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Aufgabe 1 (4 Punkte)

Let (M, g) be a Riemmanian manifold with a Riemmannian metric g. Let
{e1, · · · , em} be an orthonormal local frame on an open set U ⊂ M , together with its
dual co-frame {ω1, · · · , ωm} and its connection 1-forms θ. Let {ẽ1, · · · , ẽm} be an or-

thonormal local frame on an open set Ũ ⊂ M , together with its dual co-frame ω̃ and
its connection 1-forms θ̃. Assume ẽi = f j

i ej on U ∩ Ũ . It is clear that (f j
i )(p) ∈ O(m)

for any p ∈ U ∩ Ũ . Let Ω be the curvature 2-form w.r.t. {ẽ1, · · · , ẽm} and Ω̃ the cur-

vature 2-form w.r.t. {ẽ1, · · · , ẽm}. Compute Ω̃ in terms of Ω and (f j
i ), which would

imply that the curvature form is independent of the choice of local frame.

Aufgabe 2 (4 Punkte)

Let g be a Riemannian metric on a 2 dimensional manifold. The method of mo-
ving frames makes calculating curvature particularly easy, since there is exactly one
connection form and one curvature form. Let us check this fact in this exercise:
Consider the special case when the metric is diagonal, i.e. with line element

g = ds2 = Edu2 +Gdv2.

Choose a local orthonormal frame by

e1 =
1√
E

∂

∂u
e2 =

1√
G

∂

∂v
.

Its dual frame is given
ω1 =

√
Edu, ω2 =

√
Gdv

Compute its connection forms θ, its curvature 2-form Ω and its its Gaussian curva-
ture, which is given by K = R1

212.

Aufgabe 3 (4 Punkte)

The standard sphere Sm can be viewed as Rm with the metric g = 4
(1+|x|2)2 |dx|

2.
Please use the method of moving frame to compute its sectional curvature, Ricci
curvature and its scalar curvature.



Aufgabe 4 (4 Punkte)

Let ω be the (n− 1)-form on Rn given by

ω =
2∑

j=1

(−1)j−1xjdx1 ∧ · · · ∧ dxj−1 ∧ dxj+1 ∧ · · · ∧ dxn.

(a) Show that ω is invariant under the orthogonal group of Rn.
(b) Show that the restriction of ω on Sn−1(r), ω|Sn−1(r)

, is ± the (n− 1)-dimensional

volume form on Sn−1(r) for every r > 0.
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