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Aufgabe 1 (4 Punkte)

Given two vector fieldsX and Y on (M, g) such that∇X and∇Y are symmetric, de-
velop Bochner formulas for Hess1

2
g(X, Y ) and ∆1

2
g(X, Y ). (Here ∇X is symmetric,

if g(∇eiX, ej) is symmetric in i, j)

Aufgabe 2 (4 Punkte)

Let be Mn ⊂ Rn+1 be an isometric immersion.

(1) Show that the second fundamental form II is a Codazzi tensor, i.e., hij,k = hik,j,
where hij is the second fundamental form and hij,k its covariant derivative.
(2) Show Liebmann’s theorem: If (M, g) has constant mean curvature and nonneg-
ative second fundamental from, then (M, g) is a constant curvature sphere.
(Hint. Compute ∆(|h|2) and use (1), and certainly also the commutation formula
hij,kl = hij,lk +Rmjklhim + · · · )

Aufgabe 3 (4 Punkte)

Let f be a smooth function on M . Prove the following p-Bochner formula for p > 2

1

p
∆(|∇f |p) = (p− 2)|∇f |p−2|∇|∇f ||2

+
1

2
|∇f |p−2{|Hess f |2 + ⟨∇f,∇∆f⟩+Ric(∇f,∇f)}

Aufgabe 4 (4 Punkte)

Let g̃ = eug be two (conformal) metrics. Let ∆g and ∆g̃ be the Laplacian with
respect to g and g̃ resp. You prove that these two Laplacians are related by

∆g̃f = e−u∆gf + (1− n

2
)e−2u∇gu∇gf.
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