A GAME-TREE APPROACH TO DISCRETE INFINITY
LAPLACIAN WITH RUNNING COSTS

QING LIU AND ARMIN SCHIKORRA

ABSTRACT. We give a self-contained and elementary proof for
boundedness, existence, and uniqueness of solutions to dynamic
programming principles (DPP) for biased tug-of-war games with
running costs. The domain we work in is very general, and contains
metric spaces as a special case. Technically, we introduce game-
trees and show that a discretized flow converges uniformly, from
which we obtain not only the existence, but also the uniqueness.

1. INTRODUCTION

Let (X, d) be a metric space of finite diameter, and let Y C X be any
nonempty, proper subset. With B.(x) we denote the balls centered at x
with d-radius €. For simplicity, let us assume for the introduction that
these are the open balls; Later we see that all the results presented here
also hold for closed balls, and we even can treat much more general sets

B(z), cf. Definition 1.5.

Given running costs f = %82 f Y — R and boundary values F :
X\Y = R, for u € (0,1), and € > 0, we are interested in the analysis of
solutions u : X — R to the following Dynamic Programming Principle
(DPP)

u(x) = psup u+ (1 — pu) infu—l—%ng(x) ifreY,
(1.1) Be(x) Be(x)
u(z) = F(z) if r e X\Y.

In PDE-terms, the set Y plays the role of a domain, and X\Y plays
the role of the boundary of Y.
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If one, e.g., thinks of Y as a domain in some euclidean space X = R",
then as shown for f = 0 in [9] with the right choice of p, this can be
seen as a discretization of the PDE

(1.2) Asu+ |Vu| = f(z),

which was our main motivation for considering this particular DPP,
see also [6].

We show that if infy f > 0, supy |F| +supy |f| < oo, then there exists
a unique solution u : X — R to (1.1).

In fact, we prove that the solution u to (1.1) is the uniform limit of
the sequence uy : X — R, which is obtained by the following iteration
starting from an arbitrary ug : X — R with supy |ug| < oc:

U1 () = posup u, + (1 — p) inf wg + f(x) ifreY,
(1.3) B:(z) B:(z)

g1 () = F(x) if v e X\Y.
In some sense, (1.3) can be interpreted as a discrete version of the
following flow for u : [0,00) x X — R

u = Aot + B|Vu| — f(z) inY x (0,00)

u=F in X\Y x (0,00)

u(0, ) = ug(+) inY.
Our results therefore imply that the discretized flow starting from any
up : X — R converges to a solution of the discrete version of (1.2).

A flow-approach was also applied to a stationary Neumann boundary
problem in [1]. The authors considered a long-time limit of the value
function associated with a time-dependent tug-of-war game on graphs
and smooth domains. We however treat a distinct problem with the
iteration method, very different from their probability approach.

The iteration (1.3) is inspired by the recent article [7], where the au-
thors considered the following DPP for o € (0, 1]

1 1
u(x) =(1—a) | =sup u+ = inf u —1—04/ U.
( ) ( ) (2 B.(z) 2 B:(x) > Be(x)
They showed uniform convergence for the iteration starting from Borel
measurable functions uy. Nevertheless, their arguments rely crucially

on the assumption o > 0. Since we deal with the case of « = 0 and
positive running costs f, our techniques are different.

We also obtain results for the DPP-version of super- and subsolutions,
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Definition 1.1 (Super and Sub-Solutions to (1.1)). We say that u :
X — R is a supersolution if

u(x) > psup u+ (1 —p) inf u+ f(x) ifreY,
B () Be ()
u(x) = F(x) if v € X\,
and a subsolution if
u(z) <psup u+ (1 —p) inf u+ f(z) ifreY,
B () Be(z)
u(z) = F(z) if r e X\Y.
As usual, a function u is a solution if and only if it is both, a subsolution
and a supersolution.

Note that © = +oo in Y is a subsolution and supersolution. All our
Theorems will exclude this case.

Also, one observes that if up in (1.3) is a subsolution, then pointwise
ugy1 > uy for all k € Ny, and if ug is a supersolution, then wugi < uy
for all k£ € Ng.

Our first result is the uniform boundedness of solutions to (1.3), as well
for subsolutions as also for supersolutions:

Theorem I (Boundedness). For any A > 0, u € (0,1), there exists
C = C(u,N) > 0 such that the following holds: for any uy : X — R,
k € Ny, such that

(1.4) sup ugp < 00,
X

and

Ups1(z) < posup ug + (1 — p) inf up + A ifr ey,
B:(x) Be(z)

ups1(z) <A if v € X\Y,

we have

limsupsup uy, < C.
k—o0 X

In particular, any subsolution u : X — R with supx u < 0o satisfies

supu < C,
X

and any supersolution u : X — R with infx u > —oo satisfies

infu>—-C.
X
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FIGURE 1.1. A binary tree T and a sequence (x;)ier.
The circles denote B(x;). Philosophically, the sequence
(x;) encodes the strategies of two players.

Theorem 1 is a special case of Theorem 3.1 in Section 3.

In [6] we show a similar boundedness result with different methods for
more general DPP’s; but only for sub- and supersolutions.

Theorem II (Uniform Convergence). Fiz pn € (0,1), f,F : X — R,
such that

sup | F| + sup || < oo,

X X

and
H}}ff > 0.

Then there exists u : X — R, such that u, converges uniformly to u,
for any sequence uy, : X — R as in (1.3) with

sup |ug| < oo.
X

Technically, in order to prove Theorem II, we introduce the concept
of Game Trees, which encode the optimal game progression of two
players which want to maximize and minimize the value function wu,
respectively. To our best knowledge this is a new approach.

Then, an estimate reminiscent of a comparison principle for game-trees,
Proposition 2.3, and an argument reminiscent of semi-group properties,
Lemma 4.1, are used. All the arguments are completely elementary and
eventually rely on iteration estimates for sequences and series.

There are two other known approaches to obtain existence of solutions
u: X — R to DPPs related to tug-of-war games: There is a stochas-
tic game argument, relying on Kolmogorov’s Theorem of probability
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measures on infinite dimensional spaces, cf. [9, 10]. See also the sto-
chastic game interpretation for the p-Laplacian in [11, 8]. As a second
approach for existence, in [6] we extend Perron’s method to the dis-
crete setting. Note, however, that our argument here is constructive
using a flow. In [5, 4], using also an iteration technique, they obtained
continuous solutions to a modified DPP with shrinking balls near the
boundary. For our situation, one cannot expect even semicontinuity,
as the two following examples show.

Example 1.2. Let X =R, Y =(0,2), u = %, e = 1. Define F(x) =0
on (—o00,0], and F(z) =1 on [2,00).

For f = 0 and f = 1, there are respective functions ug,u; : X — R
which are not semi-continuous and nevertheless satisfy

% sup u—i—% inf w4 f in (0,2),

(z—1,z+1) (z—1,z+1)
u@) =4, in (—o0.0]
u=12 in [2,00).

e For f =0, we take

4 ze(0,1),
u0<.’13) = 6 = 17
8 x € (1,2),
o if f =1, we take
6 xz € (0,1),
u(z) =<9 =1,
10 z€(1,2)

Generally, obtaining uniqueness is more difficult than obtaining exis-
tence, but here it follows from uniform convergence.

Corollary 1.3 (Uniqueness). For any F': X - R, f: X — R satis-
Jying

sup [F'| + sup | f| < oo,

X X

and
ngff > 0,

there is exactly one solution to (1.1).
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Proof. Let u be the solution from Theorem II, and let & be any other
solution. Starting the iteration (1.3) with uo := @, and thus u, = 1,
we obtain from Theorem II

0 = lim sup |u — ug| = sup |u — al.
k—oo x X

[

In [6] we obtain a comparison principle for more general DPPs, for strict
super -and subsolutions. Generally we remarked there, that uniqueness
is equivalent to a comparison principle for all super- and subsolutions,
so it is not surprising that we have

Corollary 1.4 (Comparison Principle). Given F: X - R, f: X - R
satisfying

sup | F| + sup | f] < oo,

X X

and
1I)}ff > 0,

let v be a subsolution, and v be a supersolution to (1.1) in the sense of
Definition 1.1 and supy |v| + supy |v| < co. Then, pointwise v < v.

Proof. Start the iteration (1.3) vy, U from v and v, respectively. Then
U, < Uy and Uy > Up4q. In particular,
o(x) > limsup vg(z),
k—o0
and
v(z) < liminf v, (z).
k—o00

On the other hand, by Theorem II, there exists a solution u : X — R
and

o(x) < lim vy (z) = u(e) = lim o (z) < 0(2).

U

For the tug-of-war DPP without running costs [2] showed a comparison
principle under continuity assumptions. In our case, we do not assume
any regularity at all, and as Example 1.2 shows, one cannot hope for
any regularity even for solutions.

Our arguments and theorems hold true on more general spaces than
described above, indeed we are going to show them for the following
setting (where B(x) replaces the role of B.(z)).
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FIGURE 1.2. One possible choice of B(x) connecting x
to x4

Definition 1.5 (Admissible Setups). Let X be a set, and Y C X.
Moreover associate to any = € Y a set B(z) C X. We say that the
collection

(X, Y, {B(z),z €Y})
is admissible, if the following holds

e X, X\Y, Y and B(z) are nonempty for all z € Y,

e There exists a finite integer, which we shall call the diameter of
X and denote by diam X € N, such that for any = € Y there
exists d = d(z) < diam X and a chain of (x;)%, € X, such that
ro=x and x4 € X\Y, and z; € B(x;_;) for alli € {1,...,d}.

Remark 1.6. Note that in particular we do not need symmetry-
conditions such as x € B(y) = y € B(x).

Also, it is a straight-forward generalization of our arguments to use two
different families of “balls” B(x), one for the sup-term and another for
the inf-term, which could be completely different. For the sake of
simplicity of notation, we leave this as an exercise.

Acknowledgment. We would like to thank Juan Manfredi, Marta
Lewicka, Yoshikazu Giga for their interest in our results and helpful
comments on the draft. The graphics have been done using GeoGebra'.

Lwww.geogebra.org
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2. ITERATION ESTIMATES AND TREES

In this section we first prove some estimates on sequences and series,
and then introduce some terminology on the trees we are using. The
arguments in this section are quite elementary, albeit not obvious.

The main theme of this section could be described as adapting the fol-
lowing well-known iteration argument, cf., e.g., [3, Chapter III, Lemma
2.1.], to our needs.

Proposition 2.1. Let (a*)ren be a non-negative sequence with the rule
that for some 6 € (0,1), A > 0 we have

a1l <0 oF + A.
Then, for a constant C depending only on 6 and A,
a* < Cad® +C,

and
limsup a® < C.

k—o0

2.1. Iteration on Systems. Our first proposition can be described
as a version of Proposition 2.1 for systems of sequences.

Proposition 2.2. For any d € N, any A > 0 and any p € (0,1)
there ezists a constant C = C(d, A, ) > 0 such that for any sequence

(a%)azo,...aken C Ry satisfying

(21) a];—‘rl S {A Zfo[ == 0’

pak 4+ (1 — p)ak | +A ifa=1,...,d.

we have

max lim sup a® < C.
« k—o0

Proof. We are going to show for d > 2 that for a certain choice of
Ao > 0, setting
d
b =" Aaal,
a=1

there is 6 € (0, 1) such that
(2.2) VT < 0bF + O,
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This implies the claim, since by Proposition 2.1 from the above we
obtain for a constant C; depending on ¢ and Cj,

sup b* < C1(1 + by) < 0.
k

In particular, limsup,,_, . b* < oo, and thus

lim sup b* < 0 limsup b* + C,

k—o00 k—o00
implies that
. k Cl
limsup b® < ,
k—o00 —0
and thus
C

=: C.

1. k <
mgx linj;lp Ao = (1 _ 9) mina{)\a}

If d = 1, we have b* = a%, and the iteration

aitt <+ (2—-pA ifa=1,...,d,

which allows for the same argument as above.
It remains to pick for d > 2 some A, such that (2.2) holds.
We have from (2.1)

bk+1 — Xd: >\a ak
d
Z (nak + (1 — p)ak_)) + MA

— d
< p Z)‘a GZ + Z)‘a—i-l(l - M)CLZ + A (1= p)A+ Z)‘aA
a=1 a=1 a=1

< Ob* + C A,

d—1 A A
._ B . a+1
6= max {u (1 + ;_1 )\d> ,(1—p) " } .

We need to show that 8 < 1: Recall that d > 2, and thus thereis 7 > 1
satisfying

P ZM_M) (/” ) |

8=0

where
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Now we can pick our A,:
Ao = (T1=p)*™ a=1,...,d
For this choice, certainly

Aa 1
(1—p) )\:1 :;<1 fora=1,...,d -1

On the other hand, by the choice of 7,

d—1 d—1
I -« —a —a-
e DU DT DA G D
a=1 a=1

d—2
<) (1-p)f <
8=0
This implies that § < 1 — which was all that remained to show. U

2.2. Trees, Sequences, and Iteration. For the proof of Theorem II
we use the language of sequences in binary trees: Let T be the set of all
binary trees of finite length. A tree is a rooted, connected, undirected,
cycle free graph G = (T, E,0), where T is a finite set of vertices, 0 € T'
(sometimes tg) is the root, £ C T' x T is a symmetric relation which
describes the edges of G.

Since there are no cycles in the graph, the depth, or degree, of a vertex
t, d(t), defined as the number of vertices needed to connect t with 0
(d(0) = 0) is well-defined. With d(7") we denote the maximal depth in
the tree T

The child of a node t € T are all vertices t € T with d(f) > d(t) and
(t,t) € E. We say that t is a leaf of T, t € leaf(T), if it has no children.
The parent of a vertex t € T', denoted with par(t), is the unique vertex
t € T such that ¢ is a child of .

We are interested in strictly binary trees, that is trees whose vertices
t have no or exactly two children ¢, t,. Moreover, T has to be such
that for any vertex ¢t with children ¢;, 5 there is a left child, which
we denote with t0, and a right child, which we denote with ¢1, and
say t0 < t1. Thus any t € T can be uniquely described by a sequence
t € {0,1}¥®+! with first entry 0: See Figure 1.1. The set of these kind
of trees shall be called strictly binary trees, and denoted by Ty. All
our trees belong to Ty from now on.

We also introduce a total ordering of a tree, and say that t < tif
d(t) < d(t), or if d(t) = d(t) and ¢ is to the left of ¢, see Figure 2.3.
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]

FIGURE 2.3. The total ordering of trees

It will be important for us to know how many left turns /(¢) and how
many right turns r(¢) it needs to reach a vertex t € T' from the root.
Representing ¢ by a sequence t € {0, 1}¥®+1 we have

() =#{0etd —1, r(t)=#{1et}=dt) —IF).

We will later use T' € Ty to index sequences (z;)er C X, again see
Figure 1.1.

We will need the following estimate, which essentially states that if in
a tree T' € Ty we have a certain relation between all interior nodes and
the leafs, then there are relatively few leaves of maximal depth (i.e. in
some sense the tree is sparse):

Proposition 2.3. Given u € (0,1), C > 0, for any § > 0 for K =
[227 + 2 we have the following:

If T € Ty satisfies
(2.3) Z WO — )y <oy Z WO = )y

téleafT teleafT

then
(2.4) dT)>K = > pO01-p®<s

Proof. Fix u, C, 6 and T.

Let us abbreviate

a; =y 01— pr®,

t:d(t)=1i
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and

=Y A0y

t:d(t)=i,t€leaf T

where a;, b; = 0 if there is no respective node, and in particular a;, b; = 0
for i > d(T).

First, let us make the following general remarks about 7' € Ty: Since T'
is strictly binary, observe that nodes d(t) = i, for i € N, come always in
pairs. In other words, for any ¢t € T, the fact that t0 € T is equivalent
to the fact that t1 € T. In particular, for any ¢ > 1:

> WOy

t:d(t)=1

= > A0+ Y O )
t:d(t)=i,t=t0 t:d(t)=i,t=t1

_ Z ,ul(t)—H(l _ Iu)r(t) + Z ;Ll(t)(l _ N)r(t)—l—l
t:d(t)=i,t=t0 t:d(t)=i,t=t1

= PO =@ — 3" O — )@,
t:d(t)=i—1 teleafT,d(t)=i—1
that is
(2.5) a1 =a; —b; fori>0,

and in particular,
Aii1 S a; for ¢ Z 0.

Thus, the assumption

(2.6) > WY1 -p >y,

d(t)=d(T)
implies
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Applying (2.5) in (2.3) we obtain

d(T) a(T)
=0 =0
d(T) d(T)
<~ Z Qi1 < C+C Z ((IZ‘ — CLZ'+1)
=0 =0
(T d(T)
= (C+1)Zai+1 S C+O Zai
=0 =0
d(T) o o d(T)
< Lo < matoa L
1 4T C C
© o 2% S o T %
(T
= Z a < C+Cay<2C
=1

Plugging (2.7) in this, we have shown that (2.3) together with (2.6)
leads to

Id(T)—1) < 2C.
This is impossible, if d(T') > K = [22] + 2. That is, if d(T) > K, the
opposite of (2.6) is true, which is the claim (2.4). d

3. BOUNDEDNESS: PROOF OF THEOREM 1

In this section we are going to show the following generalized version
of Theorem I

Theorem 3.1 (Boundedness). Let (X,Y,{B(z)}) be as in Defini-
tion 1.5. For any A > 0, u € (0,1), there exists a constant C =
C(p, A, diam X') > 0 such that the following holds:

(i) for any ux : X — R, k € Ny, and such that

sup ug < 00,

X
and
U1 (z) < psupuy + (1 — p) inf uy, + A ifreY,
(3.1) X B(z)
ups1(z) <A if v e X\Y,
we have

limsupsup u, < C.

k—o0 X



14 QING LIU AND ARMIN SCHIKORRA

(ii) In particular, v : X — R satisfying supy u < oo which is a
subsolution, 1i.e.,

u(x)gusupu—i-(l—u)ligr(lf)u—i—/\ ifrey,
X x
u(x) <A if v € X\,

actually satisfies

supu < C,
X

(i) and any u : X — R satisfying infx u > —oo which is a super-
solution, 1.e.,
u(z) > psupu+ (1 — p)infu — A ifreY,
B(z) X

u(r) > —A ifreX\Y,

actually satisfies
infu>—-C.
X

Remark 3.2. It is obvious that for ;1 = 0 the claims (i) and (i) still
hold. The claim (i7i) also holds by switching p and (1 — pu).

Proof. Assuming (i), the claim of (ii) follows by setting uy = u. The
claim (iii) follows from (ii) by replacing u by —u, and swapping u and
(1= p).

It remains to show (i). We can assume that w.l.o.g. ux > 0; If not, we
just replace uy by (ux)+ = max{ug,0}.

Set d := diam X. We slice our X into subsets X, for a € {0,1,...,d},
which contain all the points which need at most a steps to connect to
the boundary via the balls B(x). More precisely, Xy := X\Y, Xy = X
and for a > 1,

reY : for a <« there are xg,xq,...,25 € X, such that
X, = ro =12z, x5€X\Y,
and z; € B(z;_1) for 1 <i < a
Denoting
a® :=supu® € [0, 00)
Xa

we then obtain the following from (3.1)

a
T pdi+ (T —p)ak A fa=1,...,d
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From the game’s point of view, this is essentially assuming that the
player who tries to minimize the value function employs the possibly
suboptimal strategy of always moving towards the boundary X'\Y.

From Proposition 2.2, we have for a constant C' > 0 depending on A,
and diameter d = diam X and g, such that

limsupsupu® < max limsupa” < C.
k—oo X a=0,...d koo

O

4. UNIFORM CONVERGENCE AND TREES: PROOF OF THEOREM I1

The main step in proving Theorem II is the following Lemma, which
compares uy to a function v, which does not depend on uqg.

Lemma 4.1. Given p € (0,1), f:Y =R, F: X\Y — R with
sup || + sup | ] < oo,
X X

and

1I)}f f>0.
For any i € N there is a function v; : X — R such that the following
holds:

Assume that up : X — R for k € Ny satisfies

f(z) + psupuyg + (1 — p) inf uy ifreY,
(4.1) ugsq(z) = B(x) B(x)
F(z) if v € X\Y,

and

Sup ug < 00.
X

Then for any § > 0 there exists L € N such that

sup sup |up k() —vpi(z)] <90
k,i€Ng zeX

This Lemma implies Theorem II:

Proof of Theorem II. First, start the iteration (4.1) with ug := infyx F.
Note that we have pointwise monotonicity ugi1(x) > wug(x) for all
k € N, but

sup sup |ug| < oo,
keN X

by Theorem 3.1.
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So there exists a pointwise limit u(z) := sup, ug(z) : X — R. Note
that for all we know so far, u might only be a subsolution. Lemma 4.1
tells us, that limy_., v = u as a uniform limit: Indeed, fix § > 0, and
let L be from Lemma 4.1 so that

J
sup sup [upr(7) — vpyi(w)] < 5
k,i€Ng zeX
Fix now = € X, then there exists K = K(z) € N such that for any

k>0,

|

urc k() —ulz)| <
In particular,
u(x) = vigi(@)| < Jukir(@) —w(@)| + Jup k() — vpg(e)] <6,
which since it holds for all x € X implies

sup sup |u(z) — vp ()| < 6.
1€Ng X

Especially, for any ¢ > 0 there is L € N such that

sup sup |u(x)—ug(z)| < supsup |u(z)—vg(z)|+supsup |vg(x)—ug(z)| < 26,
E>L X E>L X E>L X
and we have uniform convergence.

Let now u; be any other iteration starting from another g with
supy ug < oo. Again by Lemma 4.1, for the same v;’s there exists
another constant L = L(d, ug) € N such that

sup sup u(z)—uk(2)| < sup |u(z)—v;(2)|+supsup |ag(z)—v g (2)] < 26.
X k>L X X k>

Thus, starting the iteration from any %y we have uniform convergence
to u, and Theorem II is proven. O

It remains to prove Lemma 4.1.

Proof of Lemma 4.1. Recall from Section 2.2 the definition of strictly
binary trees T' € Ty , and sequences (x;)er, cf. also Figure 1.1. Using
Theorem 3.1, we can fix A > 0, such that

sup | F'| +sup | f| + supsup |ug| < A,
X X X K
and A > 0 such that
irl}ff > .

For formal reasons it makes sense to set B(z) = {x} if x € X\Y and
f=0on X\Y.
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0000 0001 0010 0011 o100 0101 0110 0111

FIGURE 4.4. A possible run for the depth L = 3

Before going into the details, let us describe the general idea:

Outline of the proof. For fixed k e N, L € N, x = xg € Y, given uy,
we can compute ury from the point of view of a game. We introduce
Player I, the player that tries to maximize uy.,, and Player II, the
player that tries to minimize uy . Starting from z(, Player I chooses
his favorite point xqg, such that

UL71+k(3700) X Sup UL—1+k;,
B(af)o)

and Player II picks his point x¢; € B(xg) such that

ur—14k(2o1) = inf wp_1qs.
B(xo

That is to say,

urk(wo) A pp—14k(wo0) + (1 — p)ur—14k(wo1) + f (o).

If L > 1, we have to go on: If zgg lies in the “boundary“ X\Y, the
game stops in this branch. If (g is in the “interior” Y, then again both
Players choose their favorite point zgoy and zgg; such that

ur—24k(Tooo) R SUp ur_opk, and  up_oyk(Teo1) & inf up_oyp.
B(Ioo) B(‘TOO)

The same we do for zg; — if it is in the boundary X'\Y, we stop, if it is
in the interior Y, we pick xg19 and zqi;.

Let us look at some examples: in the case where xgg and xg; are both
in the boundary X\Y, we have

Urk(20) = pF (200) + (1 — p) F(zo1) + f(20),
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in the case where xoy and x(; are both in the interior Y, we have

urk(@o) = pt (pur—21k(xooo) + (1 — p)ur—24x(zoor) + f(z00))
+ (1= p) (pur—24k(zo10) + (1 — p)ur—ok(2o1) + f(zo1))
+ f (o)
~ NQUL72+IC(37OOO)
+ (1 = pur—ak(@oor) + (1 — p) pur—24%(To10)
+ (1 = p)*ur—asn(zon)
+ uf(woo) + (1 — p) f(wo1) + f(20),
and in the case where xqq is in the interior Y and x; is in the boundary
X\,
urk(@o) & pt (pur—21k(To00) + (1 — p)ur—24k(zoor) + f(z00))
+ (1 = p)F(zo1)
+ f(20)
~ ,LL2UL—2+k($000)
+ p(1 = p)ur—24k(@oo1) + (1 — 1) F(zo1)
+ 1f (z00) + f(20),

We iterate this argument L times. We obtain a formula computing
U+ (z) from ug, a tree T* € Ty of depth at most L, and a sequence
indexed by this tree (z;);er+, and we obtain an expression

UL+I<:(93) ~ w(m, T, (xt)teT*a Uk:)

Our main observation is the following. All these “optimal” trees T
have a specific structure: They satisfy the estimate (4.4), and hence
the assumptions of Proposition 2.3. On may see this as a kind of
comparison principle for game-trees, although we shall not pursue this
notion further. Proposition 2.3 implies that there are actually relatively
few leafs of maximal depth L in T*. But whenever a game progression
(x¢)ier+ does not end with a leaf of maximal depth, this means that in
this branch x; hits the boundary X\Y', where the value of u; is given
by F. In other words, in the formula expressing ur () in terms of wuy,
most of the terms actually are depending only on the boundary values
F' and the running costs f, and not on wuyg, i.e., we have

uk—l—L(‘r) ~ ’UJ(LL’,T*, ($t)teT*>Uk> = V(F7 fv LE‘) + S(Uk,x),

where &(ug,x) is small. That amounts to saying that |ug,r(z) —
V(F, f,z, L)| is small, as desired.
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Rigorous Argument. Given a point x € X, L € N, we call By(z)
the long admissible strategies of at most L steps: Let T, € Ty be the
full tree of depth L.

_ ) @er,+ () xo=uw,
Bulw) = { (i) o € Blwpa) ift#0 } '

We call Ap(z) the short admissible strategies of at most L steps:

(T, (zt)ter): (1) T €Ty d(T)<L, g =,
(i) t&leaf(T) =z ¢ X\Y,
Ap(z) = and 40, Ty € B(1y),
(iii) ¢ €leaf(T) and d(t) < L

Condition (ii) describes that when some z; has children x;9, 1, these
have to be in B(z;), and z; itself cannot be in the “boundary” X\Y.
The latter means that the game stops if one of the players reaches the
boundary.

Condition (iii) tells us that the only way to end a game in less than L
steps, is for one of the players to move his point x; to the boundary
X\Y.

We write

Ax) = | Aw(x).

LeN

Every long strategy (x:)ier, € Br(z) can be reduced to a unique short
strategy (T, (z¢)ter+) € Ar(z), a process which we depicted in Fig-
ure 4.4 and Figure 4.5: Recall that B(z) = {z} whenever x € X\Y.
Given (x¢)ter, € Bpr(z), whenever there is z; € X\Y, then for all
successors ¢ of ¢, we have x; = x,. So starting from T}, we erase
all successors for all nodes ¢, where z; € X\Y. The resulting tree,
we call 7%, and the resulting sequence (x;);er+. This reduction is re-
versible, and any (7™, (z¢)ier+) € Ar(x) can be associated to exactly
one (z;) € Br(x).
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0010 0011 0100 0101 0110 0111

FI1GURE 4.5. The reduction of the tree in Figure 4.4 to
T*, (x¢)ter+ in Ag, where xopn0, Tooo1 are cut away

For any z € Y, any tree T' € Ty and sequence (z;)ier € A(z) and for
any mapping v : X — R we set

w(a, T, (o) v) =f(2) + 3 @O —py® f(a)

tleafT
Y WO -y R
teleafT,x € X\Y
Y 0w o),
t€leafT,x:€Y

If € X\Y we set w(x, T, (x¢)ier,v) := F(x). Also note

w(x, T, (x4)ter, v) A+ A Z p'® (1 — p)r®

t&leafT

= 0 KO (At sup o).

t€leafT

The operator w should be seen as the L-th iteration of (4.1) starting
from v. We are going to write this as follows, where we recall the
construction of 7™ from above:

(4.2) upsr(z) = infsup  w(@, T, (z4)er=, up)-
(zt)ter; €BL(2)

In order to describe what the right-hand side means, recall the total
ordering of the full tree T}, € Ty, starting from the root ¢y, and then
moving in every layer from left to right. Ordering the tree like this, let
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us call the kth vertex to be ¢, 0 < k < £ := 2Lt — 2. Then

infsup  w(x, T, (x4)er,v) =

(wt)tery, €BL(T)
[tc] [te—1] [t2] [t1]
EXT EXT ... EXT EXT w(z, T, (z¢)ter~,v),
Tt €B(Tpar(i)) Tty 1 €B@par(t,_q)) Tty €B(wty) wt) €B(x4()

where EXT has to be replaced by sup or inf according to whether the
tree vertex t; is a left child or a right child of some vertex ¢.

" sup if ¢, = 1?0,
E)gT — Tty GB(wpar(tk)) B
Tty GB(xpar(tk)) lnf 1f tk - tl

mtkeB(wpar(tk))
Having defined the right-hand side of (4.2), let us prove it:

It is certainly true for L = 1, since by the iteration (4.1), for x = z €
Y

)

g1 (z) = f(z) + o sup  ug(woo) + (1 — ) inf wp(zor)

200EB(x0) z01B()

= sup inf  (f(x) + pug(roo) + (1 — p)ur(zor))

200E€B(x0) z01€B(20)

= sup inf  w(x, T, (x¢)er, ur)-
z00€B(z0) z01€B(z0)

for T'=T* = Ty, which is the only possible tree in Ay(z), if v € Y.

Now assume (4.2) holds for step-sizes of L — 1, then

Uy () = infsup w(w, T, (T¢)ter=, Unt1)-
(zt)teT;, _, €BL-1(2)

Considering the definition of w, we need only to consider w1 (z;) for
t such that d(t) =T, and x; € Y. For these we use the iteration

Upy1(2¢) = sup inf  (fz) + pun(m0) + (1 = pugl(an)),
z10E€B(zt) x11€B(x¢)

and obtain a new, extended tree T* of length at most L, and a extended
sequence (2¢),.7+ € Ar(z), and the resulting formula proves (4.2) for
L.

For any choice of (T, (x4)ier+) € Ar(x), such that

(43) ’w(ma T*a (xt)tET*a uk) - infsup ’U](.ﬁE, T*, (-Tt)tET*a uk)\ <1,
(z1)€BL(x)
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we then have that

A+12>upyr(x) +1>)\+Z Z O — p)r® A

I=1 tgleafT, d(t)=l

= > w1 =)@ (20),

tcleafT
that is for any (T, (z¢)ier+) € Ar(z) such that (4.3) holds, we have
(4.4) Yo dOa - <o+c Y pI1 - p)r®,
t&leafT* t€leafT™

for some uniform C' = C(A, \).

That is, if we set the short, good, admissible strategies to be AL,C(J:),
AL,C(JE) = {(T", (z¢)ter~) € Ar(z), T* satisfies (4.4)},

we have a more precise description of ug; than that of (4.2). Namely,

(4.5) upyr(r) = infsup  w(z, T, (z4)er, ug)-

(xt)TaTEAL,C(x)
One has to be a little bit careful about the meaning of infsup in this
case: For a sequence (x;)ier, and a vertex t € T, we collect the history
(@nist.t) = (7)< to be all the elements z; for ¢t < t. Then

infsup  w(x, T, (2)ier=,v) =
(z¢)7,TEAL ()

[tc] [t1]
EXT . EXT w(x, T*, (z¢)er=, v),
Ttp EB(xpar(tL)r(mhist,tE)) Tty GB(wtov(xhist,tl))

where the “balls” B(zy,,, , (Znists,)) allow only such elements y €

B(Itpar(tk))7
quence (Z;)er, € Br(x) such that Z; = x; for ¢ < t;, and the reduction
T* from that sequence (Z;)r satisfies (4.4). That is to say: Starting
from a point z; € Y, both Players are allowed to take only those points
xyp and x4 in B(z) such that there is at least one possible way to
progress the game with a resulting tree 7" that is satisfying (4.4).

such that picking y as z;, there still exists at least one se-

Now we can set,
vp(v) = infsup  w(x, T, (24)eer, 0),
(z0) 7, TEAL ¢ (x)
and observe that by (4.5),

lugrr(x)—vr () < sup |w(z, T, (x4)er, u)—w(w, T, (x4)ter, 0)].
(xt)»TeAL,C(w)
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Moreover,
’w($7 T, (%)te% Uk) - w(% T, (xt)tGTa O)‘

< > dO0 =) Jug(a)]

t€leaf T x+€Y
<A Y 00—y
t€leaf T x+€Y
=A ,ul(t)(l — #)T(t).

teleaf T,d(t)=d(T)=L

By Proposition 2.3 there exists Ly > 0 (depending only on the constants
involved), such that the latter is smaller than % for any kind of tree of
length greater or equal to Ly satisfying (4.4).

Thus we have shown

(4.6) sup sup |ugyr(z) —vp(x)] < for any L > Ly.

k zeX

N Sn

On the other hand, note that v; is the solution to (4.1) starting from
vo = 0. In particular, sup, supy |v;| < oo by Theorem 3.1. Repeating
the argument from above, we obtain the existence of Ky > 0 such that

(4.7) sup sup |vi4i(z) — v (x)] < for all K > K.

i zeX

N S

Combining (4.6) and (4.7), we arrive at

SUP SUP |Uk4L+K — Vigi4i| < 0.
ki X
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