Kommutative Algebra und Prof.: Wolfgang Soergel
algebraische Geometrie, SS 2020 Tutor: Giovanni Zaccanelli

Exercise sheet 2
20.05.2020

Exercise 2.1. Let k = k be an algebraically closed field and X C k™ a closed
subspace in the Zariski topology. Generalize the Hilbert’s Nullstellensatz to
O(X), i.e. show that for each ideal J C O(X) it holds I(Z(J)) = V/J.

Does that hold if X is not closed?

(Of course here I and Z are intended with respect to X, i.e. Z(J) := {z €
X | fx)=0VfeJ}and I(S) :={f € O(X) | fls =0}, for J C O(X) and
S C X resp.).

Exercise 2.2. Let k = k be an algebraically closed field and let X C k™ be
a closed subset, regarded as topological subspace with respect to the Zariski
topology:

e show that any polynomial map from X — k™ is continuous with respect
to the Zariski topology.

e is any continuous function with respect to the Zariski topology a polyno-
mial function?

Exercise 2.3. Let k = k be an algebraically closed field; let A € Mat,, x,(k),
B € Mat,«1(k) and look at X = (z1,...,x2,) € k™ as a column vector. Show
that:

1. an affine map

kK" — k™
X — A-X+B

is a polynomial map. Furthermore it is an automorphism (i.e. a polyno-
mial invertible map with the inverse being polynomial as well) if and only

if Ae GL, (k).
2. all the automorphisms of k are given by invertible affine maps.
3. the previous point is false for k™, Vn > 2.

Exercise 2.4. Let k = k be an algebraically closed field, and X,Y C k" closed
subsets.

1. Show that it is not always true that given f € O(X) and g € O(Y) s.t.
flxny = g|xny there exists a regular function h € O(X UY), extending
fand g.

2. Which algebraic/geometric hypotheses should one make on X and Y (or
better, on their intersection...) in order to ensure that there exists a
regular extension for all f, g with the aforementioned property?
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(Hint/Guide: the keyword to approach this exercise is “(generalized) Chinese
remainder theorem”: if R is a commutative ring, I, J C R ideals, then the map

R— R/I xR/J
re ([ [rly)
has as image exactly the set of pairs ([a]r, [b];) € R/I x R/.J such that

[a]147 = [blr4s € R/(I +J).
Prove this result and then apply it to the case R = k[x1, ..., zy]...)

Exercise 2.5. Let C be a category and f € C(X,Y) be a morphism between
two objects of that category. Show that:

1. f is an isomorphism if and only if there exist g,h € C(Y, X) such that
fog=r1idy and ho f =idx, and under these assumptions one necessarily
has g = h.

2. if there exist g € C(W, X) and h € C(Y, Z) such that fo g and ho f are

isomorphisms, then f is an isomorphism.



