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Abstract

We apply the theory of Borcherds products to calculate arithmetic volumes
(heights) of Shimura varieties of orthogonal type up to contributions from very
bad primes. The approach is analogous to the well-known computation of their
geometric volume by induction, using special cycles. A functorial theory of in-
tegral models of toroidal compactifications of those varieties and a theory of
arithmetic Chern classes of integral automorphic vector bundles with singular
metrics are used. We obtain some evidence in the direction of Kudla’s con-
jectures on relations of heights of special cycles on these varieties to special
derivatives of Eisenstein series.
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1. Introduction

A Shimura variety of orthogonal type arises from the Shimura datum O(L)
consisting of the orthogonal group SO(Lg) of a quadratic space Lq of signature
(m —2,2) and the set

D :={N C Lg | N oriented negative definite plane},

which has the structure of an Hermitian symmetric domain and can be inter-
preted as a conjugacy class of morphisms S = Resﬁ% Gy — SO(Lg). For any
compact open subgroup K C SO(Lj()), we can form the Shimura variety
(orbifold):

[SO(L)\D x SO(Ly) )/ K].

It is a smooth manifold if K is sufficiently small, has a canonical algebraic model
over Z(P)El for p J2D, where D is the discriminant of a lattice Lz, and K is equal
to the corresponding maximal subgroup at p. In the first part of this article
(sections [2H6]), we recall the functorial theory of

e canonical integral models of toroidal compactifications of mixed Shimura
varieties of Abelian type,

e arithmetic automorphic vector bundles on them,

developed in the thesis of the author [I8]. This theory, for general Hodge or
even Abelian type, relies on an assumption regarding the stratification of the
compactification which was recently proven by Madapusi [31].

Lif m > 2



The orthogonal Shimura varieties are interesting because they easily enable to
define algebraic cycles of arbitrary codimension which turn out to have amazing
arithmetic properties: For an isometry x : M — L, where M is positive definite,
we can simply form

D, :={NeD|N Laz(M)?

If (K-stable) lattices Lz and My or more generally a K-invariant Schwartz
function ¢ € S(M; ., ® L)) is chosen, we can form cycles Z(M, L, ¢; K)
on the Shimura variety by taking the quotient of the union of the D, over all
integral isometries (resp. all isometries in the support of ¢ in a weighted way)
as above. Also for singular lattices M analogous cycles can be defined. Consider
a model M(KO(L)) of a toroidal compactification of the Shimura variety. We
consider the generating series

On(L)= Y [ZZH, L, K)]exp(2miQr)
QeSym?2((Zm)*)

with values in its algebraic Chow group CH"(M(XO(L)))c (tensored with C).
Assume now that M(KO(L)) is even defined over Z in a “reasonably canon-
ical” way. Kudla proposes a definition of arithmetic cycles Z(M ,L,p; K,v),
depending on the imaginary part v of 7, too, and also for indefinite M, such
that R R
Gn(L) = Z [Z( 57L7(P;K7 V)] GXP(QWiQT),
QeSym?>((Z™)*)

should have values in a suitable Arakelov Chow group éﬁn(M([A{ O(L)))c. He
proposes specific Greens functions which have singularities at the boundary.
The orthogonal Shimura varieties come equipped with a natural Hermitian
automorphic line bundle Z*£ (whose metric also has singularities along the
boundary). Multiplication with a suitable power of its first Chern class and
taking push-forward provides us with geometric (resp. arithmetic) degree maps
deg : CHP(---) — Z (resp. deg : éﬁp(- --) = R). Assuming that an Arakelov
theory can be set up to deal with all different occurring singularities, Kudla
conjectures (for the geometric part this goes back to Siegel, Hirzebruch, Zagier,
Kudla-Millson, Borcherds, to name a few)ﬂ

(K1) ©,, and O, are (holomorphic, resp. mnon-holomorphic) Siegel modular
forms of weight % and genus n.

(K2) deg(©,,) and d/(%((:)n) are equal to a special value of a normalized standard
Eisenstein series of weight % associated with the Weil representation of L
[T, section 4], resp. its special derivative at the same point.

(K3) Oy, (11) - Op,(12) = @n1+n2(<T1 7'2>> and similarly for ©.

2If m —r < n + 1, the statement has to be modified. Here r is the Witt-rank of L.
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(K4) ©,,-1 can be defined, with coefficients being zero-cycles on the arithmetic
model and satisfies the properties above.

Kudla shows (see [23] for an overview) that this implies almost formally vast gen-
eralizations of the formula of Gross-Zagier [14]. In full generality the conjectures
are known only for Shimura curves [28]. See [17], section 11], the introduction to
[18], and especially Kudla’s article [23] for more information on what is known
in other cases. In the geometric case Borcherds [3] shows (K1) for n = 1. (K2)
follows either from Kudla-Millson theory and the Siegel-Weil formula, or di-
rectly from the knowledge of the Tamagawa number, or from Borcherds’ theory.
All 3 proofs (for non-singular coefficients) are sketched in section 13.

In this work, we show — in a sense — the good reduction part of the arithmetic
part of (K2) for all Shimura varieties of orthogonal type. The approach uses
only information from the “Archimedean fibre” to attack the problem. It is a
generalization of work of Bruinier, Burgos, and Kiihn [§], which dealt with the
case of Hilbert modular surfaces. It uses Borcherds’ construction of modular
forms on these Shimura varieties [2] and a computation of the integral of their
norm [7, 22]. More precisely, we show the following;:

Main Theorem Let D' be the product of primes p such that p*|D, where
D is the discriminant of Lyz. We have

1 vole(M(EO(L2) = 4X"M(Lz;0)
volg(M(KO(Lz)) = £43"'(Lzis)lmo  in Ropr

Let My, be a lattice of dimension n with positive definite Qp; € SymZ(Mé). Let
D" be the product of primes p such that Mz, & Mg or Mikp/MZp is not cyclic.
Assume

e m—n>4, or
e m=4,n=1, and Lg has Witt rank 1.

Then we have

3. volg(Z(Ly, My, k;K)) = 4X"Y(Lg; s)fi(Lz, My, &;0),
Jo hts(Z(Ly, My, 5 K)) = i4(A‘l(LZ;s)ﬁ(LZ,MZ,/@;s))’_0
inRQDDu.

3. is true without the restriction on m and n. Note that for n =1 and integral
Qur, we have trivially always D" = 1.

Here Ry is R modulo rational multiples of log(p) for p|N, and the X and n
are functions in s € C, given by certain Euler products E[) associated with
representation densities of Lz and Mz. 4 appears as the “holomorphic part”
of a Fourier coefficient of the standard Fisenstein series associated with the
Weil representation of Lz. K is the discriminant kernel and M(X O(Lyz)) is any

toroidal compactification of the orthogonal Shimura variety (see below). £ is the




integral tautological bundle on the compact dual equipped with a metric on the
restriction of its complex fibre to D; the volumes/heights are computed w.r.t.
the associated arithmetic automorphic line bundle =€ on M(K0O(Ly)).
For a more detailed introduction to the method of proof, we refer the reader to
section 11 of [I7], in which the results of this paper are announced and explained.
They have their origin in the thesis of the author [18].

In the first sections we explain in detail the functorial properties integral mod-
els of toroidal compactifications of orthogonal Shimura varieties satisfy. These
properties have been established in the thesis of the author [I8] assuming a
certain technical assumption . The assumption was proven if m < 5 by
Lan [30] (the Shimura varieties — Spin-version — are then of P.E.L. type) and
by Madapusi [31] in general (for Hodge type). The models are constructed lo-
cally (i.e. over an extension of Z,)). Input data for the theory are p-integral
mixed Shimura data (p-MSD) X = (Px,Dx, hx) consisting of an affine group
scheme Px over spec(Z)) of a certain rigid type (P) (see[2.3) and a set Dx
which comes equipped with a finite covering hx : Dx — Hom(Sc, Px ) onto a
conjugacy class in the latter group, subject to some axioms, which are roughly
Pink’s mixed extension [37] of Deligne’s axioms for a pure Shimura datum.
Then call a compact open subgroup K C Px(A(®)) admissible, if it is of the
form KP) x Px(Z,) for a compact open subgroup K C Px(A(P). For the
toroidal compactification a certain rational polyhedral cone decomposition A
is needed. We call the collection XX (resp. KX) extended (compactified) p-
integral mixed Shimura data (p-EMSD, resp. p-ECMSD). These form categories
where morphisms §X — f,/ Y are pairs (o, p) of a morphism « of Shimura data
and p € Py (A(>P)) satisfying compatibility with the K’s and A’s. The theory
is then a functor M from p-ECMSD to the category of Deligne-Mumford stacks
over reflex rings (above Z,)) which over C and restricted to p-MSD becomes
naturally isomorphic to the one given by the analytic mixed Shimura variety
construction. It is characterized uniquely by Deligne’s canonical model condi-
tion, Milne’s extension property (integral canonicity) and a stratification of the
boundary into mixed Shimura varieties, together with boundary isomorphisms
of the formal completions along the latter with similar completions of other
(more mixed) Shimura varieties. These boundary isomorphisms, for the case
of the symplectic Shimura varieties, are given by Mumford’s construction [12]
Appendix]. There is also a functor ‘compact’ dual from the category of p-MSD
to the category of schemes over reflex rings. The duals come equipped with an
action of the group scheme Px, and we have morphisms

Zx : M(KX) = [MY(X)/Px 0, ],

which form a pseudo-natural transformation of functors with values in Artin
stacks over reflex rings, which are a model of the usual construction over C if A
is trivial. This is the theory of integral automorphic vector bundles. It is com-
patible with boundary isomorphisms. For more information on the ‘philosophy’
of these objects in terms of motives see the introduction to [18].

In section 7 and 8 a precise general g-expansion principle is derived from these
abstract properties.



In section 9 the structure of the models of orthogonal Shimura varieties is in-
vestigated and special cycles are defined.

In section 10 we define integral Hermitian automorphic vector bundles and the
notions of arithmetic and geometric volume. Furthermore we set up an Arakelov
theory which has enough properties to deal with singularities of the natural
Hermitian metrics on automorphic vector bundles. This uses work of Burgos,
Kramer, and Kiihn [9, 10].

In section 11 we use the general g-expansion principle to prove that Borcherds
products with their natural norm yield integral sections of an appropriate in-
tegral Hermitian line bundle. Among other things the product expansions of
Borcherds’ are adelized and their Galois properties investigated.

In section 12 we prove that the bundle of vector valued modular forms for
the Weil representation (which appear as input forms in the construction of
Borcherds products) has a rational structure. Then we use this to construct
input forms with special properties which will be needed in the application.

In section 13 we develop the main ingredient of the proof of the Main Theorem
which connects Borcherds’ theory and Arakelov geometry on the orthogonal
Shimura varieties.

In section 14 the Main Theorem is proven.

In 3 appendices additional material on “lacunarity of modular forms”, on quadratic
forms, and on semi-linear representations is provided.

Finally, it is a pleasure to thank the Department of Mathematics and Statistics
at McGill University and especially Eyal Goren, Jayce Getz, and Henri Darmon
for providing a very inspiring working environment during the preparation of
this article.

2. Group schemes of type (P)

2.1. Our definition of integral mixed Shimura data involves a special kind of
group schemes over spec(Z,)) which are — in a sense — as rigid as reductive
group schemes. We call them group schemes of type (P). They are a slight
generalization of those of type (R) and (RR) considered in [I5, XXII, 5.1],
which occur as parabolics of reductive group schemes. We use extensively the
notation and results of [loc. cit.]. Proofs of the theorems in this section can be
found in [I8] section 1].

2.2. For a coherent sheaf on a scheme S, we denote by W(E) its additive
group scheme. For a group scheme X over S we denote the functor D(X) :=
Hom(X,G,,). For an ordinary Abelian group M, denote by Mg the associated
constant group scheme.

Definition 2.3. Let P be a group scheme of finite type over S. We call P of
type (P), if the following conditions are satisfied:

There ezists a closed unipotent normal subgroup scheme W (called unipotent
radical).

S is covered by etale neighborhoods S’ — S for which there exist



1. a closed reductive subgroup scheme G of Ps: such that Ps: is isomorphic
to the semi-direct product of Wg: with G,
(Then P is smooth and affine over S, and there exist maximal split tori
locally in the etale topology [15, XII, 1.7]),

2. a split mazimal torus T = D(Mg/) of G, where M is some lattice,

3. a system of roots [15, XIX, 3.2, 3.6] R = RgURw C M, such that:

Lie(G) = Lie(Ts)® P Lie(G)"
r€Rg
Lie(Ws) = @ Lie(Ws)",

reRw

4. closed embeddings
exp, : W(Lie(Wg)") = W

for allr € Ry, inducing via Lie the inclusion and satisfying for all S"” —
S, te T(SH), X e Lie(GS//)T:
int(t) exp,(X) = exp,.(r(t) X).

with the property that any two different 1 € R, ro € Ry are linearly indepen-
dent.

Remark 2.4. This property is obviously stable under base change. If the objects
required in (1-4) above are already defined over S we call (P,T,M,R) a split

group of type (P).
Group schemes of type (P) have a nice theory of (quasi-)parabolics.
Definition 2.5 ([I5, XV, 6.1]). Let P be a group scheme of finite type over S.

A parabolic subgroup scheme of P is a smooth subgroup scheme Q of G, such
that for each s € S, Qs is a parabolic subgroup of Gz, (i.e. such that Gz/Qs is

proper).

Proposition 2.6. Let S be a reduced scheme, and let (P, T, M,R) be a split
group of type (P) over S. If R' C R is a closed subset, there exists a unique
smooth subgroup scheme P’ C P, containing T, such that

Lie(P') = Lie(T) & @D Lie(P)"

P’ is of type (P) and closed in P. In particular each parabolic is of this form.

Definition 2.7. Let P be of type (P). A closed smooth subgroup scheme Q of
P is called a quasi-parabolic group, if etale locally, say on S’ — S, there is a
splitting (P, T, M, R) over S’, Qg is of the form given in Proposition for a
R’ C R which contains a set of positive roots (but not necessarily Ry !).

Theorem 2.8. Let S be reduced and P be a group scheme over S of type (P).



. The functor S" — {(quasi-)parabolic subgroups of Ps:} is representable by
a smooth (quasi-)projective S-scheme (Q)PAR.
There is an open and closed embedding PAR into QPAR.

. There is an etale sheaf TYPE of finite sets over S and a surjective mor-
phism

type : QPAR — TYPE,
with the property Q and Q' are locally conjugated in the etale topology, if

and only if type(Q) = type(Q’).
. If(P,T,M,R) is split

TYPE = { W (Rg)-orbits of closed subsets of R } .
s

containing a set of positive roots

. Let Q be a quasi-parabolic of P. The morphism P/Q — QPAR, g —
int(g)Q is an open and closed immersion onto a connected component of
QPAR. It is hence the fibre above type(Q).
. Hom(G,,, P) is representable by a smooth affine scheme over S.
There is an etale sheaf FTYPE of (infinite) sets over S and a surjective
morphism

ftype : Hom(G,,,, P) = FTYPE,

with the property o and o are locally conjugated in the etale topology, if
and only if ftype(a) = ftype(a’).
. If (P, T, M, R) is split:

FTYPE = { W(Rg)-orbits in M™* }g.

. There is a surjective morphism
gpar : Hom(G,,, P) - QPAR,

characterized by the properties

(a) Let a: Gy,,50 — Ggr be some cocharacter. For each etale S” — ',
where there is a splitting (Gg»,T, M, R) such that agr : Gy, g —
T C Ggr, we have

type(qpar(a)) = W(Rg){r € R | roa > 0}.

(b) For each o : G, 50 — Ggr, « factors through qpar(c).
There is a commutative diagram

Hom(G,,, P) 22 QPAR
J{ftype J{type
FTYPE TYPE
If (P, T, M, R) is split, the morphism on the bottom is induced by
M*>smw—{reR | (r,m) >0}




3. Mixed Shimura data

In this section we define p-integral mixed Shimura data. The notion is basically
an integral version of the one used in Pink’s thesis [37]. Proofs of the theorems
in this section can be found in [I8] section 2]. Recall the Deligne torus S :=
Resg (G,,) with weight morphism w : G,, g — S.

Definition 3.1. Let P be a group scheme of type (P) defined over spec(Zy),
and let m: P — P/W the projection, where W is its unipotent radical .
A morphism h : S¢ — Pg is called admissible if

e 7o h is defined over R,

e mohow is a cocharacter of the center of Px o/Wx g defined over Q.

o Under the weight filtration on Lie(Px g) defined by Adoh o w, we have:
W_1(Lie(Px,g)) = Lie(Wx q)-

Recall from [37, Prop. 1.5] that a morphism h : S — GL(Lg) is associated with
a mixed Hodge structure if and only if h factors through a subgroup Px g C
GL(Lg), and the induced morphism is admissible.

Lemma 3.2. Let T be a Q-torus. The following are equivalent conditions:

1. T(Q) is discrete in T(A),
2. T is an almost direct product of a Q-split torus with a torus T, such that
T'(R) is compact.
Definition 3.3. Let p be a prime.
A p-integral mixed Shimura datum (p-MSD) X consists of

1. a group scheme Px of type (P) over spec(Zy)),
2. a closed unipotent subgroup scheme Ux,
3. a homogeneous space Dx under Px(R)Ux(C),
4. a Px(R)Ux (C)-equivariant finite-to-one morphism hx : Dx — Hom(Sc¢, Px c),
such that the image consists of admissible morphisms ,
subject to the following condition: For (one, hence for all) h,,x € Dx,

1. Adp oh, induces on Lie(P) a mized Hodge structure of type
(-1,1),(0,0),(1,-1) (-1,0),(0,—1) (—1,-1),

2. the weight filtration on Lie(Py) is given by

Lie(Py) ifi>0,

Lie(Wg) ifi=—1,

Lie(Ug) ifi=—2,

0 ifi < —2,

Wi(Lie(Py)) =

where Wgq is the unipotent radical of Py and Uy = Ux,g is a central
subgroup,



3. int(m(h. (7)) induces a Cartan involution on G, where G = P/W,
4. G& possesses mo nontrivial factors of compact type that are defined over

Q,
5. the center Z of P satisfies the properties of Lemma[3.3

X is called pure, if Wx = 1. A morphism of p-MSD X — Y is a pair of a
homomorphism of group schemes Px — Py and a homomorphism Dx — Dy
respecting the maps h.

We call a morphism an embedding, if the morphism of group schemes is a
closed embedding, and the map Dx — Dy is injective.

If we have a p-MSD X, then an admissible compact open subgroup of Px (A(>))
18 a group of the form K(p)PX(ZP), where K®) is a compact open subgroup of
Px (A(oP)),

see [37] 2.1]E| for the rational case. The subgroup scheme Ux is determined by
the triple (Px, Dx, ]’Lx)

Definition 3.4. A pair KX is called p-integral extended mixed Shimura
data (p-EMSD), where X is p-integral Shimura data, K is an admissible com-
pact open subgroup of Px(A(>)).

A morphism of p-EMSD K'y KX jsq pair (7, p), where v is a morphism
of p-integral mized Shimura data and p € Px(A(*P)) such that v(K')? C K,
If v is an automorphism, then we call the morphism o Hecke operator. If
is an embedding and y(K1)? = Ky N P (A(®)), and such that the map

[Py (Q\Dy x (Py(A®)/K")] = [Px(Q)\Dx x (Px(A™))/K)]

is a closed embedding (compare also @), then we call the morphism an em-
bedding.

Lemma 3.5. Px(Q)NStab(z, Px(R)Ux(C))K is finite for every compact open
subgroup K C Px (A)) and trivial for sufficiently small K.

Definition 3.6. Let M be an integer. Let Px be a group scheme over Z[1/M]
of type (P) and Dx such that they define rational mized Shimura data X. For
each p t M, Px Xz m Zpy will then define p-integral mized Shimura data
which we equally denote by X. Let Ly be a lattice with a faithful representation
of Px, i.e. a closed embedding Px — GL(Lgz[1/a1)-

For each integer N, we define the following compact open subgroup of Px (A(%)):

K(N):={g€ Px(A™) | gL; =Lz,g=id mod N}.

If pt N then K(N) is admissible at p.

3The property 5. in the definition is stated in [loc. cit.] in a weaker form, namely it is
required that the action on W is through a torus of type In [32] this property is called
(SV5) for pure Shimura varieties.
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Lemma 3.7. For each (admissible) compact open subgroup K C Px(A()),
there is a v € Px(A(®)) (resp. € Px(A(>P)) such that

Py C K(1).
Lemma 3.8. 1. For each 21X and an embedding o : X1 — Xa, there is

an admissible Ko C Px, (A(OO)) such that KX, — £2X, is an embedding

.

2. If 1Xy — K2X, is an embedding, and if Ko is neat, then for each K} C
Ko, the map Kémpxl(A(x))Xl — K2X, s an embedding.

3. Let Px, operate linearly on a VZ<p> , and choose a lattice Vz C Vz(p). There
is an integer N such that for all (M,p) = 1, N|M, KA1 X, <y K(M)2X,
is an embedding.

We have the following structure theorem for p-integral mixed Shimura data

Proposition 3.9. Let X be p-MSD.

There are smooth closed subgroup schemes of Px: Wx (the unipotent radi-
cal) and Ux = W(W_y(Lie(Px))). There is a smooth group scheme Vx =2
W(gr_,(Lie(Px)) and an exact sequence

0 Ux Wx Vx 0.

There is a closed reductive subgroup scheme Gx, such that Px = Wx x Gx.
Any two such subgroup schemes are conjugated by an element in Wx (Zp)).
For an morphism of p-MSD o : X — Y, we have a diagram

0 Ux Wx Vx 0
0 Uy Wy v 0.

If « is an embedding, the vertical maps are closed embeddings, and the outer
ones are given by saturated inclusions (i.e. inducing an inclusion mod p as
well) of the corresponding modules over Z,y. Furthermore, there are closed
reductive subgroup schemes Gx and Uy of Px and Py, respectively, such that
Px = Wx x Gx, Py = Wy x Gy and such that Gx is mapped to Gy .

Definition/Proposition 3.10. Let X be p-MSD. We have the following con-
verse to [0

Given two Z,y-modules V' and U acted on by Px with unimodular invariant
symplectic form U :V xV — U (i.e. inducing an isomorphism V = V*) This
defines a group scheme Wy sitting in an exact sequence:

0 Uo Wo Vo 0,

where Uy := W(U) and Vy := W(V). Using the action of Px we may form
a semi-direct product Px: = Wy x Px. Assume that every subquotient of
Lie(Wy r) is of type

{(_1’ 0)7 (07 _1)} or {(_17 _1)}

11



Define Dx: as

{(CC,kJ) € Dx x HOm(Sc,Pé) |
hy =¢ok; n"ok:Sc— (P'/U")¢c is defined over R}.

X' is then p-MSD, called a unipotent extension of X, denoted by X[U, V].
Dx:, — Dx it a torsor under Wy(R)(Wo N Ux/)(C).
We have X[U,V]/Wy = X.

Proposition may be strengthened as follows. Every p-MSD satisfies
X = (X /Wx)[Lie(Ux), Lie(Vx)],
the symplectic form and action of Gx being determined by X.

Definition 3.11. Let X be (rational) MSD. For Gx g = Px,o/Wx,q every
Q-parabolic subgroup of Px g is the inverse image of a Q-parabolic subgroup of
Gg(d,Q' Let G’g‘g@ = G109 X - Grg be the decomposition into Q-simple factors.
Choose Q-parabolic subgroup Q; g C G; g for every i, and let Qg be the inverse
image of Q1o X -+~ Qro " Pxg. We call Qg an admissible Q-parabolic
subgroup of Px q, if every Q;q is either equal to G; g or a mazimal proper
Q-parabolic subgroup of G; q.

Lemma 3.12. If X is p-MSD and Qq is a parabolic subgroup of Px g, then there
18 a parabolic subgroup scheme Q of Px , such that Qg = Q) X g spec(Q).

3.13. Let S be a maximal R-split torus of (Gr)%". Let R be the root system
of S (acting on Lie(G%?)). The irreducible components of R are of type (C)
or (BC) [III Corollaire 3.1.7], cf. also [I, §2, Proposition 4]. The long roots
[11), loc. cit.], cf. also [, p. 185]. L = {eu,..., a4} form a basis of mutually
orthogonal roots of S. An admissible R-parabolic Qr D S is determined
(in the sense of by a homomorphism A : G, g < S, where

2 r
ay={° “C0
0 a¢l.
where L’ is any subset of L. If the corresponding cocharacter can be defined
over QQ, then @ is defined over Q.

Recall the group Hy := {(z,a) € SxGLar | 2Z = det(w)}. Let ho : Sg = Hor
be the morphism given by z — (z,h(z)), where h € Dy, is any element. Here
Dy, is the set of representations of type (—1,0), (0, —1) (see[d.1]for the notation).

Let heo : S¢ = Ho,¢ be the morphism z — (z, hp,(2)), where hy, : S¢ — <* :)

describes the mixed Hodge structure having the same Hodge filtration as the one

described by h, but weight filtration corresponding to (i.e. fixed by) <* I)

Proposition 3.14. Let Qg be a Q-parabolic subgroup of Px q. Let ' be the
projection Px — Px /Ux. The following are equivalent:

12



1. Qq is admissible.
2. For every x € Dx there is a unique homomorphism

Wy © H07(c — PX,(C

such that
(a) mowy : Hyc — (Px/Ux)c is already defined over R,
(b) hy =wz o h();
(¢) wg ohwow : Gy — Qc is conjugated to p - A, where X is the
morphism constructed in i = hy ow, and Lie(Qc) is the direct
sum of all nonnegative weight spaces in Lie(Px ¢) under Adp ow, o
hoo © W.
3. There exists an x € Dx and a homomorphism w, such that the three
conditions in 2. are satisfied.

If Px is reductive, @ corresponds to a boundary component in the sense of [}
III, p. 220, no. 2]. The morphism w, o hy is independent of the choice of hyg.

Definition/Theorem 3.15. Assume that X is p-MSD. Choose an admissible
Qq as above. We will define mized Shimura data B as follows:

Let Pg g be the smallest normal Q-subgroup of Q, such that w, o ho factorizes
through it.

Consider the map

Dx — Wo(Dx)XHom(Sc,PB’(C) (1)
z = ([z],wy 0 hs).

Choose a Pg(R)Ug(C)-orbit D containing an ([x],w,ohs) in the above image.
The tmage is contained in the union of finitely many such. Each Dg is a finite
covering of the corresponding Pg(R)Ug(C)-orbit h(Dg) in Hom(Sc, P ,c). Let
Dp_—.x be its inverse image in Dx.

The closure Pg of Pg,g in Px is of type (P) [18, Theorem 2.4.5], and hence B
is p-integral mixed Shimura data and called a boundary component of X. It
1s called proper, if Q is a proper parabolic, otherwise improper.

A boundary map B’ = X is an isomorphism of B’ with one of the boundary
components B.

For each @ there are finitely many choices of Dg’s and accordingly, finitely many
boundary components.

Proposition 3.16. There is a functorial map, called projection on the imag-
inary part,
im: Dx — Ux(R)(—1) T Ug,

where u, is the unique element, such that int(u; 1) o hy is defined over R.

Proposition 3.17. If B is a boundary component of X and o : X — X' is a
morphism, there is a unique boundary component B’ of X' and a corresponding
map & : B — B’. If a is an embedding, & is either.
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Proposition 3.18. 1. Let Dg—x be as in Definition . Let D% be a
connected component of Dg—x and ]DOB be corresponding component of
Dp. Then

(a) The map Dp—.x — Dp is an open embedding.
(b) The image of D% in DY is the inverse image of an open complex cone
C :=C(D%, Pg) C Ug(R)(—1) under the map im Ipg, -
(¢) The cone is an orbit in Ug(R)(—1) under translation by Ux (R)(—1)
and conjugation by Q(R)°. It is also invariant under translation by
(Us N Wx)(R)(—1).
(d) Modulo (U N Wx)(R)(—1) the cone C is a non-degenerate homoge-
neous self-adjoint cone (in the sense of [1, II, p. 57, §1.1]).
2. Consider a morphism of Shimura data ¢ : X — X'. For each rational
boundary component B of X there is a unique boundary component B’ of
X' and a morphism T : B — B’ such that

L
Dp—x — Dp'—x

Dy L . Dg

commutes.
3. Each boundary component B’ of B is naturally a boundary component of
X. This defines a partial order on the set of boundary components of X.

Definition 3.19. Let By be a rational boundary component of X and D% be a
connected component of D, —x. Let C*(D%, Pg,) C Ug, (R)(—1) denote the
union of the cones C(D%, Pg,) for all rational boundary components Ba such
that By = By = X. It is a convex cone. Form the following quotient

Ox:= [ ©* (% Ps,)/~
(D% ,Pg,)
by the equivalence relation generated by the graph of all embeddings
C*(Dg(’ PB2) — C*(DO)OPBl)
for B; = By = X. [t is called the conical complex associated with X (cf.
157, 4.24)).

Consider the set
CX X Px(A(OO))

Px(Q) acts on this from the left by conjugation of boundary components [37]
4.23] and on Px (A(>)) by left multiplication. Px (A(>)) acts via multiplication
on the right on the second factor. Furthermore Px(A(*)) acts on the second
factor through left multiplication.
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Let a set A of subsets of Cx x Px(A(®)) be given, such that every o € A is
contained in some C(D%, Pg) x p. We denote by A(D%, Pg, p) the subset of
o € A, such that o € C(D%, Pg) x p.

Let K be an (admissible) compact open subgroup of Px (A(*)). For any D%, B
and p, we let 'y C Ug(Q) be the image of

{z € 2(Px(Q)) | zlpx =1d}Us(Q)) N"K
under the projection Z(Px(Q)) x Us(Q) — Us(Q).

Definition 3.20. A is called a K-admissible (partial) rational polyhedral
cone decomposition for X, if

1. For each D%, B and p, A(D%, Pg, p) is a (partial) rational polyhedral cone
decomposition of the closure of C(D%, Pg) x p. We understand a cone as
open in its closure.

2. A is invariant under right multiplication of K and under left multiplication
of Px(Q).

3. For each B the set Uper(NOO)) A(D%, Pg, p) is invariant under left mul-
tiplication of Pa(A(>).

It is called finite, if the quotient Px(Q)\A/K is finite.

It is called complete, if in 1. A(D%, Pg, p) is a complete rational polyhedral
cone decomposition.

It is called projective, if on each A(D%, Pg, p) there exists a polarization func-
tion ([1, IV, §2.1], cf. [12, 1V, 2.4]).

It is called smooth with respect to K, if for all D%, B and p, as above,
A(DY%, P, p) is smooth with respect to the lattice T'y.

The condition 3. is called the arithmeticity condition. Without it, the com-
pactification exists over C but may not descend to the reflex field or a reflex
ring.

Definition 3.21. A triple XX is called p-integral extended compactified
mixed Shimura data (p-ECMSD), where everything is as in Definition
but A is in addition a K-admissible (partial) rational polyhedral cone decompo-
sition.

Morphisms of p-ECMSD have to satisfy the property that for each o1 € Ay there
is a 09 € Ag with y(01)” C 03.

Let KX be p-ECMSD and [, p) : K'Y — KX be a morphism of p-EMSD, such
that a is a closed embedding.

Set [a, p]*A to be the set of all cones {(u,p) | (a(u),a(p')p) € o} forallo € A.
This is a K'-admissible rational partial cone decomposition for Y. It is finite,
resp. complete, resp. projective if A is finite, resp. complete, resp. projective.
This association is functorial. If o, p] was an embedding (this includes a con-
dition on K, K’, see , we call IA(,,Y — KX an embedding.

Be aware that, in general, smoothness is not inherited by [a, p]* A, but we have:
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Proposition 3.22 ([I8 Theorem 2.4.12]). Let X be p-MSD. Let K be an ad-
missible compact open.

1. K-admissible (complete) rational polyhedral cone decompositions for X
exist.

2. If A is a K-admissible rational polyhedral cone decomposition for X, there
is a smooth and projective refinement A’. Any refinement of A’ will be
projective again.

3. If A;, i = 1,2 are 2 rational polyhedral cone decompositions for X, there is
a common refinement A (supported on the intersection of their supports).

4. If « : X — X' is an embedding and p € Px/(AP)) is given, there is
K’ such that we have an embedding [a, p] : KX — K'X/, a K'-admissible
rational polyhedral smooth and projective cone decomposition A’ for X',
with the property that A = [a, p]* A’ is smooth and projective. For every
smooth refinement ofﬁ of A, there is a smooth refinement A’ of A" with
A= [a, p]*A.

Definition 3.23. Let £X be p-ECMSD and  : By = X a boundary map.
For any p € Px(A(®)), we define K' := Pg,(A™))NPK, write

(,p) : KBy = KX,

and call this a boundary component of (or boundary morphism to) the p-ECMSD
EX. A is defined as ([t, p]*A)|B,, where restriction is characterized by

Alg, (D%, PB,, p1) = A(D%, Pa,, p1)

for all p1 € PBI(A(‘X’)), every boundary map Bo = Bi and every pair of
connected components DY and DY~ such that D§ < Dy < Dp,. A’ in general
inherits neither completeness nor finiteness. It is K'-admissible.

We call two boundary components

(. 0): KB = kX
and ,
(0" : K, B" = £X
equivalent, if (the images of ) B' and B” are conjugated via o € Px(Q) and
Oépl S StabQ(Q) (]D)B)PB(A(OO))pNK.

(Here Q is the parabolic defining B.) In an equivalence class, we may assume
p € Px(AlP),

Definition 3.24. Let X be p-ECMSD. Define A° as the set of all 0 € A,
such that o C C(D%, Pg) x Px(A(>)) for some improper rational boundary

component B =— X. We say that A is concentrated in the unipotent
fibre, if A = A°.
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4. Symplectic, Hodge type, and Abelian type Shimura data

4.1. Let S be a scheme. Let L be a locally free sheaf on S with unimodular
alternating form (v,w) = ¥(v,w), i.e. satisfying (v,v) = 0 and such that the
induced homomorphism L — L* is an isomorphism.

Let us assume first that L is non-zero. We then have the reductive group
schemes Sp(L) (resp. GSp(L)) over S, the symplectic group, resp. the group
of symplectic similitudes of L.

There is an exact sequence

0 — Sp(L) —> GSp(L) > Gy, —> 0,

where A is the similtude factor. Let p denote the standard representation of
GSp(L) on L.

Let now S = spec(Z,)). We define p-integral pure Shimura data Hy associated
with L (it depends, up to isomorphism, only on the rank 2g of L) by Py, :=
GSp(L) and Dy, to be the conjugacy class of morphisms A : S — GSp(Lg), such
that they give pure Hodge structures of type (—1,0),(0,—1) on L and which
are polarized, i.e. such that the form (-, h(7)-) is symmetric and (positive or
negative) definite.

If L is the zero sheaf on S we define Sp(L) := 1 and GSp(L) := G, g, and we
let Dy, be the 2 point set of isomorphisms Z — Z(1) with the nontrivial action
of G,,(R). This defines a (p-integral) Shimura datum Hy. We understand the
morphism A : GSp(0) — G,,, be the identity.

4.2. Let Ly be a locally free sheaf on S as before with unimodular sympletic
form (possibly 0).

Let I be another locally free sheaf on S (also possibly 0). Let I* be its dual.
We define the semi-direct product

PSp(Lo, I) := W(Lo ® I) x GSp(Lo).

It is of type (P). Here GSp(Lg) acts via the product of the standard represen-
tation on Ly with the trivial one on I. It acts on L := Lo & I* as follows: The
action of GSp is given by the standard representation on Lg and trivial action
onI*, X =v' ®u € Lo® I, considered as element of the Lie algebra, acts by

X(v,u") = (" u)v’, 0)

and W(Ly ® I) via the exponential exp(X)(v,u*) = (v,u*) + X (v,u*), which
in this case makes sense over any S. This is compatible with the structure of
semi-direct product. Let S = spec(Z,)) from now on. The action fixes a weight
filtration

0 1< =2
WZ(LO @I*) = LO 1 =—1
LodI* i>0.
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We have the unipotent extension Hg [0, ® Lo| of the p-integral pure Shimura
data Hy,. Its underlying P is PSp(Lo,I). Its underlying I (if go # 0 may
be identified with the conjugacy class of morphisms h : S — PSp(Lo g, Ir),
such that they give mixed Hodge structures of type (—1,0), (0,—1), (0,0) with
respect to the weight filtration W, such that on W_; they are polarized. (We
have PSp(0,I) = GSp(0) and PSp(Lg,0) = GSp(Ly)).

4.3. Let Ly be a locally free sheaf on S with unimodular symplectic form
as before (possibly 0). Consider the following extension of Abelian unipotent
groups (Heissenberg group)

0—=W((I®I)?* WSp W(Lo ® I) — 0

defined (if 2 is invertible in S) by the following group law
.7 /1,1 .7 1 !/ !/ !/ 1.7
(urug, vus)(ujusg, v'us) = (urug + u1u2+§<v,v Y(usug + ugug), vug + v'uy).

There is an action of GSp(Ly) on WSp given by X acting on (I ® I)® by scalars
and standard representation tensored with the trivial one on Lo ® I.
We define the semi-direct product

USp(Lo, I) = WSp X GSp(Lo)

It is again of type (P).
Denote J:= I @ I*. Choose on Ly @& J the symplectic form

(vi,ur, uls va, ug, uy) = (vi,v2) + ujuy — ujus.

We define an action of USp(Lg,I) on L := Ly & J as follows: The action of
GSp(Lyg) is given by the standard representation on Lg, trivial representation
on I'* and A acting by scalarson I. X =v' ®u' € Ly® 1, considered as element
of the Lie algebra, acts by

X(v,u,u”) = ((wa')o', (v, v)u’,0),
and X =u; Qug € I ® I acts by
X(Uv U, U*) = (07 (U*ul)u% 0)7

and W(---) acts via the exponential exp(X)(v,u*) = (v,u*) + X(v,u*) +
%X 2(v,u*). This is compatible with the group structure given above.

If 2 is not invertible in S, we assume that there is an isomorphism Ly = Lyo$ L,
such that the alternating form is given by the standard one. In this case we
let the groups W(Lgo ® I), W(L§, ® I) and W((I ® I)®) operate as above via
exponential (it terminates after the second step). One checks that

W((I®I)*) x W(Loo ® I) x W(L, ® I) — GSp(L)
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is a closed embedding onto a subgroup scheme. Explicitly the group law is given
by

(leXQaXB)(X{aXé’Xé) = (X1+X{+<X3»X/2> - <X/27X3>7X2+XéaX3+X:/3)'

This is in any case compatible with the structure of semi-direct product. Let
S = spec(Zy)) from now on. The action fixes a weight filtration

0 i< —3,

WD) = I =2,
Lo®l i=-1,
L i > 0.

We have the unipotent extension Hy [(I ® I)°, I ® Lg| of the p-integral pure
Shimura data Hy,. Its underlying P is USp(Lo, I). Its underlying I (if go # 0
may be identified with the conjugacy class of morphisms % : S — USp(Lo g, Ir),
such that they give (polarized) mixed Hodge structures on Lg of type (—1, —1),
(—1,0), (0,—1), (0,0) with respect to the weight filtration above.
The action of USp(Lg, ) on L = Lo & J defined above induces a closed embed-
ding

USp(Lo, I) — GSp(L).
The image is precisely the subgroup scheme fixing the weight filtration and
I* = gry(Lo & J) point-wise.

Definition 4.4. For any saturated submodule U C (IQI)* we call the p-integral

mized Shimura data
Hy, [(I®1)°,1® Lol /WU’

a Shimura datum of symplectic type.

Note that any of the p-integral mixed Shimura data in this section is of this
form.

Proposition 4.5 ([I8, Theorem 2.5.4]). There is a bijection
{ isotropic subspaces Iy of Ly } = { boundary components B of H,}.

Let Ig be an isotropic subspace of dimension g — go, I = Iz, the associated
saturated sublattice and B = H, the corresponding boundary component.

For any choice of splitting L = Lo ®7J (where 3 =I1* @I, as usual, with natural
symplectic form), there is an isomorphism

Hy, (I ®1)°,1® Lo] = B,

whose underlying morphism is given by the representation of PSp(Lg,I) on L =
Lo® I ®I* given above (it depends on the choice of splitting).

Corollary 4.6. Every boundary component of (p-integral) mized Shimura data
of symplectic type is again of symplectic type.
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4.7. We have quotient maps of mixed Shimura data.
H, [(I®I)°I® Lo —Hgy0,I® Lol — Hy,.
The first gives an isomorphism
H, [(I®1)°1® Lo)/U =H,0,I® Lo
(where U = W((I ® I)®)), and the second gives an isomorphism
H,,[0,I® Lo]/W = H,,,
(where W =V = W(I ® Ly)).

Lemma 4.8. Let S be a scheme with HL,(S,G,,) = 1 and M a locally free sheaf
on S.

1. A (GSp(L), L)-structure on M is a unimodular symplectic form on M (i.e.
inducing an iso M = M*) up to multiplication by HO(S, O%).
2. A (PSp(Lo,I), L)-structure on M is a saturated filtration

Wo=MD>DW_1 DW_o5=

with unimodular symplectic form on W_1 up to multiplication by H°(S, O%)
and an isomorphism p: Wy /W_q = If.

3. A (USp(Lo, I), L)-structure on M is a unimodular symplectic form on M
up to multiplication by H°(S,0%), a saturated filtration

Wo=MDW_1DW_oDW_3=0

such that W_o is isotropic and W_1 = (I/V,g)L and an isomorphism p :

Similar statements are true for a (GSp(L)(R), Lgr) (resp. ...) structure on a
local system.

Lemma 4.9. Let S be a scheme and M a locally free sheaf on S. Let G =
W(UZ(m)xGm acting on Z(p)@UZ*(p) as follows: Gy, acts by scalar multiplication

on Ly and G4(Uz,,) acts via u(z,u*) = (v —u*u,u*). Let S be a scheme over
Zpy and M be a locally free sheaf on S.

L A(G,Zy @ Uz(p))—structure on M is a saturated filtration
Wo=MDW_1=W_oDW_3=0

with isomorphism
p: Wo/W_1 2US

and such that W_y is locally free of rank 1.
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4.10. Clearly, given two different representations L, L’ of a group scheme G,
there is a 1:1 “change of respresentation correspondence” between G-structures
associated with those representations. For a translation of a certain such change
of representation correspondence of USp(0, I) to 1-motives (cf. , we need a
fairly explicit construction of this correspondence in terms of linear algebra.

Let S be a Z)-scheme. Let G = USp(0, /) and L its standard representation.
Let M be a locally free sheaf on S with (G, L)-structure. We may associate with
it a (G, Zp eUz )-structure M" by the following (local) procedure: Define M’

to be the quotient of M ®I* by the kernel of contraction W_;@I* = (I®I*)s —
Ogs (the isomorphism is defined only up to scalars). Claim: The set A?I* has
a unique lift to M’ (under the map M @ I* — (M/W_1M)® I* = I* @ I*)
defined as follows: Let if A i3 be in A2T*. We choose lifts i, is € M with the
property that (if,45) = 0. The projection of the element i} ® i — i3 @14} in M’
is then well-defined (for this consider a difference (it —i,) ® i — (i} — iy) ® i}
Both summands lie already in W_1M ® I'* and, since W_1 M is isotropic, its
contraction may be computed by the expression: (i* —i,,43) — (15 — iy, ;). This
is zero because of the choice of lifts.) We define M” = M'/A%(I*) by means of
this lift. We get an inherited filtration:

O g W_IM// g Ml/

such that W_; M” 2 Og non-canonically and M” /W_; M" 22 Sym?(I*) canon-
ically. That is, glueing these local constructions, we get a (G,Z,) @ Ug(p) )-
structure, where Uz, = (I ® I)°. The construction may be reversed.

Definition 4.11. Let X be p-integral mized Shimura data (p-MSD). X is called
of Hodge type, if there is an embedding into a p-integral mized Shimura datum

of symplectic type (see[4.4 for the notation)
X = Hy,[(I®1)*, Lo @ I]/W(U').

Also all KX and KX are called of Hodge type.
A mized Shimura datum X is called of Abelian type, if there is a mized
Shimura datum of Hodge type X', a central isogeny PL™ — P which induces

an isomorphism of mized Shimura data X/ o Xad,

Proposition 4.12. Let X be p-integral mized Shimura data and B a boundary
component of X. If X is of Hodge (resp. Abelian) type then B is either.

Proof. An easy extension of [I8, Theorem 2.6.3]. O

5. Orthogonal Shimura data

5.1. Let L be a Z,-lattice with unimodular quadratic form Q1. We have the
reductive group schemes SO(L) and GSpin(L). We let SO(L) act on L by its
natural operation and GSpin(L) by gv — gvg’, where ’ is the main involution
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of the Clifford algebra C(L) of L. Note that these actions are not compatible
with the projection [ : GSpin(L) — SO(L). The group GSpin(L) is equipped
with a morphism A : GSpin(L) — G,,, whose kernel is the Spin group.

For the rest of this section we assume p # 2. Then there exists an orthogonal
basis {v;} of L, such that all Qr(v;) are units. We have the basis v;, - --v;;, i1 <
-+- < ij,j even of C*(L) and the basis v;, -+ -v;, i1 < -+ <'ij,7 odd of C™(L).
The trace of any basis element (acting by left multiplication on C* (L) or C™ (L))
except 1 is 0. The trace of 1 is 2™~ ! in any case.

Lemma 5.2. For an element § € CT(L)* with §' = =6, the form
(z,y)s — tr(2dy’)

on CT(L) is symplectic, unimodular, and Spin(Q)-invariant (resp. GSpin(Q)-
invariant up to scalar given by ), where these groups act by left multiplication.

Proof. The form is invariant because tr(AB) = tr(BA). Since ¢ is invertible,
nondegeneracy is equivalent to that of tr(zy’) which is given by an invertible
diagonal matrix with respect to the basis chosen above. The form is symplectic
because tr is invariant under ' and ¢’ = —¢. O

5.3. Suppose again, Lz, is a lattice with unimodular quadratic form. Suppose
that Lg has signature (m — 2,2), m > 3. A polarized Hodge structure of
type (=2,0),(=1,—1),(0,-2) on L¢ with dim(L~%°) = 1 is determined by an
isotropic subspace L~20 satisfying (z,%) < 0 for non-zero z € L=2°. Then the
other spaces in the Hodge decomposition are determined by L%~2 = L—20 and
L7571 = (L7204 L0=2)1 We define Dg(z) = Do(z) to be the set of these
Hodge structures. It is identified with

{<z>eP(L¢) | {z,2) =0,(z,%) < 0}.

It is equipped with a complex structure coming from P(Lc).
Dg has 2 connected components. There is a 2:1 map

Dgry — Grass™ (Lg)

<z> = Deys = (< 2,7z >)CCR)

onto the Grassmannian Grass™ of negative definite subspaces of Lg. It has a
section determined by a choice of (C—orientationﬁ on any of the subspaces D.
The images of these sections are the 2 connected components of Dg.

It will be convenient to fix an orientation on some (hence on all) of the negative
definite subspaces D. This identifies mo(Dg(z)) with Dy, = Hom(Z,Z(1)) and
induces a morphism of p-MSD

4i.e. the choice of a R-linear isometry D = C
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The space D~ has an orthonormal (with respect to Q1) basis given by

24z 2=z
IE2::|:

\/7<Z72>’ <Zaz>
Lemma 5.4. S(L) is p-integral pure Shimura data.

If L has signature (0,2), GSpin does not operate at all on Dg, if the latter is
defined as above (i.e. consisting of 2 points). Therefore, in this case we get 2
different p-integral Shimura data S(L)x. If L' is a saturated sublattice of L of
signature (m —n —2,2), 0 <n < m — 2, it induces an embedding of p-integral
Shimura data

(2)

I =

S(L') < S(L).
For any chosen 6 € CT(L)* with §' = —§ there is an embedding

S(L) < H(CT(L), (-,")s)
and accordingly S(L) is of Hodge type. O(L) := S(L)/G,, is of Abelian type.

Proof. To each < z >€ Dg(z) the associated morphism h factors through
GSpin(Lg). It is explicitly given by

S — CM(L,R)
2z —zZz2

(2,2)

for any choice of ¢ € C (note: x2 depends on the choice of i € C as well).

It even defines a field isomorphism C = C*(D_.-,R). It acts on L2 by w?,
on L%~2 by w? and on L=~ by ww. The second statement is true because the
inclusion C*(L’) ¢ C*(L) induces a closed embedding GSpin(L’) < GSpin(L),
and any morphism h of the first datum defines a morphism A for the second
datum of the same type.

For the property of Hodge type, fix a positive definite Z,)-sublattice Dy which is
a direct summand and an orthonormal basis z1, x5 (hence an induced orientation
of Dy r). Consider the element ¢ := z1z. It satisfies the requirements of Lemma

Y4

Let < 2z > be a point in Dg(y,. P70 = o2y resp. its complex conjugate,

satisfy P10 + PO~1 = id, (P#7)? = P, and on P! CT(L¢) the morphism
h acts as w—'w 7. Furthermore, for z chosen, such that D, = Dy, the form
(yx122°)s = (-, h(i))s = tr(zdy’d’) = —tr(ady’d) is symmetric and definite.
(Here ¢ € C it the root of —1 determined by the orientation x1 A xo of Dy =
D, see ) The substitution z +— gx, y — gy for any g in the spin group
changes z1z2 in g(z1)g(xa2) but does not affect the properties of symmetry
and definiteness. The sign of definiteness, however, is reflected by the chosen
orientation of Dg. Hence the map < z >+ P10 C*(L¢) may be seen as a map
Ds(z)y = Du(ct(r),(.,)5)- Together with the closed embedding

w=a+bi — a+bi =a+ bxrixs

GSpin(L) < GSp(C™(L), (-, -)s),
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it induces an embedding S(L) — H(CT(L),(-,-)s). O(L) is, as quotient of
S(L), clearly of Abelian type. O

We have the following proposition (similar to [4.5):

Proposition 5.5. There is a bijection
{ isotropic subspaces Iy of Lg } = { boundary components B of S(L) or O(L)}.

Let Ig be an isotropic subspace, I = Iz the associated saturated sublattice and
B the corresponding boundary component.

For any choice of splitting L = I & I* 1 Ly, there is an isomorphism (in each
case, S(L) or O(L)):

- JHoll ® (I*/1),0] if dim(I) =1,
|\ H (DAL T @ (I)D)] if dim(T) = 2,

where in the first case G,y, acts on I® (I /1) by scalars and GL(I) in the second
case acts trivial on I+ /1 (see the definition of unipotent extension . The
isomorphisms depend in addition on a common choice of orientation on the
mazximal negative definite subspaces of Li.

Proof. According to Proposition [3.14] we have to classify admissible parabolic
subgroups of SO(L) or GSpin(L) (this amounts to the same). We could also
restrict ourselves to GSpin(Lg) because of the projectivity of PAR .

So let @ be any proper admissible parabolic of GSpin(L). It is well- known
that @ corresponds to a saturated filtration

0OcICItclL,

with I isotropic, whose stabilizer it is. We will now determine the boundary
component in the sense of associated with @). First note that we can identify
Lie(SO) = Lie(Spin) with A?L via the action:

(v Aw)z = (w,x)v — (v, L)w.
The filtration induces the following saturated filtration
0CATCIATH

consisting of those elements in A2L shifting the filtration by at least -2, resp.
-1. We have Lie(Wq) = I A I+, where W is the unipotent radical of @ (exists
for parabolics, e.g. by the fact that they are of type (P), cf. 2.6).

5.6. Let L be a unimodular quadratic form over a discrete valuation ring R
with 2 invertible. Decompose Lgr = Hi g L --- L Hypp L L, where L' is
anisotropic over R. We get an R-split torus of GSpin as follows: Let z;, z; be
an isotropic basis of H; g with (z;, 2]) = 1. We get a l-parameter subgroup T;
consisting of

ti(a) == aziz, + zlz; = 1+ (o — 1) 22,
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in GSpin(L). [ induces an isomorphism of it with its image in SO(L). The
product of all T; is direct and yields a split torus T' of GSpin(L). The product
of it with the center of GSpin is a maximal R-split torus. [ induces again an
isomorphism of T with [(T') which is a mazimal R-split torus of SO. ¢;(a) acts,
via the standard representation of GSpin(L) by 2; = a?z;, 2/ +— 2} and v — av
for v €< z,2' >*. I(t;(a)) acts, via the standard representation of SO(L) by
zi > azg, 2 a7zl and v v for v €< 2,2 >t

5.7. Let Ly be a quadratic space over R with signature (m — 2,2). Decompose
Lgr = Higr L Har L Ly, where H; g are hyperbolic planes. A maximal R-
split torus of SO(Lg) is I(Ty - Tz) = G2,. The long roots are in this
case: a; = (1,—1) and az = (1,1) in Z* = Hom(I(T1T%),G,,). The weight
morphism p := p; = h, ow for any x € Dg(y) is given by the natural inclusion
G, — GSpin. The homomorphism A satisfying the criterion in3.13] in paricular
mapping to Spin(L), and its product with p is given in the following table:

subset of long roots A A

0 (0;0,0) (1;0,0)
{0[1} (0;17_1) (1;17_1)
{OQ} (_Llal) (07151)
{ag, a0} (—=1;2,0) (0;2,0)

Here (I;m,n) denotes the cocharacter of GSpin: a ~ alt;(a™)ty(a™).

5.8. Case: I 1 dimensional (boundary point).

Choose a splitting L = I & I* | Ly. This is possible because the discriminant
is a unit at p. We may assume H; g = Ig @ I. Only the last cocharacter of
is defined over Q and yields a proper parabolic subgroup.

The morphism A - ¢ which is a weight morphism for the boundary component
has the following eigenspaces:

L™*=1 L2=1I, L0 =71*.
We get a Levi decomposition
Q=W (I"/I)xG,

where W(I'® (I+/I)) is the unipotent radical and acts via the exponential (note
IANTH =T ® (I1/]) in this case).

We interpreted the set Dg(z,) as the set of Hodge structures of weight 2 on Lg
with L_5 o isotropic, and therefore h(Dp) can be interpreted as an orbit in the
set of mixed Hodge structures with respect to the weight filtration

0 1 <= -5
I i=-4,-3

Will) =40 2.1
L i>0
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containing the same Hodge filtrations as above.

Since the Hodge filtration type stays the same, the induced Hodge structures on
gry (L) have to be trivial by weight reasons. Also, we see that a mixed Hodge
structure is given by

0CF' =1 CF'=(I")*CLe. (3)

The associated morphism hg : S¢ — GSpin(L¢) is given by z — t1(2z). Its
weight morphism is precisely the morphism \-u constructed above. The product
W(I® (I+/I))Ty is already a closed normal subgroup scheme of @, hence equal
to Pg. It is the same as the subgroup scheme underlying Ho[I ® (I1/1),0].
Consider

Fo(Ds) X Hom(S@, PB,C)~

T1(R) acts by the nontrivial operation on the set mo(Dg).

Choose vectors z, 2’ spanning L and L* respectively. Via the isomorphism Lg —
I®IY/I, kv 2®k, a vector k € Lo,c maps the mixed Hodge structure
above to the one determined by

FO =<2+ (2,2)k — <(k,z'> + ;<z,z')<k,k>> z>.

If (k) > 0, this is the filtration associated with a Hodge structure in Dgz.
Hence by Definition the T1 (R) Lo c-orbit Dg in mo(Dg) x Hom(S¢, Pe c) is
equal to mo(Dg) x Lo,c - ho.

This is (see Definition isomorphic to

Dy, 1ot /.0

where mo(Dg) can be identified (after choice of a common orientation of the
negative definite subspaces) with the set of isomorphisms Z = Z(1) (choice of
root of —1). Combining this with the isomorphism of group schemes above, we
get an isomorphism

B = Hy[l @ (I*/1),0],
as required.

5.9. Case: I 2 dimensional (boundary curve).

We may now assume that the whole torus 7775 is defined over Q. We get an
associated maximal parabolic by considering the two parabolics associated with
the morphisms (1;1,—1) and (0;1,—1). The morphism A - u which is a weight
morphism for the boundary component has the following eigenspaces:

L3 =<zuw > L?2=1L, L=<z w>

In the other case the morphism A-p which is a weight morphism for the boundary
component has the following eigenspaces:

L3 =<z,w> L2=Ly L'=<zu>
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If m = 4 these are not conjugated, in accordance with the fact that Spin(L) is
not simple.

We get,
0 1<=-4
I i=-3
Wi(L) =
(L) I+ i=-2
L i>-1.

For any isotropic < z >C I¢ and corresponding < 2z’ >=< z >1¢_ we get a
filtration
0CF'=<2>CF!'=<>'CLc (4)

If FO =< 2z >C I¢ is a Hodge structure on I¢, that is, if < Z >#< z > then the
filtration defines a mixed Hodge structure on L¢, together with the weight
filtration above.

We have an exact sequence

0 A2%(T) IAT+ I®(I+/I)—=0

where A2(I) are the elements shifting the filtration by 2 and a corresponding
central extension

0 —> Ug = W(A2(I)) —> Wg —> Vg := W(I @ (I*/I)) — 0

If we choose, in a addition to our splitting, a basis z,w (as before) determin-
ing I = (Z))? and dual basis I* = (Z,))?, we get an obvious isomorphism
det : A*(I) = Z, and an isomorphism (I ® (I*/I)) = L3. An element of
We(R)Ug(C) may now be written as (u, k1, k2) with v € C and k; € Log.

It sends the Hodge filtration determined by z = <—Ba) explicitly to the
I

following one:

0_ a B _ aQ (k1)
FY =< ( 3 >[*+u< Ca >I+ak1+ﬂk2 < BQ(ks) + ki, ka) )I>.

(these again contain all filtrations of Hodge structures determined by elements
in h(Dg(z))-)

We also get a morphism SL(I) — SO(L), letting a matrix act on I by the stan-
dard representation, on I* by its contragredient and on L trivially. It lifts to a
morphism SL(I) — Spin(L) C GSpin(L) because SL(I) is algebraically simply-
connected. Note that ¢1(—1)t2(—1) acts the same way than —1 under the above
lift. Hence the morphism extends to a morphism p : GL(I) — GSpin(L) map-
ping the diagonal torus to T1T5. It hence acts via the standard representation of
GSpin as follows on L: By the standard representation times determinant on I,
by the contragredient times determinant on I* and by the determinant on L.
The mixed Hodge structure determined by is hence given by the morphism
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S¢ — GSpin(L¢) obtained composing the morphism hy : S — GL(Ig) associ-
ated with the Hodge structure F° =< z >C Ic with p. Its weight morphism
is precisely the morphism A - u constructed above. The product W GL(L) is
already a closed normal subgroup scheme of @, hence equal to Pg.

Consider
Wo(Ds) X HOII](S((j, PB,C)'

The stabilizer in GL(Lg) of hg is connected (in real topology) and hence acts
trivially on the set mo(Ds). Hence by Definition [3.15| the Pg(R)Ug(C)-orbit Dg
in mo(Dg) x Hom(Sc, Pg,¢) is isomorphic to its projection to Hom(Sc, Pg ¢)-
This is (see Definition isomorphic to

Dy, (naerreat /n-

Combining this with the isomorphism of group schemes above, we get an iso-
morphism:

B = H,(I)[A*I,I ® (I'/I)]

as required. O

6. Integral models of Shimura varieties and their toroidal compacti-
fications

6.1. To prove our main theorems about the arithmetic volume of Shimura va-
rieties of orthogonal type, we use the following statements on canonical integral
models of them and their toroidal compactifications hold true. We treat exclu-
sively the case of good reduction. In this case the theorems have been proven
under a certain hypothesis in the thesis of the author [I8]. The hypothesis
was recently proven by Madapusi [31].

Definition/Theorem 6.2. Let X be p-integral mized Shimura data. With x €
Dx there is associated hy : S¢ = Px,c, hence a morphism ug : G, c = Px,c
via composition with the inclusion of the first factor into S¢ = Gy, c X Gy c-
The conjugacy class M of these morphisms is defined over a number field Ex,
called the reflex field, unramified over p. We call the localization of its ring
of integers © := O ®z Ly at p the reflex ring. It is a semi-local ring. The
closure M in Hom(G,,, o, Px.0) maps surjectively onto spec(O).

We consider the 2-category of Deligne-Mumford stacks over reflex rings as the
2-category of morphisms (m : S — spec(0)), where © C C is the localiza-
tion of a ring of integers at Z \ (p) and w : S — spec(©) is a morphism of
Deligne-Mumford stacks. Morphisms are commutative diagrams where the map
spec(0) — spec(O’) has to come from the inclusion.

6.3. We begin by describing the functorial theory of (uncompactified) integral
models of mixed Shimura varieties in the case of good reduction. The Main
Theorem is essentially due to Kisin [I9 20] or Vasiu [40] in the pure case.
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Definition 6.4. Let O be a discrete valuation ring with fraction field F. Let
a test scheme S over O be as in [3], Def. 3.5/, i.e. S has a cover by open
affines spec(A), such that there exist rings O C O C Ag C A, where

e O C O isa faithfully flat and unramified extension of d.v.r. with O"/(w)
separable over O/(m).

e Ag is a smooth O -algebra.
o Ag C Ay C--- C A is a countable union of etale extensions.

Main Theorem 6.5. Let p # 2 be a prime.

There is a unique (up to unique isomorphism) pseudo-functor M from the cat-
egory of p-EMSD KX of Abelian type to the 2-category of smooth Deligne-
Mumford stacks over reflex rings:

EX = (M(XX) — spec(Ox))
with a pseudo-natural isomorphism:
[Px(@\Dx x (Px(AP))/K)] = (M(FX) Xgpec(0x) spec(C))™",
satisfying the following properties:
L If (v,p) : 'Y — KX is an embedding,

M(v,p) x my : M(FY) = M(*X) X pec(0x) sPEC(OY)

is a normalization followed by a closed embedding. If (v, p) is a Hecke
operator, then M(~, p) X my 1is etale and finite.
2. (rational canonicity) For a pure Shimura datum Y, where Py is a torus,

the composition of the reciprocity isomorphism (normalized as in [37,
11.3]) -
Gal(E|E)™ = mo(Tp(Q)\Tx(A)),

(where Ty = Resg(Gm)) with mo of the reflex norm [57, 11.4]
mo(Te(QN\TE(A)) = mo(Py (Q)\Py (A))

defines by means of the natural action of mo(Py (Q)\ Py (A)) on M(¥Y)(C)
the rational model M(XY)g.
3. (integral canonicity) The projective limit

MP(X) := limgx M(*X),

where the limit is taken over all admissible compact open subgroups, sat-
isfies the following property:

For any prime p|p of Ox, each test scheme T over S = spec(0x ),
and a given morphism

OéEZTXSQ—)Mp(X) XSQ,
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where ) = spec(Ex) is the generic fibre of S, there exists a uniquely
determined morphism
a:T — MP(X)
such that ap = a Xg Q.
4. M(¥X) is a quasi-projective scheme, if K is neat.

For p = 2, it may be necessary to change the notion of ‘integral canonicity’ as
formulated above, cf. [34] 3.4].
The following Main Theorem on canonical models of toroidal compactifica-
tions was only proven in [I§] under the following hypothesis which has recently
been shown by Madapusi [31].

Theorem 6.6 ([18, Conjecture 3.3.2]). Let X be pure p-integral Shimura data.
Let any embedding KX — KIX’ in a datum of symplectic type X' = Hy, [(I ®
)%, Lo @ I|/W(U’) be given, such that A and A" are smooth projective and K,
K’ are neat.

Consider the toroidal compactification M(X,X') over spec(Zy)), constructed in
[12], and let D be its boundary divisor. For every prime @|p of Ox we have the
following:

Let S = spec(0x,,) and M’ be the Zariski closure of (the rational canonical
model of ) Px(Q)\Dx x (Px(A()/K) in M(K/X")s.

No connected component of N(M’) N Dg lies entirely in the fibre above p.

Proof. Follows from the proof of [31] Theorem 4.2.3.1]. O

6.7. The toroidal compactifications will have a stratification, which consists of
mixed Shimura varieties itself. For this, we have to set up some notation (cf.
137, 7.3ff]). Let (1, p) : &’ B = KX be a boundary component. For each cone
o € A with o C C(DY%, Pg) x p’ for some p’ in the equivalence class of p, we

define a p-ECMSD Z[[:B[g] as follows: B|,) is defined by

PB[G] = PB/ <o >,

Dp, := Pa, (R)Us,,, (C)— orbit generated by (D%/ < o > (C)) x {oPx(A")}
n (D% / < o > (C)) x {[o]/Px (A} for o € [0] N A(D%, Pg, 1).

Ky) is the image of K’ under the projection Pg — Py, . Ay is defined by

ANE (DOB[U],PB[U],E) ={rmod <o> | 7€A(DY%,Pg,p) such that o is a face of 7}.

It is K[,-admissible.
Furthermore, we define

I = (Stabgg)(De) N (Pe(A))("K)))/Ps(Q),

where @ is the parabolic describing B.

Y (¢, p) is defined to be the set of equivalence classes of the action of I' (defined
above) on those [0] € Pg(Q)\(A")?/Pg(A>)), which satisfy ¢ € C(D%, Pg)x p’
for some DY.
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6.8. Recall from Any morphism
X = X/U
is a torsor under the group object
X/Wx|[U,0] - X/Wx

(cf. also [37, 6.6-6.8]). The corresponding map of Shimura varieties (assume all
K’s in the sequel to be neat):

M(*(X/Wx)[U, 0]) = M(*/7X/Wx)

is a split torus with character group (in general non canonically) isomorphic to
Up N K. If A is a K-admissible polyhedral cone decomposition for X, concen-
trated in the unipotent fibre , we can define an associated torus embed-
ding. Recall: The rational polyhedral cone decomposition is determined by its
restriction to any (Ug)(—1) x p = C(D°, Px) x p by the arithmeticity condition
3.). Therefore this determines a torus embedding (see [12, IV, §2] for the
integral case):
M(*X/Wx[U,0]) < M(AX/Wx|[U,0])

and a corresponding toroidal embedding of the torsor:
M(H'X) — M(K'X)
(here K’ and K are related by K/U = K'/W and KNU(A(®)) = K'nU(A().)

Main Theorem 6.9. Let p # 2 be a prime.

There is a unique (up to unique isomorphism) extension of the pseudo-functor
M to the category of p-ECMSD of Abelian type — with sufficiently fine smooth
(w.r.t. the respective K ) and projective A — to the category of Deligne-Mumford
stacks over reflex rings, satisfying

1. The morphism M(id, 1) : M(KX) — M(KX) is an open embedding. If
(v, p) : IA(//Y — KX is an embedding,

M(’Ya p) X Ty ! M(IA(’Y) - M(KX) Xspec(Ox) SpeC(OY)

is a normalization map followed by a closed embedding.
2. If A =A° (i.e. A is concentrated in the unipotent fibre, , M(KX) s
the toroidal embedding described in [6.8.

3. M(KX) possesses a stratification into mized Shimura varieties (stacks)

11 [Stabr ([o])\ M(*1By,)].

[(e.0): 5 B=KX]
[c]€X(x,p0)

Here [(1,p) : KB = KX] in the first line means equivalence classes of
boundary components of KX .
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4. For each boundary map

and o € A’ such that o C C(D%, Pg) x p' for some D% and o, there is a
boundary isomorphism

o —

M(z,p) : [Stabr([o])\M(K/B)| — M(§X)
of the formal completions along the boundary stratum

[Stabr( [7]\ M(ngB["])} '

o

The complezification of M(t, p) converges in a neighborhood of the bound-
ary stratum and is in the interior, via the identification with the complex
analytic mized Shimura varieties given by a quotient of the map

Dp—x X (Pg(A(®))/K') - Dp_—x x (Px(A))/K)

induced by the closed embedding Pg — Px, where we considered Dp—x C
Dx as a subset of Dy via the analytic boundary map .
The stratification is compatible with the functoriality, i.e. the morphisms
M(-) induce morphisms of the strata of the same type again.

We have in addition:
5. M(KX) is smooth.
M(KX) is proper, if A is complete.

M(KX) is a projective scheme, if A is complete and K is neat.

o RS

The complement D of the open stratum M(XX) in M(KX) — the union

of all lower dimensional strata in 3. — is a smooth divisor of normal
: K

crossings on M(AX).

Remark 6.10. The stratification in 3. is indexed by pairs of an equivalence
class of boundary components [(1,p) : KB = KX] and a class [o] € 2(1, p).
The set of these pairs is just isomorphic to the set of double cosets Px (Q)\A/K.
The bijection is as follows. Each o € A is supported on a C(D%, Pg) x p. B
and p determine a boundary component (i,p) : ﬁ\(:B = KX and the class of
the image of o under restriction to A’ lies in X(t, p).

The stratum M(KMBM) is contained in the closure of the stratum M(KHB[T]),
if and only if (up to a change of representatives in Px (Q)\A/K) 7 is a face of
.

6.11. There exist integral canonical models of the compact duals as well, which
are defined as conjugacy classes of quasi-parabolic subgroup schemes. Let p be
a prime and X be p-integral mixed Shimura data. Let Ox be the reflex ring

32



of it at p and S = spec(0x). The closure M of the conjugacy class of the
morphisms u,,z € Dx is defined over © by Definition It corresponds to a
section t' € FTYPE(S).

The image of M via qpar is a fibre of the morphism ‘type’ above a section
t: S — TYPE. We define MY(X) to be this fibre. It may, as a scheme
over spec(Z,)), be seen as an open and closed subscheme of QPAR itself.
We understand here the action of Px on QP AR by conjugation on the right
(contrary to . The action fixes the morphism ‘type’, hence we have an
induced operation on M"Y (X).

Main Theorem 6.12. The construction above yields a functor from p-MSD to
schemes over reflex rings (defined analogously). MY (X) is a smooth connected
quasi-projective right Px o, -homogeneous scheme over S called the dual of X
(depending only on Px and h(Dx)) with the following properties:
1. If X is pure, MY (X) is projective.
2. Let L be a free Z,)-module of finite dimension, acted on faithfully by Px.
MY(X) (considered as scheme over S) represents

S" — { filtrations {F*} on Lg: compatible with (Px s, Lg/) of type t' },

compatible with Px oy -action (defined on L asv-g:= g 'v).
3. For each map of p-MSD ~v:Y — X,

Mv(’y) X Ty : MV(Y) — MY (X) Xspec(Ox) SpeC(OY)

is homogenous and is a closed embedding, if v is an embedding.
4. For each p-integral boundary map « : B = X, there is a Pg-equivariant
open embedding
MY (:) : MY(B) — MY (X).

5. There is an Px(R)Wx (C)-equivariant open embedding (Borel embedding)
h(Dx) < (MY(X) xg spec(C))*™.

It is an isomorphism, if Gx (the reductive part of Px ) is a torus. These
embeddings are compatible with the embeddings in 4., resp. J,E.
Furthermore they are compatible with morphisms of Shimura data.

Remark 6.13. For a boundary component B = X, there is also an embedding
MY(B/Wg) — MY(X)

into (in general not onto) the complement of the image of MY (B). The image
of the composition with the Borel embedding h(Dg/Wg) — MY(B/Wg)(C) is
the boundary component of h(Dx) associated with @ (the parabolic associated
with B) in the sense of [1, if X is pure.

5going in different directions!
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The following Main Theorem comprises the arithmetic theory of automor-
phic vector bundles on toroidal compactifications (see [I8, Theorem 3.5.2] for a
more concrete formulation of this). We will later derive a classical g-expansion
principle (8.7). The theorem includes many kinds of classical results on CM-
values of integral (at p of good reduction) modular forms on mixed Shimura
varieties.

First, by taking quotients, we have a pseudo-functor X — [Mv (X)/ PX,OX} from
p-MSD to the 2-category of Artin stacks over reflex rings (defined analogously
to above). It can be extended to p-ECMSD by forgetting K and A.

Main Theorem 6.14. Let p # 2 be a prime.
There is a unique (up to unique isomorphism) pseudo-natural transformation

E(AX) : M(RX) = [MY(X)/Px,0x] ;
and 2-isomorphism (or modification) of its restriction to p-EMSD:
(E(KX) Xspec(Ox) Spec((c))an — E(C(KX)v

where Zc (K X) is the complex analytic morphism described by the diagram.:

[Px(Q)\Dx x Px(A())/K]

|

[Px(Q)\Dx x Px(C) x Px(A)/K]

|

(Mv (X) ><spec(OX) Spec(c))anv
satisfying:

1. Let [t,p] : K;B — KX be a boundary map and o € A’ such that o €
C(D%, Pg), as z'n
There is a 2-isomorphism [i, pl= fitting into the diagram

S g(%/B)

[MY(B)/Pg]

MY (1)

[MY(X)/Px]

E(AX)

where the formal completion is taken along
Ko
Stabr ([0)\M(,;" Bis)) | »
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such that (i, pla,c converges in the interior and is the obvious 2-morphism
over C.

2. (canonicity) For X = Hy [((I @ I)°, Lo ® I] (and A = 0), Z(XX) is de-
scribed by the diagram:

[ KX-L-mot | « [ KX-L-mot-triv ] — M"(X),

(see given by the forgetful left arrow (which is a right Px-torsor) and
the right arrow given by transport of Hodge filtration. The identification
with Zc (K X) is the one given by the period construction .

3. For A concentrated in the unipotent fibre , = is given as follows:
Recall from [6.8 that M(¥'X) — M(X'X/U) is a torsor under the torus
T= M(KX/WX[U 0]) over M(KX/Wx) Jor K and K’ chosen as m-
2(X'X) may etale locally (say on S — M’ /UX/UX)) be trivialized T'-
invariantly. Z(K'X) is then the unique extension of Z(X'X) to the torus
embedding M(IA(/X) by means of extending any such T-invariant trivial-
1zation.

7. Mixed Shimura varieties of symplectic type

7.1. If KX is p-EMSD and L is a representation of Px, there should exist a
category fibred in groupoids (over spec(Ox))

[ ¥X-L-mot |

of motives with “(Px, L)-structure” (see e.g. the introduction to [18]). It should
yield (up to taking several connected components) a canonical integral model of
the Shimura variety described by This can be made precise for P.E.L.-type
Shimura data and the associated standard representation. We will need only
the case of the symplectic Shimura data and certain representations (sometimes
different ones, however) of their groups.

For each of the symplectic mixed Shimura data we will explicitly describe a
moduli problem in terms of 1-motives which belongs to the standard representa-
tion of the underlying group scheme. These moduli problems are representable
by a Delige-Mumford stack and give an explicit description of the canonical
integral models. In the case of the morphism = encoding the theory of auto-
morphic vector bundles, the corresponding explicit model was already used to
normalize it for all mixed Shimura varieties of Abelian type (cf. Main Theorem
6.14).

For the language of 1-motives, as used here, we refer the reader to [I8, Chapter

5]. We will denote a motive M by [ ¥ ——= (¢ ] or by the symmetric description
(A, AV, XY, a,aV,v) interchangingly.

Lemma 7.2. The reflex field of the symplectic mized Shimura data is Q.
Definition 7.3. We define the following stacks over Z):
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1. Recall the mized Shimura datum X = Hg,[(I ® I)*, Lo ® I] from[{.4) Let
L =1I"® Ly ® I with standard representation (cf. of Px on it, where
Loz, is a lattice of dimension 2go with unimodular symplectic form (if
9o # 0), Iz, is any lattice, and K C PSp(L () is an admissible compact
open subgroup. Assume that L # 0. We define

[ KH,,[(I ® I)*, Ly ® I]-L-mot |

as the stack of the following data:

(a) a Z)-scheme S,

(b) a 1-motive M = (A, AV, X, Y, a,aV,v) over S, with dim(A) = go,
(¢) a p-polarization of some degree d € "

¢1 A — Av
and an isomorphism
V21 X @ L) = Y & L)

of the same degree d, such that they give a p-polarization of M,
an isomorphism p : (Iz(m)s 2Y ® L),

) a K®)-level structure (as above)

€ € Isousp(ro.1), 1) (Latem s HH (M, ACOP))) [P,

where the isomorphisms in the etale sheaf on the right have to be
compatible with the

(USp(Lo .z, 12, )s Lz, ) -structure (see below) on both parameters.
Here the (USp(Lg ., Lpteo )s Lpcoo.n) )-structure is given as fol-
lows: The p-polarization induces an isomorphism

H (M, APy — et (M, ACP))*(1).

~

Choosing some isomorphism Z‘(f;)(l) =~ AOP) we get an alternating

form on He (M, A©P)) up to a scalar. The weight filtration satisfies
W_y totally isotropic and W_y = (W_3)*+. Furthermore, we have
(via p) an isomorphism

gI.O(Het(M7 A(oo,p))) =Y ®y AoP) — I&oc,p)

(i.e. a USp-structure, see @)

Morphisms are Zy,)-morphisms of schemes S — S', together with an Zy)-
isomorphism of the pullback of M with the pullback of M’ to S, compatible
with polarization (up to scalar), p’s and level structures.

2. With the same notation as in 1. we define

[ KHgo[(I ® I)°, Ly ® I|-L-mot-triv |
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as the stack consisting of the same data (S, M,...) as before, but in addi-
tion with a trivialization

v:L® 05— HEM)

of the de Rham realization of M compatible with the USp(Lg, I)-structure
on both sides. Pu, ((101)*,Lo1] = USp(Lo, I) acts on this stack on the
right by translation of 8. This renders the stack

[ KHgo[(I ®1)°, Lo ® I]-L-mot-triv |

into a right USp(Lo, I)-torsor over | KHgy, [(I ® I)*, Ly ® I]-L-mot ].

. Consider the Shimura datum X = Hy[U, 0], a simple unipotent extension
of Hy, where U is any lattice of dimension k. We have Px = W(U) X G,,.
Px acts on L' = Z,y ® U as in (If U = (I ® I)® we get one of the
basic symplectic Shimura data but L" is not the standard representation).
Let K C PSp(Ly)) be an admissible compact open subgroup. We define

[ KHy[U,0]-L'-mot |

as the stack of the following data:
(a) a Z)-scheme S,
(b) a 1-motive of the form M = [Y ——= T ] (without part of weight
-1),
(c) an) isomorphism p : (Ui(p))s =Y @ Zy),
(d) an isomorphism p' : (Zpy)s — X & Ly,
(e) a K@) -level structure (as above),

¢ € Iso, (L H (M, AP [K®),

PX’LZ(p)
where the isomorphisms in the etale sheaf on the right have to be
compatible with the obvious (Px, L’Z(p))—structure on both parameters.

Isomorphisms are morphisms over spec(Zy) of schemes S — S’ together
with an isomorphism of M with the pullback of M’ compatible with p’s
and level structures.

. With the same notation as in 3. we define

[ KHo[U,0]-L -mot-triv |

consisting of the same data (S, M,...) as before, but in addition with a
trivialization

v:L ®Og — H™(M)

of the de Rham realization of M compatible with the Py, v o), L')-structure
on both sides.

Py, (v, acts on this stack on the right by translation of 3.

This renders the stack [ KHg[U,0]-L'-mot-triv | into a right Px-torsor
over | KHy[U, 0]-L'-mot ].
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Actually there is a similar description of stacks
[ X-L-mot-triv | [ X-L-mot |
where X is any of the symplectic Shimura data.
Definition 7.4. Let X be one of the symplectic mized Shimura data of Defi-

nition with natural representation of Px on Lz, . Furthermore for each

p € Px(A©P)) and admissible compact open subgroups Ki, Ko, such that
K7 C Ky we have a map

[ KiX-L-mot | — | K2X-L-mot |
by multiplication of the level-structure by p from the right.

7.5. For X = H, [(I ® I)®, Lo ® I] with go # 0, [ ¥X-L-mot ] yields a model
of the analytic mixed Shimura variety:

[Px(Q)\Dx x Px(A®))/K].
The identification is given as follows. Let an object
(M,...) €[ spec(C)-¥X-L-mot ]

be given. Choose an isomorphism 3 : HB(M,Q) — Lg (compatible with
(Px(Q), Lg)-structures on both sides). Consider the mixed Hodge structure
F*, W, on HB(M,C), where F* comes via the comparison isomorphism

par.p : HE(M,C) — HP (M, C)

from the Hodge filtration of H?®. The Hodge structure S(F*), 3(W,) is given
by a morphism h : S¢ — GL(L¢) which factors through the used representation
of Px c on L¢ because the isomorphism was chosen to be compatible with the
Px-structures. The level structure £ gives an element Bpe: g€ € Px (A()). The
class of (h, Bpet,5€) is well defined.

The identification of a moduli point of the triv-category fibre over spec(C) with

Px(Q)\Dx x Px(C) x Px(A®™))/K

sends a pont (M,...,v), where (M, ...) is as before and 7 : L¢ — H{F(M) is
a trivialization to the (well-defined) point (h, Bpar,B7Y, Bpet, BE)-

If g = 0, but I # 0, i.e. in the case of the mixed Shimura datum X =
Hy[(I ® I)*,0], we have two descriptions as a moduli problem, according to the
representations L =1 @ I* or L' = Z,y ® (I ® I)*.

In the first case (representation L) Dx is given as the product of the set
of Hodge structures as above and Dy, = Hom(Z,Z(1)). We get the point
(v, b, Bpar, B, Bper,BE) where a is determined as follows: The chosen isomor-
phism § : Hy(M,Q) = Lg, pins down a symplectic form on H;(M,Q). The
comparison with the natural Q(1)-valued form on H;(M,Q) (which coincides
up to scalar) induces an isomorphism Q — Q(1) of the form ga with ¢ € Q.
In the second case (representation L') — and this even includes I = 0 — the
isomorphism W_1(8)~!: Q & Hy(G,,,Q) = Q(1) is of the form ga, as before.

This determines in both cases an a € Hom(Z, Z(1)).
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The following theorem is due to Riemann, Mumford, Artin, Deligne, etc. in the
pure case, due to Pink in the mixed case (rational case) and was extended to
the integral mixed case in the thesis of the author [Ig]:

Theorem 7.6. For each of the p-integral mized Shimura data of symplectic type
X and each admissible compact open subgroup K C PX(A(OO))

[ KX-L-mot |,

considered as a model of the analytic mized Shimura variety via the construc-
tion is representable by the canonical model M(XX) (compatible with the
Px (A>P))_action) which is a smooth, Deligne-Mumford stack of finite type
over spec(Zy). It is a quasi-projective scheme, if K is neat.
The stack

[ KX-L-mot-triv |

is representable by a right Px-torsor over [ KX-L-mot ].

7.7. Note that the torsor [ X¥X-L-mot-triv | was used to “normalize” the
theory of the of the morphism = in Involved in the construction of =
there is a Px-equivariant morphism P(¥X) — MY(X) which in the modular
description is given by transport of the Hodge filtration to Log by means of the
trivialization  (and then taking its fixing quasi-parabolic, cf. 2.).

We have the following ‘integral’ variants of the foregoing stacks:

Definition 7.8. Fizing an N € N, we define the following stacks over spec(Z[1/N]).

1. Let Loz be a with unimodular symplectic form of dimension 2gy. Let Iz
be another lattice and Lz, = I, ® Loz ® Iz, as above. Assume again L # 0.
We define

[ NHgO [(Iz ® Iz)*, Lo,z ® Iz]-Lz-mot ]

as the stack of the following data:

(a) a scheme S over spec(Zy)),
(b) a 1-motive M = (A, AV, X, Y o, ", v) over S, where dim(A) = g,
(¢) a principal polarization

wliA—>Av

and an isomorphism

Pp: X =Y

such that they induce a polarization of M,
(d) an isomorphism p: (I})s 2 Y,
(e) a level-N-structure

§ € I80(USp (Lo nalsynz) Luynz) (Lz/Nzs H(M,Z/NZ)).

This means that the isomorphisms have to be compatible with the
(USp(Lo,z/nz» Iz/n7)s Lzynz)-structure (see the adelic case) on both
parameters.
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Morphisms are as in the adelic case with the difference, that the Zy-
morphism of the 1-motives has to be an isomorphism. (Note: In particular
Yy is determined by the p’s and v¥x by them and the polarization.)

. We define the stack

[ YHy, [(Iz © I2)*, Loz ® Iz]-Lz-mot-triv |

as before with a trivialization of de Rham.
. Let L, = Z.& U; be as in[7.3, 3. We define the stack

[ NHo[Uz,0]-L}-mot |

as the category of the following data:

(a) a scheme S over spec(Zy)),

(b) a I-motive of the form M =Y ——T ],
(c) an isomorphism p: (U3)s =Y,

(d) an isomorphism p' : (Z)s = X,

(e) a level-N-structure

§e @(PX’L%/NZ)( /Z/NZN HEt(M7 Z/NZ))v

where the isomorphisms in the etale sheaf on the right have to be
compatible with the obvious (PX,L’Z/NZ)-structure on both parame-
ters. Morphisms are as in the adelic case, with the difference that
the Z(p)-morphism of the 1-motives has to be an isomorphism.

. We define the stack

[ NH[Uz, 0]-L),-mot-triv |

as before with a trivialization of de Rham.
. We define the stack
[ N9H,[Uy, 0]-L},-mot |

where Ly, = Z & U; as the category of the following data (S,M,...,§) as
before, but with

¢ € Iso(Z/NZ, H" (gr_, M, Z/NZ)),

only.
. We define the stack

[ MOH,[Uy, 0]-L),-mot-triv |

as before with a trivialization of de Rham.

Remark 7.9. For U = (I ® I)® # 0, we explicitly describe the “change-of-
representation equivalences”:

[ KHo[(I ® I)*,0]-L = I* & I-mot | — [ “Ho[U,0]-L' = Z,) & U*-mot |.
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and
[ Ho[(I ® I)*,0]-L = I* & I-mot-triv | — [ "Ho[U,0]-L' = Z,) & U*-mot-triv |.

as follows: Let o (M = (0,0,X,Y,0,0,v),0,%2,p,&) over S be given. v can
via polarization and p be considered as a morphism Sme(I*)S — Gp,s5. This
gives rise to a motive M" and a p required for the second category (p’ is given
by the canonical identification Hom(G,,, G,,) = Z). The level structures trans-
late as follows. It is easy to check that the realizations H'(M"), HE(M")
and HB(M") (when defined), together with their (USp(0,1),Z,) @ Sym?(I*))-
structures, are obtained from the corresponding realizations of M with their
(USp(0,1),I @& I*)-structures by the procedure described in . Since the pro-
cedure described in applied to I © I* gives Zyy © Sme(I*) canoncially, we
may translate the K -level structure or trivialization of H® accordingly.

Proposition 7.10. Let S be a scheme over spec(Z,)). For each of the p-
integral mized symplectic Shimura data as above, we have equivalences

[ NX-Lz-mot | — [ KN X-L-mot ],
where
K(N)={g e Px(A™)) | gLy = Lz,g=id (N)}.

We have also a similar equivalences for X = Hg[U,0] and the representation
L', as well as

[ NOX-L)-mot | — [ V2 EEnNX [/ -mot ].

Remark 7.11. Since the K(N) form a cofinal system of compact open groups,
the integral categories give a complete description of the canonical models. In
the case X = Ho[U,0], each K(N) is conjugated to Uz x K(Gy,, N), therefore
already the integral categories with (N,0)-level structure suffice to describe the
canonical models.

Proof of the Proposition. We will prove this for the case Hgy,[(Iz ® Iz)®, Loz ®
Iz], where Iz # 0, Loz # 0 — the other cases are degenerate special cases of
this construction. We may assume that S is connected.

We first describe the functor. Let [M, 11,2, p, £] be an object of [ ¥ X-Lz-mot ]
over S. Choose a geometric point 5. £ can be considered as an isomorphism

¢ : Lyyng — H* (M5, Z/NZ)

invariant under the action of 7¢*(S,3) (H(M,Z/NZ) has to be constant).
Choose some isomorphism

§: H (M5, ZP) - Ly,

compatible with USp-structures. Composing the reduction mod N with &, we
get an element of USp(Ly z/nz, Iz/nz). Since USp is a smooth group scheme
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over Z, by Hensel’s Lemma we get a lift to USp(Lsz(,,). Taking composition
again with the chosen isomorphism we get a

¢ : Ly, — HY (M5, ZW),

reducing mod N to &. It is well-defined mod K(N) and the class is, by con-
struction, invariant under w§*(S,s).

This functor is faithful. It is full because an p-morphism of 1-motives which
induces an isomorphism H¢(Ms, Z®)) = H¢(Msz, Z)) must be a morphism.
This follows from [I8, Theorem 5.1.7].

Let on the other hand [M, 1)1, )9, p,&'] be an object of [ K(N)X-L-mot | over
S. Choose a geometric point s.

If ¢’ is represented by an isomorphism

Ly — H (Mg, ZP))
then the object is in the image of the functor because of the following:

1. & can be given as a lift of a £ as above.
2. There is a principal polarization in the class of 3’. For, there is a d €
A(P) such that ¥ induces an isomorphism

H (Ms, ZP)) — dH** (MY , 7))

because £’ is a morphism of USp-structures, hence a symplectic similitude.
So we get a principal polarization by changing 1’ by +d or —d, which must
lie in Z,)". Only one sign leads to a polarization.

3. pmaps I; to Y.

If £ is not represented by an isomorphism as above, we have to show that there
exists an isogenous object with this property.

Composing with a p-isogeny € Z,)\ {0}, we may assume that there is an ¢,p { c,
and a diagram

0 —— Het (M, Z0)) — D> Fet (M, 7)) — ker([e]) —= 0

Furthermore the operation of 7§(S,s) induces one on Kz, hence there is a finite
etale group scheme K C ker([c]) with fibre K5, and we have [18, Theorem 5.1.8]
an isogeny v : M — M’ with ker(¢)) = K, hence a diagram

-1
0 — Het (M, Z(p))( ¢ Lz, Ks 0

Jeer

0—— HEt(Mg’ Z(P)) R Het(Mgf7i(P)) —— K:—>0
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There is an p’ because £ is a morphism of USp-structures and hence ¥y has to
be an isomorphism of Z-lattices! Therefore we get an isogenous object with the
property that ¢’ is an isomorphism L, — H(Msz, Z®)). O

7.12. Let U be any Z(,)-lattice. Consider the mixed Shimura datum X =
H,[U,0]. It plays the mayor role in the description of point-like boundary
components of many pure Shimura varieties, in particular of those symplectic
and also orthogonal type (cf. and 5.5)).

Consider the category (cf. Definition 3.):

[ *X-U* @ Z,)-mot ],

where K is any admissible compact open subgroup of Py, [v,0] (A=),
Recall that, by definition,

Py = WU) % Gy (5)

and that K contains the subgroup U; x K(M) for some M € Z and some
(saturated at p) lattice Uz C U. The splitting (b)) determines and is determined
by a Zy-valued point v of the dual MY (X) (The preimage of G, under the
splitting is the quasi-parabolic corresponding to the point).
The category

[ VaxKODH U, 0]-U* @ Z,)-mot ]

is isomorphic to the integral category
[ (MOHY[U,0-U; & Z-mot ],
see An object in the latter is isomorphic to (M, £), where M is of the form
[ Uz = Gl

with a level structure £ : Z/MZ — H{Y Gy, Z/MZ) = G, [M] only.
We may identify

Du, x Uc = Dy,u,o
such that an element («, ) is mapped to (a, uohgo(—u)), where uohgo (—u) is
the u-conjugate (from the left) of the morphism hg : S¢c = Pe,jv,0) = W(U) x
G,,, mapping z to zZ in the second factor. The associated mixed Hodge structure
is the u-translate of the one given by F° = Ug.

The following Proposition — which is quite tautological — describes the associ-
ated canonical models. It will be used in the proof of the g-expansion principle

(Theorem [8.7)).

Proposition 7.13. The S-valued points of the dual MY (X)(S) are in natural
bijection with splittings Px s = W(Ug) X G, s.
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We have a commutative diagram (where all morphisms are functorial in S)

[ S-MOX .7 & Uz -mot-triv | —— (P Xz, Gz, ) @ Uz)(S)  (6)

13

~

[ S-MOX.7 & Uj-mot | ———— (Gim,z,y(car) @ Uz)(5)

2

{ !

[ S-MH,-Z-mot ] = spec(Zp)(Car))(S)

1

where (pr an (abstract) primitive M -th root of unity. Here the middle horizontal
morphisms give morphisms of tori, and the topmost horizontal morphisms give
morphisms of right Ps-torsors.
Over C, the identifications [7.5] render this into the following commutative dia-
gram

P(Q)\Dn, x Uc x P(C) x P(A®))/K ——= (P Xz, Gz, ) ® Uz)(C)

J3

P(Q)\D, x Uc x P(A))/K ———— (G2, (ca) ® Uz)(C)
Q*\Dg, x (AC))* /K (M) = spec(Z(p) (Car))(C)

J1
(7)
where K = Uz x K(M) for the splitting (@) The morphism can. on the left
hand side is given as follows:

[a7 Hlog ), p] — [a’ Hlog» uloga_l(l)’ P}

where p must be chosen to be in Uz x K (1) or even in K(1) = Z* (this amounts
to the same).

This yields a description of the canonical integral models M(XX),Z2(XX) and
M(EMH,), respectively.

7.14. The lower morphisms p describe in all diagrams obvious structures of
a relative group object, which are the same as those induced by the unipotent
extension morphism of Shimura data Hy[U,0] — Hy, which is a group object
(with the unit section given by the splitting -y, chosen above). The trivialization
can. extends to partial compactifications, which are given by torus embeddings
of Gz, [car) ® Uz over spec(Zy) [Cum]).-

More precisely: By the arithmeticity condition and left invariance under con-
jugation by Px(Q) a rational (w.r.t. Ug) polyhedral cone decomposition of Ug
into cones {o} determines a rational polyhedral cone decomposition A of the
conical complex (here Hy x Ugr(—1)). On «a x Ugr(—1), the decomposition is

given by {a7 (o)}
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Hence, for each such o the corresponding torus embedding is

spec(Zy) [Cm][UZ]) < spec(Zgy) [Cu][UZ N o)),
They are glued in the usual way using the topology of the decomposition.

Proof of the Proposition. We begin by describing the horizontal morphisms in
the diagram @:
11: Up to isomorphism any element in the category

[ S-MH,-Z-mot |

is of the form X = (G,y,s,0,id, &) with £ : (Z/NZ)s — G, [M]s = spec(Zy)(Car))s-
i1(X) is the morphism determined by 1 € Z/NZ, which determines the level-
structure uniquely.

12: Up to isomorphism any element in the category

[ S-(MOH, Uz, 0]-Lz-mot ]

is of the form X = (u : (Uz)s — Gy s,id,id, ). iz is defined as the fibre
product of i1 (X) (defined as before) with p.
i3: Up to isomorphism any element in the category

[ S-MOH, Uz, 0]- Lz-mot-triv |

is of the form X = (u : (Uz)s — G s,id,id, &, ), where v : Lg — H{E(M)
is a trivialization (compatible with the Px g-structure). We have a canonical
trivialization can. : FO(HE(M)) @ OS(%)* =~ HE(M), where OS(%)* is
Lie(G,,) and U = FO(HYE(M)) (canonically via p) over any S. Mapping 1 to
d-
(

=£)* the domain of can. can be identified with Lg. In other words, we have

can. : Ly — H®(M).
Equipping a point
X = (u: (Uz)s = Gy s,id,id, €) € [ S-MOH[Uy, 0]- Lz-mot |

with the trivialization can. defines the vertical morphism can. on the left in @
The morphism can. on the right hand side is the obvious trivialization. The
morphism i3 is defined as the only Px g-equivariant morphism that makes the
diagram commutative (it maps X to (can.”'o7,i2(X)) € Px(S) X (G 2, (cr] @
Uz)(5)).

We now describe the resulting horizontal morphisms in diagram @:

71: We choose an isomorphism

B:HB(G,,,Z) - Z.

Since HE(G,,,Z) = Z(1), we have an o € Dy, with a~! = 3.
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Let £ be a level structure. Its image in 7* is given mod K (M) by the composite

(see [T.5)):
Z/NZ — > H (G, Z/NZ) = G[N)(C) 225 HE (G, Z/NZ) —2~ Z/NT .

Note that p. g is given by the logarithm.
We get an element
[, p] € Q*\Dg, x A" /K (M)

where p € K(1) and have

il ) = exp(al579)) € G (C)[M].

j2: Choose an isomorphism 3 : HE(M) — Z @ Uj (in the Px(Z)-structure)
such that W_1(8) = a~! as morphism HE(G,,) = Z(1) — Z.
Recall that Lz = Z © Uj;. The composite

PdR,B
_—

Lo~ (AR () HE(M)®C —2> Le .

maps (1,0) to (a=1(1),0) and (0,u*) to (—a~(log(u(u*))),u*). This is the
same as the operation of pega (1) € Px(C) under the action defined in
4., where pog € Uc /Uy is such that u*(pog) = o~ (log(u(u*))) for all u* € U;.
We have then S(F°(M)) = pogUg.

Hence the moduli point of ([u : Uj — Gy),id,1d,€) in the complex analytic
Shimura variety is:

[Oéa,ulog7p] S P(Q)\]D)HO x Ug x PX(A(OO))/K

Jjs: The image of the point [, fuog, p] Via can. in the standard principal bundle
is given by

[0, ft10g, f10g(1) ™Y, p] € P(Q)\Dg, x Uc x Px(C) x Px(A®))/K.
Therefore the trivialization can. on the left in diagram is given by
P(Q)\Dy, x Uc x P(A))/K — P(Q)\Dn, x Uc x P(C) x P(A®))/K
[, fogs p] [y ftiog, toga(1) 1, p]

for p € U3 K (1) (!), as claimed. This also defines the morphism j3 by Px(C)-
equivariance.

It is easy to see that this morphism can. is compatible with the action of the
torus multiplication in the relative torus M(*X) over M(X(¥)Hj). It is hence
by the characterization[6.14] 3. the trivialization which extends to every partial
compactification M(KXX).

The model of the Shimura variety (resp. standard principal bundle) described
by the schemes representing

[ KHo[U, 0]-L-mot |, resp. [ *Hy[U, 0]-L-mot-triv ]
are the canonical ones by [7.6] and [7.9] O
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8. g-expansion principle

8.1. From the abstract theory of canonical models of toroidal compactifications
as described by the Main Theorems [6.9] and a classical “g-expansion prin-
ciple” can be derived. In this section we explain this for a wide class of Shimura
varieties with boundary.

8.2. Resume the discussion from [7.12] Let € be a Px-equivariant vector bundle
on MY(X) = W(U)v. Here v is the Z,)-valued point corresponding to the
splitting (). H°(M(XX)c,=Z*€) is identified with the Pg-invariant functions
on

Dx x P(A(™)/K — &

Choose a basis vy, ..., v, of the fibre &,.
The canonical trivialization (can. of the Proposition [7.13]) of the standard prin-
cipal bundle trivializes also (the algebraic) Z*€. For this consider the following
diagram

M(KX) 2% pKX) —> MY(X),

P

=*& is defined as the P-invariants in the pullback II*£. can. identifies those
with can.*II*E = (&, )m(xx)- This last identification comes from the fact, that
IT o can. is constant with image v by construction. By Proposition this
trivialization, base changed to C, is given by the function

s;: Dy, x Ue x Px(A)/K — &
[, friog, p|  +> ﬂloga(l)ilvi for p € Ky K (1),

where B = {v;}, and the v; are considered as points in the fibre over v. (Extend
the function to other p by requiring Px (Q)-invariance).
A general section may be written as

[aaﬂlogvp]’_) Z ak,a,p,ieXP(a(ﬂlogk))si
keU; i

(p e K(1) = 2*), and the corresponding i-th coordinate-function on G,, ¢ ®
Uz x¢ ClCu] = spec(Dy,, . ClU7]) is given by

Z Ak, p,i (K]

keUz

in the fibre above (ar,c = exp(a(77p)).
Let 0 now be a maximal dimensional rational polyhedral cone of Ug. The
completion at the corresponding boundary stratum is given by

spf(@ Cl[Uuz naV]).

Cm,c
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If a formal function f given by

> thap(f)[K]
keU;NaV
in the fibre above the respective (prc = exp(a(%p)) converges in a neighbor-
hood of the boundary points, it has the form

[, Nlogvp] = Z ak,a,p(f) eXp(O‘(/‘logk))a
keU;

there, too.
We make the following observation which is important for the g-expansion prin-
ciple: The function 7 f for an automorphism 7 € Aut(C) has the expansion

Z Tak:,a,p(f)[k]

keUynoV

in the fibre over "(Car,c) = exp(a(q7pr-)). Here ky € K(1)/K(M) is deter-
mined by this (image of 7 under the class field theory isomorphism).
Therefore the Fourier coefficients satisfy:

ak,a,p(Tf) = Tak,o“pk;l (f)- (8)

8.3. We continue by stating a formal g-expansion principle, stating roughly that
— under certain hypotheses — a regular function is integral, if after completion
at some point, the corresponding formal function is integral.

For a commutative ring R and ideal I C R, we denote by C7(R) the completion
of R w.r.t. the [-adic topology. For an [I-adically complete ring R and a
multiplicatively closed subset S C R, we denote by R{S~'} the completion
w.r.t. I[S71] of the localization R[S™!].

Let R be an excellent normal integral domain and I an ideal, such that spf(C;(R))
is connected (or equivalently, such that R/+/I has no nontrivial idempotents).
Let s be a prime element of R, neither a zero divisor nor a unit of R/I. Let M
be a projective R-module.

Lemma 8.4. The diagram

MC€ M[s~Y

| [

Cr(M)—— Cr(M){s™'} = Cri—)(M[s71])

is Cartesian.

Proof. Because M is projective this follows from the case M = R, which we
assume from now on.
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The top horizontal map is injective because R is integral. The vertical maps
are injective by Krull’s Theorem. Because of the assumptions, the ring C7(R) is
an integral domain. Hence the bottom horizontal arrow is injective. Therefore
also the map Cr(R)[s7!] — C;(R){s™'} is injective, and we are left to show
that for arbitrary n, the left square in the following diagram with exact lines is
Cartesian:

0 LR—">R/s"R—>0
0 R 1R Rjs"R—>=0

where in the bottom line we mean the I-adic completions of the respective f.g.
R-modules. (The rows are exact because exactness of the completion functor
on f.g. modules. This is, however, not used in the sequel.) We have to show
that the right vertical map is injective. This is the case if 0 € R/s™R is closed
w.r.t. the I-adic topology. Its closure is (by an extension of Krull’s Theorem
[4, Chap. III, §3, 2., Prop. 5]) the set of x € R/s™R for which there exists an
m € I, such that (1—m)z = 0 holds true. Therefore the above map is injective,
if nom € I and x € R exist, such that s"|(1 —m)x and s™ { z. Since s is prime,
this is the case, if no m € I exists, such that s|1 —m. Since by assumption s is
not a unit modulo I, this is indeed impossible. O

8.5. Let £X be p-ECMSD such that an integral canonical model M(X X) exists.
We consider A “up to refinements” in this section, i.e. we feel free to refine it
whenever necessary.

Assume that there is a boundary morphism:

¢ Hy[U,0] = X,

which we fix once and for all in this section.
By [37, Proposition 12.1], its existence forces the reflex field of X to be Q. We
write also shorthand B = Hy[U, 0]. It induces a dual boundary morphism (open
embedding):

MY(:) : MY(B) — MY (X).

between Z,)-schemes and therefore a base point M" (1)(v) € M (X)(Z,)) which
we denote by v, too, ¢ being fixed.

Let € be a Px-equivariant line bundle on M"Y (X).

For any p € PX(A("O)) we have an associated boundary morphism

(t,p) : A'B = KX,

where K1 = K? N(Pg(A>))) and A is defined as pullback . Refining
the original A, if necessary, we can assume that A; is smooth.

M(e, p)*E*E 2 =* MY (1)*€ (6.14] 1.) may be trivialized as in using a basis
vector 2’ of (MY (¢)*€), = &,. K, always contains a group of the form UK (M)
for a saturated (at p) lattice Uz C U and pt M.
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Let s, denote the corresponding trivializing section (8.2]). Thus every section
f e HOM(KX)e, =€) yields Fourier coefficients (see |8.2)

M(e, p)* f

Syt

aL,z’,k,a,p(f) = ak,a,l( )
This definition includes all the Fourier expansions defined before because we
have for p/ € Z* = K(1) C A(>)":

M(e, p)* f

Sy

aL,z’,k,a,pp’(f) = ak,oz,p/( )
Lemma 8.6. If f € HOM(KX)c,Z*Emerom.) is a meromorphic section (any
A, including {0} — the meromorphic sections are the same), we get Fourier

coefficients
M(z, p)* f

o ) 1= A (22,
z

which are defined the same way but valid analytically only on a set of the
form:

{a} x (¢ + Ug +0) x {p} C Dg x P(A™),
where o is a mazimal dimensional rational polyhedral cone in Ug(—1).

Proof. We show that there is a boundary point on some toroidal compactifi-
cation over C at which locally the divisor of f consists only of components of
the boundary divisor itself. From this the statement follows because a small
neighborhood around such a boundary point is mapped to the set given in the
statement of the Lemma.

It suffices to check this condition in a formal neighborhood of the boundary
point. Writing f as a quotient of formal functions, we are reduced to the
case, where f is a formal function in the formal completion at some boundary
point associated with ¢, p, & € Dgg, and a r.p.c. o of maximal dimension (now
considered in Ug, see . Let the cone be generated by {\; € Uz} and call
{z;} the variables corresponding to the vertices of the dual cone.

This formal completion is

spf(EP ClUz neV]).
QYR
Hence the formal function is an element in
@ ClU; naY] = @ Clz1,- -, 2n]-
Cm,c [V

We consider its components separately and call f any of them.

We may now refine the polyhedral cone decomposition in a way that it induces
barycentric subdivisions of faces of 0. The faces 7 of o correspond to subsets
S C{1,...,n} (the vertices of 7). There are then |S| new maximal dimensional
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cones ¢’ in the corresponding subdivison, indexed by the respective vertex j
which does not belong to ¢’ anymore. Let Aj,..., )\, be the generators of the
corresponding cone. We have \; = >, g\ and A} = \;, i # j. We get a
corresponding homomorphism:

Clz1y---52n] = Cl2t, .-+, 25]-

given by zj — > .o 2 and 2z; = 2, 1 # j.

Since both rings have the same form, we may consider this homomorphism as
automorphism T} g of the ring on the left, in the obvious way. We have to
show that repeatedly applying those to f and clearing factors of z;, ¢ = 1,...,n
one arrives at an element f containing a constant term. Let .S; be the product
T; qi,5y for i # j. It is given by mapping z; — 2; and z; + 2;z; for i # j.

We show by induction on the minimal degree of the occurring monomials in f,
that by repeatedly applying the S; to f and clearing factors of z; one arrives
at a function f containing a constant term. Let N = ) .n; be the minimal
degree of a monomial g = [] 2/ occurring in f. Let j be such that n; # 0. By

applying S; to f, a monomial h = [] 2" gets transformed to z}ieg(h) H#j z
Since deg(g) is minimal, we may define f by 5iU) - We have deg( Si(g) ) =

Z{ieg(g) . Z‘jleg(g)
- J J
>iz; i < deg(g), hence f has a term of smaller minimal degree. O

Theorem 8.7 (g-expansion principle). With the notations of there is an
M € N, p{ M and a finite subset {p1,...,pn} C Px(A)) such that for
R :=Z,)[Cn], M|N, we have

HOM(50)5,=°€) =
{f € H*(M(XO)c,E*E)|Vi Vk € UG, Var @y 2 joyap, (f) € R}
and similarlff]
HO(M(KO)R7E*€hOT‘Z) =

0 K —x Vi Yo 3o CUgr open r.p. cone,
{fGH (M( O)th‘ 5merom.) VEEUG, @y 2t ka,p;,a(FIER

Moreover, we have

2 hyanpo (T f) = T(ab,zl,k7a7pk:1,o‘(f)) v € Gal(Q(¢n)|Q),
hence f is (in both cases) defined over Z, instead of R, if it satisfies

aL,z’,k,a,p,G(f) = T(G’L,z’}k’a,pk:l,g(f))u

for all 7 € Gal(Q(¢n)|Q), all p,a,k and some o (depending on p and «).
Here k. is the image of T under the natural isomorphism Gal(Q({n)|Q)
K(1)/K(N).

6horz. means that we inverted all functions, which have no component of the fibre above
p in its divisor.
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Proof. We may show the theorem for a particular A and all of its refinements.
A posteriori, it will then be true for any A’, using a common refinement of A
and A’. Let f be a complex section of the bundle Z*(€) over M(XX). By the
abstract g-expansion principle[8:4] a section of a locally free sheaf is defined over
M(KX)g if on any connected component (over R), there is a point p, defined
over R, such that after passing to the completion at p, the corresponding formal
series is defined over R. Now on any connected component i of M(¥X)¢, there is
a boundary point corresponding to a boundary component (¢, p;) and a o C Ug.
Using the boundary isomorphism M(¢, p;) , defined over Z,), it suffices to

show that the pullback of f to Z*(MY(1)*£) over M(fZHO[U7 0]) (completion
with respect to the boundary point corresponding to o) is defined over R. We
may choose the integer M such that all connected components of M(IA(:'HO [U,0])
are defined OE\R’ for all 4, and such that we may test f by pulling it further

back to M(EHO[U7 0]), where K| = Uz .K (M) for some lattice Uz; C U as in

We refine A such that A; is smooth w.r.t. K for all 4.
By the consideration in above, the formal function f/s,, on

Uz 1K(/Z\'4)\
M(,7 H,[U, 0])

for U; K (M) C K; is given by

({:) - Z aL:Z/7k7a»Pikv/\7a(f)'
Cum,c

AEU;

Here [a,k] € Q*\Dg, x A" /K(M), with k € K(1) is such that ¢y =
exp(a(+-)). (It suffices of course to look at the fibre over the (¢ corresponding

to [a, 1]). Then, since by assumption these coefficients lie in R, f/s,+ is defined
over R and hence f itself. The first statements follow because we investigated at
least one boundary point on each connected component. If f was a meromorphic
section, we may refine A in a way such that for all 7 its pullback A; contains
a cone determined by o C U(R) such that there exists a Fourier expansion in
a neighborhood of the corresponding boundary point (see . The statement
about the Fourier coefficients of the Galois conjugates was shown in |8.2 O

9. Shimura varieties of orthogonal type, special cycles

Proposition 9.1. If dim(L) > 3, the reflex field of S(L) is Q. The compact
dual is the zero quadric, i.e.

MY (S(£))(R) ={< 2z >€P(Lg) | (2,2) =0}

for any ring R over Z,).

If dim(L) = 2, the reflex field of S(L) 4, resp. S(L)_ is the imaginary quadratic
field (in C) associated with the (negative) definite binary quadratic form L.
The compact dual is a point given by the isotropic vector corresponding to the
filtration in Dg(r), , respectively Dg(py_ .
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Proof. Let D be a negative definite subspace D defined over Z,). Over an
imaginary quadratic field F', unramified at p, there is a morphism

w: Gy, — GSpin(L),

acting with exponent 2 on one isotropic vector z, with exponent 0 on z and
with exponent 1 on the orthogonal complement. Over C it yields the associated
morphism uy, (6.2), where h is one of the 2 morphisms corresponding to D.
The morphism @y, is also of the form uy, and hence conjugated to uy if n > 3.
The conjugacy class of these morphisms is therefore defined over Q. If n = 2,
GSpin(L) is a torus, and hence the reflex field is F'. Furthermore, the morphism
u defines the filtration 0 C< 2 >C< z >+C L which is completely determined
by < z >. O

Remark 9.2. The Hodge embedding from Lemma induces a morphism (cf.
Main Theorem

MY(S(L)) < MY(H(CT(L), (-, )s))-

Here MY (S(L)) is the space of isotropic lines in L and MY (H(CY (L), (-,-)s))
is the space of Lagrangian saturated sublattices of CT(L) with respect to the
form (-,-)s. The proof of Lemma shows that this map is given (for any
R) by sending a < z > in Lg, with z assumed to be primitive, to the subspace
2w CT(LR), where w is a primitive vector with (z,w) = 1 (this subspace actually
does not depend on w). One also immediately sees that this is compatible with
the Borel embedding because w = ) leads to the projector considered in the

z
Z
proof of Lemma[5.7)

Lemma 9.3. Let K be a neat admissible compact open subgroup of SO(L (o))
and A be a smooth K-admissible rational polyhedral cone decomposition. The
(geometric) connected components of M(KO)@ and M(IA(O)E are in bijection

and defined over spec(Z[(n]), where (n, pt N is an N-th root of unity.
Proof. This follows directly from using [32, Theorem 5.17]. O

Lemma 9.4. Let Ly, be a lattice with quadratic form of discriminant D # 0. Let
K be a compact open subgroup of SO(Ly), and pick a set of representatives

gi € SO(Q)\ SO(A™) /K.

For each g; there is the lattice L(Zi) characterized by L(Z? =giLz,. We have

[S0(@)\Do x (SO(4™)/K)| = JT:\Dol,

K3

where T'; is the subgroup of SO(L(Zi)) defined by SO(Q) N g;Kg; *.
If K is the discriminant kernel of Ly, each I'; is the discriminant kernel of the
respective L(ZZ),
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Proof. [32]. O

9.5. Let Lz, be a lattice with unimodular quadratic form, i.e. inducing an
isomorphism Lz, = (Lz,)*, and L’Z(m be a saturated sublattice with uni-

modular form, of signature (m — 2,2) and (m — 2 — n,2), respectively, where
O<n<m-—2.
Recall the embedding here used mod G,,

t:O(L) = O(L),
in the case m —n > 2 and the 2 embeddings
[ O(L/):t — O(L),

in the case m —n = 2.
Let an admissible compact open subgroup K be given. For each g € SO(L (0. )
we get a conjugated embedding;:

(1.9) : KoO(L') = *O(L)
for K = K Ng~'(SO(L) ()))g-
In addition, we may find smooth (w.r.t. K, resp. K ) complete and projective

A, and Aj for each g (3.22), such that models exist , and we have, in the
end, embeddings of p-ECMSD:

(1,9) : A7O(L) = KO(L)

(resp. with =£).
Let My, be another lattice with unimodular quadratic form and define

I(M,L)g :={a: Mg — Lgr | «is an isometry}.

We have I(M,L)g # 0 < I(M, L)y # 0 by Hasse’s principle. If these sets
are nonempty, we may then find even an x € I(M, L)z, .
For a K-invariant admissiblﬂ Schwartz function ¢ € S((M* ® L) z))

I(M, L) 00y Nsupp(ip) = Hng_lx
J

with finitely many g; € SO(Lj(e.» ). We assume that A has been refined such
that A'gj exists, with the properties claimed above for all j.

by this we mean that ¢ is the tensor product of a Schwartz function ¢ € S(M*®L), (co.p))
with the characteristic function of (M* ® L)z,
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Definition 9.6. If I(M, L)y # 0, we define the p-integral special cycle asso-
ciated with My, and @ on M(XO(L)) as

(LM, K) =3 lg; ) im(M(z, 7)),

where ¢ is associated with the embedding z — Ly, . If I(M, L)y = 0 we define
Z(L,M,p; K) :=0.

Note that if m —n = 2, M(E?O(IJ—)) is actually equipped with a morphism
to spec(Ox) which is an extension of spec(Zp)). In the definition above, we
consider, however, the structural morphism to spec(Z). (For the C-points
this means, that we get in any case the special cycles as defined e.g. in [2] or
[22].) The sum is finite and independent of the choice of the g;. The formation
is compatible with Hecke operators in the obvious sense.

If I(M, L)y # 0 and My is only a Q-vector space with non-degenerate quadratic
form and ¢ any Schwartz function, we write

I(M, L)) Nsupp(p) = [[ Kg; '
i

for any « € I(M, L)qg.

Definition 9.7. We define the rational special cycle associated with Mg and
o on M(KO(L)) as

ULAM. i K) = 3 plg; ' o)im(M(i.g,))

Here 1 is associated with the embedding x* — Lg and M(v,g;) is only a mor-
phism of rational Shimura varieties. Here even A may be chosen arbitrary. In
that case we understand the Zariski closure of the embedding of the uncompact-
ified rational Shimura variety.

From the extension property (cf. Main Theorem [6.5] 3.) and the properties of
toroidal compactifications (cf. Main Theorem ollows that this definition
coincides with the previous one, if there exists a lattice Mz, , such that the
restriction of the quadratic form is unimodular, ¢ is admissible, and A is chosen
in such a way that we have embeddings of p-ECMSD.

10. The arithmetic theory of automorphic forms

10.1. Let KX be pure p-ECMSD (3.21)) with smooth (w.r.t. K), projective,
and complete A, E' C C be the reflex field and Ox = O (p) the reflex ring. We
have an isomorphism

M(RAX) Xspee(z,) C = H M(AX) X0y, C.
o€Hom(E,C)
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Conjecture A of [33] p. 58] which is proven in [33] Corollary 18.5] states in
particular that for each o € Hom(FE,C) there is a (rational) Shimura datum
X7, and we have an isomorphism

(M(X) x0x,0 C)*" = [Prx\Dox x Prx(A™))/K] 9)

which renders the system M(XX) x oy » “Ox with a twisted adelic action into
a rational canonical model for the Shimura datum ?X.

The compact dual M"(X), considered as scheme over spec(Z)), can be iden-
tified also with a closed subscheme of QPAR (2.8) and carries an action of
Px.

Let € a locally free sheaf on the stack (over spec(Z))!)

[MY(X)/Px]

(i.e. a Px-equivariant sheaf on MY (X)) and hp = {hg ,} for ¢ € Hom(E, C) be
a collection of Prx(R)Us-x (C)-invariant Hermitian metric on Ec|pn.y) Where
U, h(D-x) is embedded into (MY (X) xz,,, C)(C) via the Borel embeddings —
6.12 — taking into account the isomorphism

Recall from [6.14] the 1-morphism

=: M(EX) - [MY(X)/Px] .

10.2. Let D be the boundary divisor . It is a divisor of normal crossings.
We will define a Hermitian metric Z*hg on (£*€)¢, singular along Dg, as fol-
lowsﬂ We do this for each ?X separately, so let X be one of them. By definition
E*Ec(U), for any open U C M(XX)(C), is given by the P(Q)-invariant sections
of the pullback of E¢ to the standard principal bundle P(KX) (the right Px-
torsor describing the morphism =) via the compatibility isomorphism of Z over
C with =¢ . Now consider the diagram of analytic manifolds (we assumed
K to be neat):

Px(Q)\Dx x (Px(A(®))/K) <—————— Dx x (Px(A(®))/K) ——— > h(Dx)

| |

Px (Q)\Dx x (Px(A(*))/K) <—— Px(Q)\Dx X Px(C) x (Px(A(®®))/K) —= MY (X)(C)

C

Let U = M(XX)(C) be the complement of De. The diagram shows that
E*Ec|y is canonically identified with the Px(Q)-invariant sections of the pull-
back p*(Ec|npy)) to the standard local system Dx x Px(A(®))/K. But this
pullback carries the pullback of the Hermitian metric hg. For the induced
Px(Q)-action on p*(Ec|pmy)) compatible with the usual action on the stan-
dard local system, hg is invariant as well and descends to a smooth Hermitian
metric on U.

8This is a slight abuse of notation, since the construction seems to depend on the particular
presentation of the target stack as a quotient of MY
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Theorem 10.3. Let KX be pure p-ECSD, let (€, hg) as in which is fully-
decomposed, i.e. the unipotent radical of a stabilizer group under the action of
Px(C) on MY(X)(C) acts trivially on &.

Then the vector bundles Z*Ec are the unique extensions to M(KX) of these
bundles on M(¥X) such that the metric Z*hg is good along the boundary divisor
D, in the sense of [35, p. 242].

Proof. Follows from the construction of the extension in [loc. cit.], cf. also [16]
§3.8]. O

Definition 10.4. Let (£,hg) be as in|[10.1} The locally free sheaf =*E, together
with the singular (along D¢) Hermitian metric E*hg is called the Hermitian
automorphic vector bundle associated to (€,hg) on M(KX).

Remark 10.5. It follows directly from the construction of metrics in[10.9 that
for a morphism of p-ECMSD

(mngxragxz

and given (€, hg), with € a locally free sheaf on [MY(X1)/Px,] and hg =
{hgo} a collection of invariant Hermitian metrics, we have a canonical iso-
morphism

M(O[, p)*(E*gv E*hE) = (E* Mv(a)*g’ = Mv (a)*h’E)a

in particular these isomorphisms are compatible with composition.
(For the metrics this follows from the existence and functoriality of the 2-
isomorphism

(E(KX) Xspec(Ox) SpeC(C))an — E(C(KX)v

given by |6.14})

Similarly, in the case of a boundary component
(,p) : A;B = KX,

and, say, the case of Ox = Zy for simplicity, if hg is the restriction of a
Pg(R)Ux (C)-invariant metric hg 1 on Dp to Dp—x C Dg, we have on the
formal completion a canonical isomorphism

M(L, p)*(5*57 E*hE) = (E*5|MV(B)7 E*hEJ)

taking into account that the formal isomorphism converges over C. However,
in general, the metrics hg do not come from hg1’s as above (they are not
even defined everywhere on Dg), but of course an Z*hg is always defined in a
neighborhood of D¢ on M(fiB)(C) and the above statement makes sense.

10.6. In the reminder of this section we will describe the necessary tools from
Arakelov theory that will be needed to define uniquely determined heights on
(resp. arithmetic volumes of) Shimura varieties w.r.t. automorphic line bun-
dles. We will be as minimalist as possible, stating only the properties of the
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objects involved that are needed in the sequel and which uniquely characterize
the resulting values. We assume familiarity with classical Arakelov theory as
presented in [39].

10.7. We consider the category (X, D), where X is a smooth complex al-
gebraic variety equipped with a divisor of normal crossings D. Morphisms
a:(X,Dx) — (Y, Dy) are morphisms o : X — Y which satisfy a='Dy C Dx.
We consider an association with maps a pair (X, D) to a subspace of differential
forms

A (X,D) C A% (X — D),

for every 1, 7, stable w.r.t. the differentials d and d°. In addition, for any vector
bundle E on X, we consider a class M of Hermitian metrics on F|x_p, such
that

(F1) For any morphism f : (X,D) — (Y,D’), f* restricts to a map of A*’s
and f* of a vector bundle with metric in M is again a vector bundle with
metric in M.

(F2) Each ¢ € A% (X, D) defines a current on X, and we have d[¢] = [d¢],
resp. d°[¢] = [d°¢].

(F3) The Chern character form of any vector bundle with metric in M is in
®, APP(X, D).

(F4) There is a unique way to associate with each (X, D) and exact sequence

Fe:0—-FE_1—FEy—>FE —0

of vector bundles on X and metrics h_1, hg, h1 in M a Bott-Chern char-
acter ch(Ee, h—1,ho,h1) € B, APP(X, D)/(imd +imd®) such that
(a) dd° Ch(E‘.7 h_l, ho, hl) = Zl(fl)l Ch(EZ‘, hz),
(b) the formation is compatible with pullback,
(¢c) ch(Ee,h_1,ho,h1) =0 if FE, splits and hg = h_1 & hy,
(d) for an exact square consisting of vector bundles F; ;, 1,7 = —1,...,1
equipped with metrics h; ; in M, we have

D (=1 ch(Bies hii—1,hio,hin) = Y (=1) ch(Ea g, hor j,ho g, hag)-
i J
Often convenient is the following property, which we will not need, however:
(F5) If Y is a cycle of codimension p which intersects D properly then for any

Greens function g of logarithmic type along Y [39] 2.1, Definition 3], and
for all £ € APP(X, D), g€ is locally integrable on X.

Note that by the properties (F4,a—c) the Bott-Chern characters involving only
smooth metrics have to be necessarily the same as those considered in [39] 3.1,
Theorem 2]. We will write also ch(E, h_1, ho) for ch(E,, h_1, ho,0) where E, is
the sequence 0 > K - F — 0 — 0.
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10.8. From closedness under d and d° follows in particular that for e; €
APP(X, D) and ey € AT9(X, D) the (star-)product e; * e := (dd®ej)es is
associative and commutative mod image d,d. If ¢ is a form on (X —D)(C) which
can be expressed as a sum g + go, where g is a Greens form of logarithmic type
[39, Definition 3, p. 43] and g is in M one can define gxh € APFTaTLPHatl(X D)
to be g h+ godd®h+ hodd® G+ hodd® gy, which is clearly (mod image d, d°)
independent of the way of expressing the sum.

10.9. If Y7 and Y5 are cycles on X of codimension p and ¢, respectively, without
intersection, and g1, go be Greens forms of logarithmic type for them, we can
represent their star-product (modulo image d,d°) by

g1 * g2 = 01g1(dd® g2) +dd(0291)go,

where 07 4+ 02 = 1 is a partition of unity, such that o1 = 0 on Y7 and o2 = 0
on Y;. If g1 and go are the sums of the previous Greens forms with forms
g10 € APP(X, D), resp. g2 € A?%(X, D), for the star product as defined in
we have the same formula

g1 % g2 = 0191(dd® g2) +dd(0291)g-

For this note that (e.g.)

o191(dd® g2,0) + dd(0291)92,0 = g2,0dd° g1 + 0191(dd° g2,0) — dd(g191)g2,0-

However in
o191(dd® g2,0) —dd(o191)92,0

o191 and g2 are in A%9(X, D). Therefore this is contained in the image of
d,d. Using an embedded resolution of singularities and properties (F1, F2),
one can extend this to non-empty intersections. We will not need this, however.

Theorem 10.10 (Burgos, Kramer, Kiihn). A class A% (-,-) of differential
forms and class of metrics M satisfying the axioms (F1)-(F4) such that M
includes the natural metrics Z*hge of fully decomposed automorphic vector bun-
dles Z*E on pure Shimura varieties exists.

Proof. The class of differential forms is the class of log-log-forms [J, section
2.2]. Those are in particular pre-log-log forms [10, section 7.1]. The class of
metrics is the class of log-singular ones [I0, 4.29]. The properties above are
shown respectively at the following places: (F1) [9, Proposition 2.24] for forms,
[9, Proposition 4.35] for the metrics, (F2) [I0, Proposition 7.6], (F3) is part
of their definition of log-singular metric, (F4) [9, Proposition 4.64], (F5) (not
needed here) follows from the proof of [10, Lemma 7.35]. The statement about
fully decomposed automorphic vector bundles is proven in [9, Theorem 6.3]. O

10.11. Let X be a projective regular and flat scheme over spec(R), where R
is any localization of Z. Let D be a divisor on X such that D¢ is a divisor
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of normal crossings. From now on we assume that classes A%I(-,-) and M
satisfying (F1)-(F4) have been chosen and define in analogy to [39] p. 55]:

APP(X D) = {we APP(X(C),D(C)) | w real, Fiw = (—1)Pw}
APP(X D) := APP(X,D)/(imd + imd).

We define arithmetic Chow groups éﬁp(x , D) by the following pushout

P

CHp—l,p(X) - A/pfl,pfl(X,D) 2 > CH (X,D) — CHP(X) ——0

aGgs

CHP~'P(X) —— Ar=1r=1(X) —— CHyg(X) — CHP(X) —0

where an index G'S means the corresponding object as defined in [39].
We define a product

——p+q

CH'(X, D) x CH'(X, D) — CHy (X, D)

by defining: a(b1)a(bz) to be a(by dd°bs) and a(b)z to be a(bw(z)) (for the map
w of [loc. cit.]). This is well defined because the formulas hold for agg. This
product is obviously associative and commutative. We also form the direct sum

éﬁ.(X, D)q == D, @p(X,D)Q, which yields a contravariant functor (w.r.t.
pullback) from the category of pairs (X,D), where X is projective, regular, and
flat over spec(R) and D is a divisor on X such that D¢ has only normal crossings,
to the category of graded Q-algebras.

10.12. If X is projective over spec(R) of relative dimension d, where R is any
localization of Z, we have a push forward

Tyt Gﬁp(X,D) — éﬁpid(spec(R)),

which on the image of a is defined by integration (see F2).

Definition 10.13. For any vector bundle €& with metric h in the class we define
an arithmetic Chern character by

ch(&,h) := chas(E, h) + a(ch(E, h, b)),

where h is any smooth metric on E = Ec. In particular the graded components
define Chern classes ¢;(E,h) of every degree.
Lemma 10.14. This is well defined.

Proof. We have the property chas (B, hy) — chas(E, h1) = a(ch(E, hy, hy)) B9,
Proposition 1, p. 8@ From properties (F4,c,d) follows that ch(E, ho, h1) =
ch(B, ha, h) — ch(E, hy, h). 0
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The formation of Chern character (hence Chern classes) is compatible with
pullback because this is true for chgs(€, h).

10.15. For R a localization of Z we have a map
— 1
deg : CH (spec(R))gp — Rg,

where Ry is R modulo rational multiples of log(p) for all p with p~! € R. We
denote Rz, also by R® and Rz1/n) by Ry.
Obviously Ry injects into the fibre product of all R®) p{ N over Rg.

Definition 10.16. Let X be as in . If € = (E,h) is a line bundle with
metric in M and Y is a cycle on X such that Yy intersects Dg properly, we
define the height with respect to € of Y as follows: Choose a Greens form of
logarithmic type for Y (exists by [39, Theorem 3, p.44]) and a smooth metric

h on £.
— R 1 1 N 1
hie(Y) = dogm((Y,g) @B~ 5 [ geB Rt g [ o
X Y
1
bte fyos(Y) + 5[/‘1”

where ¢ € An~4n=d(X D) is such that a(¢) = ¢y (E, h)" 14 — ¢ (B, h)n+i—,
The integral over Y exists because of property (F2) (consider a desingularization
of Y). Here it is crucial that Y and D intersect properly.

Lemma 10.17. This is well defined.

Proof. The first line is independent of g by means of the definition of star
product [39, Definition 4, p.50]. We have to see that it is independent of the
choice of smooth metric h. Let Ei, i = 1,2 be two different ones. Let ¢; be such
that a(¢;) = ¢1(E, h)" 14 — ¢ (€, h;)"179. Note that ¢o — ¢y is smooth. We
have

- o a1 .
deg . ((Y,g) CL(E, hg) T = (Y, g) - Cu(E, ha)" T d) = 5/ (¢1 — ¢2)ddg
X(C)
1 ~ 1 ~ 1
—*/ gei(E hg)" T 4 */ ger(E b))t = */ gdd®(¢2 — ¢1)
2 Jx@© 2 Jx@© 2 Jx@©
1 1 1 .1 .
= 2 — = ¢1= (P2 —¢1)ddg— = gdd®(¢2 — ¢1)
2 Jy 2 )y 2 Jx© 2 Jx@©

so the sum over these differences is zero. O

From (F1) and (F2) together with (F5) the following follows formally — using
an embedded resolution of singularities (see the proof of [I0, Theorem 7.33] with

O'YZZO):
/gddcgz=/gz+/(ddcg)gz
X Y X
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for any form g, in our class. Hence, if (F5) holds, we could simply define
PN P~ n+1— 1 n+1—
() 1= Ao (Vo) @€ =5 [ gea( i

which is literally the same definition as htz ¢.

10.18. In any case, if there is a desingularization (Y, D) of (Y,Y N D) which
is itself a pair as considered in [10.11} we get from the projection formula [39]
Theorem 3 (iii), p. 64] that

htg(Y) = d/%ﬂ*(f*al (57 h))n+1_d

for the corresponding morphism f : (Y, D) — (X, D).

10.19. We will apply the constructions above to (pure) Shimura varieties now.
Assume first that all occurring K’s are neat, see for the general case.
For a pure Shimura variety (considered as defined over Z,) as in [10.1) M(XX)
with complete, smooth w.r.t. K and projective A, the exceptional divisor D
has normal crossings and we define @.(M(IA{X)) as @.(M(IA(X), D) as
defined in w.r.t. any class of forms and metrics satisfying (F1-4), such
that the metrics of fully decomposed automorphic vector bundles are in the
class (exists by Theorem [10.10). We assume that A is sufficiently fine and
hence M(X X)) exists by J

Definition 10.20. Let IA(X be pure p-ECMSD with complete, smooth w.r.t. K
and projective A, and € = (€, hg) be an invertible sheaf & on [M"(X)/Px]
(stack over Z,)!) and hg = {hgs} a collection of invariant Hermitian metrics
as in [0

The geometric volume
volg(M(KX))

is defined as the volume of M(X X)(C) with respect to the volume form (c1(Z*Ec))?.
The arithmetic volume at p

volg,, (M(5X))
is defined as the image of

T (C1(E*E,E hp)?)

under the natural map cH' (spec(Zp)))g — R®), where m : M(KX) — spec(Z,))
is the structural morphism

If Px is a group scheme of type (P) over spec(Z[1/N]) and K is admissible for
all pt N, then we define the global arithmetic volume

vols(M(KX))
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in Ry as the value determined by the arithmetic volumes at p (compare
see also .

If (a,p) : K,Yq < KXg is an embedding of rational pure Shimura data, we
define the height at p:

K’ V'l Zar
htz ,(M(A/Y)) = htz.z(M(e, p)(M(A, Yg)) ),
where ht_.z is the height . Similarly for the (global) height.

Question 10.21. We mention that there is a proportionality principle [35]
in the geometric case. This means that all polynomials of degree dim(M(KX)c)
in the Chern classes of an automorphic vector bundle (£*E)¢c, considered as a
number, are proportional to the same expression in the Chern classes of the
original bundle £, computed on M" (X).

Is there an analogue in the arithmetic case? — cf. also [21)].

Remark 10.22. If (a, p) was in fact an embedding of p-integral data: IA(,/Y —
BX, we have, by the projection formula (cf. and [10.5

htg ,(M(XY)) = volyy o)+, (M(R/ Y)).

Lemma 10.23. The geometric and arithmetic volumes do not depend on the
rational polyhedral cone decomposition A, i.e. not on the chosen toroidal com-
pactification.

Proof. For each pair A;, i = 1,2, there is a common refinement A, cf. and
we have two projections ((6.5):

M(3X)

N

M(Z,X) M(Z,X)

Furthermore this diagram is compatible with formation of Z*£,Z*hg by [10.5]
Its Chern forms are therefore transported into each other by pullback along the
arrows in the diagram. Since the forms are integrable on every M(XX) (see
[35], cf. also[10.3), the geometric volume agrees.
Now, there is pullback map

p*: CH (M(5,X))g — CH (M(§X))o

as well, which is a ring homomorphism and compatible with Chern classes (see
(F4,b) and [39, Theorem 3, p. 84]).

Therefore the assertion for the arithmetic volume boils down to the fact that
for a class x = (z,9) € éﬁrgg (EX) or # = a(g'), where z is a zero-cycle
in the fibre above p and g is a smooth top-degree Greens form and ¢ is a top-
degree form on M (¥ X)(C) which is integrable on the whole M (X X)(C), we have
d/e\g(mp* (x)) = d/eTg,(ﬂ'*x), where the 7 are the respective structural morphisms.
This is true because the push-forwards of g, ¢’ are computed by an integral. [
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Remark 10.24. If K is not neat, M is only a Deligne-Mumford stack. Instead
of extending the theory of [4, [I0] to stacks like e.g. in [13], we define the
arithmetic volume in this case as follows: We take some neat admissible K' C K
and define .

ol , (M(5X)) = vl (MK X))
as value in RW) . Similarly for the global arithmetic volume in Ry, assuming
that both K and K' are admissible for all p ¥ N. It follows from the
definition of pullback, and the same reasoning as in Lemma[10.23 that this is
independent of the choice of K'. In particular, if K is neat — or using any
reasonable extension of Arakelov theory to stacks — this definition agrees with
the previous one.
In this sense the geometric and arithmetic volume do not depend essentially on
K, as they are both multiplied by the indez, if K is changed. For the arithmetic
case this is of course only true for admissible K, and the more primes are
considered the less admissible groups there are.

Remark 10.25. Since the canonical models can be defined as the normalization
of a Zariski closure in a variety defined over some Z[1/N] (compactification of
the moduli space of Abelian varieties), it follows that there is even a model of
M(KX) defined over some 0x[1/N], yielding the canonical ones over the various
reflex rings Ox (p) for p|N, such that the arithmetic volume of this model is the
value determined above. This justifies a priori that our value lies actually in
Ry. Otherwise we will not care about this global model.

11. The arithmetic of Borcherds products

11.1. Let L be a f.d. Q-vector space with non-degenerate quadratic form
Q1 € Sym? (L*) and M be any f.d. Q-vector space. Denote 9 = M* & M with
standard symplectic form. Consider the following elements of Sp(90t):

a=(3 ~7)

for & € Aut(M), 8 € Hom(M*, M) and v € Iso(M, M*). We denote the image
of g; and v by G; and U respectively, and their product by P, which is a maximal
parabolic of Sp(9t).

Let R be one of R, Q,,, A or A and y its standard additive character (depends
on a choice of i € C). Let Sp’ (M) be Sp(Mg) if m is even and Mp(9Mp) (meta-
plectic double cover) if m is odd. The elements above have lifts to Sp’ ("), de-
noted r”’(- - - ) such that the Weil representation of Sp'(9z) on S(M*®L)R)
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(Schwartz functions) is given by:

w(r” (gi(@)e @ = Y1) T (v0) ol 2 o(‘az”)
w(r"(u(B)))p @* = x((2*)'Qr - B)p(a”)

m

G @) = Xl E [ et o)

T is a certain eigth root of unity. For n = 1 we have just Y(7) =T(y®Qr),
where T is the Weil index [42]. In the third formula || is computed w.r.t. the
measure d x, and hence the formula is independent of this measure.

If a global lattice Lz C Lg is given, with @y, € Sym? (L%) and Mz C Mg, as in
Borcherds’ paper, we often restrict to the subspace of S((M* ® L)) given
by characteristic functions of cosets in (L%/Lz) ® My. We denote the space —
as in [2) — by C[(L3/Lz) ® M7].

11.2. In the n = 1 case (M = Z) we denote it also by Weil(L}/Lz), and we

consider it as a representation Sps(Z), Sp;(Z) or a suitable Spy(Z/NZ). Spy(Z)
is generated by 2 elements S and T, satisfying Z = S? = (ST)? and (Z* = 1

or Z? =1 according to whether m is odd or even), mapping down to (? 01)

and <(1) 1), respectively, in Sp,(Z) and acting explicitly as:

Txx = exp(2miQr(K))X«,

:M Z exp(—2mi(d, K))Xs-

SXr
\/E deLy /Ly

Note that the occurring correction factor T (1) = Y (Qy) is the product over
the local T,(Qr)’s which is, however, the same as Yoo (Qr)~' and we have
YToo(Qr) = exp(2mi(p — q)), if the signature of @ is (p,q). These are the
formulas used in [2]. We will need the following facts about the Weil repre-

sentation, too: The Weil representation of Spg(Z), or Spy(Z), always factors
through Spy(Z/NZ), where N is related to the exponent of L3/Ly. If m is

even, the Borel subgroup ¥ I) C Spy(Z/NZ) acts on XL, by the character
T(QQL)T(QL)fl.

By construction of the Weil representation, we have

Weil(L3/Lz) = Q) Weil(L;, /Lz,), (10)
p|D

where Weil(Lj, /Lz,) is actually a representation of Sps(Zy,). If L; [Lz, is
cyclic of prime order or of order 4, we have

Weil(L}, /Lz,) = Weil(Lj, /Lz,)* & Weil(L}, /Lz,)”

65



(decompositions into odd and even functions), and both summands are érre-
ducible. (If p =2 and the order is 2, Weil(Lj, /Lz,)~ = 0.) Together with
this yields the decomposition of the Weil representation of L into irreducible
representations, if D is square-free, resp. % square-free and L7 /Ly, cyclic of
order 4.

11.3. Let Lg be a non-degenerate quadratic space of signature (p, ¢). Consider
a one-dimensional space Mg = Q. We canonically identify M* ® L = L.

Let N be a maximal negative definite subspace of Lg. We have the Gaussian
0% € S(Lg) ® C(Do), defined by

P, V) = e,

where an € End(M) acts as -1 on N and as +1 on the orthogonal complement.
It satisfies
% (hz,hN) = % (x,N)  Vh € SO(Lg).

For any ¢ € S(Lj(~)), define the theta function

Og N o) = 3 N w(g)(poe (-, N) @ w(h)p) ()

veLg

as a function of ¢’ € Sp’(My), N € Do,h € SO(Ly(=)). Here w is the Weil
representation ((11.1)).

We have (cf. [41]) for any v € SO(Lg) and 7' € Sp’(Mg) (canonical lift of
Sp(Mg) to Sp'(Ma)),

(g, YN, vh; ) = O(g', N, h; ¢)
and for g} € Sp' (M) and hy € SO(L () ):

O(g'g1, N, hha; @) = O(g', N, b w(gi)w(hn)p).
By these invariance properties, we may consider © as a function
Sp'(M)\ Sp' (M) x M(KO(L))(C) = (S(Lp)™)"

We have (cf. [22 p. 10]):

W (kb )95 (- N) = X1(kle )93 (5 N)
for I = 254 and ko € K, (inverse image of K, = SO(2) in Sps(R)). It follows
- O(g'kiok', N, h) = xa(klo)('w (k') ' ©(g', N, 1)

for all K., € K'_ and k' € K’ (inverse image of Sp,(Z) in Spy(AC))). Now
consider an automorphic function

F = Sp(Mg)\ Sp' (Myer) = S(Lp),
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satisfying

F(g'kok) = x—i(kio)w(kK) " F(g")
and invariant under some compact open subgroup K C SO(A(>)),
Define the Borcherds lift of F' as

®(N,h; F) = / O(g',N,h; F(g')dyg,
SP4(Q)\ Spy(4)

where o denotes Borcherds’ regularization [2], described in [22] in the adelic
language. dg’ is the Tamagawa measure. Note that this formation does not
depend on K. By definition, we have

(I)<N7 hp; F) = @(N,h;w(p)F). (11)

It compares to the language of Borcherds as follows: If K C SO(A(>)) is the
discriminant kernel with respect to a lattice Lz, we may consider © as valued
in C[(L},/Lz)]* and F, valued in C[(L},/Lz)], relates to a usual modular form
(if I is odd, of half integer weight) by

y2F(gy) = f(r) T=az+iyeH
Lemma 11.4. We have
¢([’(N)7 17 F) = q)BOT([/a LZ7N7 f)

for N € Grass™ (Lg) and according to ¢ : Grass™ (Lg) <= Do. ¢ is a parameter
in Borcherds’ theory (cf. [2, p. 46]).

Proof. In we saw that the Weil representation composed with the inclusion
Sp5(Z) — Sph(Z) acts on the subspace C[L3/Lz] C S(Lg)) by the same
formulas used in [2]. O

We call f, resp. F, nearly holomorphic, if F' is holomorphic on H and has a
Fourier expansion

flr) = Z ay exp(2mikT)

keQ

with a; = 0 unless k > —oo.
11.5. We recall some definitions from [I7]. Let Lz be a lattice of dimension
m with non-degenerate quadratic form in Sym?(L}). Let Mgz be a lattice of
dimension n with quadratic form, not necessarily integer valued. We assume
m —n > 1 throughout. (It suffices even to have Z-lattices.)
Let & be a coset in (L%/Lz) @ Mj.
We defined the following Euler products [I7, 10.2, 10.3]:

AL;s) = H M (L),

(LM, k;s) =[] (L, M, k;5),
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where [I7, Defintion 5.9]:

vol(SO'(Lz, ® Hj
A(lais) = (s (Lz, 72‘2,,))7
[[i(1=p~2)
pp(Lz, Mz, k;s) = vol(I(M,L& Hj )(Qp) Nk® H; @My )

14n—m

= ld(Lg,)|2|d(Mz,)| " = By(Lz,, Mz,, K; 5),

and [I7, Defintion 6.1]:

)\OO(Lz) = Fm_l}m(s)
too(Lz, Mz, k) = T'pm(s).

The p functions are related to Whittaker integrals occurring as Euler factors of
Eisenstein series. The coefficient p, is equal to the corresponding p-factor ([17,
Theorem 4.5]), whereas the infinite factor is only indirectly related to pe ([I7,
Theorem 4.7]). In the case n = 1 it occurs as a limit of the Archimedean factor
up to a factor —|2d(Mz)|*~%°, where d(My) is the discriminant of the associated
bilinear form (a number in this case) on My. It is therefore convenient to define
[I'7, Section 10]:

_1lg
ﬁ(Lz, Mz, Ry S) = ‘2d(Mz)‘002 LL(Lz, Mz, R, S)

because the derivative in s of this quantity is actually is related to the integral
of a Borcherds form (cf. Theorem [11.14)).

We define also: _ .

A(L; s) = |d(Lz) |3 M(Lz; ).

The functions y, and A, can be computed explicitly. See [I7, Theorem 8.1, 8.2].

For explicit computations of iz and X from this, see [I7, Example 11.10-11.15].
We will continue the discussion of these functions in [[4.1]

11.6. Assume from now on that the signature of L is (m — 2,2). Borcherds
proved in [2] Theorem 13.3] that ®(F) is roughly the logarithm of the Hermitian
norm of a modular form on M(K O(L)), which has a striking product expansion.
The task of the rest of this section is a translation of this expansion into the
adelic language.

Definition 11.7. Let £ be the restriction of the tautological line bundle on
P(L) to the zero-quadric M (O). It carries a SO(L) action. Ec|nme) carries a
natural Hermitian metric hg, too, which we normalize as follows:

1
hg(v) = —56_0@,@),
where C' = v+ log(27) and v = —=I'(1) is Euler’s constant.

Denote € = (€, hg).
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11.8. Let Ig be an isotropic line in Lg and 2’ € Lg a vector with (2/,I) # 0.
We fix a measure d z on A(>) which has the property, that the measure of the
set

{(6,2") | § € Iy, ap(x + ) = ap(x) for all k € Q}
is an integer for all x € L, (). Since f is a finite linear combination of input
modular forms considered by Borcherds, whose Fourier coefficients lies in the
subspace C[L}/Lyz] for certain lattices Ly, this requirement does indeed make
sense. We let yo : A(®) — C*, a € Iso(Z,Z(1)), be the corresponding additive
character, i.e. such that d¢ is self-dual with respect to it, and such that x.|g =
exp(a(q-)) for a ¢ > 0.
We let U := (I*/I) @ I C A2L. Tt acts (Lie algebra action, see proof of
Proposition on L, and we have a (rational) boundary morphism

Ho[Uq, 0] = O(Lg).

We may identify U* with (I+/I) ® I* by means of Q..
z" induces the following quadratic form on U:

Qu(kAz1) = Qr((kAz)o2) = ((21,2))Qr (k).

Here o denotes the Lie algebra action of U on L. Its inverse on U* is:

Qulk A 2}) = (<Z’Z'}>>2QL<I<>

(2,2')

for an arbitrary z € I.
We may also embed U* in I+ by associating

A=kAzZ = A= k, (12)

where k € It is the unique lift of k with (z’,E} = 0. The embedding may be
seen as the composition

()ar /
Ur U L=< 1,2 >

The pullback of )y, is the quadratic form @),.

Definition/Lemma 11.9. If o C Uy is a sufficiently small cone, for example
a Weyl chamber |2, §10], the Weyl vector p(F, I,0) € Ug is characterized by

8Tp(F,1,0)(v) = \/Qu()®(< v >,1, FU*) forveo C Uy,

where FU% as a S(Uy ) )-valued function is defined as:

FU# (¢")(w) := O~} F(g')(woz' +8)d(,5)

5€IA(QO)

(any invariant measure). It does not depend on the choice of z'.
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Proof. Compare [2 p. 40] for this characterization of the Weyl vector. First it
is independent of z’: Scaling 2’ to 32’ changes the woz’ to fwoz'. FU= (w,2')
changes to S~1FU="(Bw, ¢'). Since the argument of the quadratic form on Uy
and the argument in K () of FU=" are both scaled by 8, ¥(...) is only scaled
by ! coming from scaling F U:2" hence invariance of the Weyl vector. (Observe
that o is invariant under scaling.) Replacing 2’ by exp(w)z’ for w € U does
neither change FU=" nor Q.. O

Definition/Lemma 11.10. Let F be a modular form as above, I, 2/, a be
chosen and W C Ugr be a Weyl chamber. The associated adelic Borcherds
product is the formal function

BP(F, 1,20, W)= C~ 5" [ (1—val((z,6))" %" 4"
5€IA(D<>)
Xa (2 8))#1

CTT T 0= ol e’

AeUg  0€l,(o0)
(N W)>0

in C[U; N CV][U3] for a certain appropriate lattice Uz C Ug. Here C is the
conductor, i.e. the volume of Z with respect to d x.
BP(F, 1,7, a, W) is independent of the chosen measure.

Proof of the independence. Rewrite the first integral as

[lser, ., (1 — Ya((2, ) [C A 5 A" 0)

A(o0)
(0)

(1 - [

Now consider the multiplicative integral
[I  O=xa(@e)PCT DD = (1= xa((Z,a)[CT'N). (13)
5€(z))~1(CZ)+a

All multiplicative integrals occurring in BP(F, I, 2’, o, W) split into a product
of these integrals by hypothesis on the measure. Now changing the measure to
N dJ, we get the expression

[T O xa®W @) xa(N T ) [(NC) AN D)
se(z')~1(CZ)

= JI 0 —xa@W ", a))C[(NC)'N))
i€Z/NZ
=(1 - xa((z',a)[CTN])
here ( is some primitive N-th root of unity in C. This shows invariance of the
multiplicative integral . We have to check what happens to

1
(1-pe-1)=e
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It changes to

. [/\(Ncl) 1])%@ hence gets multiplied by
— - 2

(14 ACN) T + 2ACN) Y 4+ + [(V = DACN) 1) 57,
which for A = 0 is equal to N2 o gets (NC’)’aoz(O). Therefore the
whole expression BP(F, I, 2, a, W) is invariant. O

We start by observing the following lemmas about the adelic Borcherds prod-
ucts:

ag(0)

Lemma 11.11. BP(F, 1,2, o, W) multiplied with the trivialization (s,)®~ 2
is invariant under z' — 2" for B € Qsq, i.e. we have

_a0(9)

BP(F,I,B2',a,W)=p""2 BP(F,I,2',a,W).

Proof. Changing 2’ in the various (z’, §) has the same effect as scaling the mea-
sure, hence (by the last lemma) as multiplying C by 8. The expression A,/ gets
divided by 3 , Q./()\) gets divided by 2. Substituting 82\ for )\, we get
the claimed expression. O

Lemma 11.12. For w = k A z1 € Uy, BP(F, I,exp(w)z’,a, W) is equal to
BP(F,I,%,a, W) transformed by the homomorphism [A] — exp(a(A(w)))[A].

Proof. Let w =k Az and
2 i=exp(w)z’ =2 + (21,2Yk — ((k, 2") + (21, 2)Q(k))21.

First Q. = Q,» because (z,2) = (z,2").
We have (see for the definition):
A(w)

Aev + 0= Ny +6 —
+ +- s

Z1.

If we substitute § — § + <;\1(";2>zl7 we get the same by applying [A\C7!]

Xa(Aw)[ACT1], ie. by [A] = exp(a(Aw))[A]. O

11.13. Using the g-expansion principle[8.7] we will show the following strength-
ening of the main results [2, Theorem 13.3] and [22, Theorem 2.12] (resp. [7
Theorem 4.11]).

Let p # 2 be a prim Let Lz, C Lq be a lattice such that the quadratic
form is unimodular. For this to exist, it is necessary that p does not divide a

minimal discriminant of Lg.

Assume that f has Fourier coefficients of the form ag = x1, ® a? o as in

with values in S(L(o.» ). f then is invariant under an (w.l.o.g.) admissible
compact open subgroup K C SO(A(‘X’)), with Fourier coefficients aq € S(Ly),
1€Q

9-£ 2 in order to be able to apply the Main Theorem
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Theorem 11.14. There is an N, p{ N such that for R = Z,[(nc] C C, and
up to multiplication of F by a large constant € Z, we have

1. For any r.p.c.d. A, there is a section

U(F) € H'M(KO)r, (E€)m""?)

horz.
such that on M(¥0)(C), we have (seefor the definition of h)
O(v,h; F) = —2log h(¥ (v, h; F)).
There is a locally constant, invertible function A on M(KO)g such that

AU(F) € HOM(KO), (7€)%

horz.

(i.e. AV(F) is defined over Zy)).

2.
div(¥ (v, h, F)?) = Z(Lz, < —q >,a4; K) + Do
q<0
(cf. , where Dy has support only within the support of the exceptional
divisor.
3.

/ log Z*h(AW (v, h; F)) c1 (E*E,E*h)™ 2
M(¥O0)c

d _
= vols(M(*0))- L < =0 >2,049)
q<0 5 s=0

in R®) (see for the definition of [i).

4. For any saturated isotropic line I C Ly, and primitive isotropic vector 2!
in Ly, with (I,2") # 0 consider the associated boundary morphism

v:Ho[(I*/1) ®1,0] — O(L).

Using the trivialization (sz/)®“°(0)/2 , we get Fourier coefficients
18.6) which are valid on a set of the form {a} X (x +Ugr + o) x {1}, where
o C Ur(—1) is some r.p.cone. The formal function

Z ab,z’,)\7a,170(\II(F))[)‘]

AEU
is, up to multiplying V(F) by a constant of absolute value 1, given by:
[p(F, I,W)]-BP(F,I,2',a, W). (14)

Remark: The expansion in 4. suffices to know every other expansion, i.e. for

p # 1, by property .
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Proof. First observe that F' is a finite linear combination of functions valued
in C[Lz/L)] for various lattices Lz of Lz, . Hence, we may assume that F' is
of this kind, observing that all properties are stable under taking finite linear
combinations, resp. change of K. Hence w.l.o.g. F corresponds (as above) to
an f considered in [2].

Recall the normalization of the Hermitian metric h . Consider the bound-
ary morphism as in 4. associated with some I and a < 2’ >:

v:Ho[(I/I)® I,0] — O(L)

5‘1’, may be seen as a function on Lo ¢ =< 2/, >*. We denote the corresponding

variable by Z. We have

he (W) = | % e s),

and
a0 (0)

he(s) = ((2m)'e™(3(2),3(2)) (2m)?) =
Hence we get

ao(0)
2

and 1. follows from [2, Theorem 13.3], 3. is essentially [22 Theorem 2.12
(ii)], using [I7, Theorem 4.7 and section 10.2]. See [7, Theorem 4.11] for an
independent proof (use [I7, Lemma 7.3] for the comparison). Observe that the

ag(0)

function ¥ differs from the one in [22] or [2] by (27i) "2 . The constant of the
Hermitian metric has been adjusted, such that 3. holds without an additive
constant. Compare also to formula of the proof of Main Theorem m
where the same constant appears naturally, too.

That some multiple of F exists, such that all coefficients are integral and even
is due to the classical g-expansion principle. Further multiplication with the
order of the character of SO(Q) occurring in [2], we get a section of the complex
bundle =*&¢.

It suffices to prove 4. for any choice of 2’ and « : 1 — 2mi. For note that change
of ' by 8’ changes BP by % (0)/2 and sfﬁao(o)/z by %(0)/2 Changing
z' by exp(w)z’ has the effect of translating by w in the Uc-domain. Hence a
formal function gets transformed by [A] — exp(2miA(w))[A]. This is the same
effect as observed by BP (11.12)). The Weyl vector is independent of 2’ so the
above transformation has the effect of multiplication by a constant of absolute
value 1.

Choose z = zpor € Lz NI and 2y, € L3 as in [2], i.e. zpo, primitive and
isotropic and (zgor, 2j,,) = 1.

We may now show 4. for 2’ := 2z, — Q(25,,)?Bor, Which is now isotropic, but
satisfies still (zpor, 2') = 1. 2/ may not lie in L}, however.

log he (V) = log I%I2 + (log((3(2),3(2))) + log(27) — 7)

As measure we may choose the standard invariant measure on A(®) giving s
e e . o .\ 20(0)
the volume one. The trivialization now coincides (up to the factor (2mi) 2

that we incorporated in the characterization of W(F')) with the one given in
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[2], up to identification of I+ /I with I ® (I*+/I) with by k + k ® zpor. This
interchanges @ and Q..

Recall from [2, Theorem 13.3 (v)] that the Fourier expansion with respect to
this particular choice is (up to a constant of absolute value 1) given by

[T (= e/ O [p(U, W, Fy)-
S€Z/NZ

II [T (- e(@2)n)nera®. (15)

NE(<z>T/<z>)* 06(Lz)" /Ly
(\W)>0 8, L=X

The first product in BP may be rewritten as
[T (—e@n™,

Se+Z/L

and coincides with the product in Borcherds’ expression. The Weyl vector is
the same, too.
Claim: If (z,2’) = 1, there is a bijection between

MNeUs0€Q/Z=A®T | N\ +dz € LE).

and
{kBor € (< z >%_ / <z >Z)*;5Bor € LZ/LZ)(SB<)T|Zl = kBm’}

Proof: The map is given sending (A, d) to (kpor,dBor) = (Az, Ay + 02) For
v €< z >, we have

(kBor,v) = (Az,v) = (M., v) = (A, + d2,v) € Z,

hence kp,, € (< 2 >% / < z >z)*.
In the other direction, we map (kpor, 0Bor) t0 (A, 0) = (kpor ® 2’, (0Bor, 7).
These maps are inverse to each other. One direction is clear; for the other we
have to show: _

6Bor = kBo’r + <6BO’I"7 Z/>Z (mOd LZ)7

where %Bm, is the representative in < z >6 that satisfies (%Bm«,z’> = 0. This
follows from the condition dpor|,+ = kBor-

The claim shows that the second product occurring in Borcherds’ Fourier ex-
pansion is equal to the second product appearing in BP. This finishes the proof
of 4.

We now show the integrality properties stated in 1. and 2.

We can multiply U(F') by an appropriate complex number of absolute value 1 on
every connected component and hence may assume that one Fourier expansion
for each connected component is given precisely by

[p(w(p)F, I, W)]|BP(w(p)F. 1,2, a, W). (16)
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We get a finite number of different expansions with coefficients in some ring
R = Z)[Cncl, pt N which we may assume to contain the ring described by

By multiplying F' again by a large integer, we may also assume that all
Weyl vectors involved are integral.
Therefore by\Il(F) extends to an (integral) section of H*(M(KO)g,Z*(€), 2.
for any A.
Furthermore, the expansion is invertible integrally, hence we may infer that
(F)~! is a sectiod™] of

20(0)
2

H(M(A0) R, E*(E)porz. )-

It follows that ¥(F') cannot have any connected (=irreducible) component of
the fibre above p in its divisor.
To prove that W([') is actually defined over Z,, i.e. lies in

ag(0)

HO(M(X0),Z*(€) or.);

horz.

we have to check the requested invariance property of the Fourier coefficients.
We compute

aL,z’,A,a,p,a(T\IJ(F» = Tab,z’,/\,a,pL(kT)*l,J(W(F))

for all 7 € Gal(Q(¢w)|Q).
By the transformation property , we are reduced to compute

aL,z’,/\,a,l,U(T\IJ(F/)) = Tab,z’,)\,a,l,a(\lj(w(b(k’r))_1F/)

for F/ = w(p)F. We will, however, keep the letter F.
We have seen that, up to a constant of absolute value 1, the coefficients

aL,z’,)\,a,l,a(\I/(w(l’(kT))ilF)

are the ones forming BP(w(i(k,))"tF, 1,2, a,W). We have by definition

(W (t(kr) T F)(p) = am(F)(e(kr)p)-

However (k) acts trivial on \,, because the latter is perpendicular to I @
< 7/ >, and it acts by multiplication by k, on d. Substituting k=18 for § and

using invariance of the measure (k, € 2*!), we get the same expression, but all

Ya((2/,8)) changed to xa((2/,k510)) = Ya(k71(2/,0) = va((/,0))" . This
shows:

G nono (V@) F) = A7 ay sy o (U(F))

with |[A;| =1 and A, € R* (because ¥(F) is defined over R and invertible in
the sense above).

10Up to the problem of constants, this is ¥(—F).
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Therefore
f=TAf

for all 7 € Gal(Q({x)|Q), where A, locally constant invertible on M(¥O)g
with |A;]cc =1 constant. From Hilbert 90 follows that there exists a A, locally
constant invertible on M(¥O)g such that

T(Af) = Af

(ie. ("A)/A=T"A;). That is, Af is defined over Z,).
It remains to show 3. Without the A this is proven in [22] or [7] as an identity
in R, cf. beginning of this proof. The evaluation of

[rogl1af @)
differs from the same expression for f instead of Af by

S vol(a) log(|A()]w0).

agmo(M(¥0))

Since |A(T7 )]s = |A(@)| We may write this as

"

> vol(a) log(|A(T™"a)|oo)

T€Gal(Q(Cm)|Q),a€mo (M(X0))

<
g

(M)

1
= Z vol(ra) log(|A(a)"| o)
(M) T€Gal(Q(¢n)|Q),a€mo (M(KO))
1
= vol(a) log(| N, Ala))]|e) =0 in R®.
500) > () log (| Nocano(Aa))]oo)

aemy(M(X0))

Here we used vol(ta) = vol(a), which is true because ¢1(E*(£)) is Galois in-
variant. 0

We will later need some general lemmas about the line bundle of orthogonal
modular forms.

Lemma 11.15. With respect to the Hodge embedding
S(L) = H(CT(L),{,)e);
the pullback of the canonical bundle AIL via the ‘dual’ embedding
MY(S(L)) — MY(H(CT (L), (,)s))
is, up to a bundle coming from a character GSpin(L) — G,,, and up to a

tensor-power, the bundle £ ,
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Proof. Recall that the induced map on compact duals is given by < z >+—
2w CT (L), where z is assumed to be primitive in Ly, and w is any primitive
vector with (w, z) = 1. The fibre of £ at the image of < z > is given by the space
zw C1(L) and the fibre of £ is given by < z >. By an explicit determination of
the action of the stabilizer group in both cases the result follows. O

Corollary 11.16. The pullback of the bundle of Siegel modular forms Z* (A9 .L)S™
of some positive weight n is equal to some positive power of the bundle of orthog-

onal modular forms Z*E®™ . In particular (2*€) is ample on every M(¥S(L))

and M(XO(L)) and semi-ample on M(KO(L)).

Proof. Follows fromand The bundle of Siegel modular forms Z*(A9L)
is ample [I2]. The ampleness of Z*& follows from the fact that the Hodge em-
bedding induces an embedding (up to a normuzlization) of the corresponding
Shimura varieties (6.5 for suitable levels and the fact that all M(¥S(L)) and
M(XO(L)) are related by finite etale maps that pullback the Z*&’s into each
other. The assertion on base points is true, because a suitable power of Z*(A9L)
defines a morphism to the minimal compactification on every M(X,H,) [12, The-
orem 2.3, (1)]. O

We will compare the measure given by the volume form c; (Z*€)™~2, the highest
power of the Chern form of the canonical Hermitian line bundle defined above
with the quotient p of the canonical volume form [I7), 2.4] on SO(Lg) by the one
giving K, = stabilizer of some positive definite subspace N in Lg the volume
one.

Lemma 11.17.
AL (L;0)p = (e (2*E,=%h))™ 2

Proof. We will ignore henceforth all signs of volume forms, whenever they have
no influence because we know that the 2 volume forms are positive and in-
variant. Choose an orthogonal basis of Lg with (e;,e;) = —1,7 = 1,2 and
(ei,e;) = 1,i > 2. Set z = 1(e3 —e2),2’ = 1(es + e2). We have (z,2) = 0
and (z,2) = % Choose a base point < & >€ Do C P(L¢), & = ie; + ea.
It induces an isomorphism SO(Lg)/Ko = Do. The tangent space at £ in
Do € MY(O(L))(C) is canonically identified with

Hom(< & >¢, < &>% /< €>).
The induced map
Lie(SO(Lg)) — Hom(< € >¢, < € >& / < € >¢)

is given by
A= {&€— A mod <& >c}.

On Lie(SO(Lg)) we have the basis:

Lij = {ei A ej},
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whose associated volume form is the canonical p [I7, Lemma 3.6]. The basis
elements Lis, L;j, ,7 > 3 are mapped to 0. Its associated volume form is the
canonical [I7, 2.4] on K [I7, Lemma 3.6]. The induced volume form on Do
hence is associated with

AL A/\L%e /\ Hom(< € >¢,< & >¢ / <€ >¢)%,
= 1=3

where Ly; = {€ — ie;} and Lo = {€ — e;} (wedge product over R!).
Now let K =< e1,¢€4,...em >c=< 2,2’ >E. We calculate

2
49001logY? = Z(’?@B log(Y?)d z; AdZ;
i,j€1
4 i
:Z 55]yy’d Adzj+z Ldz AdE
ijel

where K 5 Z=X+14Y, I ={1,4,...,m} and 6; = —1 and §; = 1 otherwise.
At the point ie; this yields:

m—2
1
(dd®log Y?)™~ (2ﬁ> (m—2)'dzy Adys A Adxy Adyn,

(observe dd° = fﬁﬁg and dz; AdzZ; = 2idz; Ady;).
Under the parametrization

Kc — MY(O(L))(C)
Zw— Z+2 —(Z,Z)z

1eq is mapped to €. The tangent map T at this point is
Z—{,—Z—-2i(Ze1)z mod <& >c},

and we have: T(e;) = Egg,T(iel) = —L;3 and T(e;) = Eli,T(iei) = Lo, for
i >4
This yields the volume form associated with

2(m—2)

m—2 m
(m—2)!(21> /\L /\/\L%e /\ Hom(< & >¢,<&>F / <&>0)"

™
=3

Now observe that K, = SO(N)xSO(N*) because K, is not allowed to change
the orientation of N (the C-oriented negative definite plane corresponding to

< £ >). Hence the volume of Ko is 27 - 3 [/ 22115;2) [17, Lemma 3.7, 2.].

This gives the factor 2 ]’ PG3) which is 221 (L; 0). O

]2271'%
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12. The arithmetic of Borcherds input forms

12.1. In this section, we present and refine some results of [3]. We begin by
recalling the notation of [loc. cit.]. Let T' C Sp,y(R) be a subgroup, commen-
surable with Sp5(Z) and with values in any representation V of Sp,(Z). Here
Spy, as usual, is either Sp, = SLy or Mp,. Let k be a weight, half integral, if
Sp’ = Mp and an integer, if Sp’ = Sp.
Let

ModForm(T', V, k)

be the space of modular forms of weight & for I' of representation V', meromor-
phic at the cusps. Let
HolModForm(T', V, k)

be the space of modular forms of weight £ for I' of representation p, which are
holomorphic at the cusps.

12.2. Denote

PowSer(T") = @C[%ﬂv
Laur(T") = @C[qﬁﬂ[qlzl]’
Sing(I') = @ Claxllar'1/2+Clax].

where x runs through all cusps for I'; and g, is a uniformizer at the the cusp k.
Sps(Z) acts on these sets.
Let IV C T be a subgroup of finite index, which acts trivial on V. We define

PowSer(T', V) = (PowSer(I") ® V)F ,

where I' acts on both factors.

Similarly we define Laur(I', V) and Sing(T", V). We have still (abstractly) a 1:1
correspondence between f € PowSer(I', V) (say) and a collection f,, for each
cusp of I' (not I"!) where

fo = Z amqy’, (17)

meQ>o

and a,, lies in a sub-vector space V,,, of V, depending on m.
For T' = Sp5(Z), we have explicitly

V= {veV | (é }) v = 2Ty, (18)

and in particular V;, is zero if m ¢ %Z for some N, depending on I".
There are maps

A : HolModForm(I', V*, k) — PowSer(I", V"),
A : ModForm(T', V, 2 — k) — Sing(T", V),
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which in the representation for the right hand side, this corresponds to
taking Fourier series.

There is a non-degenerate pairing between PowSer(T", V') and Sing(T", V*) given
by

(f,0) =D res({fa, b} d ).

This pairing is invariant under the operation of Mp,(Z), and hence gives a well
defined pairing between the spaces in question.
For example if I' = Mp,(Z) and standard parameter ¢, up to a scalar, this

pairing is the same as
(. 6) =Y _{a—m:bm),

m

for f=5> amg™and ¢ =) bng™.
In [loc. cit., Theorem 3.1] it is sketched that one can deduce from Serre duality
that

A(ModForm(Spy(Z), V,2 — k)) = (A(HolModForm(Sp5(Z), V*, k))J' , (19)

and in [loc. cit., Lemma 4.3] this is refined to
A(ModForm(Sp5(Z), V,2—k)z)®C = (Gal(Q|Q)A(HolModForm(Sp5(Z), V™, k;))J' .

It is also shown that the last space has finite index in Sing(Sp5(Z), V).

Let L be a Z-lattice of dimension m with non-degenerate quadratic form @, €
Sym?(L*). We let Weil(L*/L) = C[L*/L] be the Weil representation of Sp)(Z)
and 2k = m modulo 2. If V* C Weil(L*/L)* is a sub-representation, which, as
a linear subspace, is defined over QQ, Proposition below states that

A(HolModForm(Sph(Z), V*, k))
is actually Galois stable.

12.3. We start by a general discussion about the arithmetic of ‘vector valued
modular forms’ for GLy here. We denote by Q¢ the direct limit of Og,,. NESP

It is isomorphic to Q® but equipped with a compatible system of primitive
N-th roots of unity {¢x}. Define

7 : GLy(Z) — Gal(Q%¥/Q)

7k 71 :=recodet(k)

which is characterized by ™ (n = ((n)det®).

Proposition 12.4. For each n € Z and an open subgroup K C GLQ(Z), we
have a natural exact functor from the category of T-semi-linear representations
of K to vector bundles over M(XH;)q denoted

=k pP@n
V= E5 L™
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For K1 C Ky C GLg(i) open subgroups, we have a natural isomorphism:

HOM(SHy)g, 5°L7") = HOM("*Hy)g, E° L2, ).
1n Kl

Proof. The functor is defined as follows: Let N be such that the 7-semi-linear

representation (V,w) has a Q[(n]-structure Vy and K(N) acts just via 7 on

V = Vy @g(ey) QU

We have the following obvious commutative diagram of extended Shimura data:

K(N)H1 (id.k) K(N)I_I1
i(det,l) l(det,l)
KVEn g, M) ke g,

Applying the canonical model functor M to this diagram, we see, that M(det, 1)
is compatible with the (Hecke) action of GL(Z/NZ).
From the explicit description of the canonical model (cf. e.g. [7.13), we know
that

M(X(NEmH ) g = spec(Q(¢n)),

and the Hecke action transports to the natural isomorphism

(Z/NZ)" — Gal(Q(¢n)/Q).

The 7-semi-linear representation V' thus gives rise to a vector bundle V with
right K/K(N)-action on
spec(Q(¢n)),

which is compatible with the Hecke action (acting via 7 = recodet). In detail:
we let k € K act on V as v + w(k) 1o (right action). This action is compatible
with the action on spec(Q((x)) given by letting k € K act on a function o €
Q(¢w) as 1k(«), (i-e. the action k — spec(7x) on spec(Q(¢n)), if we have

w(k)(aw) = 1 (a)w(k)v.

This is precisely the condition of w being 7-semi-linear.
We define Z*£3" as a quotient of the bundle on M(XMH;)q

= L8 @ M(det, 1)*V,

by the action of K/K(NN) on both factors. Since the action is compatible with
the Hecke-action on M(X(MH;)g, it descends along the quotient M(X (V) H;)g —
M(XH;)g. Up to isomorphism, this bundle does not depend on the N and Vy
chosen.

The induction formula is a variant of Shapiro’s Lemma. O
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12.5. Fourier coefficients: We fix the boundary component B (corresponding
to 0o in the classical picture) with

PB:(; T) DB:H()XC

=(o1)+ (6 1)

(corresponding to 0 € C in the classical picture). It gives rise to a boundary
morphism

with its standard splitting

H() [0, Q] - Hl

with respect to which each f € HO(M(¥1H;)c, E*E%") has a Fourier expansion,
depending on some fixed rational trivializing section s € HO(M(¥Hg[0, Q])g, =*L)
as in

00 =L = Y ane(fesplalke),

keZ
where ag o, € (Vo)k,a, where

(Voo =(0e Vel (g 1) v=cmla®o)

and « is determined by the connected component of H* that contains z. They

satisfy
) (f)-

Now choose a Q-structure Vg on V such that w gives rise to a cocycle w’ €
H'(K,GLgeyet (V)), where K acts via 7 (see|C.2). Any holomorphic function g

rap(1) =0, 0

H* x (GLa(A))) = Ve

which satisfies
9(vz,vp) = §(7,2)"9(2, p),
where j is the usual automorphy factor and

9z, pk) = o' (k1) (@2 RN 6 p) (20)

for p € GLQ(Z),
(where o' (k1) (exp(a(det(pk)/N))) means that w’(k~1) acts on Ve by mapping (x
to exp(a(det(pk)/N))), gives rise to a section

f=gse H M*UH)c, ZLP").
The condition can be expressed purely in terms of Fourier coefficients:

Ak, o, pk (g) = w,(kil)(Cxp(a(dCt(pk)/N))ak,a,p(g)'
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In particular, the Galois operation on f is determined by

T

k‘l’ exp(a = T
ak,a+,1(s):w/(( 1>)( pa (7)) . (ak,a+,1(£))7

where o™ is one chosen isomorphism Z — Z(1).
We have proven:

Proposition 12.6. Ifdet: K — Z* is surjective and (V,w) is a T-semi-linear
representation, the association g — f := gs determines a bijection

ModForm(T', V, k) — HO(M(KHl)O (E*E)gk)v

where T' = K NSLy(Z). A section is determined by the Fourier coefficients

ak(g) = ak,oﬁ,l(g)'

Here ot corresponds to the connected component H' chosen as domain for the
classical modular form g. f is rational, if we have:

aule) =/((

It is crucial that, if (V,w) is given by a Q((x)-representation of SL(Z/NZ), say,
for the theorem to make sense, the representation must extend 7-semi-linearly
to GL(Z/NZ).

k‘l‘ exp(a™ (= T
1))( P (X)) . T (qp(g)).

Example 12.7. Consider the special case K = Ky(p), p an odd prime. Let w be

the T-semi-linear representation — x(d)-rec(ad) defined on GLo(Z/pZ)

a %
0 d
for the unique non-trivial character x : (Z/pZ)* — {£1} of order 2. The action
of Galois on the Fourier coefficients is the natural, untwisted one.

We have a decomposition

K(1)
Ko(p

as T-semi-linear representations, and hence Propositions[12.7) and [12.6 yield
ModForm (T (K), x, k) = HO(M(XOH, o, (2*£)E8 )@ HOM(KVH, e, (5 L)),

ind )(w) =VteVv"

This decomposition has been described by Hecke. We get here a priori that it is
actually defined over Q. See also[12.1( below.

Let L be a lattice of even dimension with non-degenerate quadratic form.

Lemma 12.8. The Weil representation Weil(L* /L), identifying exp(2mi/N),
as chosen in the underlying characters, with the distinguished (n € QY°!, gives

rise to a T-semi-linear representation, where the matrix @ 1) € GL, (Z) acts

as rec(a). The dual of the Weil representation gives rise to a T-semi-linear
representation, too.
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Note that this 7-semi-linear representation does not involve any choices anymore
and does depend only on L.

Proof. That the above defines indeed a 7-semi-linear representation boils down
to the equation:

a5 D)r(%y 1) = et 1

for the Weil representation (cf. [I1.1)). This is checked as follows: The operators
¢ = (z* = (tax*)) are Galois invariant. If we act on the operator ¢
(z* — exp(2miQr(x*)B)p(x*)) by T4, we get the same as by substituting S
by af. If we act on the operator ¢ — (z* — fLMoo) o(yz) exp(—2miz*z) d x)

by Ta, we get the same as by substituting v by a~'~, provided dz is chosen
Galois invariant (e.g. such that L5 has a volume in Q). Now an actual operator

w(r'’(gi(«))) differs by those considered by a ?;EXSLL)) in the first case, which is

a sign because m is even, hence Galois invariant. In the third case w(r”(d(y)))

differs by c(y) = %C%QL)’ where || is calculated with respect to the chosen
v

measure and its dual. Now consider the equation (u(—v‘l)d('y))3 = 1. Since
c(7)? € Q, it shows c(a™1y) = Tec(7). O

12.9. Consider the Weil representation Weil(L}/Lz) as a 7-semi-linear repre-
sentation of SLy(Z). Ko(IV) acts on xr. by

<a jl) XLy = T(dQL)T(QL)fleZ

which is a character, valued in po. Call this character ¢.
We have hence maps
a:e— Weil(L;/Lz),

and we have also the evaluation at 0 map:
B :Weil(L;/Lz) — €.
Using the adjunctions, we get maps of 7-semi-linear representations

&« indje (& — Weil(L3 /Lz),

and ~ K(1)
B Weil(L3/Lz) — ind (4, e

We have fod = id.
Using the functor, we get maps

o HOMEVH, g, = L% ) — HO(M(K(l)Hl)QvE*E%IZﬂ(L* L)
deO(N) 5 Z/
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ﬁ/ . HO(M(K(l)Hl)Q7E*ﬁ%iil(Lz/LZ)) N HO(M(K(UHI)Q’E*E;@IZK(U )

We get (this is true more generally) that the operator go& is given by convolution
with the function

¢(g) == Bow(g)oa,
that is

Bam= > Blwha Ha(f(a)).

a€Ko(p)\K (1)

Example 12.10. The following was inspired by [6].
Resuming example above, it follows directly from the formule of the Weil-
representation , that this function ¢ corresponding to o« is determined
by
Ve

V2
Using the dichotomy between p mod 4, the type of L7 /Ly, and 3 mod 4, see [0,
82/, we get

p(1) =1 »(S5) =

—\/% if L% /Ly, represents the non-squares mod p,

o(S) = {\/1?« if L} /Ly represents the squares mod p,
where p* = p ifp =1 (4) and p* = —p, otherwise. Here /—1 is the distinguished
primitive 4-th oot of unity in Qevel,
Therefore B o a is a projector onto VT, resp. V~, and thus & yields an
isomorphism
VE = Weil(L*/L) "

according to the isomorphism class of L*/L. We therefore see from condition
(@ and the explicit formule for the Weil-representation that for A\ & 7Z, we
have

4 - C pk is a square mod p,
(Vehh = .
0 pX\ is a non-square mod p,
_ - C pk is a non-square mod p,
(Ve = .
0 p) is a square mod p.

Recall that the Fricke involution Wy is given by

W) =atan s, )

In terms of the corresponding f € ModForm(SLy(Z), ind?i(zé)z) X, k), we get

W =ol(, DT,
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Hence ModForm(SLy(Z), VE, k) is the space of those f € ModForm(T'o(q), x, k)
such that the Fourier coefficients ax of W4(f), for (A\,q) =1 are 0 if X is a
non-square (resp. square) mod p. This is (for W,(f)) the classical condition.

Proposition 12.11. Let k be a (half-)integral weight and Sp, either Spy or
Mp, according to whether k € Z or k € % + Z and suppose 2k = m modulo 2.
For f € ModForm(Spy, Weil(L%,/Lz)*, k) with Fourier expansion

f=>ard",
a, € Weil(L},/Lz);,, we have for T € Aut(C) and
Tfi=) Tand,
keQ

that ™ f € ModForm(Spy, Weil(L%,/Lz)*, k), too.

Proof. We first reduce to the case k € Z. For half integral weight, i.e. m odd,
consider the space L}, = Lz® < 1 >. We have

Weil((Ly,)*/L7)* = Weil(Ly,/Lz)* @ Weil(< 1 >* / <1 >)*.
We have the classical theta function

1
6 € HolModForm(Mp,, Weil(< 1 >* / <1 >)*, 5)

(with integral Fourier coefficients!). Multiplication with it yields a map
1
ModForm(Mp,, Weil(L}/Lz)*, k) — ModForm(Mp,, Weil((L?,)*/L})*, k + 5),

which commutes with the Galois action on Fourier coefficients (because 6 has
integral Fourier coefficients). Now, if f € ModForm(Sps, Weil(L3/Lz)*, k) is
given, we get (assuming the integral case) that

(f®0)=("f)®60 € ModForm(Spy, Weil(L}/Lz)* , k + %)7

or, in other words:

("F)g2) @ 0(g7) = j(g, )" wr(9)(f)(g7)) @ (we1>(9)0(g7)),

where j(g, 7) is the fundamental cocycle of weight 3 on Mp,(Z) x H.
For a dense set of 7, 8(7) and 6(g7) are not zero; hence ™ f must converge, too,
and

("H)(gz) = 3(g,7)* (wr(9)("H)g7)),
using that 6 is in HolModForm(Mp,, Weil(< 1 >* / <1 >)*,1). Hence

" f € ModForm(Mp,, Weil(L7,/Lz)*, k).

Now we may assume that k € Z and Sps(Z) = Sp,(Z). Then the statement of
the theorem follows from Lemma [12.9) and Propositions [12.4] and O
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12.12. We resume the notation from section Assume now that n >3 —
or — n = 2 and Witt rank of Lg = 1. With the results above, we are able to
construct Borcherds products ¥ (F') whose divisor

div(¥(F)*) = Y Z(Lz, < —m >, am; K) + Do

meQ«o

satisfies certain special properties (see Theorems [12.14H12.17| below).

Lemma 12.13. Let Ly be a lattice of signature (m — 2,2), m > 4. Let Weily
be a sub-representation of the Weil representation Weil(L%/Lz), which is, as a
subspace, defined over Q. Let {M(m)}meo., be a collection of sub-vector spaces
M(m) € Weilg ,,, (for the notation, see , such that Y, dim(M(m)*+) —
00.

Assume that any modular form in HolModForm(Sp(Z), Weilg, %) whose Fourier
coefficients satisfy am, € M(m) for all m > 0, vanishes.

1. There is an F' € ModForm(Sp5(Z), Weily, 2 — 2) with Fourier expansion:
AMF) = Z amq™
meQ
with ag(0) # 0 and all a,, L M(—m),m <0,
2. Let 0 <1l €Q and a_; € Weily _; with a_; Y M(l) be given.
There is an F € ModForm(Sp}Q(Z), Weily, 2 — ) with Fourier expansion.:

AMF) = Z Amq™

meQ
with ag(0) # 0, all a_y, L M(m),m > 0,m # 1 and a_, is the given one.
In both cases we may assume an, € Z[L%/Lz] for all m € Q.

Proof. (Compare [8, Lemma 4.11])

1. Let Sing,, (Sp5(Z), Weilg) C Sing(Sps(Z), Weily) be the subspace, defined by
the conditions a_,, L M(m),m > 0. Obviously Sing,,;(Sp5(Z), Weilp)* is the
subspace PowSer™ (Sp}(Z), Weily)), defined by the conditions af, € M (m) for
all m > 0 and ¢ = 0.

Since A(ModForm(Sp5(Z), Weilg, 2— 2 )g)®C has f. ind. in Sing(Sp5(Z), Weily)

2
and Y, dim(M(m)t) — oo, we have

A(ModForm(Sp)(Z), Weilg, 2 — %)Q) N Sing,; (Spy(Z), Weilg)g # 0.

We want to show that the application [ag(0)] : Sing(Sp5(Z), Weilp)g — Q does
not vanish on this intersection.

Now the duality between PowSer(---) and Sing(---) is non-degenerate, there-
fore:

1
()\(ModForm(SpIQ(Z), Weily, 2 — %)@) N Sing,, (Sps(Z), Weilo)Q)

=\(HolModForm (Sp4(Z), Weil}, %))Aut(@ + PowSer™ (Sph(Z), Weil})) 0.
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Here we used Proposition(12.11} stating that A(HolModForm(Spy(Z), Weilg, %))
is a Galois invariant subspace because by assumption Weilj) is, as a subspace,
defined over Q.

Let us assume that there is a relation

[a0(0)] = A(f) + &

where f € HolModForm(Spj(Z), Weilg, %) and ¢ is in PowSer™ (Sp5(Z), Weily,).
From this follows that f is a modular form, whose coefficients a’,, m > 0, satisfy
a¥, € M(m). Therefore f = 0 by assumption, a contradiction.

2. Since a—; £ M(l), we find a af € M(I) such that aja_; # 0. We have to
show that the element [a}q'] : Sing(Sp5(Z),p)o — Q does not vanish on the
intersection

A(ModForm(Spy(Z), Weilg, 2 — 5)@) N Sing17(Sp5(Z), Weily)q,

where M = M except that M(l) has been set to 0.

For if this is not the case, we can add an appropriate element not being in its
kernel to our original F' to get the result. Suppose that [a}kql] vanishes. Then
we get a relation:

[aa'] = M(f) + ¢,

where f € HolModForm(Sph(Z), Weilj, ) and ¢ € PowSer™ (Sp5(Z), Weily,).
Therefore f = 0 as above, a contradiction.

The statement about integrality follows from the fact that all components of
the constructed fs are in fact modular forms for T'(IV) for some N. For integral
weight it is well-known that their Fourier coefficients have a bounded denom-
inator. Multiplication with the common denominator yields a form with inte-
gral coefficients. For half-integral weight, use the reduction to integral weight
method of the proof of Proposition [12.11 O

We will now show several theorems, stating the existence of Borcherds lifts,
whose divisor has special properties. This is an essential ingredient in the cal-
culation of arithmetic volumes later. To not interrupt the discussion, we refer
to the appendix [A] for several elementary lemmas on quadratic forms which are
needed and to appendix [B| for several facts about vanishing of modular forms
with sparse Fourier coefficients.

Theorem 12.14. 1. Let Lz, be an isotropic lattice of signature (m —
2,2), m > 4. There is a saturated lattice Ly, C Lz, and a F € ModForm(Spy(Z), Weil(L3,/Lz), 2—
%) with integral Fourier coefficients, such that W(F) has non-zero weight,

all occurring Z(Lz, < —m >, am; K), m < 0 in div(U(F')) are p-integral,

i.e. consist of canonical models of Shimura varieties M(KO(L’Z(p))), for

various lattices L’Z(p) with unimodular (at p) quadratic form.

2. We find an F' above, such that div(¥(F')) contains, in addition, precisely
one Z(Lz, < m >, k; K), plm with non-zero multiplicity.
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Proof. 1. Choose any saturated lattice of the form Ly = H ® L/, in Ly, . Let

M(m) _ 0 ‘m‘P = 1’
| Weil?,  |ml, # 1.

Then all Z(Lz, < —m >, amm; K) with a,, L M (m) consist of p-integral canonical
models of Shimura varieties M(KO(L’Z(p))) because v+, for any v € Lz, with
Qr(v) =m, |m|, = 1, is unimodular.

In view of Theorem [I1.14] to construct the required Borcherds form, by Lemma
1., we have to show that any modular form

f € HolModForm(Sp(Z), Weil*, %)7

whose Fourier coefficients are supported only on M, vanishes. But every com-
ponent of f is (in particular) a modular form for some I'(N), p{ N. It vanishes

by Lemma,
For 2., use Lemma [T2.13] 2. O

Theorem 12.15. 1. Let Ly, be a lattice of signature (3,2) and Witt
rank 1. Up to multiplication of Qp with a scalar € Z*p , there is a sat-

urated lattice Lz, C Lz, and a F' € ModForm(Mp,(Z), Weil, 2 — ) with

integral Fourier coefficients, such that W(F) has non-zero weight, all oc-
curring Z(Lz, < —m >, ap; K) in div(¥(F)) are p-integral, i.e. consist of
canonical models of Shimura varieties M(KO(L/Z(p))), for various lattices
L’Z(m with unimodular (at p) quadratic form (i.e. with K admissible), such
that Ly has signature (2,2) and Witt rank 1.

2. Up to multiplication of Qr, with a scalar € Z?p), for every L'Z(p) of signa-
ture (2,2), Witt rank 0, we find a lattice Ly, of signature (3,2), Witt
rank 1, and an F as in 1., such that in div(V(F)) occurs, in addition to
the subvarieties above, precisely one Z(L,< | >, k; K) with non-zero coef-
ficient, consisting of canonical models of Shimura varieties M(K'iO(L’Z(p) )

(with the given L/Z(,,)) for various different admissible K;’s.

Proof. 1. By Lemma we may multiply @z by a scalar in such a way that
there is a saturated lattice Lz C Lz, with cyclic L7 /Lz of order 2D’, where
D’ is square-free, of the form

Ly=Ha L,
By we know that Weil(L} /Lz) decomposes

Weil(L;/Lz) = @) Weil(L3, /Lz,),
I|D

and for each [ we have a decomposition

Weil(L3, /Lz,) = Weil(L3, /Lz,)t @ Weil(L3, /Lz,) ™,
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into irreducible representations. Here L7 /Lz, cyclic of odd prime order (re-
spectively of order 2 or 4) is used. (If the order is 2, Weil(Ly, /Lz,)™ is zero).
We will work with the irreducible representation

Weil(L;/Lz) " o= @) Weil(L3, /Lz,)
l

with product basis build from the bases (xx + x—x) € Weil(L3, /Lz,)" for & €
(L3,/Lz,)/(£1). There will be a basis vector of the form

Y= ZXN?

where the sum runs only over primitive k € L3, /L.

Let
R A (so0n mlp =1,
M )_{<Weil<L2/Lz>+>* ml, # 1.

m

Now for v € Lo Nk, with & such that x, occurs in v (in particular s primitive),
and |Qr(v)|, = 1, v* is unimodular. It is also isotropic because by Lemma
m is already represented by L.
In view of Theorem again, to construct the required Borcherds form, by
Lemma 2., we have to show that any modular form

J € HolModForm(Mp,(Z), (Weil(L3/Lz)*)", 5)
with Fourier coefficients supported only on M vanishes. Note that Weil(L3/Lz)™*
is defined over QQ as a subvectorspace.
Now v o f vanishes by Since Weil(L%/Lz)™ is irreducible, Lemma tells
us f=0.
2. Use to construct the lattice Lz, and Z(Lz,< = >,xz.;K) consists
obviously of the required models. Since xr, £ v+, apply Lemma 12.13[, 2. O

Theorem 12.16. 1. Let Ly, be an isotropic lattice of signature (2,2)
and discriminant q, ¢ a prime =1 (4). Up to multiplication of Qp,
with a scalar € Z{,, there is a lattice Lz C Lz, and a F' € ModForm(Sp,(Z), Weil(L;,/Lz), 2—
%) with integral Fourier coefficients, such that W(F) has non-zero weight,

all occurring Z(L, < —m >, am; K) in div(U(F)) are p-integral, i.e. con-

sist of canonical models of Shimura varieties M(KO(L’Z(p))), for various

lattices L/Z@) with unimodular quadratic form, such that L' has signature

(1,2) and Witt rank 1.

2. For every L’Z(p) of signature (1,2), Witt rank 0, up to multiplication of
Q' with a scalar € Z?p), we find a lattice Ly, of signature (2,2), Witt rank
1 and discriminant q, ¢ a prime =1 (4) (as in i) and an F as in 1. such
that in div(U(F)) occurs, in addition to the subvarieties above, precisely
one Z(L,< 1 >,¢; K) with non-zero coefficient, consisting of canonical
models of Shimura varieties M(KiO(L’Z(p))) (with the given Ly, ) for var-
tous different admissible K;’s.
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Proof. 1. Let Weil' be as in the last theorem.
By Lemma we may multiply @1 by a scalar such that there is a lattice
Lz C Lg,,,, with cyclic L% /Ly of order g, of the form

l—q 5

LZ:H@<x2+xy+Ty > .

A Z(L,< m >,k; K) (for admissible K) consists of Shimura varieties of the
required form, if v+ for v € £x + Lz, Qr(v) = m is isotropic. This is the case,
if and only if m is represented by < z2 + zy + %gﬁ >. Hence define

(Weil*);, N R(m)*  [ml, = 1,

where R(m) = {f € Weily,, | Jv €< a?+ay+17992 > 4001 f(0) #0,QL(v) =
We know [12.10| that (Weil™)* is zero, if x,(j) = —1. The definition of M (m)

eil ™) m

q
and imply that for primes p’ # p with x,(p’) =1, M(%/) is also zero.
In view of Theorem again, to construct the required meromorphic mod-
ular form, by Lemma [I2.13] we have to show that any modular form f €
HolModForm(Spy(Z), (Weil™)*, ™) with Fourier coefficients supported only on

2
M vanishes. From the remarks in [12.10]it follows that f’ defined by

o=y 3 Dran

is a scalar multiple of W,(f(1)), hence a modular form for I'g(¢) again. For
primes p’ # p, M (%) is zero, hence the Fourier coefficient a, of f’ is zero.
Similarly for (n,q) = 1, xp(n) = —1, a, is zero. Therefore the vanishing of f’
now follows from Proposition [B:2| and that of f by Lemma [B.3]

2. Use to construct the lattice Lz and Z(Lz, < x >, xr,; K) consists obvi-

ously of the required models. Since xr. t R(m)*, apply Lemma [12.13[ 2. O

Theorem 12.17. Let Ly, be a lattice of signature (3,2) of Witt rank 2.
There is a lattice Lz, C Ly, , such that up to multiplication of Qr with a scalar

€ Zz‘p), there is an F' € ModForm(Mpy(Z), Weil(Ly,/Lz),2 — &) with integral

Fourier coefficients, such that U(F) has non-zero weight, div(¥(F')) consist of
exactly one Z(Lz, < —l >, a;; K) with non-zero coefficient, which itself consists
of canonical models of a Shimura varieties M(KO(L’Z(p))), for any (a priori)

given lattice L’Z(p) of signature (2,2), Witt rank > 1.

Proof. Define Lz, = L’Z(p) 1< x >, where —z is represented by L'Z(p) and

|z], = 1. Up to multiplication of @ by a scalar, we find a saturated lattice
Ly = H? 1< 1 >C Lg,. Weil = Weil(L}/Lz) is irreducible in this case.
W.l.o.g x is assumed to be represented by Ls. Define

M(m) = {Weﬂ:n m # x,

0 m=ux.
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In view of Theorem again, to construct the required meromorphic mod-
ular form, by Lemma [12.13] we have to show that any modular form f €

HolModForm (Mp,(Z), Weil®, 3) with Fourier coefficients supported only on M

vanishes. This follows because it is well-known that
5
HolModForm(Mp,(Z), Weil*, 5)

is generated by the Eisenstein series whose coefficient a, is non-zero because =
is represented by L. O

13. Borcherds products and Arakelov geometry

13.1. Let Lg be a f.d. vector space with non-degenerate quadratic form @), of
signature (m — 2,2) with m > 4, and assume the Witt rank to be 1 if m = 4.
Let Ly C Lg be a lattice of the form Ly = H L L.

Take a modular form F as in [[1.3] with Fourier expansion

F(r)= Z amq™,
meQ

where a,, € Weil(L}/Lz) C S(La() ), with ag(0) # 0.

In this section we prove a relation (Theorem 2.) between arithmetic vol-
umes of different Shimura varieties of orthogonal type which involves Borcherds
lifts — in particular their integral (11.14} 3). It will be the main ingredient in
the proof of the main result of this article, Main Theorem As is explained
there, the arithmetic formula expresses — in some sense — the special deriva-
tive of the orbit equation We mention also a rather well-known geometric
analogue (Theorem 1.) which expresses — in the same way — the special
value of the orbit equation. Recall the SO-equivariant line bundle € = (€, h¢)
with Hermitian metric on Do. We denote E = &¢ (cf. .

Theorem 13.2. Under the conditions above, we have:

1. (geometric formula)

Zﬁ(LZ, < —q >,a4;0) volg(M(XO(L)))
:ZVOIE(Z(LZ’ < —q >,aq§K))

2. (arithmetic formula)
D H(Lz, < —q >,a4;0) volg(M(XO(L)))
q
+3 Lz, < —q >,aq;0)volz ,(M(XO(L)))
q
= volg ,(Z(Lz, < —¢ >, a5 K))
q

in R®).
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Proof. Let fy := U(F) be the Borcherds lift of F' — cf. section ff. and
especially Theorem

We sketch the proof of 1. The assumption on m and the Witt rank imply that
the Eisenstein series associated with Lz (see [I7, Section 4]) is holomorphic, i.e.

there is a
m

5)
with a,(G)(¢) = —p(Lz, < n >,p;0) for n > 0,n € Q and ag(G)(¢) = ¢(0).
Hence relation yields:

G € HolModForm(SL5(Z), Weil(L},/Lz)*,

Zﬁ(LZ, < —q >,a4;0) = ap(0). (22)

In addition, we have the relation
ao(O)/ c1(E*E,Z*h)™ = 2/ dd®logh(fo) Aci(E*E,=*h)™ 1
M M
= 2/ ci(E*E,E*h)m L (23)
div(fo)NM

The justification that here everything is integrable and that the second equality
is true without contributions from the boundary, can be found in [5]. From (22
and , 1. follows, taking the description of the divisor of fy (Theorem ﬁ
into account. .

2. We may calculate Volap(M([A(O(L))) in the following way:

First assume w.l.o.g. (e.g. by taking a lattice with large discriminant in the
construction of F' or by just pulling back U(F) afterwards) that K is neat.

We know by that =*(€) is ample on M(X0) and semi-ample on M(X O).
Choose some sufficiently fine, smooth w.r.t. K, complete, and projective A
(by Lemma the arithmetic volume does not depend on this choice) such
that all models exist and all special cycles involved embed closedly as projective
schemes (cf. . Z*(£)®*, for some positive k, defines a morphism

[ M(KO) — PT(Z(]D)),

whose restriction to M(¥ Q) is an embedding. Let D be the boundary di-
visor. By Main Theorem M and D are defined over Z,. We have
dim(a(D)c) = Witt rank of Lg-1, hence dim(a(D)) = Witt rank of Lg, be-
cause =*(& )(‘?k induces the Baily-Borel compactification. In addition, we may
also choose k and F such that f, € HO(M(K0),Z*(€)%* ) (Theorem .

horz

Up to increasing k again, we may find hyperplanes Hy,..., Hy o C P"(Z,)
which intersect properly with a(div(fp)), and we may avoid that they intersect
simultaneously in any closed subset Z of dimension < m — 2.

Our assumptions on m and the Witt rank imply that we can take Z to be the
union of a(D) (dim=Witt rank< m — 2) and the locus, where af, is not finite
(dim < m —2).

We may clearly assume that already H; ¢ and Hs ¢ do not intersect in a(D)c.
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Let f1,..., fm—2 be the corresponding sections.
The construction assures that also div(fy),div(f1),...,div(fmn_2) intersect prop-
erly and not in D simultaneously. Therefore by Theorem 2.,

div(fo)-div(fy) - - div(fm—2) = % Z Z(Lz,< —q >, aq; K)-div(f1) - - - div(fm—2).
q<0

Note that the arithmetic volume is the sum of this expression and

1

5/90*91*"'*9771727 (24)

where
gi = —log E*h(f;)

(and the star product has to be interpreted in the sense of[10.8)). In the following
we will denote
Q:=c1(E*(E),E*(he))

to be the first Chern form of the bundle Z*(&) with respect to the (log-singular)
Hermitian metric =*hg.
On any parametrization defined by a point-like boundary component as in [5.5
it is given by

—dd®log(Q=(Y))
where Z = X +1Y € Uc = DHO[U,O]-
By Theorem below, we may write as

1
:,/ GokQA - A KQ
2 Jm(Eo)e

+ gi ¥k gm—2,

/div<fo>nM<§ 0)c

DN | =

hence we get the equation (€ R(®)

kKol (M(KO(L)))

1
:*km_z/ GoANA - ANQ
2 M(K0)c

1. —
+ k" 2> volg (Z(Lz, < —q >, a4; K)),
q

(cf. also|10.16) and therefore the required one, taking into account that

ao(0)
2

1 ~
§ZU(LZ7< —q>,aq0) =k =
q
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(geometric formula — part 1.) and by Theorem [11.14] 3.:

/ Go2A---NQ =
M(XO)c

—vole(M(KO)c) > 1 (Lz, < —q >,a4;0)

q
in R®), O

Theorem 13.3. Let Lo be as before, i.e. of signature (m — 2,2) with m > 5,
orm =4 and Lg of Witt rank 1.

Let fo, ..., fm_2 be sections of Z*(£)®F on M(KO), such that div(fo), ..., div(fm—2)

intersect properly:

ﬂ supp(div(f;)) =0,

such that
supp(div(f1)) Nsupp(div(fz)) N supp(D) = 0
(Witt rank 2), resp.

supp(div(f1)) Nsupp(D) = 0

(Witt rank 1).
Then we have

/ go*g1*x:--*gm-2

M(XO)c

:/ gokQAN - NEQ
M(¥O0)c

div(fo)NM (¥ O)c

All occurring integrals exist.

Proof. According to [8, Theorem 1.14], we have
M(XO)c
= lim / go(k) A -+ A (KSY)
=0 \IM(EO)e-B-(D)

*/ gNd®go—goNdg
9B.(D)

o
div(fo)NM(¥X O)¢

where
g=g1* - *gm-2.
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The integral
/ G0 () A -+ A (kQ)
M(KO)

exists by [B, Theorem 2] because we excluded the cases m = 3, Witt rank 1
(modular curves) and m = 4, Witt rank 2 (product of modular curves).

13.4. We will need special neighborhoods of points on the boundary divisor of
M(X0). By Main Theorem 3. any such point lies on a stratum

[Stabr o) \M(*'Byg))] .,

where B corresponds to an isotropic line or an isotropic surface in Lg.
(The corresponding boundary stratum in the Baily-Borel compactification is 0-,
resp. l-dimensional.) We will prepare special neighborhoods of these points
and call them of first (resp. second) type for the rest of this section. By the
boundary isomorphism 4., we transfer the neighborhood to the boundary
of the mixed Shimura variety (compactfied only along the unipotent fibre):

M((I{A/)O B)Ca
which is a torus embedding constructed from the (relative) torus M(¥'B)c over

M(X"B/Us)c (6.8).

13.5. For a point of the first type, we have
B = Hy|0, Uy, ], (25)
where Uz, = I ® (I*/I) (5.5) and the trivialization s of %€ described in

It is of the form

!/

5(21, .05 2m—2) = (log(z1)A1 + - - +1og(zn) An + V(2ky1, - - - 2m—2))2

for z1,...,2m_2 € B(0)™72, 2’ is a vector in the fibre of £ above the point
corresponding to the splitting , ie. 2/ € I*. The )\; span the rational
polyhedral cone o corresponding to our boundary point and form part of a basis
of (UgN K')(—1) (A is smooth w.r.t. K), and v is a holomorphic embedding
B.(0)"27%k  Ug(C) = Uc.

Let 7; :=|2;|. The norm of s is given by

Z (A, Aj)zr log(r;) log(r;) —1—2 log(r))W;(z1,. .., 2m—2)+%o(21,. .., 2m—2),

i<nj<n i<n

where the W;,i > 0 are smooth functions on B.(0)™~2 satisfying dd®¥; = 0,
and ¥, is smooth.

13.6. For a point of the second type, we have

B = H,(I)[A*I,I® (I'/I)], (26)
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(5.5) and the trivialization s of Z*& described in It is of the form

s(z1, 22,y Zm—3, Zm—2) > (Alog(z1)) © (Y2(22, - , 2m—3)) (V1 (2m—2))-

Here 11 is a local trivialization of & over a small neighborhood over the image
of Dy, (1) in Dy, (5)a2r,10(11 /1)) such that p(11(0)) is a representative of the
projection of the boundary point. Since £ is the tautological bundle, we may
express this by saying that ¥; maps to I* inducing an embedding of B.(0) into
P(I*). 19 is a holomorphic map B.(0)™ * — Wg(C) which is modulo Ug(C)
an open embedding into Vg(C)/Stab(z) for all z in the image of p(¢1(2m—2)).
A is a basis of (Ug(Q) N K’)(—1) and corresponds to the rational polyhedral
cone o (here there is only one possible).

Its norm is of the form

he(s) = log(r1)¥1(2m—2) + Yo(22,. .., 2m—3, Zm—2),
where dd® ¥; = 0, and ¥ is smooth. Note that ¥; does only depend on z,,_s.

13.7. We will prepare an e-tube neighborhood of D as follows. We prepared
neighborhoods around every point of the boundary above. Take a finite cover
{U;} consisting of these. Let 7; be a partition of unity defined on M(KO(L))c
for the chosen cover, consisting of the neighborhoods considered in and
Consider a neighborhood U; with coordinates z; 1,. .., 2im—2. D has the
equation (2;1)* -+ (2i,m—2)*"~2 = 0. On intersections U; N U; we have

2jk; = Zi,k(fij;k’()(zi,lv K Zim—2) + zi,kfij;k(zi,la s Zim—2))s

where ff'ko(zi’l,.g.,zi,m,g) does not depend on z;; and is everywhere non-
zero on the overlap in question and where k; is the index of the k-th divisor
component in the neighborhood U;. We define

ré’k = er|zj’kf| on Uj;.
J

If the k-komponent does not exist in U;, we omit the term in the sum.

Define 7" = ming|q,, 20 T;,k' This does not depend on ¢ anymore and is a well-
defined function in a neighborhood of the divisor. A global e-tube neighborhood
around D may therefore be described as

B.(D) :={z € M(RO(L))c | 7'(z) < e}
In a local neighborhood U; write
Tik = Tik erlfg,i7k(21,1, K zime2) +rikg |
J
where g is a bounded C* function. If € is small enough, 0 < r, < ¢ will ensure

Tik = |Z,‘7k| > 0.
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On U; we may cover B.(D) by (we omit the index ¢ because it will be fixed
from now on)

Sty(e) ={z € U; | 1, =¢e,7; > e if a; # 0},

for all k, where ay # 0. Note that on overlaps the 7}, and 7’;‘,1@ are the same up
to permutation of the indices k.
We have for small r}, and some bounded C'*°-function h:

TK =T} ((Z Tj|fg’k(2:1, .g.,zm_g)\)71 + rfch) ,

B ~ -1
dry =y’ (3751 f3 1, B2 )
+ rydri’h

+r§€d(<27’jfg’k(zl,.g.,zm_g)o1 —&—r;ch). (27)

13.8. In any of the neighborhoods U;, we will write the quantities in question
in the basis R
dep1, -+ ,dpp,dry, 5. dry,, dr).

Only the term
wi=dp; A--- Ade, Adry ALk Adry,

gives a non-zero contribution in integrals over St)(¢). In what follows, we
understand:

|f(2)w] == [f(2)|w.

We number the coordinates in such a way that D is given by the equation
212, = 0 on U;.

Recall the notion of log-log-growth of infinite order [9, 2.2]. A log-log-form
[0, 2.22] is a differential form generated (over smooth forms) by functions of
log-log-growth of infinite order and the differentials

d‘pl d‘Pn dry dry,
log(r1)” " " log(ry)” rilog(ry)” " 7y log(rn)

such that d,d® and dd° of it are again of this type.
Call a form a (*)-form for an index k, if it is generated by functions of log-log-
growth of infinite order and the differentials
dry P dr,,
™ IOg(rl) Y Tn IOg(Tn)

d(pla"'ad@na

and fdrj, for any f, which is smooth outside D.
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Lemma 13.9. For every (*)-form o for the index k:
| lol=Oltog(|og=))™)
St (e)

for some M.

Proof. 1t suffices to show that on each of the sets
St,(e,R) ={2€ B(R) | r, =¢,r; > de if a; # 0},

for some small § (note that we wrote r; instead of r7), we have the estimate:

| ol = Ottog(|logel) ™).
St/ (e,R)

This is easy, see e.g. [5]. The (maybe singular) terms fdrj play no role because
terms involving dr}, do not give any contribution to the integral. O

Corollary 13.10. For every log-log growth form &:

lim €] = 0.
e—0 St;c (E)

Proof. We have by
1

i < ———~0,
log(ri) 7 ™ log(rp)
and
d?“k < 1 o
rilog(ry) — log(ry)
where the o are (*)-forms w.r.t. k.

If € has correct degree, by definition, it involves at least either mdgzk or
d’l’k

) log(rg) ©

Hence

1
“Tog()”

for some (*)-form o. The statement follows using because, of course, log
grows faster than any power of log-log. O

§

13.11. First of all supp(div(f;)) Nsupp(div(f2)) Nsupp(D) = @ by assumption,
hence we may represent (cf. [L0.9):

g=09129"+dd((1-0)g1,2)9,

where o is equal to 1 in a neighborhood of D and g1 2 = g1 * go. We may
represent this by
91,2 = 019192+ dd(o291)92,
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where o1 + 09 = 1 is a partition of unity of the following form: The intersection
of div(fi) with D occurs precisely on the pre-image under the projection on
the Baily-Borel compactification of a set of isolated points in the 1-dimensional
boundary stratum isomorphic to some M(XH(I)). Choose a C*°-function po
on M(XH(I)) with support on some disc around one of these points, which is 1
on a smaller neighborhood of the point.
We may assume that in B.(D) for small €, o7 is just the pre-image of po under
the projection M({X,)OB) — M(EH(T)).
We have hence in a neighborhood of D:

g = 01919" 1+ 02g20"! (28)
+((doa Ad®g1)ga — (A° 2 Adgr)ge + (dd®o2)giga) A Q"2

In any of the neighborhoods considered in [I3.5] and [I3.6] we have

g0 =Y a;log(r;) + log(he(s)) + (=) (29)

Jj<n

for some harmonic function v, where s is the corresponding trivializing section
of Z*(&).
Recall that we want to show that

lim gANd®go—goNdg=0.
e—0 8BE(D)

Inserting and into this, since in any case (by|13.10)) the limit of integrals
of log-log forms is 0, we are reduced to show, one the one hand (first line in ,
that

lim |dp;01g12™ 3 =0
e—0 St;(&)

and
lim |log(r;) d°(o9:)Q™ 3| = 0,
e—0 St;c((-:)
where [ = 1,2, in neighborhoods of both types. Every other term in inserted
into
lim lg Ad®go — go Adg|
e—0 StL (6)
yields a limit over an integral of a form of log-log type, which is zero by Lemma
5. 10l
If j = k we may rewrite r; by means of 7}, and apply of Lemma [13.12} In
the other case we apply of Lemma [13.12] (Note that dep; is of the form

log(r;) times a log-log-form.) After this, the vanishing of the limit € — 0 follows
from Lemma [[3.9]
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On the other hand (second line in , we have to show

lim |de1 (doa AdSg1) —d“oa Adgr + (dd°o2)g1) Aga AQ™ 4 =0
e—0 Stll(E)
(30)
lim |log(r1) (doy Ad®g1) —d®aa Ad gy + (dd®o2)g1) AdSga AQ™ 4 =0
e—0 St/l(a)
(31)

Here j = k = 1 because this is non-zero only in neighborhoods of the second
type, and there cannot be an intersection of components above M(XH(I)).
The estimate of Lemma we get vanishing of the limit € — 0 of
by Lemma [13.9]| again.

For note that we constructed o2 (in B.(D)!) as the pre-image (under the
projection M(IA?,B) — M(XH(I)) of a function supported on a small disc around
the zeros or poles of f; in the boundary of the Baily-Borel compactification.

Let X be the pre-image of these discs in some neighborhood of the boundary in
M(ng). Hence the form

d (go(daz Ad®gr —d®oa Adgr + (dd°o2)g1) Ad€ g2 A d°log(he(s)) A Q™3)

is supported only on X. Applying the Theorem of Stokes to this function on
0B (D), we get

0:*\/ go(ddg/\dcgl7dCO'2/\dg1+(ddCO'2)g1)
9B.(D)
AdCga AQAQ™TD
+/ 90 (dUQAdcgl —dCO'g/\dgl—f—(ddCO'Q)gl)
0B<(D)

Add® gy Ad®log(he(s)) AQ™P

+/ go —dO’g/\dngl—ddCUQ/\dg1+ddC02/\dgl
2B.(D) ~
A d®ga Ad®log(he(s)) A Q™0

+/ dgo A (doa Ad®g1 —d®ca Adgr + (dd°o2)g1)
8B.(D)

A d® gy Adlog(he(s)) AQ™D

The limit of the first line is the one we have to estimate. We may hence in-
stead consider the remaining three lines. Those we may again restrict to small
neighborhoods U; (all of the second type!) and estimate the absolute value of
the integral. Here all problematic terms are of the form

/ og(r1)€' A € A d° log(he (s)) A Q74|
St ()
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or

d
[ SAE Aendr g ndloghe(s)) A O™,
Sty(e) T1

where £’ is a smooth form of degree at least 1, generated by r,,_2d v,,_2 and

d7;,—2 and £ is log-log. The latter poses no problem because dr—’ll is, up to terms
involving dr}, a smooth form .

Now, by the estimate of Lemma we get vanishing of the limit ¢ — 0
by Lemma [13.9] again. O

Lemma 13.12. Let U be a neighborhood of any type and let i be the Witt rank
of L. Then for any log-log form & of rank 2(m — 2 — i) — 1, we have

AQY 32
where o is a (*)-form w.r.t. to k.
Also we have for any j # k
. 1
ENQY <X —————0, 33
log(r},) log(r;) (%)

where o is another (*)-form w.r.t. k.

If U is a neighborhood of the second type , for any log-log form & N & of
degree 2(m — 2) — 5, where £ is a smooth form of degree at least 1, involving
only rm—od @m—o and dry,,_o, where ry,_o, ©m_o are the polar coordinates of
the projection to a M(XH(I)) in a neighborhood of the point, we have

! Q 4
and .
/! Cl Q
€ N €N og(he () A2 < o (35)
where the o are (*)-forms w.r.t. the index 1.
Proof. We have in any case:
d®log(r;) = de;,
d’f‘i
dlog(r;) = 22,
og(r) =
and
S d° hg(s)
d®logh =
oghe(s) = o)
d hg(s)
dlogh = —
oghe(s) = G5,
dhe(s)d“he(s) dd®he(s)
Q ~dd°loghe(s) = .
Bhe(s) = Tel9) hels) he (s)
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In a neighborhood of the first type (13.5)), we may write
he(s) =Y (A, Aj)log(ri) log(ry) + Y _log(ri)wi(2) + vo(2),
,7<n i<n

where v; are harmonic functions and 1y is smooth. Here the \; are linearly
independent and (\;, \;) > 0 if ¢ # j. Hence for i # j always

he(s) > log(r;) log(r;), (36)

and if Qr(A;) >0
he (s) > log(ry)®. (37)

Hence
d° he(s) =log(ri) (Y (e Aj)dipy +d° ) + Y deptly
i<n i<n
+ Z (Niy Aj) log(ri)de; + Z log(r;) dabx, +de (38)
i<n,j<n,i#k i<n,i#k

Ahi(s) =logr) (L 0w A 5L + ) + 3 S,

J

i<n i<n
dr;
+ | Z A <)\Z—,)\j>log(m)r—j + | Z log(r;) d g +dpe (39)
i<n,j<n,i#k i<n,i#£k

c dr; dr. c
dd®he(s) :d@k(Z(Ak,)\j>r—;+dwk)+ZTJd W

Jj<n i<n J

d .
Y AeAdeit ST dedi +ddoye. (40)

i<n,j<n,ik T i<n,itk
We now substitute drzk by a form of shape
dr}
fi/k + 57
Tk

where £ is smooth. This is possible by means of formula .
First assume 4 = 2. 2 is proportional to

dd®he(s)  dd®he(s)

he (s) he (s) (41)
d hg(s) dc hg(s) ddC hg(s)
he(s) he(s) | he(s) (42)

In ([41)), multiplying out the expression squared, we have for every occurring
summand S
1 1
g

S < =< ,
log(ry)? "~ log(r,)?
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where o is a (*)-form, using the estimate (36)).
In , multiplying out the product of ([38H40]), we have
1 1

S =< < ,
log(ry)? 7 log(r},)? 7

using the estimate again, except for the summands of the form

log(rk) 1og(ri) (D Ak, Ajdeps + dgi) A (D (A, m% +dyp) NS, (43)

j<n j<n I
where S is any summand of .
But now in the expression £ AQ? either occurs a 102% from &, hence the estimate
is true, or a rpdyy occurs in S which satisfies a much stronger estimate, or
a dyy occurs in S. It occurs, however, multiplied with (3, (A, Aj) dT:J +d )
SO is zero in that case.
The estimate is more easy and left to the reader.
Now assume 7 = 1. Then, by the estimate , already every summand S in

(B8H40) divided by he(s) satisfies
1 1

S < o < o,
log(ry) log(r},)

with a (*)-form o.
The estimates do not involve neighborhoods of the first type.
In a neighborhood of the second type (13.6]), we may write

he(s) = log(r1)1(2m—2) + Yo(2),

where 7 is harmonic and depends only on z,,_2 and 1) is smooth.
Clearly in this case:
he(s) > log(ry). (44)

Also
d he(s) = log(r1) d° ¢ (zm—2) + de191(2m—2) + d° 9o (2),

dhe(s) = log(r1) d (zm—2) + d%?ﬁl(szz) +do(2),

dr
dd®he(s) = der Ay (zm_2) + Tll A1 (2m—2) + dd°¢o(z).
We now substitute again dr—rll by a form of shape
dr}
FF+¢
1

where ¢ is smooth. This is possible by means of formula (27).
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Here, for , we may argue exactly as before. is vacuous in this type of
neighborhood. For : Write once again €2 as

dd° he(s)
he(s) (45)
d°he(s) , dd°he(s)

he (s) he (s)
In , using , we have for any summand

1
log(r})

(46)

S =<

g,

for a (*)-form o.
In (46)), using again, we get the same for any summand except possibly for

@ log(r1)? d° P1(2m—2) A A1 (2m—2),

which cancels, however, with £’ because d° 1 (2, —2)Ad 11 (2m—2) is proportional

to rm—od@m_o Adr,—o.

For : Consider:

dC hg(s) ddC hg(s)
he(s) he(s)

Using (44)) again, we now have for any summand in

d“log(he(s)) NQ = (47)

1

S
~ Tog(r 2"

for a (*)-form o, except possibly for
1 c
he(s)? log(r1) A1 (2m—2) d @i d Y1 (2m—2),

which cancels with & because d° 1 (z,,) Ad 1)1 (zy,) is proportional to r,de, Adr,
and possibly for

@logm)dc Un (5m2) Ad° g (2),

But then a % must appear somewhere in the expression . O

14. The arithmetic and geometric volume of Shimura varieties of or-
thogonal type

This section contains the main results of this article.

14.1. Recall the definitions of section and [10.15] The relation between g
and A is given by a global orbit equation:
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Theorem 14.2 ([I7, Theorem 10.5]). Assume m >3, m—n > 1. Let D be the
discriminant of Ly and D' be the D-primary part of the discriminant of M.

AN (L3 0)ji( Lz, Mz, 15 0) = 3 X 1(az;0)
a SO’ (Lz)CI(M,L)(Al>))Nk

and

d
ds

d ~_
> I\ azis)
a SO’(Li)CI(M,L)(A(OO))mH

(Xﬁl(LZ; s$)i(Lz, My, k; s))

s=0 s=0

in Roppr, where D" is the product of primes such that p? t D’.

There is also a relation between different p’s in the style of Kitaoka’s recursion
formula:

Theorem 14.3 ([I7, Theorem 10.6]). Assume m >3, m—n > 1. Let D be the
discriminant of Ly and My = M}, L M}/. Let D' be the D-primary part of the
discriminant of My (not My !). Let k € (L3 /Lz) ® My with a corresponding
decomposition k = k' ® k”. We have

A (L2 Ol La, Mz, ;) = > X (o 0)filad, My, &5 0)
SO’ (Lz)CL(M’,L) ANk’
K00 (00) @ (M0 )" #0

and

d ~
1s ()\ (Lzys)M(L%MZ,HaS))

d /~ ~
- > = (A Mot 9)iilad, M" k"5 5))
a SO’ (Lg)CL(M’,L) ANk’

K’//ma::(oo)®(M/g(oc))*7ém

s=0

s=0

inReppr. Here v € (L% /Lz)®(My)* is considered as an element of((a%‘)*/a%‘)@)
( é’)* via K — k"N (ai(m) ® (Mg(m))*).

14.4. Let Ly be a lattice with quadratic form of discriminant D # 0 and
signature (m—2,2). Let K be the discriminant kernel of Lz. It is an admissible
compact open subgroup for all p { D. Let A be a complete and smooth K-
admissible rational polyhedral cone decomposition, and let M(X O(L)) the global
canonical model defined over Z[1/(2D)].

At primes p # 2, with p|D but p? { D, we can find a lattice L/, containing Lz as
a saturated sublattice of codimension one such that L’Z(p) is unimodular. If A is
chosen appropriate, we may define thus a local model over Z,, of M(XO(L))q
at those p by taking normalization and Zariski closure in the model M(X, O(L"))
over spec(Zy)). We understand by M the so glued global model over Z[1/(2D’)],
where D’ is the product of primes p such that p?|D. Let € be as before. In
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the same way, we glue € on M from the pullbacks of Z*€ on M(X, O(L'))
over spec(Z,)). Note that it is not clear from the properties of the theory of
canonical models outlined in the first sections, whether this depends on the
choice of lattices L7,. The theorem below, however, is true for any of these
choices. It is also not clear whether the mi)\del obtained is regular. If it is not,
we understand by the arithmetic volume vol below the height computed w.r.t.
this particular embedding.

Main Theorem 14.5. We have

1. volg(M) = 4A"1(Lz:0)
2. volz(M) = LAX"1(Lz;s)|s=0 in Ropr

Let Mz be a lattice of dimension n with positive definite Qp € Symz(Mé). Let
D" be the product of primes p such that Mz, & M or sz/MZp is not cyclic.
Assume

e m—n>4,or
e m=4,n=1 and Lg is has Witt rank 1.

Then we have

3. volg(Z(Lz, Mz, s K)) = 4X~Y(Ly;s)jii(Lz, Mz, k;0),
b hts(Z(Lg, Mg,k K)) = %4(A’l(LZ;s)ﬁ(LZ,MZ,/{;s))‘70
Z"ﬂ,RQDD//.

8. is true without the restriction on m and n. Note that for n = 1 and integral
Qur, we have trivially always D" = 1.

Proof. 1. and 3., which are concerned with geometric volumes, are well-known
but proofs are included to emphasize the analogies with the arithmetic volume
case.

If formula 1. is true for a lattice L then it is true for any lattice L’ with
Lo = L(’@ respecting the quadratic form up to scalar. This is because in this
case the two associated Shimura varieties are related by a correspondence, and
for the assertion we only have to show that

) K]

H(L:0)

T(L2:0) (48)

[SO'(L5 A~
[SO'(Lz) : K]~ A~
where K C SO’(L’Z) N SO'(Ly) is any finite index subgroup. Observe that the
morphism = (6.14)) is compatible with change of K (see also[10.24). Now A(L;0)
and A(L';0) are Euler products, and their factors at almost all p are the same.
The finite Euler factors are the volumes of SO’(Lz,) and SO'(L'ZP), respectively,
w.r.t. the canonical measures. This shows .

We continue by showing 1. for lattices Lz with signature (0,2). Let L7, be
the lattice {A € M(Z) | *A = A} with quadratic form Qr(A) = det(A).
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By the remark before, we may assume w.l.o.g. that the discriminant of Ly is
fundamental, and there is a saturated embedding Lz — L7,. The formula 1.
is then basically just the classical Dirichlet class number formula. We prove it
here as follows: Let E'(7,s) be the Eisenstein series [I7, 12.4] und E(7,s) =
ZZ((QSS)) E'(7,s). Welet E(Lgz; s) be its trace (in the stack sense) over the embedded
Shimura variety. By Kronecker’s limit formula, we have (using our normalization

of the metric hg, cf. [L1.7):
2E(Lz, s+ 1) = volp(M(*O(L)) + htz(M(*O(L))s + O(s*).  (49)

On the other hand, we have [I7, Theorem 12.6, 5.]:
E(Lz,s+1) =2X"Y(L};s)

(up to multiplication with a rational function in 27% with is 1 at s = 0). Tak-
ing the value at s = 0, resp. the derivative at s = 0, we get formula 1. —
respectively 2. for this special lattice and embedding — in this case.

In the remaining case m > 3, we give two different proofs of formula 1:

First proof:

Let My =< ¢>,q€ Qand k € (L}/Lz) ® M} = L% /Ly is a coset.

We have the following identity:

volg(Z(Lz, < q >,k; K))

ke, <> 150) = — T RO

(50)

This is an application of the Siegel-Weil formula, see [22 4.17, 4.20, 4.21] and
also [I8, Theorem 7.6.8]. A certain average over this equation, sufficient for
proving 1. by induction follows also from Borcherds’ theory — see Theorem
[13:2] 1. However, this would exclude some special cases. We mention it because

it is precisely the geometric analogue of the proof of 2. that we will give below.
Comparing [50[ to the value at s = 0 of the global orbit equation ([14.2))

Lz, < q >,k 00MLz;0) 7" = > M(g; ') 507,
J

we establish that assertion 1. is true for lattices of signature (m — 2,2) if and
only if it is true for lattices of signature (m — 3,2), whereby it is proven by
induction on m because ), 4)\((g;1x)l;0)_1 is volg(Z(Lz,< q >,K; K)) by
the induction hypothesis.

Second proof: We assume again m > 3 and use 7(SO(Lg)) = 2, where 7 means
Tamagawa number. We have the following elementary relation:

A7 = vol(K) volg(M(¥O(L))),

where A = 20! (L;0) is the comparison factor from Lemma and vol(K)
is computed with respect to the product of the canonical volumes. Recall that
A involved the canonical volume form on SO(Lg) and the product over all v of
the canonical measures is a Tamagawa measure ([I7, Lemma 10.1]). We have
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vol(K) = [], Ap(L;0) by definition of the A,. Everything put together yields
volg(M(XO(L))) = 4A~1(Lz;0) (which equals also 4X~(Lz;0)).
3. follows from 1. using the value of the global orbit equation at s = 0:

A"Y(Lg; 0)fi( Lz, Mz, k;0) = > X Y(az;0).
SO’ (Lz)CI(M,L)(A()Nk

2., as an identity R, py, follows (using 1.) from the following local statement:

Assertion 14.6. Let p # 2. Let Lz, be a unimodular (at p) lattice and
signature (m — 2,2). Let K be any admissible compact open subgroup and A be
complete and smooth w.r.t. K, and let M = M(KO(L)) the Shimura variety,
considered as variety over spec(Z,). We have

— AN"1(Ly;s)
VOlE,p(M) = VOIE(M(C) m

in R® and any Z-model Ly C LZ(p)'

First of all, to prove Assertion we may w.l.o.g. multiply Q by a scalar
€ Z7 | because the Shimura datum and &£ as a SO-equivariant bundle are not
affected by this and the Hermitian metric changes by a factor in Z*p with does

not change the arithmetic volume considered in R(®). Assertion also may
be shown for any specific p-admissible K and will then be true for any such
choice (see[10.24)).

The strategy of induction, similar to the first proof of 1., is to walk through the
set of (unimodular at p) lattices in a special way, starting from lattices Ly,
with known

Wl ,(M(0(Lz,,))

(for admissible K) and then to construct special Borcherds products by the
Theorems in such a way that all quantities in Theorem 2. —
except one — are already known. This path through the set of lattices will be
mostly according to the dimension and Witt rank of the lattice. It is illustrated
by Figure [1} wherein an arrow indicates logical dependence, i.e. the reverse
walking direction.

STEP 1: We start with the case of a lattice Lz, of signature (1,2) and Witt
rank 1. These are up to multiplication of @ by scalars in Z7, of the form
Qr(z) = 2122 — 23 which is equivalently the space {X € Mz(Z(,)) | 'X = X}
with Qr,(X) = det(X). The arithmetic volume \T(igyp(M(XO(LZ(m))) has been
calculated in Kiihn’s thesis [29]. Since multiplying the norm (square root of the
metric) by a scalar p changes the arithmetic volume of an arithmetic variety X
of arithmetic dimension dim(X) by

— dim(X) log(p) vol,

109



PI0JeaI} “pow [9S91g

7 SOAIND "pouwr °JO HUSTOMQ

(2e)

@ |
@%

(22)

SP[0JO0IY) [0801G PoISIm)
1(@e)

90®JINS "POU }IOQ[IE]

®

@/ HAN ‘)

90RJINS PO JI8Q[TE]

7 9AIMD Ie[npout

¥ 1=b ((z2)

aoeIms joeduod
o(e‘e)

7 1(@1)

(90edwod) s9AIND eINWIYS
o 1)

@

sputod 1ouSooH]
OAN ‘0)

Figure 1: Strategy of induction on the type of lattice
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comparing to [29, Theorem 6.1], we see that

volg(Sh(KMO(L)) = volg(Sh(K<1>0(L))(2g((__11)) —1+1og(2) + log(2m) +7).

In 1. we obtained that
volg (Sh(*WO(L)) = 4N 7! (Lz;0) = —2¢(-1) = %,

which is of course well-known, taking into account that £ is O(—2) (identifying
MY (O(L)) with P'), hence Z*(&) is the line-bundle of classical modular forms
of weight 2, and SO(L) is PGL2. On the other hand, we have ([I7, Example
11.11)):

¢(=1)
¢(=1)

ANTHL, s) = —20(=1)+—2¢(-1) (—2 -1+ %10g(2) +log(27) + w) s+0(s?).

Hence formula 2. is true in Rs.

From now on we proceed by induction along the arrows of the diagram according
to the following scheme: Choose a saturated Ly C Lz(p) such that its discrim-
inant kernel K C SO(Ly(~)) is neat (it’s automatically p-admissible because
Lz, was assumed to be unimodular). Assume that there is a modular form F
of weight 2 — 7 associated with the Weil representation of Lz with g-expansion

F(r)= Z apq®
kEQ,k>—oc0
with the following properties

o Z(L,< —k >,a1; K) for all k¥ < 0 is a union of (images of) canonical
models of sub-Shimura varieties (good reduction),

. \ﬁg,p(M(g "O(L)) for all these sub-Shimura varieties is already known,

[ ] ao(O) 7& 0.

Note that the first property is equivalent to p|k = ar = 0 for all k£ < 0.
Then apply Theorem [[3.2] 2. to get

> H(Lz, < —q >,a4;0) volg(M(XO(L)))

q<0

+3 filLz, < —q >,a4;0)volg ,(M(KO(L)))
q<0

= volg ,(Z(Lz, < —q >, a4; K)).
q<0
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Inserting the induction hypothesis and 1., we get:

> (ﬁ’(Lz, < —q>,ag;00A (Lz;0) + ALz, < —q >, ag; 0)volg ,(M(XO(L)))
q<0

- > ag(@) (31 (a;0) | =0 (51)

KaCl(<—¢>,L, (s0))Nsupp(ag)

The derivative of the global orbit equation summed up over all Kk € L% /Ls,q <
0 and weighted with aq(x) yields:

>~ (L2 < =4 >0 0N (L2 0) + (L2, < —q >,0430)(A ) (£2:0)
q<0

- > ag(@) 3"V (a£50) | = 0. (52)

KaCl(<—g>,L, (o) )Nsupp(aq)

The difference of and gives

> jilLz, < —q > a4:0) (volg ,(M(XO(L) = (A7) (£2:0))
q<0

= a0(0) (volg,,(M(XO(L)) = (A7) (£2:0)) = 0

using >, o p(Lz, < —q >,a4;0) = ao(0) (see proof of 1.). Since we have
ap(0) # 0, we get in particular that Assertion is true for L.

This reduces the proof of Assertion [14.6] and hence 2., to finding appropriate
input forms for Borcherds products. This is done for the individual steps in
Figure [I] as follows:

STEP 2: Hilbert modular surfaces of prime discriminant ¢ = 1 (4).
This is the case considered in [8]. We reproduce their argument here as follows:
Theorem 1. shows that a Borcherds lift of non-zero weight can be found
such that all occurring Shimura varieties in Z(Lz, < —¢ >, aq; K) for the occur-
ring a4 are of the form already treated in STEP 1.

STEP 3: Siegel modular threefold. In Theorem [12.17] it is shown that a
Borcherds lift of non-zero weight can be found, such that every Shimura variety
occurring in Z(Lz, < —q >, aq; K) for the non-zero a,’s is of the form considered
in STEP 2 (even copies of the same).

STEP 4: general Hilbert modular surfaces. In Theorem [12.17] it is shown
that a Borcherds lift of non-zero weight can be found, such that every Shimura
variety occurring in Z(Lz, < —¢ >, aq; K) for the non-zero a,’s is a M(IA(O(LZ@) )
for a given lattice Lz, of signature (2,2), Witt rank 1. Now @g)p(M(ﬁO(L)))

is known by STEP 3, and ‘70\151,(2([/2, < —q >, a4; K)) may be deduced from
the comparison of the formula in with the derivative of the orbit equation
by reverting the argument above.
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STEP 5: twisted Siegel threefolds. This is the case L is of signature (2, 3)
and Witt rank 1. We have only to avoid Z(Lz, < —q >, a4; K)’s with occurring
Shimura varieties for lattices with are not unimodular at p or compact ones.
This is achieved by Theorem [12:15] 1.

STEP 6: dimension 4 and higher. We know all arithmetic volumes for or-
thogonal Shimura varieties of dimension 3. Hence we may proceed by induction
on the dimension and have only to avoid Z(Lz,< —q >,aq; K)’s containing
Shimura varieties for lattices with are not unimodular at p. This is achieved by
Theorem [12.141

We are now left with a couple of cases that have been omitted in the above
process. They can be treated analogously to STEP 4 above, by reverting the
argument.

STEP 7: product of modular curves. This is the case of signature (2,2),
Witt rank 2. Use Theorem again. This can also be treated directly, using
STEP 1 (Kiihn’s thesis), see [10, section 7.8] for a proof.

STEP 8: compact surfaces. This is the case of signature (2,2), Witt rank 0.
Use Thereom 2.

STEP 9: Shimura curves. This is the case of signature (1,2), Witt rank 0.
Use Theorem 2.

STEP 10: Heegner points. These cases have been treated along the lines of
the proof of 1. above.

This completes the proof of Assertion [14.6] and hence of 2., as an identity
in Rop. We use this, and Theorem [13.2] again, to derive the following local
assertion, from which 4. follows:

Assertion 14.7. Let p # 2. Let Lz, be a unimodular (at p) lattice and of
signature (m — 2,2), Let My, be a positive definite lattice of dimension n with
cyclic MZP/MZP. Assume m —n >4, orm =4,n =1 and Lg is isotropic, or
m = 5,n = 2 and Lg has Witt rank 2. Let Lz, My any saturated lattices in LZ(m
and My, , respectively, and let K be any admissible compact open subgroup in
the discriminant kernel of Lz. We have:

i (Lz, Mz, k;0) VOIE(M(KO(L)»
+degp(Z(Lz, Mz, k5 K)vole(M(XO(L)))
=htg(Z(Lz, Mz, k; K))
in R®) . Here

volg(Z(Lz, Mz, k; K))
volp(M(XO(L)))

degp(Z(Ly, Mz, k; K)) :=

is the (relative) geometric degree.

We first prove this statement for n = 1: In this case it follows immediately from
Theorem 2., using a Borcherds product such that all Z’s in the divisor
consist of Shimura varieties corresponding to lattices which are unimodular at p,
except for Z(Lz, < q >, k; K) which shall occur, too, with non-zero multiplicity.
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Theorem 2. enables us to construct such a product. Note that the
assumptions imply that M(¥O(L)) does have cusps.
Proof for n > 2: Because Mg(m /MZ<p) is cyclic, we may find lattices My and

My, unimodular at p, and < g >z such that
My =<q>1 M,

is a saturated lattice in My, . Let k = kq@~K' be a corresponding decomposition.
Let SO'(Ly)ev; C I(Ls, M) N K" be a decomposition into orbits. We may form
the cycles Z(a;h, < g >, kq) on M(ﬁjO(af‘)), where the K, are the respective
discriminant kernels (all admissible by construction of M}). The latter Shimura
varieties are all equipped with morphisms into M(X O(Lz,,)) (the union of their
images is the cycle Z(L, M’, k', K')). These Shimura varieties all have the same
Shimura datum, and one could see their images as conjugated images of a single
Shimura variety with varying K as in the definition of special cycle . In
each of these Shimura varieties, we have cycles Z(a;-, < g >, kq; K;). Identifying
them with their image in M(gO(LZ(m)), we get

Z(L,M,k; K) = U Z(ai, < q >, kg; K3).
SO'(Li)aCI(Li,Mé)ﬂn’

Using the n = 1 case, we know the height of the right hand side. For this note
that the assumptions imply that M(%¥:O(a;")) has cusps. Comparing this with
global Kitaoka (Theorem7 we get the general result, and its truth does, of
course, not depend on the models Lz, My chosen and not on K (cf. also[10.24).
Finally the previous Assertionat p|D, where p # 2 and p? { D, and therefore
2. as an identity in Rops (instead of Rop) now follows from applied to any
of the embeddings used to construct the model M (see|14.4). For this, we have
to use that the derivative of the global orbit equation is also valid for A
and 7z in R®) for those p. Recall, that this followed from the fact that the local
orbit equation for A,, and i, remains true for those p. This is definitely wrong
in general if p?|D (cf. also [I7, 11.8]). O

Remark 14.8. Main Theorem[I].5, 4. has been proven in full generality, also
including information at 2D and oo in [26-28] for Shimura curves and in [45]
for the modular curve (n =1). For the equality at co, with pe replaced by the
full co-factor of the Fourier coefficient of the Fisenstein series, the special cycles
have to be complemented by the Kudla-Millson Greens functions (depending on
the imaginary part as well), cf. also the introduction to the author’s thesis [18].
There are stronger results also for Hilbert modular surfaces [8,[24), [25]], for Siegel
threefolds [25)], and for the product of modular curves (The Z’s for n = 1 are
the Hecke correspondences in this case) in [10, section 7.8].

A. Lemmas on quadratic forms

Lemma A.1. Let p # 2 and Ly, be an unimodular lattice of signature (2,2)
and Witt rank 1, with fundamental discriminant D. Up to multiplication of Qp
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by a unit in Z’(*p), there exists a saturated lattice Lz, C Ly, of the form

1-D
LZ:H@<x2+xy+Ty2>

if D=1 modulo 4 or
D
LZ:H@<$272y2>

if 4|D.

Proof. We may write Lz, = H @ L’Z(p) and assume that L’Z(p) represents 1.
L'Z(p) is anisotropic by assumption. Then it is well-known and elementary that
L’Z(p) contains a saturated Z-lattice of the required form. O

Lemma A.2. Let p # 2 and Lz, be a unimodular anisotopic lattice of sig-
nature (1,2). Up to multiplication of Qr with a unit in Z’(*p), there exists a

unimodular lattice L’Z(m =Ly, ® <z >z, € Lo which is isotropic and of
prime fundamental discriminant q, ¢ # p and a saturated lattice L}, C L’Z(p) of

the form

1—
L’Z:H@<x2+xy+Tqy2>.

Proof. Write Lz, =< ai,...,a3 >z, , with o; € Z square-free and relatively
prime. This is possible without multiplying ()7, by a scalar. Let D be the square-
free part of [] o;. We may find a prime ¢, different from p, such that ¢ =1 (4)
and for any [ # 2 with v (][] a;) = 2 (hence [ { D), we have Dg = —a; (1), where
o is the one not divisible by [.
We may also prescribe its residue mod 8, such that Lg,® < Dg > is isotropic.
For if they were anisotropic for ¢, ¢’ congruent to 1,5 modulo 8 respectively, we
would get < Dq >q,2< D¢’ >q, from Witt’s Theorem and the uniqueness of
the 4-dimensional anisotropic space, which is absurd.
Hence

Lz, ® < Dq >z,

is unimodular, of signature (2,2) with square-free discriminant ¢. It is isotropic
at all [ # 2, too, because of the congruence condition on Dgq. Hence the Witt
rank is 1 and we may apply the previous lemma to it (this changes also the form
on Lz, by a scalar) to get the result. O

Lemma A.3. Let p # 2 and Lz, be an unimodular anisotropic lattice of
signature (1,2). Up to multiplication of Qr with a unit in Z’(*p), there is a
saturated lattice Ly C Lz(p) of discriminant D = 2D’, where D' is square-free
and with LY /Ly, cyclic.

It has the property that a primitive x € L%/LZ represents an m € Q if and only
if Qr(k) =m (1).

115



Proof. First we prove the existence of the lattice. Write Lz(p) =< on,02,a3 >z,
with «; € Z square-free. By multiplying @, if necessary, by a scalar, we may
assume that the oy are pairwise relatively coprime.

The lattice Ly =< ay, as, a3 >z then already satisfies the assumption locally
for all [ # 2. It suffices to construct a lattice Lz, satisfying the assumption.
There are 2 cases:

1. The space Lg, is isotropic, hence there is, up to multiplication of the
quadratic form by 2, a lattice of the form

Ly, =H 1<1>,

which has discriminant 2.
2. The space Lg, is anisotropic, hence, up to multiplication of the lattice by
+2, of the form

Lg, =< 1,3,2¢ >

with € € {1,3,—3,—1}. In it there exists the lattice
Lz, =< 2?4y +yt >1< 2>

of discriminant 4, with L} /Lz, cyclic of order 4.
The only-if part of the claimed property is clear. For the if part, we have to
show that m is represented by Lz, for all I. For [ /D, Lz, represents every
m € Zy. For l|D,l # 2, k; represents m if

a2 + i + oz;;((?)z + 2% +ad) = L
has a solution with z; € Z;, where 8 € Z;* is determined by x and n € Z;".
Here w.lo.g. {|as.
Now the condition given implies 2232 = n (I). Since aiazi + aza3 represents
Z}, ki represents m (choose x3 appropriately in the above equation).
For [ = 2, case 1, k9 represents m if

1 n
T122 + ((5)2 + a3+ a3) = =m
has a solution with z; € Z;. This follows from the condition which boils down
ton =1 (4) in this case.
For | = 2, case 2, ko represents m if

n
o3+ 2o + 3+ 26((%)2 + 2%333 +23) = g=m
has a solution with z; € Z;. Here § = =£1 distinguishes the two k3. The
condition says 3%¢ = n (8), hence solubility because x? + x1x2 + 23 represents
Z5s. O

The strong form of the lemma is wrong for lattices of dimension 2. However,
we have the following weaker form:
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Lemma A.4. Let p # 2 and Ly, be a unimodular anisotropic lattice of sig-
nature (1,1) and of discriminant —q, where ¢ = 1 (4) is prime. Up to mul-
tiplication of Qr by a unit € Z’(*p), there is a saturated lattice Ly C Lz(p) of
discriminant q of the form

1—
LZ:<x2+xy+Tqy2>.

It has the property that a primitive k € L%/LZ represents a m = % € Q, where
U # 2 is prime, if and only if Qr(k) =m (1).

Proof. The existence of the lattice is well-known (compare also . For the
property, we have to show, that Lz, represents % under the condition.

We can write Lz, =< 1, —¢ >, hence we see (like in the proof of the last lemma)
that the condition implies —22 = I’ (¢) has a solution, i.e. —I’ is a quadratic
residue mod q. Since ¢ =1 (4) this is equivalent to I’ being a quadratic residue
mod gq.

For [ ¢ {2,q},
l/
2 2
x5 — qrs = —
1 277
clearly has a solution for x1,z9 € Z; if | # I’, and for | = I’ it does, if q is a
square mod !, and the latter is true by the law of quadratic reciprocity. For
l = q, kq Tepresents m, if
2 Bia, b oy _ U
] —q((=)" +2—w2 +23) = —
1 —al( q) . 2) .
has a solution with z; € Z,. Now —3? =1’ (¢), so this is clearly possible.
For | = 2, we have Lz, =< 2 + xy + 22 >, which represents Z5. O

Lemma A.5. Let p # 2 and Ly, be a unimodular anisotopic lattice of sig-
nature (2,2). Up to multiplication of Qp with a unit in Z’("p), there exists a

unimodular lattice L’Z(p) = Lz,,® < x > of signature (3,2) and a saturated
Z-lattice L7, C L’Z(p) of discriminant D = 2D’, where D’ is square-free of the
form

L,=H®&®Lj.
such that (L7)* /L7, is cyclic.

Proof. Take L’Z(m
automatically isotropic, hence of the form

= Lz,,® < x > for an arbitrary positive z € Z’(kp). It is

L/Z(m =H® L%m'

Applying Lemma to L%(p), we get the result (we multiply @/ by the same
scalar; this multiplies also Qr on Lz, by this scalar — note, however, that

multiplying the quadratic form on H by a scalar does not affect its isomorphism
class). O
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B. Lacunarity of modular forms

Lemma B.1. Let N > 0 be an integer and p a prime with p{ N.
Let f be a holomorphic modular form of (half-)integral weight k # O for the
group T'(N). If f has a Fourier expansion of the form

f= Z anqna

n€Qx>o
where a,, is zero, unless n is an integral multiple of &, then f = 0.
Proof. The assumption implies that f is periodic with period %. It is hence

1 N
a modular form for the group T, generated by I'(N) and the matrix ( 0 11’ )

This group contains the product

N N? N
c= (Y »)(L O\ (1+5% 7).
0 1 N 1 N 1

The trace of C' is equal to 2+ N72. Since p 1 N, its p-adic valuation is > 1. Hence
at least one of the eigenvalues of C' has p-adic valuation > 1. (We choose some
fixed extension of the p-adic valuation to Q). It follows that ||C?|| — oo for any
chosen p-adic matrix norm || - ||. From this, it follows that [I" : I'(N)] = co. For
assume that there are finitely many representatives «;. Let v be the maximum
of their p-adic matrix norms. Every element v € I' is of the form

¢

oy

for v¢ € I'(N). The matrix norm of v is hence < v. A contradiction. Hence I'
cannot be a discrete subgroup, and since k # 0, we have f = 0. O

Proposition B.2. Let g =1 (4) be a prime and S a finite set of primes. Let
x

Xq(x) = (E) and k > 2 be an integer.
If f € HolModForm(T'y(q), x4, k) has a Fourier expansion of the form

f= Z anq",

nEZZO
with algebraic a,,, where (i) a, = 0, whenever xq,(n) = —1, and (i) ap, = 0,
whenever p € S.
Then f =0.

Proof. This follows from an idea of [30], see also [8, Lemma 4.14]: Since ¢ =
1 (4), there are no forms of type ‘CM’ satisfying condition (i).
Since the a,, are algebraic, we can write f as a linear combination

f=coBo+ B+ Y cifi,
i=1

118



where the ¢; are algebraic, the f; are cuspidal Hecke eigenforms and Ey, F, are
the Eisenstein series.
In [36, Lemma 1] it is shown that for all sufficiently large primes [ the image of
the mod [ representation p := p1,; X - - X p,; contains a subgroup G conjugated
to

SLQ(F]) X e X SLQ(]Fn)

and im(p)/G is Abelian, where the F;’s are defined in [loc. cit.]. Choose I such
that all |¢;|; = 1, whenever ¢; # 0.
The mod [ representations pg;, resp. poc; of Ey, resp. Eo [38, p. 28] are
abelian and p' := (pos X poo,t) X (P11 X *++ X pn,) contains a subgroup of the
form

Hx G

because SLy(F;) has no non-trivial Abelian quotient if [ > 4. Here H C im(pg,; X
Poo,i) 18 a subgroup that, at least, contains a pair of matrices with different
traces. Choose a pair (M;, M) € H of matrices with different or equal traces,
according to whether ¢y = —cs (1) or not.

By Cebotarev, there is a positive density of primes p, such that the image of
Frob,, is conjugated to

0 1 0 1
AM1><M2><(_1 0)><~~><(_1 0).

Hence |ap(coEo + coo Eo)i = 1 and |a, (fi)li < 1, We get a,(f) # 0 for infinitely
many primes, a contradiction. If ¢g = coo = 0, and ¢; # 0 (say) choose

A 1 0 o 1 0 y 10 o 0 1 o 0 1
T \0 1 0 1 0 1 -1 0 -1 0
and argue as before. O

Lemma B.3. Let I' C Mp,y(R) be an arithmetic subgroup and V,,p an irre-
ducible representation of I'. Let f € HolModForm(T', p, k) and 5:V, — C be a
non-zero linear form. If Bo f =0 then f =0.

Proof. This follows immediately from the irreducibility: Choose a basis {e;} of
V, such that 8 = ej. Since V) is irreducible, for any 4 there is an operator of

the form
0i =Y a;p(v;),
J

which interchanges e; and eg. Consider the form O; o f. ef o O; o f is equal to
e o f on the one hand. On the other hand it is equal to ), a;(efyo f)|xi, which
is zero by assumption. Hence f = 0. O
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C. Semi-linear representations

Let K be a pro-finite topological group and 7 : K — Gal(F : Q) be a continuous
homomorphism, where F' is a (possibly infinite) algebraic extension of Q.

Definition C.1. By a 7-semi-linear representation of K on a finite-dimensional
F-vector-space V', we understand a continuous homomorphism

w: K — Autg(V)
(where V is equipped with the discrete topology) satisfying
w(g)(av) = 7y (a)w(g)v.

Example C.2. For example, a T-semi-linear representation may be given by a
Q-vector space V' and a continuous homomorphism w, fitting into the following
commutative diagram

K ﬂﬂ x Gal(F : Q) (C.1)
Gal(F : Q)

Obvious any such homorphism determines and is determined by its restriction
W' to the first factor, which is an element in H'(K,GLp(Vr)), where K acts
via 7. Here GLp (V) is equipped with the discrete topology.

C.3. r7-semi-linear representations of K form a category, morphisms being
linear morphisms of F-vector-spaces respecting the representations.

There is a notion of induction for these representations, and we have for Ky C Ky
(open subgroup) and V; a 7-semi-linear representation of Kj:

Homg, (Va, V1) 2 Homg, (Va, ind £ (V1))
naturally, and since [K; : K] < 0o, we also have

Homg, (V1, V2) = Homg, (indj2 (V1), V),
naturally. The induction may be defined as

indi (V) = {f : Ka = V | [(hg) = w(h)f(g) Yh € K1, g € K2}
with the F-linear structure given by
(@f)(g) = 4() f(9)-

We have also

Hom, (ind ;2 (V), ind 2 (W)) =
{(p: Ky *)HOII]Q(V,W) | go(hlghz) :w(hl)ogo(g)ow(hg) Vhi,he € K1,9 € Ko,
p(g)aw = T4(a)p(g)v Vg € Kz, € F}.
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Here a function ¢ acts by convolution

1
(p*f)g) = m

> elga ) f(x).

z€Ko\ K1

Example C.4. Any Q-representation ',V of K gives rise to a T-semi-linear
representation w(k) = w'(k) o, on Vp.

For a T-semi-linear representation V,w the dual is defined by V* (usual dual)
acted on by (w*(g9)v*)(v) := 74(v*(w(g~)v)). It is a T-semi-linear representa-
tion, too.

Example C.5. Let p be an odd prime, x be the non-trivial character of order
2 of (Z/pZ)* and T : (Z/pZ)* — Gal(Q((p)/Q) be the natural isomorphism. It
gives rise to a semi-linear representation

(8 2) — X(a)Tad.

A function ¢ € Hom(ind% X, ind}[gf X) is determined by its values at

1 0 J 0 1
0 1) ™ -1 0/
The semi-linearity forces

miel(s D=et(y 1wt miel () =x@et( o)

therefore
oy hee wi o’ (heavim

where p* = p if p = 1 mod 4 and p* = —p otherwise. A calculation shows
that Endg, (indﬁf xX) = Q? as algebras, hence the irreducible constituents of

ind% X as SLa(Z/pZ)-representation are also irreducible for this semi-linear
representation of GLy(Z/pZ).
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