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subgroup of M. (pp-definable subgroups were introduced in [34] as ‘endlich
matrizielle Untergruppen’.)

Lemma 1.2, Let ¢(x,y) be o pp-formula and a ¢ M. Then ®(M, a) is empty or a
coset of (M, 0). (a stands for a finite sequence a1s - .., Gy of elements of M.)

Proof. MEp(x, a)-» (¢(y, 0) «» o(x+y, a)).

Corollary 1.3. Let q. b= M, ¢(x,y) a ppf. Then (in M) ¢(x, a) and ¢(x, b) are
equivaleni or contradictcry. ‘.
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Note. The pp-definzble subgroups are closed under N and . If o(x), Y(x) are
ppf, we write

eV =@ A,
ery=3y, z0(y)AY(z)Ay+z=x,
By ¢ < we mean that Fo(x) — y(x).

tor the proof of 1.1 we need two further lemmas:

Lemima i.4 (B.H. Neumann). Let H, denote abelian groups. If Hy+a,c

Ui H; +a; and Hy/(H,N H,) is infinite for i >k, then Hy+ao<= Ut H, +a,

Lemma A (for sets A,). If A, is finite, then A,< | X, A, iff

M (=1 AogN N A
}

Ac{l,. .k icA

= (). (Easy)

Proof of Theorem 1.1. Fix M. We have to show: If y(x, y) is in M equivalent to a

boolean combination of ppf, then also Vxy is. Since ppf are closed under
conjunction, ¢ is M-equivalent to a conjunction of formulas

Po(X, ¥) = @, (x, y)v- - V. (x, y), ¢; ppf.

We can assume that already ¢ has this form.
Let H; = ¢;(M, 0). By 1.2 the ¢ (M, y) are empty or cosets of H.. (Think of y as

being fixed in M) Let Ho/(HyMH,) be finite for i=1,...,k and infinite for
i=k+1,...,n (k=0). Bv 14

MEVYx =V (@y(x, y) — @,(x, YV ve(xy)).

We apply Lemma A to the sets A, =¢, (M y)/(HyN---NH):

6%?hw.:.43mmbﬁk?h 35@5@3\983&5 of N, cosets of H,N---NH,,
where

ZD = IC«J D NM.\Q.NC*J. : .DIWV .

icA
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Whence ; Yot
ATy = 0
aeN N A
MEVx < ). (-1)4IN, =0,
AeN
where

%n? <{1,...,k}|3x Aec? YA AN @ix, wvvw.

ield

The resulting formula depends only on the indices N,. Since pp-sentences are
always true, the above proof shows: Sy )
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Corollary 1.5 (Monk [14]). M, and M, are elementarily equivalent iff
@/ P(M,) = @/P(M,) for all ppf y<¢.

(Notation: ¢/{Yy(M) = (¢(M): ¢(M)) mod . We assume ¢/y(M) to be a natural
number or =, Convention: n-o=0:-p=o (n=1) etc.)
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Definition. M is a pure submodule of N, if M< N and .
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Corollary 1.6 (Sabbagh [29]). M is an elementary substructure of N iff M is pure in
N and elementarily equivalent to N.

Proof. Since M=N, every Lg-formula is—in M and in N -equivalent to the
same boolean combination of ppfs.

Corollary 1.7. Suppose LM< N, ghA N and >M~ pure 5 wZv then M< N.
Pyl = Lopune b b

¥
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Proof. ¢/yY(L)<¢/Yy(M) %ﬁe\ﬁzv c« pureness, whence M=L=N. )
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GM-.@:E 1.8. FQAM be an /Mzmz..a cardinal. Denote by []i.; M, the product of the
M, restricted to sequences with <« members #0. Then [ M, <[], M.

Proof. [[.; M, is the directed union of the modules [;.; M,, |J|<«, which are
direct factors of [[;c; M. Whence [[i.; M, is pure [[;.; M. One computes easily

GAD gv = H.m— ¢ (M,).

iel iel .

Whence

GEG._ ?& =[] e/w(M) = GEAD Sv.

iel iel il



