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» Dimensions of its weight spaces for a maximal torus?

» Characteristic Zero: Weyl character formula

» Characteristic positive: Steinberg tensor product
formula and Lusztig conjecture
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In case char k = p > 0 the k[ X, Y](" are rarely irreducible,
for example kXP + kYP C k[X, Y]® is a
subrepresentation.
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irreducible representations 5 N
of SL(2; k)
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But what are the dimensions of those socles? And what
happens for more general groups?



For affine algebraic groups G D B the restriction admits a
right adjoint, induction

G-Mod Z— B-Mod

ind

ind§ V = {f: G — V| f algebraic B-equivariant}
= { algebraic sections in G xg V — G/B}
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From now on:

> k = k algebraically closed field

» G D B connected affine algebraic group over k with a
Borel, for example G = GL(r; k) D B upper triangular
matrices

> X =X(B) :={\: B— k* | A homomorphism}
the weight lattice

» V(1)) := ind§ k, induced representation of A € X

> Xt :={\e X|V()\) # 0} dominant weights



Example G = Sp(4; k)

K
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x* dominant w.eigh.ts- L

e

Xt = {irreducible representations of G}
A = L(A\):i=s0cV(A)
simple module with highest weight A

V(M) described by the Weyl character formula
For char k = 0 we have L()\) = V())
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For G = SL(2; k):
> B={(:?)} ist Borel
> X =Zewithe: B— k* givenby (‘%) ¢
> V(ne) = kX, Y]

In case chark = p > 0:
» L(ne) =V(ne)ifn<p
> L(pe) C V(pe) alias kXP 4 KYP C k[X, Y]®)
» L(pe) = L(¢)!"! Frobenius-Twist of L(¢)
» description of all irreduzible characters by Steinberg
tensor product theorem



Steinberg tensor product theorem:

G D Band X D X' general again.
For A\ € X' consider the p-adic expansion

)\:pd)\d—i-...—i-pz)\g—i-p)q—i-)\o

with digits \; in the fundamental box, given by
Box:= {u € X* | (u, ") < p for all simple roots «}

Then we have
LN 2 LoD @ ... @ L)B @ L) @ LX)

Here L is the twist of L by the i-th power of the Frobenius
automorphism of GL(L).
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The 9 elements of box in case p = 3 and G = Sp(4; k)
along with the p)\; for Ay € Box

L()\) = L()\d)[d] ®... 8 L(/\g)[2] ® L()\1 )[1] ® L()\o)

But what are the characters, even the dimensions
of the L()\) for A € Box? Lusztig conjecture from p = 5 on.
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New W-action x -, A := pxp~ ' (A +p) — p
The weights x -, 0 from the box
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Lusztig conjecture

For x € W with x -, 0 € Box and p so big,
that z-, 0 = 0 = z = 1 we should have:

[L(x - 0)] = 32, (=1) I IPyy ux(1) [V 5 0)]

Translation principle: These [L(x -, 0)] give all [L()\)] for A € Box
But what are the Kazhdan-Lusztig polynomials Py, w,x?
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For A, B the alcoves of x -, 0, y -, 0 put
LA = L(X p O), Vg = V(y P 0) and Mmpa = PWoy,WoX

Lusztig conjecture: For A in the fundamental box should have

[La] = > 5(—1) B mp A(1) [Vg]

d(A, B) number of reflecting hyperplanes separating A from B
But what are the Kazhdan-Lusztig polynomials mg 4 € Z[v, v~']?
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v+ v?

e Consider the free module M := Z[v, v_']A* over the set
AT of all alcoves in the dominant chamber

o Notation: Write coefficients in their alcoves

e Elements of Z[v, v~ '] A" called ,Patterns*

e Define distinguished patterns

MA = ZB mB7AB cA+ VZ[V].AJr
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1

Mg =B+ VA
[Le] = [V5] — [Vl c|D
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e Let M*¢ C M be the smallest subgroup containing A+
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e M, € (A+ VZ[v]At) N M* uniquely determined for A € A"



V2 "4

M, =C+VvB+ Vv2A
[Le] = [Ve] — [Vs] + [Va4] c|D
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Ve V2

Mp =D+ vC+ v?B+ v3A

[Lo] = [Vo] - [Vl + [Vl — [Va] c|p
THANK YOU!

e Let M*¢ C M be the smallest subgroup containing A+
and is stable under all the [s]

e M, € (A+ VZ[v]At) N M* uniquely determined for A € A"



