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Aufgabe 1 (4 + 2 Punkte)

i) Let § : AP(M) — AP~1(M) be defined by
dw = (=)™ g g s
where *x is the Hodge star operator sending
Wi A ANwp = Wyt A s Ay,
if {wy, -+ ,wn} is a positively oriented frame. Prove that ¢ is a “formal adjoin” of

d,i.e.,
(dw,n) = (w,dn),  Yw e AP(M),n € AP~ (M),

where w or n has compact support. Let —A = dd + dd be the Hodge Laplacian.
Prove that A is self-adjoint, i.e.,

(Aw,n) = (w,An),  Vw,n € A"(M),
where w or n has compact support.
ii) If w = a;w; is a 1-form, calculate dw.

Aufgabe 2 (4 4+ 2 + 4 Punkte)

1) X = a;e; is a conformal Killing vector field, there exists a function f such that
a;;+ a;; = foi;, V1<i,j<m.

Prove the infinitesimal generator of a 1-parameter of conformal transformations of M
is a conformal Killing vector field. By conformal transformation ¢ : (M, g) — (M, g)
it means that ¢*(g) = u?g for some function u : M — R.

2) Let us consider the following transformation of S”. For any b € R™™! with |b] < 1

_x+ (ufz,0) +v)b

o) =— 0wy

where v = (1 — [b]?)~2 and p = (v —1)[b| 2.
2a) Prove £ : S — S™.



2b) Prove that the differential map &, of = is
Eu(v) = v (1 + (2, 0)) 2 {v(1 + (z,0))v — v{v, by + (v,b) (1 — v)[b|~*b},

where v is a tangent vector to S™ at x. It follows

1—1b|2
1y w).

(6(v),&u(w)) = 0T @ b))

This means that ¢ is a conformal transformation of S”
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