HOLDER CONTINUITY OF NORMAL CYCLES AND OF
SUPPORT MEASURES OF CONVEX BODIES

DANIEL HUG AND ROLF SCHNEIDER

ABSTRACT. The normal cycle Tk associated with a convex body K C R" is a
current which in principle contains complete information about K. It is known
that if a sequence of convex bodies K;, i € N, converges to a convex body K
in the Hausdorff metric, then the associated normal cycles Ty, converge to
Tk in the dual flat seminorm. We give a quantitative improvement of this
convergence result by providing an estimate of the distance (in the dual flat
seminorm) of the normal cycles of convex bodies with given Hausdorff distance.
The support measures of a convex body K arise from a local Steiner formula
or, alternatively, by evaluating suitable differential forms at the normal cycle
of K. Complementing the estimate for the normal cycles, we establish an
upper bound for the distance (in the bounded Lipschitz metric) of the support
measures of two convex bodies in terms of the Hausdorff distance of these
bodies. A special case of these estimates yields reverse forms of known stability
results for area measures.

1. INTRODUCTION

In 1986, Martina Zahle [20] presented a current representation of Federer’s cur-
vature measures. For k = 0,...,n — 1, she defined a differential form ¢y of degree
n — 1 on the Euclidean space R?" such that, for each compact set K of positive
reach in R" and for each Borel set 8 in R", the evaluation of 15¢), at the normal
cycle of K yields the kth curvature measure of K, evaluated at 5. The curvature
measures had previously been introduced by Federer [6] in a different way. The
approach using currents has later been investigated, applied and considerably ex-
tended in work of Zahle [21, 22], Rataj and Zahle [16, 17, 18], Fu [8], Pokorny and
Rataj [15], and others. The normal cycle has thus become an important tool for the
treatment of curvature properties of very general classes of sets, and it has found
many applications in integral geometry. In this note, we restrict ourselves to convex
bodies. The normal cycle Tk of a convex body K in R™ (we recall the definition in
Section 2) has a useful continuity property. If K;, ¢ € N, and K are convex bodies
in R” and K; — K in the Hausdorff metric, as i — oo, then Tk, — Tk in the dual
flat seminorm for currents. This was stated without proof in [22, p. 251] and was
proved in [16, Thm. 3.1]; see also [9, Thm. 3.1]. The continuity property has been
used in the theory of valuations on manifolds (see, for instance, [1]). It is also a
crucial ingredient in [13], in the course of the proof for a classification theorem for
local tensor valuations on the space of convex bodies.
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The purpose of this note is to obtain a quantitative improvement of the preceding
continuity result, in the form of a Holder estimate. To formulate it, we denote by
K™ the space of convex bodies (nonempty compact convex subsets) in Euclidean
space R", as usual equipped with the Hausdorff metric dy. We write B™ and
S*~1 for the unit ball and the unit sphere, respectively, in R™, and H* for the
k-dimensional Hausdorff measure. For p > 0, K, := K + pB" is the parallel body
of the convex body K at distance p. Below, we identify R” x R™ with R?" and
denote by £"~1(R2") = £(R2", A"~ " R2") the vector space of all differential forms
of degree n — 1 on R?" with real coefficients and of class C°.

Theorem 1.1. Let K, L € K", and let M C R?"™ be a compact convex set containing
Ky x S" ! and Ly x S*~L. Then, for each ¢ € E"~1(R?"),

Tk (9) — Te(9)| < O(M, ) dy (K, L) T,

where C(M, ) is a constant which depends (for given dimension) on M and on
the Lipschitz constant and the sup-norm of ¢ on M.

According to the definition of the dual flat seminorm, this result can be inter-
preted as local Holder continuity of the normal cycles of convex bodies with respect
to the Hausdorff metric and the dual flat seminorm. A similar, but essentially
different quantitative result is obtained in [3, Thm. 2]. It refers to more general
sets and is, therefore, less explicit. On the other hand, its restriction to convex
bodies does not yield the present result, since at least one of the sets in [3] has to
be bounded by a submanifold of class C2.

As mentioned, normal cycles are useful for introducing curvature measures for
quite general classes of sets. In the theory of convex bodies, they have been used to
introduce a generalization of curvature measures, the support measures. For R™,
these are Borel measures on the product of R™ and the unit sphere S*~!, with the
property that their marginal measures are the curvature measures on one hand and
the surface area measures on the other hand. On the space of convex bodies with
the Hausdorff metric, the support measures are weakly continuous. We improve
this statement by showing that the support measures are locally Hélder continuous
with respect to the bounded Lipschitz metric dyz, (we recall its definition in Section
4). Let A;(K, -) denote the ith support measure of K € K™, normalized as explained
in Section 4.

Theorem 1.2. Let K,L € K™ be convex bodies, and let R be the radius of a ball
containing Ko and Ly. Then

dpr (Ai(K, ), Ai(L, ) < C(R) dpg (K, L)*/?

fori e {0,...,n—1}, where C(R) is a constant which (for given dimension) depends
only on R.

An estimate of this type, though with a smaller exponent of the Hausdorff dis-
tance, could be derived directly from Theorem 1.1. We shall obtain the stronger
result of Theorem 1.2 by adapting an approach due to Chazal, Cohen—Steiner and
Mérigot [2].

A special case of Theorem 1.2 concerns the area measure S,,_1(K,-). Ifw C S*~!
is a Borel set, then S,,_1 (K, w) = 2A,,_1(K,R,, X w). From Theorem 1.2 it follows
under the same assumptions on K and L that

(11) dbL(Sn—l(Ka ')a Sn—l(L> )) < C/(R) dH(Kv L)1/2'
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We want to present some motivation for proving such an inequality.

The area measure is the subject of a famous existence and uniqueness theorem
due to Minkowski (see, e.g., [19, Sec. 7.1]). The uniqueness assertion has been
improved by some stability results. One of these (going back to Diskant; see [4],
[19, Thm. 7.2.2]) says that for convex bodies K, L € K™ one has

(1.2) i (K, L) <7 [|Sn_1(K,-) = Sp_1 (L, )| 14"

for a suitable translate L’ of L, where || - |[Tv denotes the total variation norm.
Here v > 0 is a constant depending only on the dimension and on a-priori bounds
for the inradius and circumradius of K and L.

The stability result (1.2) has the blemish that its assumption is too strong: the
left side can be small even if the right side is large. For example, if K is a unit cube
and L is a rotated image of K, arbitrarily close to K but not a translate of it, then
|Sn-1(K,-) = Sp—1(L,-)||Tv > 1. It seems, therefore, more meaningful to replace
the right-hand side in (1.2) by an expression involving a metric for measures that
metrizes the weak convergence. For the Lévy—Prokhorov metric, such a stability
result was proved in [12]. It was deduced from a corresponding stability result for
the bounded Lipschitz metric (which is implicit in the proof, though it was not
stated explicitly), namely

(1.3) dp(K,L') < ydyr(Sn—1(K, "), Sn1(L, )™

for a suitable translate L’ of L, with a constant « as above. It appears that the
Hélder continuity (1.1) is, in principle, a more elementary fact than its reverse, the
stability estimate (1.3), and should therefore have preceded it.

2. NOTATION AND PRELIMINARIES

We have to use several definitions and results from geometric measure theory,
therefore we choose most of our notation as in Federer’s [7] book, in order to
facilitate the comparison. For example, we denote the scalar product in R™ by e
and the induced norm by |- |. The same notation is used also for other Euclidean
spaces which will come up in the following. We identify R™ and its dual space via
the given scalar product.

Next we recall some notation and basic facts from multilinear algebra. Let
V' be finite-dimensional real vector spaces. Then A, V, for m € Ny, denotes
the vector space of m-vectors of V, and \"™ V is the vector space of all m-linear
alternating maps from V™ to R, whose elements are called m-covectors. The map
A"V — Hom(A,, V,R), which assigns to f € A"V the homomorphism

VI A AU = f(01, .00, 0m),

allows us to identify A"V and Hom(A,, V,R). By this identification, the dual
pairing of elements a € A, V and ¢ € A" (V,R) can be defined by (a, ) := ¢(a).
If V'’ is another finite-dimensional vector space and f : V — V' is a linear map,
then a linear map A, f: \,, V = A,, V' is determined by

A )i Ao Avy) = for) Ao A fom),

for all vy,...,v, € V.
Given an inner product space (V, ) with norm |- | we obtain an inner product
on A\, V. For{,ne A,V with { =vi A... Avy, and 9 = wy A ... A w,y,, where
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v, w; € V, we define

g o1 = det ({vi,w))-1) -
This is independent of the particular representation of {,n. For general {,n € AV
the inner product is defined by linear extension, and then we put [£] := /£ ¢&
for € € A,,V. If (b1,...,b,) is an orthonormal basis of V, then the m-vectors

biy N...Ab;, with 1 < iy < ... <4, < n form an orthonormal basis of A, V.
Moreover, if £ € /\p Vorne /\q V' is simple, then

(2.1) 1€ Al < 1€l Inl.

Let (b1, ...,b,) be an orthonormal basis of V, and let (b7, ...,b}) be the dual basis
in V* = A'V. We endow A™V with the inner product for which the vectors
b;‘l VAN b;‘m, for 1 <iy <...< 1, <n,are an orthonormal basis. Then

(2.2) (€, @)| < [¢] | @]

force \,,Vand®ec \"V.

The preceding facts are essentially taken from [7, Section 1.7].

Let V be an n-dimensional inner product space. Then comass and mass are
defined as in [7, Section 1.8]. In particular, for ® € A™V the comass ||®| of ®
satisfies | ®|| = |®| if ® is simple. Moreover, for £ € A, V the mass ||| of £ satisfies

I€]l = |€] if € is simple.

Now we turn to convex bodies. For notions from the theory of convex bodies
which are not explained here, we refer to [19]. Let K € K™. The metric projection,
which is denoted by p(K,-), maps R" to K, and

u(K,z) = |z = p(K, )| (& - p(K, 2))

is defined for x € R™\ K. Let 9K denote the topological boundary of K. The map
F:0K; — R" x S"7! given by F(z) := (p(K,z),u(K,x)) is bi-Lipschitz, and the
image is the normal bundle Nor K of K, which is an (n— 1) rectifiable subset of R?".
Hence, for H"~!-almost all (z,u) € Nor K, the set of (H"~'L_ Nor K, n—1) approxi-
mate tangent vectors at (z,u) is an (n—1)-dimensional linear subspace of R?", which
is denoted by Tan" ' (H" 'L Nor K, (x,u)). Let II; : R” x R* — R", (z,u) — z,
and ITp : R™ x R™ — R"™, (x,u) — u, be projection maps and €,, the volume form
for which Q,(e1,...,e,) =1 for the standard basis (eq,...,e,) of R”. The follow-
ing statements hold for H" !-almost all (z,u) € Nor K. First, we can choose an

orthonormal basis (a1 (x,u),...,an_1(z,u)) of Tan™ *(H"* 'L Nor K, (z,u)) such
that the (n — 1)-vector ax (z,u) := ai(z,u) A ... A an—1(z,u) satisfies
(2.3) (Apor (I + oTh)ag (z,u) A, Q) > 0

for all ¢ > 0 and thus determines an orientation of Tan" ! (#" 'L Nor(K), (z,u)).
Then the normal cycle associated with the convex body K is the (n—1)-dimensional
current in R2" which is defined by

Ty = (H”flL NorK) Nag.

More generally, we can define

Ty () = /N s, o) H da)
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for all H"~!L_ Nor K-integrable functions ¢ : R® x R — A" 'R2". Here we use
that Tk is a rectifiable current, which has compact support, and thus Tk can be
defined for a larger class of functions than just for smooth differential forms.

Sometimes it is convenient to work with the orthonormal basis of the approximate
tangent space of Nor K at (z,u) that is given by

ai(z,u) == (ai(x,u) bi(x, ), Wbi(x,u)) :

where (by(z,u),...,b,_1(z,u)) is a suitably chosen orthonormal basis of u® (the
orthogonal complement of the linear subspace spanned by w) such that the or-
thonormal basis (b1, ...,b,—1,u) has the same orientation as the standard basis

(e1,...,en) of R™ and «a;(z,u) € [0,1] for ¢ = 1,...,n — 1. Note that the de-
pendence of a;, b;, a; on K is not made explicit by our notation. The data b;, a;,
i =1,...,n — 1, are essentially uniquely determined (cf. [18, Proposition 3 and
Lemma 2]). Moreover, we can assume that b;(z + cu,u) = b;(z,u), independent
of € > 0, where (z,u) € Nor K and (z + eu,u) € Nor K, with K. := K + ¢B".
However, in general «;(x + cu,u) is not independent of ¢ and will be positive for
e > 0. See [20, 16, 18, 10, 11] for a geometric description of the numbers o (x, u)
in terms of generalized curvatures and for arguments establishing the facts stated
here.

3. PROOF OF THEOREM 1.1

In order to obtain an upper bound for |Tx — 77|, we first establish an upper
bound for |Ta, — Tal, for A € {K,L} and ¢ € [0,1], which is done in Lemma
3.1. Then we derive an upper bound for [Tk, — T7_| under the assumption that
the Hausdorff distance of K and L is sufficiently small. This bound is provided in
Lemma 3.6, which in turn is based on four preparatory lemmas.

Lemma 3.1. Let K € K" and € € [0,1]. Let p € E" 1 (R®*™). Then

where C(K, ) is a real constant, which depends on the mazimum and the Lipschitz
constant of ¢ on K1 x S"™1 and on H" 1 (0K;).

Proof. We consider the bi-Lipschitz map

F. : Nor K — Nor K, (x,u) = (x4 cu,u).
The extension of F. to all (x,u) € R?" by F.(x,u) := (z + eu,u) is differentiable
for all (z,u) € R?". By [7, Theorem 3.2.22 (1)], for H"~*-almost all (z,u) € Nor K
the approximate Jacobian of F; satisfies
(3.1) ap Ju-1Fe(z,u) = ||\, _yap DF.(x, w)ak (2, u)|| > 0,

and the simple orienting (n — 1)-vectors ax (x,u) and ax_ (x + cu,u) are related by

ap DF,(z,u)ak(x,u
(3.2) ax. (z + eu,u) = N1 ap DF:(z, u)ar( '
IAu—1 ap DF-(z, u)ak (z, )]
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It follows from (2.3) that the orientations coincide. Thus, first using the coarea
theorem [7, Theorem 3.2.22] and then (3.1) and (3.2), we get

Tk. () =/ (ax., o) dH" !
Nor K.
= / (ag. o Fo(x,u),p o Fo(x,u))ap J_1 Fe(z,u) H"H(d(z, u))
Nor K

= / (A\n_18p DF.(z, u)ak (z,u), ¢ o Fe(z,u)) H" ' (d(z, u)).
Nor K
By the triangle inequality, we obtain
Tk () = Tk (#)]

< [ A DE) ~ A i) a0, 0 B
Nor K

+ [{ax (z,u), o(x + cu, u) — p(z,u))] } HH(d(, u)).
We have
|<(/\n_1ap DF.(x,u) — /\n_lid) ag(z,u),po Fs(x,u)>}
< lp(z + eu, u)| |(/\n_1apDF€(x,u) - /\n_lid) aK(:v,u)| ,

where we used (2.2). Now ag(z,u) is of the form A?:_ll(vi,wi) with suitable
(vi,w;) € R?™ and |v;|? + |w;|> = 1. Moreover, we have DF.(x,u)(v,w) = (v +

ew,w), for all (v,w) € R?". Writing 2 := v;, 2} := w;, we have

|(/\n_1ap DF_ (z,u) — /\n_lid) aK(:r,u)’

n—1 n—1
= /\('Ui+€wi7wi)_ /\(Ui7wi)
i=1 i=1
n—1 n—1
= > = AEw) = N Ew)
a;€{0,1} i=1 i=1
n—1

IN

<2
a;i€{0,1}, X a;>1
< c(n)e,
where we used (2.1) and the fact that |(v;, w;)| = 1 and |(w;, w;)| < 2. We deduce
that

lo(x + eu, u)| [(A,_1ap DF-(z,u) — \,,_1id) ax (z,u)| < C1(K, @)e.
Furthermore, again by (2.2) we get
ax (2, u),p(x +eu,u) — oz, u))| <[z +eu,u) —p(z, u)
< Cy(K,p)e.
Thus we conclude that
Tk () — T ()| < C3(K, ) e H" ! (Nor K).

Since F : 0K; — Nor K, z — (p(K,z2),z — p(K, 2)), is Lipschitz with Lipschitz
constant bounded from above by 3, the assertion follows. (]
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A convex body K € K™ is said to be e-smooth (for some € > 0), if K = K'+eB"
for some K’ € K™. For a nonempty set A C R™, we define the distance from A
to z € R™ by d(4,z) := inf{|la — z| : a € A}. The signed distance is defined by
d*(A,z) :=d(A,z) —d(R"\ A, z), z € R, if A,R"\ A # 0. If K is e-smooth, then
OK has positive reach. More precisely, if x € R™ satisfies (0K, x) < &, then there
is a unique point p(0K,x) € K such that d(OK,x) = |p(0K, z) — x|.

Lemma 3.2. Let ¢ € (0,1) and § € (0,/2). Let K,L € K™ be e-smooth and
assume that dg(K,L) <. Then

p: 0K — 0L, x — p(OL,x),

is well-defined, bijective, bi-Lipschitz with Lip(p) < ¢/(e — 0), and |p(z) — x| < ¢
for all x € OK.

Proof. Since dy(K,L) <, we have K C L+0B"™, L C K 4+ dB", and a separation
argument yields that

(3.3) {reL:d0L,x)>0}CK.

This shows that 0K C {z € R™ : d(0L,z) < ¢} and therefore the map p is well-
defined on 0K and |p(x) —z| < ¢ for all z € IK. By [6, Theorem 4.8 (8)] it follows
that Lip(p) < e/(e — §). Since L is e-smooth, for y € L there is a unique exterior
unit normal of L at y, which we denote by u = u(L,y) =: ur(y). Put yo :=y — cu
and note that yo+ (¢ —6)B™ C KNL by (3.3). Then z € 9K is uniquely determined
by the condition {z} = (yo + [0, 00)u)NIK and satisfies p(z) = y. This shows that
p is surjective.

Now let z1,z9 € OK satisfy p(z1) = p(x2) =: pp € OL. Since there is a ball B of
radius € with pg € B C L, the points z1,z9 € 0K are on the line through py and
the center of B. By (3.3), they cannot be on different sides of py, hence z1 = xs.
This shows that the map p is also injective. If d*(9K,-) : R — 90K denotes the
signed distance function of 9K, then ¢ : 0L — 0K, z — z — d* (0K, z)ur(z), is the
inverse of p. Since the signed distance function is Lipschitz, Lemma 3.3 shows that
q is Lipschitz as well. (I

The following lemma provides a simple argument for the fact that the spherical
image map of an e-smooth convex body is Lipschitz with Lipschitz constant at most
1/e. A less explicit assertion is contained in [14, Hilfssatz 1].

Lemma 3.3. Let K € K™ be e-smooth, € > 0. Then the spherical image map ug
is Lipschitz with Lipschitz constant 1/e.

Proof. Let xz,y € 0K, and define u := ug (), v := ux(y). Then
r—euteveEx—eu+eB" CK,
and hence (z —eu+ecv —y) @ v < 0. This yields

(3.4) e(v—u)ev < (y—uz)ew.
By symmetry, we also have e(u — v) e u < (z — y) ® u, and therefore
(3.5) e(v—u)e(—u) < (y—=z)o(—u)

Addition of (3.4) and (3.5) yields
elv—ul’ < (y—a)e(v—u) <|y—alfv—ul,

which implies the assertion. O
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Lemma 3.4. Let ¢ € (0,1) and 6 € (0,e/2). Let K,L € K™ be e-smooth and
assume that dg (K, L) <¢. Put p(z) := p(0L,x) for x € OK. Then

G :Nor K — Nor L, (z,u) = (p(x),ur(p(x))),
is bijective, bi-Lipschitz with Lip(G) < 2/(e — ) < 4/e, and
|G(z,u) — (z,u)| <6 +2y/0/e
for all (z,u) € Nor K.

Proof. 1t follows from Lemma 3.2 that G is bijective. Then, for (z,u), (y,v) €
Nor K we get

|G (2, u) — G(y,v)| < |p(x) — p(y)| + ur(p(z)) — ur(p(y))]

<= -yt iy
e—90 € 1)
e+1

< ——5lz -l

< 2@ w) — w0)]

where we have used again Lemma 3.2 and Lemma 3.3. Let € 0K and z := p(z) €
OL. We want to bound ur(z) e ug(z) from below. If x ¢ L, then
conv({z} U (z —eur(z) + (¢ —0)B")) C K,

and therefore

uL(z)ouK(z)ZE+521 5
If € L, then in a similar way we obtain
e—94 )
up(z) eug () 2 —— 21~ -,
hence
20
(3.6) ur(z) e ug(x) > 1—?

holds for all x € 0K. Thus
lur(2) —uk (z)| < 2/d/e,

which finally implies that, for all (x,u) € Nor K,
1G(z,u) = (z,u)| < |p(x) — x| + [ur(p(z)) — uk (z)|

<84 2V/5/e.

Since G=! : Nor L — Nor K is given by G~1(z,u) = (q(2),ux(q(2))), it follows
that also G~! is Lipschitz. O

Next we show that, under the assumptions of Lemma 3.5, A, _;DG(z,u) is an
orientation preserving map from the approximate tangent space of Nor K to the
approximate tangent space of Nor L. It seems that a corresponding fact is not
provided in the proofs of related assertions in the literature.

Lemma 3.5. Let ¢ € (0,1) and 6 € (0,e/(4n)). Let K,L € K™ be e-smooth
and assume that dg(K,L) < §. Then, for H" 1-almost all (z,u) € Nor K, the
(n — 1)-vector \,_,DG(z,u)ar(x,u) € Tan" ' (H"~'L Nor L,G(x,u)) has the
same orientation as ar(G(x,u)).
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Proof. Let x € 0K, u = ug(z), and T := p(z), hence d(0L,z) = |z — Z|.
The orientation of Tan" (9K, z) is determined by an arbitrary orthonormal ba-
sis by(),...,b,_1(x) of ut with Q,(by(z),...,by_1(7),u) = 1. Similarly, any or-
thonormal basis by (%), ..., b,—1(Z), % with % := ur, (p(z)) determines the orientation
of Tan" Y (AL, p(x)). Since G is bi-Lipschitz, we can assume that (z,u) € Nor K
is such that all differentials exist that are encountered in the proof. Moreover, we
can also assume that A, |, DG(z,u)ax (z,u) spans Tan" "' (H"~'_ Nor L, G(z, u)),
where we write again G for a Lipschitz extension of the given map G to R?". In
the following, we put b; := b;(z) and b; := b;(z) fori=1,...,n— 1.

The differentials of the maps Nor K — 0K, (z,u) — z, and 0L — Nor L,
z = (z,ur(z)), are orientation preserving, which follows for instance from the
discussion at the end of Section 2. Hence, it remains to be shown that the differential
of p: 0K — 0L, x — p(x), is orientation preserving, that is,

A= Qn(Dp(x)(b1), ..., Dp(x)(bn-1),u) > 0.
First, we assume that x # Z, that is, x ¢ dL. Since Dp(x)(a) = o, we get

() =3 by o, Dp(e) ).
j=1

and thus
A = det(B) Qn(Dp(x)(El),...,Dp( )(Bn 1),4),

where B = (B;;) with B;; := b;eb; fori,j € {1,...,n—1}. We choose by, ...,b,_1
as principal directions of curvature of OL at Z = ( ). Then Dp(x)(b;) = 7; b; with

7= 1—d(OL, x)k; <8Lx| _””|>>o,
r—Xx

fori=1,...,n— 1. Here we use that L is e-smooth, hence 0L has positive reach,
)

d(0L,z) < ¢ and
<3Lx - |)‘<1/5.

Hence it follows that A > 0 if we can show that det(B) > 0. Let B = (Bj)
be defined by B;; := bij, By, = b; e 1, an =y e b and B,, := u e u, for
i,j€{1,...,n—1}. Then

= O (byy ... b1, ) n(b1,. .. by_1,1) = det(B)

§u0ﬂdet(B)+Z|bi0ﬂ|-l

§uoﬂdet(B)+\/n—1\/1—(U'ﬂ)2

From (3.6) and our assumptions, we get ue 4 > 1 — (2§)/e > 1 — 1/(2n), and
therefore

1—(uew)? <+/1/n.
Thus
1 <ueudet(B)+1,
which implies that det(B) > 0.
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Finally, we have to consider the case where z € OL. For H" !-almost all z €
0K N JL, we have Tan" ' (H" ' (0K N dL),z) = v and Dp(x) = id,, since
p(z) = z for all z € 9K NOL. Hence, A = Q,,(b1,...,bp_1,u) =ueu > 0. O

Lemma 3.6. Let ¢ € (0,1) and 6 € (0,e/(4n)). Let K,L € K™ be e-smooth and
assume that dg(K,L) < §. Let M C R* be a compact convex set containing
Ki_. xS* 1 and Li_. x S*™! in its interior. Then

4 n—1
Til) - Tul) < COLy) (1) (5+2V3F2)
for ¢ € EM"Y(R?™), where C(M, ) is a constant which depends on the sup-norm
and the Lipschitz constant of ¢ on M, and on H" 1 (0K;).

Proof. Let G be as in Lemma 3.4 (or a Lipschitz extension to the whole space with
the same Lipschitz constant). Then [7, Theorem 4.1.30] implies that

T = GyTk,

since \,,_; DG preserves the orientation of the orienting (n —1)-vectors, by Lemma
3.5. (In [16] a corresponding fact is stated without further comment.) Recall the
definitions of the dual flat metric Fj; from [7, 4.1.12] and of the mass M (of a
current) from [7, p. 358]. Using [7, 4.1.14], 0Tk = 0, the fact that Tk has compact
support contained in the interior of M and Lemma 3.4, we get

FM(TL — TK) = FM(GﬁTK — TK)

. 4 n—1
< M (Tk) - |G — id]|nor oo (€>

< H"L(OK)) (j)nl (5+2V72),

where |G — id||Nor K00 1= sup{|G(z,u) — (x,u)| : (z,u) € Nor K'}. The assertion
now follows from the definition of Fj;, since ||dp|| can be bounded in terms of the
sup-norm and the Lipschitz constant of ¢ on M. [

Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let ¢ € E""Y(R?"). Let 6§ := dy(K,L) >0 and € := ST,
Assume that § < (4n)~ "% . Then § < ¢/(4n). Lemma 3.1 implies that

Tk (p) = Tk.(p)] < C(M,¢)e,
ITL() = Tr.(0)| < C(M, ) e.

Since K. and L. are e-smooth, dy (K., L:) = 0, (Kc)1—« = K and (L¢)1-c = L,
Lemma 3.6 shows that

Ti. () — Tu.(9)] < C(M, ) (4) (54 20/5F)..

The triangle inequality then yields

1) 1 1)
Tk (p) — TrL(p)| < Ca(M, p) <5+ P g 5)
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If6> (471)_%7 we simply adjust the constant. O

4. PROOF OF THEOREM 1.2

In the theory of convex bodies, Federer’s curvature measures are supplemented
by the area measures, which are finite Borel measures on the unit sphere (and
were, in fact, introduced more than 20 years earlier). The two series of measures
are generalized by the support measures. We briefly recall their definition (see [19,
Chap. 4]).

For K € K™, we have already used the metric projection p(kK,-) and the vector
function u(K,x) := (z — p(K,z))/d(K,x), where d(K,z) := |z — p(K,x)| denotes
the distance of the point = from K. We also write p(K,-) =: px, u(K,-) =: ug and
d(K,-) =:dg. For p > 0, we set K¥ := K,\ K, where K, = K +pB" is the already
defined parallel body of K at distance p. The product space R™ x S"~! is denoted
by X. For given K, the map f, : K” — X is defined by f,(z) := (px (), ux(z))
for € K?, and pg,, = p,(K,-) is the image measure of H" L K* under f,. This
is a finite Borel measure on Y, concentrated on Nor K. The support measures
Ao(K,-), ..., A1 (K, ") of K can be defined by

n—1

(41) HEK,p = Z pn_i’ﬁn—iAi(Kv )
i=0

Thus, the normalization is different from [19, (4.2.4)]; the connection is given by
Nk N (K, ") = (T;)@Z(K, -). The support measures have the property of weak
continuity: if a sequence (K;);en of convex bodies converges to a convex body K in
the Hausdorff metric, then the sequence (A;(Kj, -))jen converges weakly to A; (K, ).
The topology of weak convergence can be metrized by the bounded Lipschitz metric
dpy, or the Lévy—Prokhorov metric dpp (see, e.g., Dudley [5, Sec. 11.3]). Therefore,
the question arises whether the weak continuity of the support measures can be
improved to Holder continuity with respect to one of these metrics.
For bounded real functions f on ¥ we define

1fllp = sup L&) = f W
TH£Y ‘LU —y|

v Fllee = sup ()]

For finite Borel measures pu, v on X, their bounded Lipschitz distance is defined by

/Efduffzfdv

The following lemma is modeled after Proposition 4.1 of Chazal, Cohen—Steiner
and Mérigot [2]. Under the restriction to convex bodies, it extends the latter to the
measures (Ui, .

dyr(p, v) := sup {

TR <L I < 1}.

Lemma 4.1. If K, L € K™ are convex bodies and p > 0, then

dor(ix ps 1L,p) < /

|pK—pL|dH"+/ lug —up|dH™ + H"(KPALP),
KeNLP

KrNLP

where /\ denotes the symmetric difference.
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Proof. Let f : ¥ — R be a function with ||f|lz < 1 and ||f]lec < 1. Using the

transformation formula for integrals and the properties of f, we obtain

/ fdu, — / fdur,
> >

fo(pKauK)dan fo(pLauL)dHn
Le

’K"

< / 1o (pvu) — f o (pryug)| dH
KeNLrP

O L IR A BRI ORI P
Kr\Lr LP\KPr

S/ |(pK7uK)_(pL7UL)|dHn+/ 1dH”+/ 1dH"™
KenlLe Kr\Lr LA\KP

é/ (lpx — po|+ Jux —ur|) dH™ + H* (K" ALP),
KenLP
from which the assertion follows. O

Proof of Theorem 1.2. We assume that K,L € K" and dy(K,L) =: 6 < 1. Let
R be the radius of a ball containing K5 and Ls. For 0 < p < 1 we use Lemma
4.1 (where for convex bodies, the estimation of the first and the third term on the
right-hand side is easier than for the case of general compact sets considered in [2]).
First, from Lemma 1.8.9 in [19] we get

(4.2) / |pK —pL| dH™ < v 5DH”(KP N Lp)\/g < Cl(R)\/S,
KrNLP

where D = diam(K, U L,) and the constant C(R) depends only on R.
About the distance function dg, it is well known that

suﬂg |[d () —dp(z)| =dg(K,L) =46
reR™

and that
VdK:uK Oan\K.

Therefore, it follows immediately from Theorem 3.5 of Chazal, Cohen—Steiner and
Meérigot [2] (applied to E = int(K? N L)) that
(4.3) / luge —ug|dH™ < Co(R)VS.

KrALe

For the estimation of H"(KPAL"), let € K” \ L?; then x € K, \ K and
v ¢ L,\L Ifx € L, then d(K,z) <6, hencex € K;\ K. If 2 ¢ L, then x ¢ L,
but z € K,, K, C (Ls), = L,+s, and hence x € L, s\ L,. It follows that

KP\LP C (Ks\ K)U (Lo+s \ Lp)
and hence
H(K?\ L) <H"(Ks) = H"(K) + H"(Lpts) — H" (L)
< C5(R)§ < C5(R)VS.

Here K and L can be interchanged, and together with (4.2), (4.3) and Lemma 4.1
this gives

(4.4) dyr (1 ps 111.) < Ca(R)VG.
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To deduce an estimate for the support measures, we apply the usual procedure
(e.g., [19], p. 202) and choose in (4.1) for p each of the n fixed values p; = j/n,
j=1,...,n, and solve the resulting system of linear equations (which has a non-
zero Vandermonde determinant), to obtain representations

Ai(Ka'):Zaz‘,j,uK,pj, 1=0,...,n—1,
=1

with constants a;; depending only on %,j. Using the definition of the bounded
Lipschitz metric, we deduce that

n

(45) dbL(Ai(Kv ')’ Al(Lv )) < Z ‘aij|dbL(/’LK7pj ’ :LLLJ)J') < C(R)\/g

j=1

This completes the proof of Theorem 1.2. |
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