional linear subspaces
with linearly independent normal vectors. The image measure of V§—1 under the mapping
(Hy,...,Hy) — HyN---N Hy, from G(d,d — 1)¥ to G(d,d — k) is the invariant measure vy,
hence

/ 1{0 NHiN---NH# {0}} Vs_l(d(Hl, .. Hk)) = 2Uk(0)
G(d,d—1)*

for C'=Hg N---NH, € ¢4 and Vg__lk almost all (Hgi1,...,Hy,) € G(d,d —1)"*. We
conclude that

E fun(50) =2() B ULSE )

for k € {0,...,d —1} and n > k. If n =k, then E f;_,(S5) = 1, and the expectation is zero
for n < k.

To compute EVy(S¢), let P C S?! be a closed spherically convex set containing e.
Writing u € S in the form u = te + V1 — 27 with @ € e+ NS?!, we have

1
oa1(P) = / / (1= 2)%2 dt oy_o(dn) (31)
e1NSd—1 Jcos p(Pu)

with
p(P, @) = max{p € [0,7] : (cos p)e + (sinp)u € P}, w€e-NS
Let Z¢ := S¢NS?~1. For fixed @ € e+ NS?~1, the distribution function of the random variable
p(ZE,u) is given by
n
Fla) =B(p(Zm) <o) =1 (1-7)",
T

since p(Z¢,w) > z holds if and only if none of the hyperplanes Hi, ..., H, intersects the great

circular arc connecting e and (cosz)e + (sinz)u. Let

1 T
G(z) == / (1-— t2)% dt = / sin? 2 a da for z € [0, .
c 0

0S T

From (31) we have G(7) = wq/wq—1. Since the distribution of the random variable p(Z¢,w)
does not depend on u, we obtain

1
d—
Eou1(2) = E /S 1 / o (1= dtoas(am
e —+ Jceosp(Z5u
= wi1EG(p(Z5,0))

= wa /O " G F (@) du
- [G(w) /0 " () F () dx]
= | 2 [Tt (1= (1-2) ) e

s
TN\™ . a-
= Wg_1 (1——) sin2 2 du.
0 T

After using the binomial theorem, the integral can be evaluated by using recursion formulas
and known definite integrals; e.g., see [8, p. 117]. (The evaluation of the integral for d = 3 in
[18, (6.16)] is corrected in [5].)
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Defining the constant 6(n,d) by

O(n,d) = W1 / (1 - £>nsimd*2 x dx, for n € Ny, (32)
0

wd s

and by 6(n,d) := 0 for n < 0, and recalling that V;(S5) = 04-1(Zf)/wa, we can write the
result as
EVa(Sy) = 6(n,d). (33)

Note that 0(0,d) = 1. As a corollary, we obtain from (30) that

BA(5) = ()60~ k) (34)

for k € {0,...,d — 1}. For n = k both sides are equal to 1, and they are zero for n < k.
The following lemma relates the distribution of S¢ to that of the (v4—1,n)-Schléfli cone
Sh-

Lemma 5.2. Let f be a nonnegative measurable function on PC? which is invariant under
rotations. Then

Ef(5;) = C(n,d)E (fVa)(Sn)-

Proof. In the following, we denote by v the invariant probability measure on the rotation
group SO(d), and we make use of the fact that

/ g(e) v(d9) = — / 9(u) 041 (du)
SO(d) Sd-1

Wd

for every nonnegative measurable function g on S%~!. Using the rotation invariance of the
function f and of the probability distribution v4_1, we obtain, with ¢ € SO(d),

Ef(S) = E > f(O)lmcle)

CE]“d(Hh---,"bz)

- E Z J(C)1ins o (Ve)

CeFa(Hi,.-,Hn)

= K Ol (¥ dd
/SO(d) Cg}‘d(”ﬂzl,..‘,%n) f( ) tC( e) V( )
— iE /sd—l Z f(O)lingc(u) og—1(du)

Wd
Cefd(Hly"'yHn)

= —E ) f(Qoaa(CNSTH

W
CG.Fd(Hl,-u,Hn)
= Cn, d)E(fVa)(Sn)
by (19) (with ¢* = v4_1). O

From Lemma 5.2 and (34) we get

E (Ag—1Va)(Sn) = (0)6(n ~ k. ) (35)
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for k=0,...,d— 1. The case k = 0 reads

EV{(Sn) =

Equation (35) is a conical counterpart to Miles [13, Thm. 11.1.1]. The special case d = 3
of (35) is contained in Miles [18, Thm. 6.3].

6 Another selection procedure

In Section 4, we have used a selection procedure to define a random cone Cilk’j I This selection
procedure will now be modified. The assumptions are the same as in Section 5: Hi,...,H,
are independent random hyperplanes through 0, each with distribution v; 1, the rotation
invariant probability measure on G(d,d —1).

The second selection procedure is equivalent to a conical analogue of the one in [13,
Sec. 11.4], though we describe it in a different way. We assume again that 1 < j < k < d and
n >d—j (that is, n — (d — k) > k — j). Now a subspace £ € G(d, k) is chosen at random
(with equal chances) from the k-dimensional intersections of the hyperplanes Hy, ..., H,. (If
k = d, then £ = R? is deterministic. Corresponding adjustments can be made below.) There
are indices i1, ...,iq_ € {1,...,n} such that

L=M;N-NH,

since n > d — j > d — k. In the following, if n,, = (Hy, ..., H,), we denote by n,(i1,...,iq—k)
the (n—d+k)-tuple that remains when H;,, ..., H;, , have been removed from (Hy, ..., Hy).
Similarly, H,, (i1, ...,iq_%) is obtained from H,, = (H1,...,H,). Then, employing the defini-
tion (21), we define

DIl = Cal (W, (iy, . . ig_g), £).
(Note that the indices i1, ...,i4_f are determined by L.)
Let B € B(PC%). According to the definition of Dl ], we have

| 1 !
P(DT[ZIC,J] € B) = / (dﬁk) Z Cn—d+k,k,j) Z

G(d,d—1)™ 1<i1 < <ig_r<n FEFg_pyjmir,vig_g))
FOH; NnH; | #{0}

X 5j > 1(C) vg_1(dnn).

CeFg(nn(ig,---, g k)
CDOF

For k = d, the condition FNH;, N---NH;,

n=d—k,then j =k, F=C =R%and DH“ = D([ik_’lz] = R almost surely. After interchang-
ing the integration and the first summation, the summands of the sum Zl<i1<~~~<id_k<n are

# {0} is empty and can be deleted. Moreover, if
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all the same. Therefore, we obtain

P(DI e B)
1 / n
= i : >, > 15(C) vy (dmn)
2 JC(TL d+ k,ka.]) G(d,d—1)" FEFy_jyj(mn(L,d—k)) CEFg(nn(1,...,d—k))
FNHyN--NHg_,#{0} COF
- : / / )3
2k=IC(n — d + k. K, J) Ja(dd—1yr—a+r Ja(dd—1)i—+ FEFy i (g posrrHn)
FmHlm]mdefk;é{o}
x > 15(C) vyt (d(Hy, ..., Ha 1)) vi M (A(Ha pegr, - - Hn)). (36)
CEF (Hyq_ py1r-Hn)
CDF

If n = d — k, then the outer integration is omitted and F' = C' = R?. We have split the n-fold
integration, since the image measure of Vj:f under the map (Hy,...,Hqg_g) — HiN---NHg_g
from G(d,d — 1) to G(d, k) is (for reasons of rotation invariance) the Haar probability
measure v, on G(d, k). Therefore, for the inner integral we obtain

/ > > 15(C) v4=F(d(Hy, ..., Ha 1))
G(d,d-1)d=* FEFy gy j(Hy_py1Hn) CEFg(Hg g1 Hn)
FNH{N---NHg_ . #{0} CDF
-/ S HFALA{0H S 15(C)udl).
G(d’k) FG.Fd_k+j (Hd—k+1 ..... Hn) Ce]:d(HdCTk+1 77777 Hp)
DF

Assume now that n > d—j. Then, arguing as in the derivation of (23), we see that the latter
is equal to

> 2Uq—k(F) > 1{C > F)}15(C)
FeFqkvj(Ha—k+15--Hn) CeFg(Ha—ky15eHn)
= > > 1{C > F}2Uy_4(F)15(C)
CeFa(Hag—k+1,-Hn) FEF—ktj(Ha—k+15-Hn)
=2 > Vi ksiar(C)1p(C).

CeFa(Ha—k+1,--Hn)

We conclude that

. 2
P D[kv]] B = - /
(Dn" € B) 26=IC(n — d + k, k. §) Ja(d,d—1yn—atr

X > 18(C)Waktjar(C) VT (Annayn)-
CeFa(Mn—d+k)
Together with (19) (for ¢* = v4_1) this yields
2C(n—d+k,d)

Eg(D})) = 0 —d+ k. k.j) E (9Ya-r+j.d—k) (Sn—d+k) (37)

for every nonnegative, measurable function g on PC% and n > d — j. It implies that

_ E(9Ya rrjar)(Sn-drk)
E Yy ttjd—k(Sn—d+k)

E g(D)
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This is the conical counterpart to [13, Thm. 11.5.1] (but in contrast to that, we have no
equivalence here: n on the left side and n — d + k on the right side).

For later application, we note the special case k = j. From (36) and (37) we obtain

/ S GOV A(H,... Hy)) = Cln—d+ j.j) Eg(DU)
G(d,d-1)" CEFy(Hy ji1:Hn)
CNH1N--NHg_ ;#{0}
=2C(n —d+j,d) E(gUs—j)(Sn—d+j) (38)
forn > d—j.

7 A geometric identity

To draw conclusions from the previous results, we need a geometric identity, in analogy to
[13, Sec. 11.6]. Let n, = (Hy,...,H,) € G(d,d— 1)}, let j € {1,...,d— 1}, n>d — j and

Lj Z:Hlm“-ﬂHd_]’.

Let F; € Fj(nn) be a j-face such that F; C L;. Let k € {j,...,d}. We delete the hyperplanes
Hy_j41,...,Hy—j. From the tessellation induced by the remaining hyperplanes, we collect
the d-cones containing F; and then classify their r-faces for fixed r. Thus, we define

Fd(nnaFjak) = {CEFd(nTL<k_.]+177d_j>)FJCC}
Let r € {1,...,d}. Forpe Nwithr <p<dandd—p<k—j,let
Frp =

P

{F € F(C): C € Fya(nn, Fj, k), F C H; for precisely d — p indices i € {1,...,k —j}}.

We recall that A,(C), defined for C' € PC? by (12), is the normalized spherical (r — 1)-
volume of the (r — 1)-skeleton of C'N'S%!, that is,

Z V Z O-Tl(};m Sd_l)'

FeF.(C) FeF.(C)
We have
d
Y. MO= )] Y. V(F Y. 2T Y V()
CeFq(mm,Fj.k) CeFq(nm,Fj,k) FeF.(C) p=max{r,d—k+j} FeFryp

since each F' € F,, belongs to precisely 29=P cones C' € Fy(1n, Fj k).
Let @ be the unique cone in Fy(n,(1,...,d — 7)) with F; C @, and define

Cp:: {QﬂHilm"'ﬂHid,p:1§i1<"'<id—p§k_j}'

Thus, C, is a set of p-dimensional cones, and C; = {Q}. Each r-face F' € F,, satisfies
F C G € F-(D) for a unique D € C, and a unique G € F, (D). Conversely, for D € C, and
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G € F.(D), the r-face G is the union of r-faces from 7, ,, which pairwise have no relatively
interior points in common. It follows that

YMoVE) =D D Vi(F).

FeFrp DeCy, FeF (D)
We conclude that
d
DD V(o B SR L2 S SR A Y
CeFy(nn,Fj k) p=max{r,d—k+j} DeC, FeF, (D)
d
— > 2977 " A(D). (39)
p=max{r,d—k+j} DecC,

Relation (39) was derived for any F; € F;(n,) with F; C L;. We sum over all such j-faces
and note that C € Fg(nn(k —j+1,...,d — j)) satisfies F; C C for some j-face F; € F;(nn)
with F; C L; if and only if C N L; # {0}. Concerning the set C, appearing on the right-
hand side of (39), we note that Q@ € Fy(nn(1,...,d — j)) satisfies F; C Q for some j-face
F; € Fj(nn) with F; C L; if and only if @ N L; # {0}. Therefore, we obtain the geometric
identity

> A (C) (40)
CeFgmn(k—j+1,..., d—j))
onL;#{0}
d
D DY > A@QNHLN-NH; ),
p=max{r,d—k+j} 1< <o <ig_p<k—j QEF4(mn(l,....,d=3))
QNL,;#{0}

which will be required in Section 8. (For k£ = j, the middle sum on the right-hand side has
to be deleted, and the equation becomes a tautology.) This holds for n, = (Hi,...,Hy) €
G(d,d-1)},je{1,...,d =1}, with L; == HyN---NHy_j,r=1,...,d, k € {j,...,d} and
forn > d—j.

8 A covariance matrix

Now the preceding results are combined, in analogy to [13, Sec. 11.7]. We use (36), extended
to expectations and then applied to the expectation of A, for given r € {1,...,d}. However,
it will be convenient to replace the index tuple (1,...,d — k) by (k—j+1,...,d — j), for
given j € {1,...,d— 1} and k € {j,...,d}. As before we assume that n > d — j. Then we
have (splitting the multiple integral appropriately)

E A, (D7) (41)

S o= NN
2630 (n — d+ k. k, §) Jaada—1yn-avi Jada—1y-i Jadd—1)i+

x > 3 A(C)

Fefd,k+j(nn<k—j+1 77777 d—j)) CeFg(mm(k—j+1,..., d—j))
FNHp_ ;4 qNNHg_;7#{0} COF

— k—j n—d—+j
X Vg_f(d(Hk—j—i—l» ey Hd—j)) I/d_{(d(Hl, ey Hk—j)) Z/d_lJrj (d(Hd—j—i-h ey Hn))
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(Recall that, for & = d, the condition F' N Hy_j;1 N---N Hyg_; # {0} is empty and can be
deleted.) If k > j, we split the first sum above in the form

2. = by 2.

FE}_dikJrj(T]n(kfjJrl ,,,,, d—3)) 1§i1<"<<ik7j§n Fefd7k+j<nn<k7j+l ..... d—3))
FmHk7j+1m~~de7j;é{0} 1] 5enes ik_jg{kfjJrl ,,,,, d—j} FmHk7j+1m~~de7j;é{0}, FCHilﬁ'“”Hik_j

Then, after interchanging in (41) the first summation on the right side and integration, the

outer sum has (”;i}rk) equal terms, hence we obtain (again regrouping the integrals)

(n—d+k)
Co T e T Joaanys
2k=iC(n —d+k,k,j) Jaaa—1)r—i Ja@a—yn—++i

. S > A

FEFd,kJrj(Wn(k—]"Fl ----- d—j)) CeFg(nn(k—j+1,..., d—j))
FCHN-NHp_j, FNHp_ 5 1N-NHy_ ;#{0} COF

EA (D) =

n—k+j k—j
X Vg _q +I (d(Hk—j+17 ceey Hn)) Vd_{(d(Hh RS Hk—]))

(If k = j, the condition ¥ C Hy N --- N Hjp_; is empty and can be deleted.) For fixed
Hy,...,Hy_j, we consider the inner integral

L= A (C
/G(d,d—l)"kﬂ' Z Z (€)

FeFq_jjm(k—j+1,....d=j)) CeFg(mn(k—j+1,....,d—j))
FCHN--NHp_j, FNHp_; 1N-NHg_ ;#{0} COF

X VI (A(Hy i1, - Hy)).

A cone C € Fy(nu(k —j+1,...,d —j)) has a face F € Fg_pyj(m(k —j+1,....,d —j))
satisfying
FCH N -NH_; and FNHg_jp1N---NHgj # {0}

if and only if
CnHyN---NHy_; #{0},

and it can have at most one such face. Using this and (40), we obtain

L= / . > Ar(C) vy (A(Hy— g1, -, H))
G(dd=1)""4 oo o T a
CAHyN-NHy_ ;#{0}
d
SR SHE I SR
p=max{r,d—k+j} 1<iy <ooig_p<k—j 7 Gldd—1)n =+
- 2 An(QOVHiy 0N Hiy ) vy (A(Hg s, H)).

QEFG(Hg_j i1, Hn)
QmHln»-an_]-;é{o}
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We conclude that

E A (D)
s > 5
— i —J 2d7p
k_ _ .
22790 —d+ kK, j) p=max{r,d—k+;j} 1<y << p<k—j
« / 3 AQNH:y (- N Hyy )V (d(Hy, .., H,))
G(d,d—1)" QEF (Hy_j 1. Hn)

QNHyN-NHy_;#{0}

(nfdJrk) d .
- , k—j Z 9d—p <k - J) /
2k=iC(n —d+ k, k, j) pemax (rd k) d—p G(d,d—1)d—p

x AQNH N---NHy
/G D > QN H, )

QEF (Hy_j i1, Hn)
QNH{N-NHy_;#{0}

X VP (A(Hy pis o Hn)) V- P(A(Hy, - Hyp)).-

To evaluate the inner integral above, we fix Hy,..., Hy_, in general position and write
Hin---NHygp = L,. The image measure of vy under the (v4_; almost everywhere
well defined) map H — H N L, from G(d,d — 1) to the Grassmannian G(Ly,,p — 1) of
(p—1)-dimensional subspaces of L,, is the invariant probability measure y,—; on G(Lp,p—1).
Therefore, the inner integral can be written as

—d

/ Z A(QN L) v =P (d(Hypias - - -, H))

G(dd=1)"""P Ger (Hy_1q.iHn)
QNHyN--NHy_ ;#{0}

e X MO A
PP~ n-

CEFp(ha_ji1rhn)
CNhg_pp10Nhg_;#{0}
Note that p > j. If p = j, then the second condition under the last sum is empty and can be
deleted. Here F,(hg—j+1,-.-,hy) denotes the set of Schléfli cones in L, that are generated
by the (p — 1)-planes hg—j1,...,hy in L,. Identifying L, with RP, we can apply (38) in L.
For this, we replace d by p, the number n by n —d+ p, and raise the indices of the integration
variables in (38) by d — p. Then (38), with g = A,., reads

L X MOB A )
PP~ ne

CeFp(hg_ji1sshn)
Cnhg_py10-Nhg;#{0}

=2C(n — d+ j.p) E(AUp—)(SPy, ).

where S denotes the (ttp—1,m)- Schlafli cone in L,. We conclude that

n—d+k d i
EA(DIF) = (05 ) S gt (’“ ‘J)

" 2k=iC(n—d+k,k,j d—
(n T "7) p=max{r,d—k+j} p
x C(n—d+j,p) E(AUp- ) (SP)4,). (42)

n—d—+j
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Comparing (42) and (37), we arrive at

E(ArYartjd—r)(Sn—dtk)

n—d+k d .

__ 5 S ol PN d+ g p) B, ) (SP).

Cn—d+k,d) iy d—p ’ =) \Pn—dt;
p=max{r,d—k+j}

Here we substitute d — k+ j = s and d — k = t. Then we replace n by n + ¢ and assume that
n > d —s. The result is

E(Ys,tAr)(Sn)

_ ( ﬁs) d —p d— S (p)
o C’Ein’ d) Z 2¢ (dp> O(n —d+ S,p) E(Up—s+tAr)(Sn_d+s).

p=max{r,s}
This is the conical (or spherical) counterpart to [13, Thm. 11.7.1]. (The result is also true
for n < d — s, since then both sides of the equation are zero.)
We specialize the latter to ¢t = s — 1. We have Y ;1 = A;. Further, Up_s1 =Up—1 =V,

in a space of dimension p. The value of E(V;)AT)(S(’) )

o d4s) is seen from (35). In this way, we
obtain the following result.

Theorem 8.1. The face contents of the (vg_1,n)-Schlifli cone S, satisfy

n d
E(AuA)(Sh) = Cfg;;) > 2 (j . ;) (” - S)e(n —d—p+r+sp)  (43)

p=max{r,s}

forr,s=1,...,d, where 0 is defined by (32).

This is the conical counterpart to [13, Corollary to Thm. 11.7.1].

Theorem 8.1 holds for all n € N. In fact, the right side of (43) is symmetric in r and
s, and if n < d—r (or n < d — s), then both sides of (43) are zero. For n = d — r (or
n = d — s) equation (43) is equivalent to (26). Also note that (35) is obtained as the special
case s =d — k and r = d of (43).

Since the expectations EA,(S,,) are known by (26), Theorem 8.1 allows us to write down
the complete covariance matrix for the random vector (A;(Sy), ..., Aq(Sn))-

For the Cover—Efron cone C),, there is only one second moment that we can obtain from
Theorem 8.1 by dualization, namely Ef7 | (C,,) = EfZ(S,) = 4EA3(S,,) for n > d.
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