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Abstract. In the random mosaic generated by a stationary Poisson hyperplane process in
R?, we consider the typical k-face weighted by the j-dimensional volume of the j-skeleton
(0 < j <k < d). We prove sharp lower and upper bounds for its expected number of
vertices.

1 Introduction

Since the early work of Miles [5, 6, 7] and Matheron [2, 3, 4], stationary Poisson processes
of hyperplanes and the tessellations induced by them have been an intensively studied topic
of stochastic geometry. We refer to chapter 10 of the book [9] for a description of later
developments. The purpose of this note is the extension of a result (namely [9, (10.52)])
giving sharp estimates for the expected vertex number of the Poisson zero polytope. For
stationary Poisson hyperplane mosaics, these inequalities are generalized from the zero cell,
which can be viewed as the volume-weighted typical cell, to Lj;-weighted typical k-faces
(0 <j <k <d). Here, Lj(P) for a polytope P is the sum of the j-volumes of its j-faces, thus
the j-dimensional Hausdorff measure of its j-skeleton. The case j = k was treated in [8]. For
the general case, we shall have to extend a result of Favis and Weiss [1] on the distribution
of L;-weighted typical d-cells to lower-dimensional faces. After that, as in the previous work,
the known inequalities for the volume product from convex geometry can be used, and they
lead to extremal properties of either parallel mosaics or isotropic mosaics.

2 Preliminaries

We denote by R? the d-dimensional Euclidean space, with scalar product (-,-) and norm
| -]l. The set S%! := {u € R?: |jul| = 1} is its unit sphere. Lebesgue measure on R? is
denoted by A, and j-dimensional Hausdorff measure by H’. In the following, measures and
measurable functions on a topological space T refer to its Borel o-algebra, denoted by B(T).
The Grassmannian G(d,d — 1) of (d — 1)-dimensional linear subspaces of R? and the affine



Grassmannian A(d,d — 1) of hyperplanes in R? are equipped with their usual topologies. We
write hyperplanes in the form

H(u,7)={z € RY: (z,u) =7} = H(—u, —7)

with u € S41 and 7 € R.

K is the space of convex bodies (nonempty, compact, convex sets) in R?, endowed with the
topology induced by the Hausdorff metric, and P is the subspace of polytopes. For a polytope
P, we denote by F;(P) the set of its j-dimensional faces, and we write skel; P := | Jp¢ 7 F
for the j-skeleton of P (j =0,...,dim P).

We assume in the following some familiarity with the geometric processes (particles, flats,
tessellations) considered in stochastic geometry (see [9], in particular chapters 3, 4, 10).
Throughout this note, X isa stationary Poisson process of hyperplanes in R%, with a pos-
itive, locally finite intensity measure O. The underlying probability space is (2, A,P), and
mathematical expectation is denoted by E. The intensity measure O has a decomposition

/A(d,dl)fdé =3/Sd_l/o; f(H (u,))dr §(du) (1)

for every nonnegative, measurable function f on A(d,d — 1) (see [9, Th. 4.4.2 and (4.30)]).
Here 4 > 0 is the intensity of X and © is an even probability measure on the unit sphere
S?=1 the spherical directional distribution of X. We assume that © is not concentrated
on a great subsphere of $471.

Every realization of X gives rise to a tessellation or mosaic, the cells of which are the
closures of the connected components of the complement of the hyperplanes in X. The
particle process X of these cells is the Poisson hyperplane tessellation induced by X.
For k € {0,...,d}, we denote by X(*) = Upex Fx(P) the particle process formed by the
k-dimensional faces of all cells of X. The stationary particle process X(¥) has a positive,
locally finite intensity measure, denoted by ©%). Again there is a decomposition,

[ rae® =@ [ [ 5+ ) M) @ @K, (2)
K Ko /R4

for every nonnegative, measurable function f on K (see [9, (4.3)]). Here Ky is the space
of convex bodies K with s(K) = 0, where s denotes the Steiner point (which we use here
as centre function). The positive number ~%) is the intensity of X*), and the probability
measure Q%) on Ky is the grain distribution of X*).

3 Weighted Faces

Average k-faces of the random tessellation X can be defined in different, but equally natural
ways. The typical k-face of X is, by definition, the random polytope Z*) with distribution
QW) Intuitively (but only heuristically), it is obtained as follows. In a realization of X, we
pick out at random one of the k-faces, with equal chances for every k-face (this, of course,
makes only sense within a bounded region of space), and translate it to bring its Steiner point
to the origin. If, instead, we make this random choice with chances proportional to some
given translation invariant, positive, measurable function w defined on k-polytopes, we obtain



the w-weighted typical k-face. Formally, one can define this as the random polytope Zi(vk)

with distribution given by

P(ZP € A) ]Ew(IZ(k)) E [1A(Z(k))w(z(k))]
- Ew(lZ(m/,c 14(K)w(K) Q¥ (dK) (3)

for A € B(P). That this definition comprises the intuitive idea of selecting, with weights,
from large bounded regions, can be seen from the relation

EZFGX@FCTW 1a(F — s(F))w(F)

P Z(k) A) =
( w S ) r—00 EZFGX(k),FCTWw(F)

It holds for A € B(P) and any compact convex set W C R% with A\(W) > 0 and is a special
case of [9, Th. 4.1.3].

By the standard extension procedure from indicator functions to nonnegative, measurable
functions f, relation (3) yields

(K )w(EK) QW (dK) = Ew(Z™M)E f(Z). (4)

Ko
Here we are interested in the weighting function given by

Lj(P) = H/(skel,P) = Y HI(F
FeF;(P)

the total j-dimensional volume of the j-faces of P, for 0 < j7 < dim P. In particular, if P is
a d-dimensional polytope, then Lg(P) is the volume, L;_1(P) is the surface area, Li(P) is
the total edge length, and Lo(P) is the number of vertices of P. We denote the L;-weighted

typical k-face of X by Zj, ;. Note that the weighted typical k-face Z(()k) considered in [8] differs
from Zj ;, by a random translation.

We need a Slivnyak-type result for Z ; (Theorem 1). For this, we define a measure ¢y,
on G(d,d — 1)* by

~k

de(A) = Ta(ug, ... ) Vi, ... up) 38 (d(u, . .., ug)) (5)
k' J(ga-1yr

for A € B(G(d,d — 1)*), where u* := {z € R?: (x,u) = 0} and V(us,...,us) denotes the
k-dimensional volume of the parallelepiped spanned by wy, ..., ux. The constant . is the
intensity of the intersection process of order k of the hyperplane process X. According to [9,
Th. 4.4.8], it is given by

. _ A

= k! (Sd-1)k Vi(ut, ..., ug) @k(d(ulv S UR))-

Thus, ¢, is a probability measure.

Let h be a function on the space of k-dimensional polytopes. Let 1 be a locally finite
system of hyperplanes in R? which are in general position (also below, i has this meaning).
‘General position’ means that every m-dimensional plane of R? is contained in at most d —m



hyperplanes of n, for m = 0,...,d. (Note that for n = X’(w), w € §, general position
can always be assumed, since for a stationary Poisson hyperplane process this holds almost
surely.) For j < k and = € R?, we define

he,j (0, ) = h(K1(x)) + - - + h(EKy (2)),

if x is in the relative interior of a j-face of the tessellation induced by n and K;(x),..., K,(z)
are the k-faces of X containing that j-face, and we define hy, j(n,x) := 0 if x is not in the
relative interior of a j-face of the tessellation. The number n is obtained as follows. The
affine hull of a j-face is the intersection of precisely d — j hyperplanes of . Any d — k of these
hyperplanes generate (by intersection) a k-plane containing the j-face. Within this k-plane,
there are 277 k-faces of the tessellation containing the j-face. Hence,

n = 25— (;l B 2) (6)

Theorem 1. Let 0 < j < k < d. If h is a translation invariant, nonnegative, measurable
function on k-polytopes, then

9J—k

Eh(Zk;) = W
d—k

/ Ehy (X U{H1,...,Hq_;},0) ¢q_;(A(Hy,..., Hq_j)).
G(d,d—1)

For k = d, this formula was proved (with different notation and a partially different
argument) by Favis and Weiss [1].

4 Proof of Theorem 1

Let j, k and h be as in Theorem 1. Let B € B(R?) be a set with A\(B) = 1. With Campbell’s
theorem ([9, Th. 3.1.2]) and the decomposition (2) of the intensity measure @) of X*) we
obtain

E Y W(K)H/(Bnskel;K)
Kex (k)

- / h(K)YH (B Nskel; K) %) (AK)
K
— (8) / WK + z)H (B Nskel; (K + ) A(dz) Q%) (dK)
Ko JR4

=~ (k) / WK [ H/(B N (skel; K) 4 x)) M(dz) QW) (dK).
Ko R
By Fubini’s theorem (or see [9, Th. 5.2.1]), for a polytope K,

H (BN ((skel; K) + x)) Mdz) = H? (skel; K)A\(B) = L;(K)
Rd
and hence, using (4),
E Y h(E)H(Bnske;K) = 7 / hK)L;(K) QW (dK)
Kex® Ko

= AWEL;(Z®)ER(Z;).



In the following computations, we make use of some obvious facts. If F € X and K € X*)
then for any point z in the relative interior of F' the inclusion F' C K holds if and only if
x € K, hence

1{F c K} (BNF) = /BmF 15c(2) HI (d).

Every j-face of a k-face of X is a j-face of X and is contained in the intersection of d — j a.s.
uniquely determined hyperplanes of X. Every such intersection is the union of j-faces of X
which have pairwise no common relatively interior points. This gives

FOEL;(Z®)ER(Z) )
=E > h(K)H (BN skel;K)

=E > RK) > UFCKH(BNF)

Kex(®) Fex()

=E > > h(K)/ 1 (x) Ho (dz)

FexU) Kex(k)

_ / i (%, 2) 1 (),
(d—j)! (o Hy ) R4 BNH1N-NHg_;
1y tld—j #

where ni_j = {(Hi,...,Hyj) € n¥J : H; pairwise distinct}. We use the abbreviation

/ hk»]()?7x)H](dw) = f()?>H17'-'aHd—j)
BOHM-NHy_j

and apply the Slivnyak-Mecke formula (see [9, Corollary 3.2.3]) with this function f. Em-
ploying the decomposition (1) of the intensity measure O, we get

E > (X, Hy,...,Hy ;)

Sd—i
(H1,...,Hd_j)EX# 7

:/ Ef(XU{H,...,Hqyj}, Hy,...,Hy_;) 09 (d(Hy,...,Hy;))
A(d,d—1)d—3

:ad—ﬁ'/ /OO.../OO
(Sd-1)d=3 J—o0o —o0

Ef(X U{H(u1,71), -, H(uaj,7a—i)}s Hur, 71)s oy H(ua—j, Ta—j))

x drp .- de—j @dij(d(uh cee ;Ud—j))'



Inserting this, we obtain

E h(Z,;)

=i R
(A WEL;(2®) /<s> /_oo - /_oo

hie i (X U{Hy(u1,71), ..., H(ug_j,7a_;)}, x) H (dz)

]E/
BNH (u1,m1)N-NH (uq—;,74—;)

xdr .- de*j @dij(d(ul, ce. ,’U,d,j)).
For fixed linearly independent unit vectors wg,...,uq—; and real numbers 71,...,74_;, let
z = z(u1,...,U4—j,T1,...,Td—j) be the vector in lin{uy,...,uq—;} with (z,u;) = 7 for i =
1,...,d—j. In the following computations, we write H (u;, 7;) = uff + z, substitute x by y+ 2

and observe that x € uf- + z together with x = y + z implies ull +z= uf- 4y + z. Since h is
translation invariant and X is stationary, we get

IE/ By (X U{H (uts ), H g 7ay) b ) HO (der)
BﬂH(ul,Tl)ﬂ”f‘lH(ud,j,Td,j)

:E/ h;w-()?u{ull+z,...,ud{j+z},x)Hj(dx)
BN(ui+2)N--N(ug_;+2)

/ Ehyi (X =y — 2) U {ut, ... u_},0) 1 (dy)
(sz)ﬂullﬂ---ﬂujij

=Ehy (X U{ut, ... ,ug_;},0)H/ (B —2) Nt N -+~ Nug).
This yields

E h(Zk,;)

?d—j oo oo ) L n
pry . J B J— o .
(d—§)yPE L;j(Z®) /(Sd—l)d—j /_OO /_OOH (( z)Nuy N---Nug_;)

x Ehyy i (X U{ut, ..., ug_;},0)dr - drgy 3477 (d(ur, . .., ug—j))-

Recalling how z depends on uy, ..., u4—j,71,...,T4—j, we see from the transformation formula
(13) in [8], writing U := lin{u, ..., uq—;}, that

/ / Hj((B—z)ﬂufﬂ---ﬂuj_j)dﬁ---dm_j
— 00 —00

V(s ug) /UHJ'(B AW+ 2)H T (d2)

= Va—j(u1, ..., ua—j)A(B) = Va_j(us, ..., u4g—;).



Using the definition (5), we conclude that

Eh(Z ;)
_ il Ehy (X U{ub, .o ud b 00V (- o g y)
(d—HWPEL;(Z®) Jigaryas b R R e B

X @d_j(d(ul, e ,’U,d,j))

_ D 1 / Ehy, (X U{H H;, }.0 (d(H H,
’}/(k) ELJ(Z(k)) G(d7d_1)d7j k,]( { I PR d—]}7 )(bd—]( ( 1yev-y d—]))'

With h =1 and using (6), this gives

1:§d—j 1 '2k—j d—j
v k) EL;(Z®) d—k)’

This completes the proof of Theorem 1. ]

5 Inequalities

Theorem 1 is now applied to obtain sharp estimates for the vertex number of the L ;-weighted
typical k-face Zj ;. The set of all (Hi,...,Hy_;) € G(d,d — 1)?77 which are not in general
position has ¢q_;-measure zero, sinc Vg_;(uy,...,uq—;) = 0 if uy,...,uq—; are linearly de-
pendent. We use Theorem 1 with h(P) := fo(P), hence with

hi (X U{Hy,...,Hy_;},0) = ZfO(Pi)’ (7)
=1

where Py, ..., P, are the k-faces of the tessellation induced by )A(U{Hl, ..., Hq_;} that contain
0. Each of the vertices counted in (7) is generated by r hyperplanes from Hy,..., Hy_; and
d — r facets of the zero cell Zy of X, for some r € {d — k,...,d — j}. Every such vertex
belongs to exactly 2k—(d=7) (dik) of the k-faces Py, ..., P,. This gives

d—j
. B o
hiei (X U{Hy, ..., Hg_;},0) =24 " 2 <d ) > fo(ZonHyy N---NH,;).
=d—k

—k
r 1<iy < <ip <d—j

We can now argue as in [8] and make use of the associated zonoid and the inequalities for
the volume product of a zonoid (that is, apply [9, (10.52)] to the section process X N H;, N
.-+ H;,) and obtain the inequalities

2d7r < Efo(Z() N Hi1 N---N Hi,.) < 2T?d(d - T)!HZ_T,

where k,, denotes the volume of the m-dimensional unit ball. This gives

2i—k ~
TthkJ‘(XU{H17.'-,Hd—j}70)
(a%)
9j—k fd d=j A d—j r—d 2
< T 2 Z 2 <d—k>( r >'2 S
(d—k) r=d—k
k—j E—
212’“222i< ij>(k—2)'mi i
=0



Similarly, the lower bound 2 is obtained, and integration with the probability measure Gd—j
gives the final result.

Theorem 2. For 0 < j <k <d,

k—j .
k k %
2" <Efo(Zyy) <2072 E_O 22 < . )(k — i)k}

If X is isotropic, then equality holds on the right side. For k > 2, equality on the left side
holds if and only if X is a parallel mosaic.

The discussion of the equality cases is the same as in [8].
In the isotropic case, we list the values for k = 2:

7T2

EfO(ZQ,O) = § +3~4.23
7.(.2

EfO(ZQ’l) = Z + 2 =447
7{‘2

Efo(ZQQ) = ? ~ 4.93

Thus, weighting by the vertex number gives the smallest value for the expected number of
vertices, which may seem paradoxical at first sight.
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