




k
k

N

Z

R

→

⊋

A \ B = {a ↑ A | a /↑ B}
f→1(A) f : X ↓ Y A → Y A f
A A → X A X
ω↓

↭

Ens(X, Y ) X Y X Y



p > 0



G
G ↔ G ↓ G G ↓ G

G G ↔ G

G G↑ ε : G ↓

G↑

Ga = A
1

Ga ↔ Ga ↓ Ga : µ(x, y) = x + y
ϑ(x) = ↗x e = 0

n A
n

Gm =
A

1 \ {0} µ : Gm ↔Gm ↓ Gm, µ(x, y) = x · y
ϑ(x) = x→1 e = 1

GL(n; k)
n ↔ n k

GL(1; k) = Gm

Mat(n; k) n↔n k
A

n2

GL(n; k)
det ↑ O(Mat(n; k))

k
Tij det→1



det : GL(n; k) ↓ GL(1; k) = Gm

G h ↑ G

Lh : G ↓ G, g ↘↓ hg

µ : G↔G ↓ G (g1, g2) ↘↓ g1g2
(h, ·) : g ↘↓

(h, g)
Lh = µ ≃ (h, ·).

Lh

Rh h

f : X ↓ Y

f(A) ⇐ f(A)

G H → G
h ↑ H h hH →

hH → H h ↑ H HH → H g ↑ H
Hg → H g Hg → H
g ↑ H HH → H H

ϑ ϑ(H) → H
ϑ(H) → H H

e ↑ H → H H

U(n; k) := {(aij) ↑ GL(n; k) | aii = 1 i, aij = 0 i > j}

GL(n; k)
n(n→1)

2



U(2; k)
Ga



1 x
0 1



·



1 y
0 1



=



1 x+ y
0 1



Ga ↓ U(2; k) ; x ↘↓



1 x
0 1



k
GL(n; k)



k



↓
↗↓



n↔N



GL(n; k)



.

G
G

e X1, . . . , Xm e
X1 ↔ · · ·↔Xm

X1 · · ·Xm G e
X1 · · ·Xm Xi Xi0 Xi

Xi → X1 · · ·Xm e
Xi0 G↗

G

G G↗

G
G

G↗G↗

e
G↗ (G↗)→1 → G↗ G↗

G x ↑ G xG↗x→1 G e
xG↗x→1 = G↗ G↗

G↗



G G

G
G↗

G k
GL(V ) k V

G ↓ End(V ) G
GL(V )

G ↓ GL(V )
(V, ϖ) G g ↑ G, v ↑ V

g ·ω v ϖ(g)(v)

G k
(V, ϱ) G k

v ↑ V W → V
G ↓ GL(W )

V GL(V )

G O(G)
(O(G), ϱ)

ϱ : G ↓ Autk(O(G)), g ↘↓ ϱ(g),

ϱ(g)(f) := f ≃ Rg = f( · g) f ↑ O(G)
f( · g) x ↘↓ f(xg)

!

k

! : O(G)
multω
↗↗↗↓ O(G↔G)

↓
↗↓ O(G)⇒O(G)

f ↑ O(G) !(f) =
n

i=1 gi ⇒ hi

x, y ↑ G f(xy) =
n

i=1 gi(x)hi(y) y ↑ G

ϱ(y) : O(G) ↓ O(G) ; (ϱ(y)(f))(x) = f(xy)

{ϱ(y)f | y ↑ G} gi
W := ⇑g1, . . . , gn⇓ f(xy) =

n

i=1 gi(x)hi(y)



ϱ(y)f =
n

i=1 hi(y)gi ↑ O(G) hi(y)
V := ⇑ϱ(y)f | y ↑ G⇓ → W V

W V

(ϱ(z)(ϱ(y)(f)))(x) = f(xyz) = f(x(yz)) yz ↑ G

(ϱ(z)(ϱ(y)f)) = ϱ(yz)f ↑ V f ↑ O(G)
f ↑ O(G)

V f ↑ V
G ↓ V, y ↘↓ ϱ(y)f =



hi(y)gi
W := ⇑g1, · · · , gn⇓ W ⇔ V

V X, Y, Z
X ↓ Y X ↓ Z

X ↓ Y ↔ Z V ↖= km

f1, . . . , fm V

G ↓ km ↔ · · ·↔ km ↖= End(V ) ; y ↘↓ (ϱ(y)f1, . . . , ϱ(y)fm)

(V, ϱV ) (W, ϱW )
G ς : V ↭ W

V
W

w ↑ W ς v ↑ V ς(v) = w V

V ↑ → V v ↑ V ↑ ϱV |V → : G ↓ End(V ↑)
W ↑ := ς(V ↑) → W v ↑ V ↑ w = ς(v) ↑

ς(V ↑) V ↑ W ↑

W ↑ W g ↑ G w↑ ↑ W ↑ v↑ ↑ V ↑

ς(v↑) = w↑

ϱW (g)(w↑) = ϱW (g)(ς(v↑)) = ς(ϱV (g)(v
↑)) ↑ ς(V ↑) = W ↑

ς

V ↑ V ϱV (g)(v
↑) ↑ V ↑

W ↑ W
ϱW |W → : G ↓ End(W ↑)



ς|V → : V ↑ ↓ W ↑

s : W ↑ ↓ V ↑ ς ≃ s = idW →

g ↑ G w↑ ↑ W ↑

ϱW (g)(w↑) = ϱW (g)(ς(s(w↑))) = ς(ϱV (g)(s(w
↑))),

ς

ϱW |W →(g) = ς ≃ ϱV |V →(g) ≃ s ↑ End(W ↑).

” : End(V ↑) ↓ End(W ↑)

f ↘↓ ς ≃ f ≃ s

End(V ↑) End(W ↑)

ϱW |W → = ” ≃ ϱV |V →

(V, ϖ)
G W → V G

V/W V ↭ V/W
V/W

ϱ1, ϱ2 : G ↓ End(V/W ) G
φ : V ↭ V/W ; v ↘↓ v+W

φ(g ·ω v) = ϱ1(g)(φ(v)) φ(g ·ω v) = ϱ2(g)(φ(v))
g ↑ G, v ↑ V ϱ1(g)(v + W ) = φ(g ·ω v) = ϱ2(g)(v + W )
g ↑ G, v ↑ V ϱ1(g) ϱ2(g) V/W

ϱ1(g) = ϱ2(g) ↑ End(V/W ) g ↑ G ϱ1 = ϱ2

ϱ : G ↓ End(V/W ) ϱ(g)(v+W ) :=
(g ·ω v) + W g ↑ G ϱ(g)
v1, v2 ↑ V v1+W = v2+W v1↗v2 ↑ W

ϖ W

g ·ω v1 ↗ g ·ω v2 = g ·ω (v1 ↗ v2) ↑ W

ϱ(g)(v1+W ) = (g ·ωv1)+W = (g ·ωv2)+W = ϱ(g)(v2+W )
ϱ(g) ϱ

g, h ↑ G, v ↑ V

ϱ(gh)(v+W ) = (gh·ωv)+W = (g·ω(h·ωv))+W = ϱ(g)((h·ωv)+W ) = (ϱ(g)≃ϱ(h))(v+W )



ϱ(gh) = ϱ(g) ≃ ϱ(h)
φ V ↓ V/W

g ↑ G, v ↑ V

φ(g ·ω v) = (g ·ω v) +W = ϱ(g)(φ(v))

ϱ

V G W → V
V/W

f ↑ End(V ) V
f

N ↑ N fN = 0 ↑ End(V )

f ↗ id

V f

V
f ↑ GL(V ) fs, fu ↑ GL(V ) fs

fu f = fufs = fsfu
f

V

V

f
V v ↑ V N ↑ N

fN (v) = 0 V f
V =



n↘0 ker(f
n) g V

g ↗ id

G (V, ϖ)
G g ↑ G ϖ(g)

V

f
V

f = fufs fu fs
fufs = fsfu



V W

V W

ε

f g

ε

f, g
f = fufs g = gugs

V W

V W

ε

fs gs

ε

V W

V W

ε

fu gu

ε

g ↑ G
ϱ(g) : O(G) ↓ O(G)

G
ϱ G g ↑ G ϱ(g) ↑

Aut(O(G)) (V, ϖ)
G ϖ(g) ↑ Aut(V )

V
g

g
↼1, . . . ,↼n V ≃

ς : V ↓ O(G)n ; v ↘↓ (x ↘↓ ↼i(x ·ω v))
n
i=1



G s ↑ G i
i ς(v)

ς(v)i : x ↘↓ ↼i(x ·ω v)

x ↑ G

ς(s ·ω v)i(x) = ↼i(x(s ·ω v)) = ↼i((xs) ·ω v) = ς(v)i(xs) = (s ·ϑ ς(v)i)(x)

i ς(s ·ω v) = s ·ϑ⇐...⇐ϑ ς(v)
(ϱ(s)↔ . . .↔ ϱ(s)) ≃ ς = ς ≃ ϖ(s) s ↑ G

V O(G)n

V O(G)n

ω(s) ϑ(s)⇐...⇐ϑ(s)

x : U ↓ U y : W ↓ W
(x ↔ y)u = xu ↔ yu (x ↔ y)s = xs ↔ ys

(xu ↔ yu)(xs ↔ ys) = xuxs ↔ yuys = x ↔ y ↑ Aut(U ↔ W )
xu ↔ yu xs ↔ ys Aut(U ↔W )

(x↔ y)
U↔W ϱ(g)

O(G) ϱ(g)↔ . . .↔ϱ(g)
O(G)n

s = g
ϖ(g) V

g G
gs, gu ↑ G gs gu g = gsgu = gugs
gs g gu

g

ς : G ↓ G↑

g ↑ G ς(gs) = ς(g)s ς(gu) = ς(g)u

G = GL(n; k) g ↑ G

g = gsgu
g = gsgu



g ↑ G
(O(G), ϱ) ϱ(g)

s ↑ G
↽(s) : O(G) ↓ O(G) (↽(s)f)(x) = f(sx)

s ↑ G

O(G)⇒O(G) O(G)

O(G)⇒O(G) O(G)

mult

ϑ(g)⇒ϑ(g) ϑ(g)

mult

O(G) O(G)

O(G) O(G)

ϖ(s)

ϑ(g) ϑ(g)

ϖ(s)

x : U ↓ U y : W ↓ W
(x ⇒ y)u = xu ⇒ yu (x ⇒ y)s = xs ⇒ ys

(xu ⇒ yu)(xs ⇒ ys) = xuxs ⇒ yuys = x ⇒ y ↑ Aut(U ⇒ W )
xu ⇒ yu xs ⇒ ys Aut(U ⇒W )

x ⇒ y
U⇒W

O(G) ↓
O(G)

O(G) ↓
O(G)

G ↓ G

ε : O(G) ↓ O(G)
ϱ(z)

O(G)⇒O(G) O(G)

O(G)⇒O(G) O(G)

mult

ε⇒ε ε

mult

O(G) O(G)

O(G) O(G)

ϖ(s)

ε ε

ϖ(s)

ϱ(g)s
ϱ(g)u gs, gu ↑ G

ϱ(g)s = ϱ(gs) ϱ(g)u = ϱ(gu)
g

ϱ ϱ(g) = ϱ(gsgu) = ϱ(gs)ϱ(gu) =
ϱ(gu)ϱ(gs) = ϱ(gugs) g = gsgu = gugs gs, gu

ϱ(g)
ϱ



ς

G G↑

G G↑

ϱ

·g ·ϱ(g)

ϱ

O(G) O(G)

O(G) O(G)

↗ϱ

ϑ(g) ϑ(ϱ(g))

↗ϱ

G G↑

G G↑

ϱ

·gu ·ϱ(g)u

ϱ

G G↑

G G↑

ϱ

·gs ·ϱ(g)s

ϱ

e ↑ G
ς(e)ς(g)u = ς(gu) ς(e)ς(g)s = ς(gs) ς

ς(e) = e↑ ↑ G↑ G↑

G = GL(V ) V := kn ϖ : G ↓ GL(V )
g ·ω v = g(v) f ↙= 0 V ≃

v ↑ V f̃(v) ↑ O(G)

f̃(v)(g) = f(g ·ω v)

f̃ f̃ : V ↓ O(G)
f ↙= 0 v ↙= 0 g ↑ G f(g ·ω v) ↙= 0 f̃(v) ↙= 0

g ↑ G, v ↑ V
f̃(g ·ω v) = ϱ(g)f̃(v)

s ↑ G f̃(g ·ω v)(s) = f(s ·ω (g ·ω v) = (ϱ(g)f̃(v))(s)

V O(G)

V O(G)

f̃

g ϑ(g)

f̃



V

f̃(gs ·ω v) = ϱ(g)sf̃(v) = ϱ(gs)f̃(v) = f̃(gs ·ω v)

f̃(gu ·ω v) = ϱ(g)uf̃(v) = ϱ(gu)f̃(v) = f̃(gu ·ω v)

v ↑ V f̃ gs = gs
gu = gu

g ↑ G
ε : G ω↓ GL(n; k)

ε(g)

T(n; k) D(n; k)

M → GL(n; k)
M

M M

G

Gs, Gu → G

φ : Gs ↔Gu
↓
↗↓ G

φ

φ((s, u)(s↑, u↑)) = φ((ss↑, uu↑)) = ss↑uu↑ = sus↑u↑ = φ((s, u))φ((s↑, u↑))

G GL(n; k) Gs → D(n; k)
kn = V1 ∝ · · ·∝ Vr Vi

Gs Vi G s ↑ Gs g ↑ G Vϖ

s ↽ v ↑ Vϖ

s(g(v)) = g(s(v)) = g(↽v) = ↽g(v) g(v) ↑ Vϖ

Vi G G
Vi Vi

G



kn g ↑ G
s ↑ Gs

s ↑ Gs

G → T(n; k) Gs → D(n; k) G → GL(n; k)
g ↑ G

Gs Gu

G
φ

g ↘↓ gs

φ φ→1 : g ↘↓ (gs, gg
→1
s )



G Gu

G

Gu G

Gu G

g ↘↓ gu

G ω↓ GL(n; k)
G

(T ↗ 1)n

Gu = {A ↑ G | det(TI ↗ A) = (T ↗ 1)n}

G = GL(2; k)
GL(2; k)

(T ↗ 1)2

u1 =



1 1
0 1



u2 =



1 0
1 1



u1u2 =



1 1
0 1



1 0
1 1



=



2 1
1 1



det(TI↗u1u2) = det



T ↗ 2 ↗1
↗1 T ↗ 1



= (T ↗2)(T ↗1)↗1 = T 2↗3T +1 ↙= (T ↗1)2

u1u2 u1u2 /↑ Gu Gu



G = GL(n; k)

H :=



↽ 1
0 µ



| ↽, µ ↙= 0



→ GL(n; k)

↽ µ ↽ ↙= µ A =


ϖ 1
0 µ



(T↗↽)(T↗µ)
Au = I ⇀ := ↽ = µ A

A = ⇀I ·



1 1
ς

0 1



h ↘↓ hu

Hu {I}



↽ 1
0 µ



↑ H | ↽ ↙= µ



H

E
k R

Endk(E) E R R = Endk(E)

U

U

U

U
(V, ϱ)

U v ↑ V \ {0} g ↑ U
ϱ(g)(v) = g ·ϑ v = v

V
U ω↓ GL(V ) V

U

′
ϖ : U ↓ GL(V ) V

ϖ(g)
g ↑ G dim(V ) = n End(V )



n tr(ϖ(g)) = n
g, h ↑ U tr(ϖ(gh)) = tr(ϖ(g))
g, h ↑ U

0 = tr(ϖ(gh))↗ tr(ϖ(g)) = tr((ϖ(g) ≃ ϖ(h))↗ ϖ(g)) = tr(ϖ(g) ≃ (ϖ(h)↗ id))

R := ⇑ϖ(g) | g ↑ U⇓k (V, ϖ)
V R

R = Endk(V ) A ↑ Endk(V )
tr(A ≃ (ϖ(h)↗ id)) ϖ(g)

ϖ(g) ϖ(h) = id h ↑ U
tr : End(V )↔End(V ) ↓ k; (A,B) ↘↓ tr(A ≃B)

′ (V, ϱ) U V

W ϱ|W : w ↘↓ idW

W w ↑ W ϱ|W
w ↑ W

ϱ

′
U ↓ GL(V ); g ↘↓ g

v1 V1 := ⇑v1⇓ v2 + V1

V/V1 V/V1

V2 := ⇑v1, v2⇓
Vk→1 = ⇑v1, . . . , vk→1⇓

vk+Vk→1 V/Vk→1 Vk := ⇑v1, . . . , vk⇓
V V

0 → V1 → V2 → · · · → Vn = V,

n = dim V v1, . . . , vn V g ↑ U

′ g ↑ U U ω↓ GL(V )
U

n ↑ N

U(n; k) U → GL(V )
V

U

Ist der Beweis

2 nach 3 in

Ordnung

soergel
Stimmt. Du kannst auch gleich sagen, daß jede 
von Null verschiedene algebraische Darstellung eine von Null
verschiedene Unterdarstellung und damit auch eine irreduzible Unterdarstellung enthält.  



U(n; k) n ∞ 1
Ga U(2; k)

U H → U
U n ↑ N

U ↓ U(n; k) H ω↓ U ω↓ U(n; k)
H

U1 U2

U1 → U(n; k) U2 → U(m; k)

ς : U(n; k)↔ U(m; k) ↓ U(n+m; k) ; ς(A,B) =



A 0
0 B



A B
ς(A,B) U(n+m; k)

U1 ↔ U2 ω↓ U(n; k)↔ U(m; k) ω↓ U(n+m; k)

U1 ↔ U2

G
G

D0(G) := G, Di+1(G) := [Di(G),Di(G)] i ∞ 0

H,H ↑ [H,H ↑] {hh↑h→1h↑→1 | h ↑ H, h↑ ↑ H ↑}
G m ↑ N Dm(G) =

{e}

G
G

C0(G) := G, Ci+1(G) := [G, Ci(G)] i ∞ 0

G
m ↑ N Cm(G) = {e}

Di(G) → Ci(G)



G ↓ G↑ G
G↑

U(n; k)
U := U(n; k) U = I + N N

(n↔n) Ui := I+N i

[Ui, Uj ] → Ui+j i, j ∞ 1 [U,Uj ] → U1+j

j ∞ 1 Ci(U) → Ui i ∞ 1 Nn = 0
Un = I Cn(U) = I

G X
G X

G↔X ↓ X ; (g, x) ↘↓ gx

G↔X ↓ X

G ↓ Aut(O(X))

G
X G X Gx

U
X Ux

Ux F
Ux Ux

F := {f ↑ O(Ux) | f |Ux\Ux = 0}

Ux F
G ↓ Aut(O(Ux))

F U F

F U
U Ux

Wird im Beweis

implizit

verwendet, dass

die Bahn oen in

ihrem Abschluss

ist, oder, dass

die Bahn

zusammenhäng

end ist? Ich bin

mir nicht sicher,

ob wir das im

letzten Argument

benutzen

soergel
Tun wir, denn wir verwenden, daß das Komplement von Ux in seinem 
Abschluß abgeschlossen ist und erst daraus folgt, daß wenn es nicht leer
ist, es Funktionen gibt, die nicht Null sind, aber darauf verschwinden (wegen der Affinität).

Zusammenhängend muß die Bahn nicht sein, das gilt ja alles in jeder 
Charakteristik.



R A
R M A R A M
R D : A ↓ M a, b ↑ A

D(ab) = aD(b) + bD(a)

D(1) = 0 D(↽1) = 0
↽ ↑ R DerR(A,M) A

(D + D↑)(a) = D(a) + D↑(a) (bD)(a) = b(D(a)) D,D↑ ↑
DerR(A,M), a, b ↑ A

X
k x ↑ X x
O(X) ↓ k k

O(X) kx kx
x X x

k
TxX := Derk(O(X), kx)

ς : X ↓ Y dxς

ς x ςφ : O(Y ) ↓ O(X)
k

dxς : TxX ↓ Tϱ(x)Y



ς : X ↓ Y ↼ : Y ↓ Z
x ↑ X ς(x) = y ↼(y) = z

dy↼ ≃ dxς = dx(↼ ≃ ς) : TxX ↓ TzZ

dxidX = id: TxX ↓ TxX

k k

X, Y k
x ↑ X, y ↑ Y T(x,y)(X ↔ Y ) ↖= TxX ↔ TyY

R R A
B M A ⇒R B a ↘↓ a ⇒ 1
b ↘↓ 1⇒ b

DerR(A⇒R B,M)
↓
↗↓ DerR(A,M)∝ DerR(B,M)

(D1, D2) ↘↓ D D : a ⇒ b ↘↓
(1⇒ b)D1(a) + (a⇒ 1)D2(b)

A = O(X), B = O(Y ), R = k M = kx

R
R[T ] ⇁ : R[T ] ↓ R[T ] R = k

U → k
k[T ]

↓
↗↓ O(k) ⇁ : k[T ] ↓ k[T ]
⇁ : O(U) ↓ O(U)

f ↘↓ f ↑

x ⇁(x) : f ↓ f ↑(x)

R
M R[T ]

DerR(R[T ],M)
↓
↗↓ M

D ↘↓ D(T ) m ↘↓ Dm

Dm : P ↘↓ P ↑m
D ↑ DerR(R[T ],M) P ↑ R[T ] D(P ) = P ↑D(T )

DerR(R[T ], R[T ]) R[T ]

⇁ : P ↘↓ P ↑

R[T ] x ↑ R Rx

DerR(R[T ], Rx) R

⇁(x) : P ↘↓ P ↑(x)

R



R = k O(k) ↖=
k[T ] x ↑ k x ⇁(x) : f ↘↓ f ↑(x)
k Txk ↖= Derk(k[T ], kx) k

x ↑ kn x
⇁1,(x), . . . , ⇁n,(x) k Txk

n kn

U(n; k) I

TIU(n; k) ↖= {A ↑ Mat(n; k) |Aij = 0 i ∞ j} → Mat(n; k)

U(n; k) ↖= k
n(n↑1)

2

U(n; k) Tij i < j

O(U(n; k)) ↖= k[(Tij)1⇑i<j⇑n]

I ↑ U(n; k) ↖= k
n(n↑1)

2

⇁ij,(I) : P ↘↓ (⇁iP )(I)

1 ∈ i < j ∈ n k
⇁ij,(I) eij

TIU(n; k) ↖=
{A ↑ Matn(k) |Aij = 0 i ∞ j} → Mat(n; k)

M ↑ U(n; k)

E k p ↑ E

Dp : E
↓
↗↓ TpE

v ↑ E
k ↓ E, t ↘↓ p+ tv v
⇁(0) ↑ T0k

richt = richtp : TpE
↓
↗↓ E

G n Lie(G)
n

soergel
??



X
 x ↑ X x ↑ TxX

U → X

 : OX(U) ↓ Ens(U, k); (f)(x) := x(f)

 U → X
f ↑ OX(U) ′ f ↑ OX(U) X

T (X)

X k

Derk(O(X),O(X))
↓
↗↓ T (X)

D ↘↓ (x ↘↓ ▷x ≃D) ▷x : O(X) ↓ kx
x
O(X) X

X
, ◁ ↑ T (X) U → X

[, ◁]U : OX(U) ↓ OX(U) [, ◁] ↑
Derk(O(X),O(X)) T (X)
X

ς : X ↓ Y
 X ◁ Y  ◁

ς ς :  ↫ ◁ x ↑ X

dxς : x ↓ ◁ϱ(x)

ς : X ↓ Y , ↑ ↑ T (X)
◁, ◁ ↑ ↑ T (Y )  ◁ ς ↑ ◁ ↑ ς

[, ↑] [◁, ◁ ↑] ς 

◁ ς g ↑ O(Y ) (g ≃ ς) = (◁g) ≃ ς

O(Y ) O(Y )

O(X) O(X)

↼

↗ϱ ↗ϱ

↽



[, ↑](g ≃ ς) = 


↑(g ≃ ς)


↗ ↑


(g ≃ ς)


=  ((◁ ↑(g)) ≃ ς)↗ ↑ ((◁(g)) ≃ ς)

= (◁(◁ ↑(g))) ≃ ς↗ (◁ ↑(◁(g))) ≃ ς

= ([◁, ◁ ↑](g)) ≃ ς.

[, ↑] [◁, ◁ ↑] ς

G

(G) := { ↑ T (G) | (g·) :  ↫  g ↑ G}

T (G)

(G)

G

(G)
↓
↗↓ {D ↑ DerkO(G) | D ≃ ↽g = ↽g ≃D g ↑ G}

↽g(f) := f ≃ (g·) f ↑
O(G)

G
 ↘↓ e

↓
↗↓ TeG

v ↘↓ v̀

G
G

Lie(G) := TeG

X ↑ Lie(G) X̀

ς : G ↓ H

dς := deς : Lie(G) ↓ Lie(H)



deς

 G ◁ H deς : e ↓ ◁ϱ(e)
ς

T0Ga

X := ⇁(0) Lie(Ga)
[X,X ] = 0

Mat(n; k)
[A,B] = A · B ↗ B · A gln V

k
End(V ) gl(V )

Lie(GL(n; k)) ↖= gln

Ad ad

G
g ↑ G

intg : G ↓ G ; (intg)(x) = gxg→1

Adg := de(intg) : Lie(G) ↓ Lie(G)

Lie(G)

Ad: G ↓ Aut(Lie(G)) ; g ↘↓ Adg

G

G
Ad: G ↓ GL(Lie(G)) G

GL(n; k) Adg

x ↑ GL(n; k)

G Ad: G ↓
GL(Lie(G))

ad : Lie(G) ↓ gl(Lie(G))

G X, Y ↑
Lie(G) (adX)(Y ) = [X, Y ]

Passen hier die

Denitionen von

Ad und ad mit

den Denitionen

aus dem Skript

AAG

zusammen?

soergel
Ja. 



G
X ↑ Lie(G) X = Xs + Xn

Xs, Xu ↑ Lie(G) X̀s ↑ Endk(O(G)) X̀n ↑ Endk(O(G))
[Xs, Xn] = 0

ς : G ↓ H
dς(Xs) = (dς(X))s dς(Xn) = (dς(X))n

G = GL(n; k) Xs Xn

X ↑ Mat(n; k)

X ↑ Lie(G)
Xs = 0 Xn = 0

U
Lie(U)

Lie(U(n; k))

U(n; k) → GL(n; k) Lie(U(n; k))
gln

un := Lie(U(n; k)) → gln

un

U U
U(n; k)

ς : U ↓ U(n; k)
X ↑ Lie(U) (dς(X))s = 0 dς(Xs) = 0

Xs = 0
X



G N
G/N G/N

O(G/N) := {f : G/N ↓ k | f ≃ φ ↑ O(G)}

G/N G ↓ G/N
G/N

G/N
O(G) = {f : G/N ↓ k} X

O(X) := {g : X ↓ k} f : G/N ↓ k
f ≃ φ : G ↓ k

g1N, . . . gnN

G/N =
n

i=1 giN O(G/N) =
n

i=1 O(giN)
O(giN)

giN
Y O(Y ) ↖= k[T1, . . . Tn]/I(Y )

I(Y )
Y I(Y )

Y = ∋

O(G/N) G ↓ G/N

G/N ↔G/N
O(G/N ↔ G/N) ↖= O(G/N) ⇒O(G/N) ↖=

kn⇒kn ↖= kn2 ↖= {h : G/N↔G/N ↓ k}

µ : G/N ↔ G/N ↓ G/N ϑ : G/N ↓ G/N
f ↑ O(G/N) f ≃ µ ↑

O(G/N ↔ G/N) = {h : G/N ↔ G/N ↓ k} f ≃ ϑ ↑ O(G/N) = {g : G/N ↓ k}
φ

G
G/N

φ : G ↓
G/N

G G/N
G φ G/N



k

H m h ↑ H
h1, h2, . . . H H

n1, n2 ↑ N, n1 < n2

hn1 = hn2 hn2→n1 = e h

m

G k
G U(n; k) A ↑ G

r ↑ N Ar = I A = I +N I
N j

r ∞ j I N

I = Ar = (I +N)r = I +

r


i=1



r

i



N i = I +

j→1


i=1



r

i



N i

j→1


i=1



r

i



N i = 0

i < j N i


r

1



N = 0


r

1



↙= 0
N = 0

N
j {I,N,N 2, . . . N j→1}

j→1


i=0

↽iN
i = 0

N j→1 ↽0N
j→1 = 0 ↽0 = 0

j→1


i=1

↽iN
i = 0

N j→2 ↽1N
j→1 = 0 ↽1 = 0

↽i = 0 0 ∈ i ∈ j ↗ 1

r < j
{N,N 2, . . . N r}

r


i=1



r

i



N i = 0

N = 0

G
k G



G↗ G
G/G↗

G/G↗ = 0 G = G↗

G↗

g k
g

g0 := g, g1 := [g, g0] = [g, g], gi+1 := [g, gi] i ∞ 0

a, b [a, b] {[a, b] | a ↑ a, b ↑ b}

g n ↑ N gn = 0

g k h

g h

ε : g ↓ g↑ g

g↑

hi → gi i ∞ 0 gn = 0
h = 0

ε(g0) = g↑
0

ε(gi) = g↑
i

ε(gi+1) = ε([gi, gi]) = [ε(gi),ε(gi)] = [g↑
i
, g↑

i
] = g↑

i+1

ε(gi) = g↑
i i ∞ 0 gn = 0

g↑
n
= ε(gn) = ε(0) = 0

ε

g k
un

un → gln

un x ↑ gln



g

[g, g] ↙= g

g/[g, g]
I → g/[g, g]

I φ : g ↓ g/[g, g] φ

φ→1(I) g

dim(φ→1(I)) = dim(I) + dim(ker(φ))

= dim(I) + dim([g, g])

= dim(g/[g, g])↗ 1 + dim([g, g])

= dim(g)↗ 1

φ→1(I)

g

Z(g) := {y ↑ g | △x ↑ g : [x, y] = 0} ↙= {0}

N ↑ N gN = 0 gN→1 ↙= 0 gN→1 → Z(g)



G
Lie(G) ↓ G G

GL(n; k)

▷ V
v ↑ V n ↑ N ▷n(v) = 0

V k
▷ : V ↓ V exp(▷) : V ↓ V

exp(▷)(v) :=


n↘0

▷n(v)

n!
.

▷

v ↑ V
exp(▷) v, w ↑ V ↽ ↑ k

exp(▷)(v + ↽w) =


n↘0

▷n(v + ↽w)

n!
=



n↘0

▷n(v) + ↽▷n(w)

n!
=



n↘0



▷n(v)

n!
+ ↽

▷n(w)

n!



=


n↘0

▷n(v)

n!
+ ↽



n↘0

▷n(w)

n!
= exp(▷)(v) + ↽ exp(▷)(w).

exp(▷)

V W

0 ↑ End(V ) exp(0) = id

▷ ▷↑ V
▷ + ▷↑ exp(▷ + ▷↑) = (exp(▷)) ≃ (exp(▷↑))

exp(↗▷) = (exp(▷))→1



V W

V W

f

⇀ ⇀→

f

exp

k A k
▷ : A ↓ A A exp(▷)

A

G
k X ↑ Lie(G)

X X̀
O(G) ź z ↑ G

exp(X̀) O(G)
exp(X̀)

↽z z ↑ G

exp(X̀) O(G)
g ↑ G

g := ˜exp(X)

exp(X)

˜exp(X) X ↑ Lie(G)
Lie(G) ↓ G

(Lie(G))n
Lie(G)

˜exp: (Lie(G))n ↓ G

G (Lie(G))n = Lie(G)

˜exp: Lie(G) ↓ G

Ga

k
Ga Lie(Ga) ↽⇁(0) ↽ ↑ k

soergel
??



O(Ga) = k[T ]
⇁ k[T ]

T n n ∞ 0

(exp↽⇁)(T n) =


k↘0

(↽⇁)k(T n)

k!

= T n +
↽nT n→1

1!
+

↽2n(n↗ 1)T n→2

2!
+

↽3n(n↗ 1)(n↗ 2)T n→3

3!
+ · · ·

=


i↘0



n

i



↽iT n→i

= (T + ↽)n

f ↑ k[T ] (exp↽⇁)f = f ≃ (+↽) ˜exp: ↽⇁(0) ↘↓ ↽

˜exp: Lie(Ga) ↓ Ga

Gm

ς : G ↓ H
k

X ↑ Lie(G)

ς( ˜exp(X)) = ˜exp(dς(X))

Y := dς(X)
X̀ Ỳ deς : Xe ↓ Ye

ς

X̀ ≃ ςφ = ςφ ≃ Ỳ X̀ Ỳ

exp(X̀) =


k↘0

1

k!
X̀k, exp(Ỳ ) =



k↘0

1

k!
Ỳ k

X̀ ≃ ςφ = ςφ ≃ Ỳ

ς

exp(X̀) ≃ ςφ = ςφ ≃ exp(Ỳ )

exp(X̀) ˜exp(X) exp(Ỳ )
˜exp(Y )

(· ˜exp(X))φ ≃ ςφ = ςφ ≃ (· ˜exp(Y ))φ



O(H) O(H)

O(G) O(G)

(· ˜exp(Y ))ω

ϱω ϱω

(· ˜exp(X))ω

H H

G G

· ˜exp(Y )

ϱ ϱ

· ˜exp(X)

e ↑ G

V
k

richt : Lie(GL(V ))
↓
↗↓ End(V )

X ↑ Lie(GL(V ))

˜exp(X) = exp(richt(X))

N ↑ End(V )
ςN : (k,+) ↓ GL(V ); t ↘↓ exp(tN)

richt(dςN (⇁(0))) = N

richt(dςN (⇁(0))) = richt


⇁(0)(exp(tN))


= richt



⇁(0)





k↘0

(tN)k

k!



= N

N = richt(X) richt(dςricht(X)(⇁(0))) = richt(X)
richt dςricht(X)(⇁(0)) = X

˜exp(X) = ˜exp(dςricht(X)(⇁(0))) = ςricht(X)( ˜exp(⇁(0))) = ςricht(X)(1) = exp(richt(X))

˜exp = exp

U(n; k)

Lie(U(n; k)) = un =





























0 ▽

0 0





























exp
↗↗↓





























1 ▽

0 1





























= U(n; k)



log(1 + x)

log(1 + x) =

⇓


k=1

(↗1)k+1x
k

k
= x↗

x2

2
+

x3

3
↗

x4

4
+ · · ·

˜exp

U
k

Lie(U)

exp: Lie(U)
↓
↗↓ U

exp log

k





























0 ▽

0 0





























exp
↓̸
log





























1 ▽

0 1





























U Lie(U)
exp(Lie(U)) → U

i : U ↓ GL(n; k) di : Lie(U) ↓ gln

Lie(U) U

gln GL(n; k)

˜exp

di i

˜exp=exp

gln ˜exp = exp X ↑ Lie(U)

exp(X) = exp(di(X)) = ˜exp(di(X)) = i( ˜exp(X)) ↑ i(U) = U

dim(Lie(U)) = dim(U) Lie(U)
exp exp(Lie(U))
dim(exp(Lie(U))) = dim(U) exp(Lie(U)) = U

exp(Lie(U)) U

exp log
U





k



Lie
↗↓



k



.

ς : G ↓ G↑

dς : Lie(G) ↓ Lie(G↑)
U

U ω↓ U(n; k) Lie(U) ω↓ Lie(U(n; k)) = un un
Lie(U)



k



⇔
↗↓



k



.

ε,ε↑ : U ↓ U ↑

Lie(U) Lie(U ↑)

U U ↑

dε

exp exp

ε

Lie(U) Lie(U ↑)

U U ↑

dε→

exp exp

ε→

dε = dε↑

X ↑ Lie(U)

ε(exp(X)) = exp(dε(X)) = exp(dε↑(X)) = ε↑(exp(X))

exp ε = ε↑

n
n → un un → Mat(n; k)
exp(n)

U(n; k)
n {0}

Ist die

Argumentation

in diesem

Beweis richtig?

soergel
??

soergel
Charakteristik Null! Das steht sicher irgendwo vorher versteckt, 
ab jetzt ist nur Charakteristik Null, aber wir wollen ja alle diagonal lesen...

Die Notation taugt nicht, der Strich wird inkohärent verwendet.
Aber egal!

soergel
.. hier würd exp surjektiv reichen ...



n = {0}
exp dim(n) = n ∞ 1

n
m → n x ↑ n \ m

x x
x y

exp(x) y exp(x)→1 = exp(x) y exp(↗x)

= exp((x·)↗ (·x))(y)

= exp(xy ↗ yx)

= exp(ad x)(y)

ad x exp(ad x)
z

exp(x) exp(z) exp(x)→1 = (exp(ad x))(exp(z)

= exp((exp(ad x))(z)),

exp m

(ad x)(z) ↑ m z ↑ m

(exp(ad x)(z)) ↑ m z ↑ m

exp(x) exp(z) exp(x)→1 = exp((exp(ad x))(z)) ↑ exp(m)
exp(m) U(n; k)

exp(kx) exp(↽x) exp(µx) = exp((↽+ µ)x) ↑ exp(kx)
exp(↽x)→1 = exp(↗↽x) ↑ exp(kx) exp(kx)

exp(m) (exp(m)(exp(kx))

(exp(m) ↔ (exp(kx)) U(n; k) (x, y) · v := xyv
x ↑ exp(m), y ↑ exp(kx), v ↑ U(n; k)

n = m ∝ kx
(exp(m)(exp(kx)) n

exp(n) = (exp(m)(exp(kx)) exp(n) → U(n; k)

F : m ↓ n

t → m ↔ n

t m ↔ n

M := exp(m), N := exp(n) T := exp(t)
T → M ↔ N

φ1 : t ↓ m

p1 : T ↓ M
p1

T/ker(p1) ↓ M

soergel
Ich habe versucht, zu finden, was Du die Funktorialität von exp
nennst, aber das pdf verhält sich absonderlich: Wenn in suche, 
findet es nur Zeug in Deinen roten Anmerkungen. 

Du meinst, daß jeder Homomorphismus von unipotenten  Gruppen \phi
etc und willst es auf d\phi= exp(ad(x)) anwenden?

Und dann argumentieren, daß ein Automorphismus der Matrixalgebra 
wie jede lineare Abbildung sein eigenes Differential ist? 

Das stimmt alles, aber gerne etwas ausführlicher.

PS: Wenn man weiß, daß exp auf allen oberen Dreiecksmatrizen 
einen Isomorphismus von Varietäten liefert, muß auch jeder 
Untervektorraum abgeschlossenes Bild unter exp haben.

PPS: Ich muß mal gucken, was ich überhaupt geschrieben habe.
Vermutlich zu wenig, denn essentielle Surjektivität ist durchaus 
essentiell!



Lie(ker(p1)) = ker(φ1) = {0} ker(p1)
p1 : T ↓ M

p1 p1 : T ↓ M
m ↑ M

n ↑ N (m,n) ↑ T → M ↔N f : M ↓ N T
f f

F f

X, Y
k n :=

dim(X) = dim(Y ) f : X ↓ Y
U → Y f→1(U) ↓ U

X Y
f : X ↓ Y

A := O(X) B := O(Y ) K(X) := Quot(A) K(Y ) :=
Quot(B) f k
f φ : B ω↓ A

K(Y ) ω↓ K(X)
dimX = dim Y K(X) k

K(Y ) K(X)
K(Y ) x ↑ K(X) K(Y )

K(Y ) k
K(X) k K(Y )

k
K(X)/K(Y )

z ↑ K(X) K(X) = K(Y )(z)

P (T ) ↑ K(Y )[T ] z K(Y )
B s↑

Bs→ z Bs→ As→

Bs→ s↑

U ↑ := D(s↑) → Y

ResT (P, P
↑) P

P 0
s As Bs

Quot(As) = K(X),Quot(Bs) = K(Y )
U := D(s) → U ↑ U f

d [K(X) : K(Y )] f
d = 1 K(X) = K(Y ) z

1 z ↑ K(Y ) As Bs

As = Bs

Ist die

Argumentation

im Beweis so

richtig? Mehr

Referenzen

einfügen?

(?)Hierfür

habe ich

noch keine

passende

Referenz

gefunden,

der Beweis

scheint mir

aber nicht

allzu schwer

soergel
X,Y irreduzibel, es sei denn, bei Dir sind alle Varietäten irreduzibel. 
Man schreibt eigentlich k(X) für k der Grundkörper, wenn man diese Notation 
verwendet.

Daß die Dimensionen gleich sind, kann man folgern statt es anzunehmen.

Additivität des Transzendenzgrades in Körpertürmen. 

Muß halt alles so wählen, daß B=A[z] nach Lokalisierung, und z erfüllt 
normierte polynomiale Gleichung vom Grad Eins.



f→1(D(s)) ↓ D(s)

X Y
U → Y

f→1(U) ↓ U g ↑ Y
f→1(gU) ↓ gU gU

Y



k

k char k = 0
k

n ∞ 0
n

n

n
n

n

n

k



n ↑ N
k n

k n

n n

U
k U

Lie(U)

U U(n; k)

U
(1)

=′ g, h ↑ U ghg→1 = h

(2)
=′ g ↑ U intg = idU

(3)
=′ g ↑ U Adg = idLie(U)

(4)
=′ X ↑ Lie(U) adX = 0

(5)
=′ Lie(U)

′
Adg = dg(intg) 

′
Ad: U ↓ Aut(Lie(U)); g ↘↓ idLie(U)


adX = 0 X ↑ Lie(U)

exp

In = exp(0n) = exp(adX) = exp(deAd(X)) = Ad(exp(X))

X ↑ Lie(U) exp g ↑ U

k
k

Ist die

Argumentation

im Beweis

richtig?

soergel
Also diese ganzen Äquivalenzen stimmen jedenfalls und liefern
einen Beweis. Wie man sie einzeln argumentiert, bin ich jetzt nicht 
durchgegangen.



n ↑ N

n

n n k
G

n
a

n

n

n = {0}

n {x} y, y↑ ↑ n

↽, ↽↑ ↑ k y = ↽x, y↑ = ↽↑x

[y, y↑] = [↽x,↽↑x] = ↽↽↑[x, x] = 0

k Ga

n

k {x1, x2}

[x1, x2] = x1

{v1, v2} n [n, n]
[v1, v2] w1, w2 ↑ n w1 = ↽1v1 + µ1v2, w2 =
↽2v1 + µ2v2 ↽1,↽2, µ1, µ2 ↑ k

[w1, w2] = [↽1v1+µ1v2,↽2v1+µ2v2] = ↽1µ2[v1, v2]↗↽2µ1[v1, v2] = (↽1µ2↗↽2µ1)[v1, v2]



[v1, v2] ↙= 0 [n, n]
x1 ↑ [n, n] \ {0} y ↑ n \ [n, n]

[x1, y] = ↽x1 ↽ ↙= 0 x2 = ↽→1y {x1, x2} n

[x1, x2] = [x1,↽
→1y] = ↽→1[x1, y] = ↽→1↽x1 = x1

k

V {x1, x2}
[x1, x2] = x1 V

n, n↑

k {x1, x2} n {x↑
1, x

↑
2} n↑

ε : n ↓ n↑ ε(x1) = x↑
1,ε(x2) = x↑

2

ε([x1, x2]) = ε(x1) = x↑
1 = [x↑

1, x
↑
2] = [ε(x1),ε(x2)]

n x1, x2

n0 = n, n1 = [n, n] = ⇑[a, b] | a, b ↑ n⇓

[x1, x1] =
0, [x1, x2] = x1, [x2, x2] = 0, [x2, x1] = ↗x1 n1 = ⇑x1⇓

n2 = [n, n1] = [n, ⇑x1⇓] = ⇑[a, b] | a ↑ n, b ↑ ⇑x1⇓⇓

[x1, x1] = 0, [x2, x1] =
↗x1 n2 = ⇑x1⇓ n

Ga ↔Ga

Ga ↔Ga

k



n

n1 = [n, n]

dim(n1) = 0 n

dim(n1) = 3 n1 = n

n

dim(n1) = 1 n1 Z(n)
x, y ↑ n [x, y] ↙= 0 n1 = [n, n]

[x, y] n1 n1 → Z(n)
[a, [x, y]] = 0 a ↑ n

z := [x, y]

x, y, z

↽x+ µy + 0z = 0

↽, µ, 0 ↑ k x

0 = [↽x+ µy + 0z, x] = ↽[x, x] + µ[y, x] + 0[z, x] = ↗µz

z ↙= 0 µ = 0 y

0 = [↽x+ µy + 0z, y] = ↽[x, y] + µ[y, y] + 0[z, y] = ↽z,

↽ = 0 0z = 0
0 = 0 {x, y, z} n

[x, y] = z, [x, z] = 0, [y, z] = 0

u3
k







e12 :=





0 1 0
0 0 0
0 0 0



 , e23 :=





0 0 0
0 0 1
0 0 0



 , e13 :=





0 0 1
0 0 0
0 0 0











u3

[e12, e23] = e13, [e12, e13] = 0, [e23, e13] = 0

n

u3
u3



dim(n1) = 1
n1 Z(n) x n1 = [n, n]

n1 ⫅ Z(n) y↑ ↑ n 0 ↙= [x, y↑] ↑ n1

↽ ↑ k\{0} [x, y↑] = ↽x y := ↽→1y↑ [x, y] = x
[x, y] = x ↙= 0 x y h x

y n

x, y
h h n

k

n

dim(n1) = 2 n

n2 = [n, n1] = [n, [n, n]]

dim([n, [n, n]]) = 2 n

dim([n, [n, n]]) = 1 {e1, e2, e3} n

{e1, e2} [n, n] {e1} [n, [n, n]]
n [e1, x] = 0 x ↑ n y ↑ n

[e2, y] = e1 y = ⇀e1 + 1e2 + 2e3 ⇀, 1, 2 ↑ k

[e2, y] = [e2,⇀e1 + 1e2 + 2e3]

= ↗⇀[e1, e2] + 1[e2, e2] + [e2, 2e3]

= [e2, 2e3]

[e2, 2e3] = e1 [n, n]

[e1, e1] = 0, [e1, e2] = 0.[e1, e3] = 0, [e2, e2] = 0, [e2, e3] =
1

2
e1, [e3, e3] = 0

[n, n] e1

dim([n, [n, n]]) = 0 {e1, e2}
[n, n] e3 {e1, e2, e3} n x ↑ n

[e1, x] = 0 [e2, x] = 0

[n, n] {[e3, x] | x ↑ n} x ↑ n

Gibt es Fehler

in der

Argumentation

?

soergel
gefressen, gut!



x = ⇀e1 + 1e2 + 2e3 ↑ n ⇀, 1, 2 ↑ k

[e3, x] = [e3,⇀e1 + 1e2 + 2e3]

= [e3,⇀e1] + [e3, 1e2] + [e3, 2e3]

= ↗⇀[e1, e3]↗ 1[e2, e3]

= 0

[n, n] = {0}

k
G

3
a U(3; k)

u3

G
3
a U(3; k)
G

3
a U(3; k)

Lie(G3
a)

Lie(U(n; k)) = u3

p > 0

char k = p > 0 p

(Z/pZ)k Ga

G k
O(G) = {f : G ↓ k}

Z/mZ

char k = p > 0

soergel
gefressen, gut!



m p

Z/mZ Z/mZ

k\{0} = GL(1; k) m
k \ {0}

Z/mZ

m p

r ↑ N m = pr n Z/mZ

GL(n; k) a ↑ Z/mZ A ↑ GL(n; k) a
am = ap

r

= 1
Apr = I

A Xpr ↗ 1 ↑ k[X ] p
Xpr ↗ 1 = (X ↗ 1)p

r

A
A a

m m = prn n p
Z/mZ

↓
↗↓ Z/prZ↔Z/nZ Z/prZ

Z/nZ Z/mZ

Z/prZ Z/nZ

G p
p G

G p

k char k =
p > 0 k

p

U m
U u ↑ U u
⇑u⇓ ⇑u⇓ ↖= Z/iZ i ↑ N U ⇑u⇓

i
p

U p u ↑ U ⇑u⇓
pr r ↑ N ⇑u⇓ ↖= Z/prZ

⇑u⇓ i : ⇑u⇓ ω↓ U

u

k



p

p




